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Introduction — Fluctuation Theorem

Figure 2: Schematic representation of
a system S in contact with n particle
reservoirs Ro, R1, Ra2, -+ ,Rp—1.

R; denotes particle reservoir with chemical potential
i

Z; denotes particle transfers flowing from reservoir R;
to system S.

A; denotes affinity between the reservoir R; and Ro
(taken as the reference); If the whole system is
isothermal, then A; = B(u; — po), where g = (ICBTY1
is inverse temperature.

Z= (Z17 e ,Zn71)7 A= (A17 e 7A’"«*1)'

Pa(Z,t) denotes the probability distribution of
particle transfers Z during the time interval [0, ¢].

Pa(Z,t) obeys the multivariate fluctuation relation, reading

Pal(Z,t)
Pa(—2Z,t)

~ oo €Xp (A - Z).
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Introduction — Fluctuation Theorem

We define the cumulant generating function in terms of the counting parameters A = {\;} as

QA A) = lim - Y Pa(Z,t)e 7,
Z

t—o0 t

then the fluctuation relation can be written in the following form,
RQINA)=Q(A - X A).

The mean currents and their diffusivities can be obtained by taking the successive derivatives of
the cumulant generating function with respect to the counting parameters:

OQ(X\; A
A= lim 3 (zi0), = ZEA]
¢ A=0
22Q(X; A
Dij(A) = lim % (1Zs(t) — Jit] [Z;(t) — Jjt]) o = _% % 7
U =0

where the notation (-) stands for the sample average over the data from the counting statistics.
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Introduction — Fluctuation Theorem

According to the multivariate fluctuation relation, the entropy production rate is given by

1 diS 1 Pa(Z,t)
kg dt =A J(A)_tgﬂt = Pa(Z Dl Pa(—1Z,t)

in terms of the Kullback-Leibler divergence between the distributions Pa(Z,t) and Pa(—Z,t). It

is always non-negative, which is in accord with the second law of thermodynamics.

e The entropy production implied by the fluctuation relation can serve as a measure of the
breaking of the time-reversal symmetry of nonequilibrium probability distribution Pa (Z,t).

o In equilibrium where A = 0, detailed balance is recovered since Po(Z,t) ~ Po(—Z,t) by the
fluctuation relation, and the entropy production rate is vanishing together with the affinities
and the mean currents.
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Introduction — Thermodynamic Uncertainty Relation (TUR)

The steady state TUR for a general Markovian dynamics is expressed as

var(©) _ 2kp
©7 ~ )

62(’7') =

where
e © is an arbitrary time-integrated current over some observation time [0, 7],
o var(0) = (82) — (0)? the variance of ©,
o (X) the total entropy production accumulated by 7.

For one-dimensional transport systems, the original TUR can be developed to yield an equivalent
form

Y

SlAS]
SIe
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Upper Bounded Current Fluctuation

Figure 3: Schematic representation of a system in contact with 2 particle reservoirs.

We conjecture a upper bound for the current fluctuation:

Qj) < coth(A/2)

o J =limy00(Z;)/t is the mean current
o D= {((Z - Jt))/(2¢t) is the current diffusivity
e A is the affinity
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Coarse-Grained Model

W,

w_

Figure 4: The system consisting of only two reservoirs with
particles stochastically exchanging between them.

2D
- = coth(A/2)

QN =Wy (1—e )+ W (1-¢™)

W
A=1
W
_ 9Q _w.
T= o5l =W~ W-
_1oPQl Wi+ W
20N 2
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Quantum Ballistic Transport
One-dimensional nonequilibrium system for fermionic ballistic transport.
e atomic chain, a nanowire, or a series of quantum dots
e a nanowire
e a series of quantum dots
The mean current and its diffusivity are given by the Landauer-Buttike formula

J= /d“’?r( ) (nr, — nwr),

21

D= / Z:T( ) [(nLﬁR +nLng) — (nL — TLR)Q] ;

where the transmission function T(w) € [0, 1] is determined by the microscopic model of the
system and calculated by the nonequilibrium Green’s function. The Fermi distribution of the
electron with the energy w of the reservoir « = L, R is

. 1
na(w) = Bl o) 11
and
fla(W) =1 —na(w).
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Quantum Ballistic Transport

We obtain
@ f dwT w 7’LL77LR + ﬁLnR) B f g—:T(w)(nL — TLR)2 f dWT w nLﬁR + ﬁLnR)
J f g;T w nLﬁR — ﬁLnR) %‘:T(M)(TLLT_LR — ’I_LL’ILR f dwT w nLﬁR — T_IL’IIR)’

where ni,nr > nLngr is assumed. The last term can be simplified,

f g—‘;’T(w)ﬁLnR(eA +1)

last term = = coth(A/2),
[ 42T (w)nLnr (et — 1) (4/2)
where the relation for the affinity
nLmn
A=1In—" =3 (uL. — pr)
NnL.NR

is used.

