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1.	
  INTRODUCTION	
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Taking	
  advantage	
  of	
  the	
  last	
  talk	
  …	


•  We	
  are	
  well-­‐moMvated	
  to	
  study	
  quarkonia	
  in	
  
medium	
  
– by	
  the	
  beauMful	
  experiments	
  at	
  LHC	
  &	
  RHIC	
  
– by	
  the	
  wonderful	
  scenario	
  by	
  Matsui	
  &	
  Satz	
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Matsui	
 Satz	
p+p	
 A+A	


CMS	




Map	
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Heavy	
  quark	
  potenMal	
  
F(r)	
  or	
  E(r)	


unknown	
 Re[V(r)]=E(r)	
  ??	


Current	
  correlator	
  
<[J(x),J(y)]>	


Real-­‐Mme	
  complex	
  
potenMal	
  V(r)	
  =	
  V*(r)	


Around	
  ω~2M,	
  Schroedinger	
  eq.	
  with	
  V(r)	


All	
  fine	
  in	
  equilibrium!	
  
How	
  about	
  near	
  equilibrium?	


Can	
  give	
  equilibrium	
  
dilepton	
  rate	




A	
  broader	
  map	
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Heavy	
  quark	
  potenMal	
  
F(r)	
  or	
  E(r)	


unknown	
 Re[V(r)]=E(r)	
  ??	


Current	
  correlator	
  
<[J(x),J(y)]>	


Real-­‐Mme	
  complex	
  
potenMal	
  V(r)	
  =	
  V*(r)	


Around	
  ω~2M,	
  Schroedinger	
  eq.	
  with	
  V(r)	


Can	
  give	
  equilibrium	
  
dilepton	
  rate	


黄河	
  
Yellow	
  River	


StochasMc	
  
potenMal	


New	
  domain	
  beyond	
  the	
  river:	
  
Open	
  quantum	
  system	


Equilibrium	




StochasMc	
  potenMal	


•  Complex	
  potenMal	
  (M=∞)	
  

•  StochasMc	
  interpretaMon	


Ψ(t;R)
T
∝ J(t;R)J †(0;R)

T

∝ m J †(0;R) n
2
e−βEn (R) exp i{En (R)−Em (R)}t[ ]

n,m
∑

~ exp −i{V (R,T )− iΓ(R,T ) 2}t[ ]

σ(ω;R,T)	


ω	
V(R,T)	


Γ(R,T)	


Ψ(t +Δt,R) = exp −iΔt V (R)+Θ(t,R){ }%& '(Ψ(t,R),

Θ(t,R) = 0,    Θ(t,R)Θ(t ',R ') = Γ(R,R ')δtt ' /Δt,

⇒ i ∂
∂t

Ψ(t,R)
T
= V (R)− i

2
Γ(R,R)

,
-
.

/
0
1
Ψ(t,R)

T
.

Unitary	
  evoluMon	


Imaginary	
  part	
  from	
  
averaging	
  the	
  random	
  
phase	
  rotaMons	
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Akamatsu	
  &	
  Rothkopf	
  (12)	


Laine	
  et	
  al	
  (07),	
  Beraudo	
  et	
  al	
  (08),	
  Brambilla	
  et	
  al	
  (10),	
  Rothkopf	
  et	
  al	
  (12)	




Classical	
  picture	
  of	
  the	
  open	
  system	


•  M=∞	
  or	
  M<∞	
  mayers	


8	


Debye	
  screened	
  force	
  
+	
  	
  

FluctuaMon	


Drag	
  force	


Langevin	
  dynamics	


M=∞	


M<∞	


(stochasMc/complex)	
  	
  
PotenMal	
  force	


àHamiltonian	
  dynamics	


Non-­‐potenMal	
  force	

àNot	
  Hamiltonian	
  dynamics	


Key	
  words:	
  Forces,	
  open	
  quantum	
  system,	
  influence	
  funcMonal	
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2.	
  INFLUENCE	
  FUNCTIONAL	
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Open	
  quantum	
  system	


•  Basics	
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[ ])(ˆ,ˆ)(ˆ

H

tottottot

envsystot

tHt
dt
di ρρ =

Η⊗Η=

ρ̂red (t) ≡ Trenv ρ̂tot (t)[ ] = n wα
α∈tot
∑ α α
$

%
&

'

(
)

n∈env 
∑ n

i d
dt
ρ̂red (t) = ?

