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The String Hypothesis

The static quark-antiquark potential is given by

vO®r) = lim % In(Wp)

T,Tw— o0

where

is the rectangular Wilson loop
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The String Hypothesis

In the long distance limit this leads to a static potential with a linear
dependence in r

vO =g J

with force lines

Q
((8)
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The String Hypothesis

The string hypothesis or Effective String Theory (EST) states that at long
distances (rAgcp >> 1)
lim (O|Wiy(Tw, r) / DEVDE Sins (€D
Tw— o0
where
Sstring - /dtdz 5(8“51) = _U/dtdz (1 - %8u§]8“§1> 5

and o is the string tension.
Using these relations Luscher et al. (Nucl. Phys. B173, 365, 1980) obtained
a non trivial correction to the static potential

VOr) =or+p— - J

This result agrees with lattice data for o ~ 0.21 GeV? (Luscher et al. JHEP,
07, 2002)
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The String Hypothesis

From the matching between NRQCD and pNRQCD Brambilla Pineda Soto
and Vairo (PRD63, 014023, 2000) obtained the relativistic corrections to the
static potential at the order of 1/m:

v =y .yt (i+i)+...
2

my m

given by

VOO ) = L tim [ dre (gRi(r) - B (O,

T—oo [

where (...) = (... Wg)/{(Wn) and
(01(11)0a2(2)))ye = (O1(11)02(12))) — (O1(11)))(Oa(12))

Héctor Martinez in collaboration with N. Brambilla, M. Groher (ETH) and A. Vairo TU Miinchen
String calculation of the long range Q0 potential




The String Hypothesis

Using symmetry considerations the following mapping between T OE @ D) - A2a,e i, D)
the EST and the operator insertions can be applied 2 : 2

(Perez-Nadal and Soto, PRD79, 114002, 2009 & Kogut and t ol r 2.l r
Parisi PRL47, 1089, 1981) x' (DE(t, fa)x(t) = —AT9:£ (1, 75>

W OB (w0 = A 908" (1 2)
t ! r 7 Im 1 r
K OB = Dx() > A Ma0:€ 1, - )
ST O 0 w0 — A7

K OB (= Dx() > —a"7
»T OB, ;)'gl)(t) — A maa,¢ (1, %)ajgm(r, %)

»T OB, — ;)'gl)(t) — A ma,a,el (1, — % )OLE™ (1, — % ).
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The String Hypothesis

Using this mapping for the 1/m correction to the potential we get

((E'(r, %)E’"(O, %)))C > A*8.0, (€ (t,r/2)E™(0,1/2)) = A*8.0,GI™(t,1/2; 0,1 /2)
where the mapping into the EST is expressed in terms of the two point

correlator of the string degrees of freedom:

Im . A 6[/;1 COSh(%(Z - Z/)) + COS(%(Z + Z’))
Gr(it,z;it' 7)) = In = T
dro cosh(Z(r — 1)) — cos(Z(z — 2'))
then the potential is given by
g2A4 oo
VO s —S = im di10.8. G (1,r/2;0,r/2)
2 e—0t

€

274 oo
S L S / dt—-
om e=0+ Jze  sinh()

g2A4
yao _ & In(+/or) + Infinite constant
o

Jm
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The String Hypothe:
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FIG. 1.

The lattice data for V1-9(r), fitted to the EST predic-

tion VAO(r) = alogr + b.

(Perez-Nadal and Soto, PRD79, 114002, 2009)




p 2 .
O ]/ln') corrections

O(1/m?) corrections to the potential
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O(1 /’m:)

The O(1/m?) corrections are organized as follows

1 1 y(@0) y(0.2) y(LD
v=v®4y0to (m— + —> + + +
1

my m nmy mpmy
where
VOO < G v,
VO < Vv,
(2,0)
1 vy
Vi =2 {p Vi )+ £ ()L1+v(2°>()
and

P = —iVXl and Li=rx Pi
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O(1 /’m:) corrections

For the spin-dependent part we have

V" = V" (L -8,
where S is the total spin operator. The same kind of decomposition is made
for the V(') potential

1,1 1,1 1,1

VD Y vy,

where
(1,1)
1 \% r
VS<,1’l> =-3 {p1 - p2, V;zl‘l)(r)} — LZTZ()(Ll ‘Ly+Ly-Ly) + V,(I’l)(r)
Vi = Vije) (i - 82 = Vg (NLa - 81+ Vg (181 - 82 + Vi, ()2 - T,
S]z(/l:) =3T- (71/1:~ 02 — 0102

and
1,1 1,1
VL(lsz)(r) = VIEZSI)(raml <~ Vﬂz).
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O(1 /’m:) corrections

Let us consider for instance

va? = vV (L s,

where
20) O _ T RO o
Vs (r) = —Lir - lim / dr((gB1 (1) x gE1(0)) + Tz - (VeV®),
The mapping leads to
(B, 3) X E(0, 2))s = 2A°N'00.0, Gr(1,7/2:0,7/2)
and therefore
2 (1) 0o (1)
(2,0) _ 287 i cos(t)  cg'o
Vet = e AR e T

_gchvl)AzAl n 4(,'(Fl>g2A2A\/ n cé”a
kr? €Yy T 2r
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Motivation The String Hypothesis O(]/m:) corrections The spectrum Outloo]

Renormalized the potential reads

_ NN e

(2,0)
Vis o (r) = e =
Poincaré invariance implies
dv®
1 av©® - 2V _ v =0,
5 VST - v =0, 2 e T

Brambilla et al. Nuovo Cimiento A

Gromes, Z. Phys. C 26, 401 (1984) 103, 59 (1990)