QJD < coth(A/2)
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Symmetric Simple Exclusion Process (SSEP)
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Figure 5: The symmetric simple exclusion process. The black (white) circles denote occupied (vacant) sites.

Dynamics:
e particles hop to a vacant neighboring site at a rate of 1 in the bulk.
o particles enter (exit) at the left and right boundries at rates a (y) and 6 (3).

For this system, we have

o« 1
pLiO{-’—’Y’ a*a_i_’_y:

] 1
pR:ﬂ+57 b:B+67

where p1, and pr are identified as the densities of the left and right reservoirs.
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Symmetric Simple Exclusion Process (SSEP)

The mean current and the diffusivity are given by
J = (pn —pr) /L,

ala —1)(2a — 1)+ b(b—1)(2b — 1) — L(L — 1)(2L — 1)
6L3(L —1)

1
D== (pL + pr — 2pLpR) + (oL — pr)?,

where L = L +a+b—1 and L denotes the number of sites.

The affinity can be evaluated,

A=nPPR @8

PLPR vé’

where p;, =1 — p1, and pr =1 — pr.
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Symmetric Simple Exclusion Process (SSEP)

We obtain
2D  pL+pr—2oLpr . ala—1)(2a—1)+b(b—1)(2b—1) — L(L — 1)(2L — 1)
e + —— (pL — pr)-
J PL — PR 3L2(L - 1)

The first term on the right-hand side can be further simplified as

oL + PR — 2pLPR _ PLPR + prRPL _ aff + 07 e +1

PL — PR pLpR — prPL  afi — &y et —1

= coth(A/2),

giving what we expect. The second term can be shown that it is negative (details omitted here).

QJD < coth(A/2)
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Symmetric Simple Exclusion Process (SSEP)
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Figure 6: The behavior of x = 2DA/J as a function of A with different particle densities (controlled by a
parameter © = v/« with small value for high density and large value for low density) for SSEP. The
parameter values are v = 3 = 1 and L = 10. The condition y = e“2 with y = 3/ is also imposed.
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Transport of Charged Particles

Figure 7: Schematic representation of a system in contact with 2 particle reservoirs.
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Transport of Charged Particles

The transition rates are

D
Wz(+) A 21/](AU1 7«+1)
D

Wi = N A~ V(AUit1,i)Niga
The intrinsic energy change

e?LAz?

AUjip1 = e(Pin1 — Qi) + 57—
Ui = e(®is = @)+ 57750

The function

BAU

Y(AU) = xp(BAT) —1 and  P(AU) = (-AU) exp(—BAU)

The (theoretical) affinity

A<t) = Be(CDL — (I)R)
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Transport of Charged Particles

21
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Figure 8: The comparison between numerical affinities and theoretical
affinities. The asterisks are numerical points with dashed lines joining
them. It is set that N;, = Ng = N_, and takes different values in three
cases. The parameter values are § = e = 1.0, D = ¢ = 0.01, Q = 10000,
Az =0.1, L = 10.

AM =1

2D+ J (t)
LA
nop—s=A4

Qf < coth(A/2)
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Transport of Charged Particles
In the low-density limit, the cumulant generating function can be exactly solved,
QN =Wy (1—e ) +W- (1-e™),
where the global transition rates are

o DN ﬂe(‘I)R — ‘I)L) W = 'DN 56(<I)L — (I’R)
" Az2(L+ 1) exp [Be(Pr — ®1)] — 1’ T Az2(L+1) exp[Be(Pr, — Pr)] - 17

Wy

In this case,

Wt W g Y ge(an — a).

=W, -W_., D
J=W,—W_, S T

|

Qf = coth(A/2)
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Conclusion

We have conjectured an inequality bounding from above the current fluctuation in

one-dimensional transport systems

2D
A < coth(A/2)

Our conjectured inequality is shown to hold case-by-case in several systems for classical diffusive
transport and quantum ballistic transport.

For quantum ballistic systems, the transmission function encoding the detailed dynamics is
irrelevant in the above proof, manifesting that the proof applies to a broad class of dfferent
quantum systems.

The equality sign holds under certain conditions, showing that our inequality is tightest.
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Thank You!
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