Hilbert	
  space	


von	
  Neumann	
  equaMon	


Trace	
  out	
  the	
  environment	


Reduced	
  density	
  matrix	


Master	
  equaMon	


(Markovian	
  limit)	


sys	
  =	
  heavy	
  quarks	
  
env	
  =	
  gluons,	
  light	
  quarks	




Closed-­‐Mme	
  path	


•  ParMMon	
  funcMon	
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= ZqA[ j1, j2 ]≡ exp iSFV[ j1, j2 ][ ]

= exp −g2 2 j1GA
F j1 + j2GA

F j2 − j1GA
> j2 − j2GA

< j1∫ + g3GA
(3) jjj + g4GA

(4) jjjj +∫ $
%

&
'

Z[η1,η2 ] ~ D∫ [ψ1,2q1,2A1,2 ] ψ1
*q1

*A1(t0 ) ρ̂tot ψ2q2A2 (t0 )

                  × exp iSkin[ψ1]− iSkin[ψ2 ]+ i ψ1η1∫ − i ψ2η2∫$
%

&
'

                  × exp iS[q1A1]− iS[q2A2 ]+ ig j1A1∫ − ig j2A2∫$
%

&
'

 ρ̂tot = ρ̂env
eq ⊗ ρ̂sys

→ ψ1
*q1

*A1(t0 ) ρ̂tot ψ2q2A2 (t0 ) = q1
*A1(t0 ) ρ̂env

eq q2A2 (t0 ) ⋅ ψ1
*(t0 ) ρ̂sys ψ2 (t0 )

Factorized	
  iniMal	
  density	
  matrix	


Influence	
  funcMonal	
 Feynman	
  &	
  Vernon	
  (63)	


1	


2	


11,ηϕ

22 ,ηϕ
ϕ1 ρ̂(t0 ) ϕ2



Influence	
  funcMonal	


•  LO	
  pQCD,	
  NR	
  limit,	
  slow	
  dynamics	
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SFV
LONR[ j1, j2 ]= −

1
2

ρ1a,ρ2a( )(t, x )
V (x − y) −iD(x − y)
−iD(x − y) −V *(x − y)

"

#

$
$

%

&

'
'

ρ1a
ρ2a

(

)
*

+

,
-
(t, y )

t, x, y∫

                       -

∇D(x − y)

4T
⋅

j1a (t,
x)ρ2a (t,

y)+ ρ1a (t,
x)

j2a (t,

y)( )
1
2
3

4
5
6t, x, y∫

{ }
ababab

abab
R
ab

yxVyxDyxGg

yxVyxGiyxGg

δδ

δ

)(Im)()(

)()()(

,00
2

,00,00
2





−=−≡−−

−≡−+−−
>

>

StochasMc	
  potenMal	
  
(finite	
  in	
  Mà∞)	


Drag	
  force	
  
(vanishes	
  in	
  Mà∞)	


S1+2 = Skin
NR[Q1(c) ]− Skin

NR[Q22(c) ]+ SFV
LONR[ j1, j2 ]+



3.	
  REAL-­‐TIME	
  DYNAMICS	
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FuncMonal	
  differenMal	
  equaMon	


•  Path	
  integral	
  à	
  “Schroedinger	
  equaMon”	
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Q1(c)
* ρ̂red (t) Q

*
2(c) ~ D

t0

t,Q1(c )
* , Q*2 (c )∫ [Q(*)

1(c),
Q(*)
2(c) ] Q1(c)

* (t0 ) ρ̂sys Q
*
2(c) (t0 )

                          × exp iSNR[Q
(*)
1(c) ]− iSNR[ Q

(*)
2(c) ]+ iS

LOFV[ j1, j2 ]+$% &'

i ∂
∂t

Q1(c)
* ρ̂red (t) Q

*
2(c) = H1+2

func[Q1(c)
* , Q2(c)

* ] Q1(c)
* ρ̂red (t) Q

*
2(c)

{ } { }

*
)(2

)(22222
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)(1

)(11111

~
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δ

δ

δ
δ

δ

−=⇔−−=
⎭
⎬
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⎧=
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††
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*Coherent	
  states	
  are	
  generators	
  of	
  heavy	
  quark	
  quanta.	