Which translates in to the parameters as

He = ‘7/2
g\* = o

So the unknown constant we have introduce in order to renormalize V3% (r)
is now fixed. TUm
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ol /’m:) corr

()7
et = m%(;(s)(xl —x)

iL‘(l)2

i ! 1 20020
F TL""W/U drsBy (1) - gB1 O + 5 (VYY)

P T n " s
T2 dt'/ d'z/ dry (12— 13)" (8E1 (1) - g1 (2)gE1 (13) - 8E1(0))e
2 T—oo Jy 0 o

1 ) T .
+5 (Vﬁ- lim /0 dry -/OII diy (1 — 1) (B} (1)K, (1) - 3E1(0)>)c)
i . r , »
-3 (V:.VW)) Timoo/o dry /0 ! dny (1) — r2)3«gE’] (1)8E1 (12) - gE1 (0))e
1 ) T _ _ -
+3 (V',Tgmoe/o di £ (gE' (1)gE) (0)>>z-(V~’,V(O)))

T . . . .
L lim /0 dr i* (B} (0B (0)) (Vv ) (Wi V()

12 T—oo

D [ 3 . 5 i
05" /d X TW]T}‘oog«G(:LV(X)G;LQ ()G, ()N,
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O(1/m?) corr

The potentials in the EST read

VO = eru— 2.0 p2"
12r’ veO .y - _Er 27 M
1,0) g2A4 s or? r
v = 1 7
(r) - n(+v/or) (] ])(r) _ _gch/\zA
(1,1 or? ’
vy (r) 0, M ,
P 2 242
1,1 _ gcp g ATA
Ve = o, R
204
(2,0) A Sy
VRl = Vo i) =
1,1 Aty yLD —
V£2 )(r) o Vs, ()

2404808 r  2c(D2A"2 3204

2
(2,0) _ §r ! i2 (0) (0) (0)
Ve = = = 3)(V, V 1 V Vv V v
@0 () . ot e ST ) EA Qi) vy
408 204
V(l’l)(r) _04601g A°r 9g A C(3) ( V(O)) o 72N v V(U))(V V(U))
" o2 3 4m3 o 1800
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The Spectrum
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The spectrum

We will only consider the leading terms up to 1/r in the equal mass case

v® )

V0 ()
Vel
vpf*‘” O]
v ()

v ()

or

In(v/r)

o
™
0,

o2r(0.155 — 0.044 o12)

o2r(—0.368 + 0.078 o1%)

Vg0

1,1)
vL(2 5 ()

Viys ()
v

(1,1)
VS]2 (r)

2r
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Then the long range potential simplifies to

el

1 2
L 2 (2,0) 2,0 1,1
—a Lt + Vp¢ L~S+2V,( )+Vr( )

2
or+ —vLO 4

V(r =
o m m?

1 20 1 o o
= or4 — {—m(\/?r)} . {77L2 - ZL-S 7040580%7040110%3}
™

m m? 6r 2r




The spectrum

String Spectrum for m=10, 11, 12
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Outlook:
= Lattice QCD

Yoshiaki Koma and Miho Koma: Heavy quarkonium
spectroscopy in pNRQCD with lattice QCD input
arxiv:1211.6795

= Phenomenology of quarkonium radiative
transitions

Brambilla, Pietrulewicz, Vairo: Model-independent Study
of Electric Dipole Transitions in Quarkonium

Phys. Rev. D 85, 094005 (2012)
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Thanks for your attention!
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vO0e) = D [T e ) gm0,
2T—o0Jo
ASRIC I N AT T AOTIODS
VeV m = i (87 = 3#'%) tim _ /07 dr? (gE} (2B, (0)).,
00 = _%)ir gt [ ) x ek 00 + %r (VO
velm = éfi"Tgmx Ji " (08 ) e
VGO0 = (=3 P) i [ R 0k )
Voo = *C(ff;)ir<7ﬂgc /[ "t (B () % B2 (0))
vl = ﬁgg@o 7 10 B0 — 4+ ) 5 (51— 32),
viPe = %ii”,gmm / L [«gs’; (DgB,(0)) — %U«gslw “B (O |,
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5 (x —x)

TrCfasc[()l)l
2

v () =
ic;-l) 2

. ]
- lim / (s (1) - B (O))e + 5 (VIVEY)

=i [T [ [ 2 = 02 B ) - B )68 () - 1 O

2 T—oo

1 . .
+1 (v' lim /O an [ dfz(fl—f2)2((£E'1(f1)gE1(12)'A’El(o)»c)

2 "T—

2 (T ) i [T [ = ) (B 1)1 () - 1 (0

"T—

1 )
1 (vim /0 T CTOT AU AR

L im [ B (18] (0)) (T VO (T
12 T—o0 Jo

—dD e / Px A 2(GY, ()G, 0, ()G 0 (1))




1
CERL AN

~i_tim / i / dy / dts (3 — 15> (gE (1) - €1 (1)gEa (13) - gEa (0

(v [T [ - 0 (e ) 0) - w0

2
1 T .
: tim / n /” dfz('l—fz)'<<gEz(’1)gE1(Y2)‘XEI(O)»r)

+ (V’;
+ ( v,

2 (T @) i [T [ a0 (6B )k - B2 0))c
— 2 (T i / dn / iy (11 — 1) (8B (11)gE1 (12) - g1 (0)))c
+ (V‘;.Tum 7 { e 0L O + (B0 0} (T )

i .
—cphm [ " (L OgEL ) (TIVO) (TIVO) (G 6P (51— x2),
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