Physical	
  process	


•  Scayerings	
  in	
  t-­‐channel	
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Independent	
  scayerings	
  with	
  
hard	
  parMcles	
  contribute	
  to	
  
	
  	
  	
  Diffusion	
  
	
  	
  	
  Screening	


Q	


Q	


g	
 q	


q	


g	


g	


.	
  .	
  .	
  	


Independent	
  scayerings	


.	
  .	
  .	
  	


.	
  .	
  .	
  	

.	
  .	
  .	
  	




Master	
  equaMon	


•  Single	
  HQ	
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−≡+≡

d
dt
x =

p
M

,    d
dt
p = −

γ
2MT

p ,

d
dt

E = −
γ
MT

E −
3T
2

!

"
#

$

%
&.

γ =
CF

3
∇2D(x)

x=0
=
g2CF

9
d3k
(2π )3

k2 G00,aa
> (ω = 0,k)∫

(color	
  traced)	


Moore	
  &	
  Teaney	
  (05)	


Langevin	
  dynamics	




Complex	
  potenMal	


•  QQbar	
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i∂t Ψ ij (t;
x, y)

T
= 2M −

∇x
2 +∇y

2

2M

%

&
''

(

)
** Ψ ij (t;

x, y)
T
−
1
2
δijδkl −

δikδ jl
Nc

%

&
'

(

)
*V (
x − y) Ψ kl (t;

x, y)
T

Vsinglet (R) = 2(a−1)M −CFV (R) = −CFg
2

4π
ωD +

e−ωDR

R
+ iTϕ ωDR( )

"

#
$

%

&
'

ProjecMon	
  onto	
  singlet	
  state	


Laine	
  et	
  al	
  (07),	
  Beraudo	
  et	
  al	
  (08),	
  Brambilla	
  et	
  al	
  (10)	


Debye	
  screening	
  w/	
  imaginary	
  part	
  
(complex	
  potenMal)	




4.	
  SUMMARY	
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So	
  far	
  and	
  beyond	


•  LO	
  perturbaMon	
  
– Heavy	
  quarks	
  in	
  QGP	
  as	
  open	
  quantum	
  system	
  
– Unified	
  descripMon	
  of	
  forces	
  
– Scayerings	
  in	
  t-­‐channel	
  

•  NLO	
  perturbaMon	
  
– Gluo-­‐dissociaMon,	
  singlet-­‐singlet	
  transiMons	
  

•  Phenomenology	
  at	
  RHIC/LHC	
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Backup	




Numerical	
  simulaMon	


•  StochasMc	
  evoluMon	
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Influence	
  funcMonal	


•  Open	
  Quantum	
  System	
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[ ]∫∫
∫

−++−× 221121
FV

21

ini
2

*ini
1sys2,121

],[][][exp                  

],[][~],[

ηψηψψψ

ψψρψηη

iijjiSiSiS

DZ

1	


2	


)(),( 11 tt ηψ

)(),( 22 tt ηψ
],[ ini

2
*ini
1sys ψψρ

s	

Path	
  integrate	
  unMl	
  s,	
  with	
  boundary	
  condiMon	
 2211 )(,)( ψψψψ == ss

2red
*
12

*
1red )(ˆ],,[ ψρψψψρ ss ==



Density	
  matrix	
  for	
  a	
  few	
  HQs	


•  Remember	
  coherent	
  states	
  

– Single	
  HQ	
  
	
  
	
  
– Similar	
  for	
  two	
  HQs,	
  …	
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Q1(c)
* ρ̂red (t) Q2(c)

* :
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* = Ω exp − Q̂Q1
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*{ }x∫

$
%

&
'
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*
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StochasMc	
  process	


•  M=∞	
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)()(),(),( yxDstysxt abba


−−−= δδξξ

exp iSFV
LONR[ j1, j2 ]!" #$

= exp −i 2 ReV (x − y) ρ1a (t,
x)ρ1a (t,

y)− ρ2a (t,
x)ρ2a (t,

y){ }
t, x, y∫!

"
#
$

   × exp −i ξa (t,
x)

t, x, y∫ ρ1a (t,
x)− ρ2a (t,

x){ }!
"

#
$ ξ

Akamatsu	
  &	
  Rothkopf	
  (12)	
Debye	
  screening	
  +	
  fluctuaMon	
  
(stochasMc	
  potenMal)	



