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A brief history of quantum steering

EPR argument and quantum steering

@ EPR argument and origin of quantum steering
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Figure. Origin of quantum steering

@ Quantum steering: One party's (Alice) ability to influence another (Bob)
remote quantum state by one's choice of local measurements.
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A brief history of quantum steering

Local hidden state (LHS) model and quantum steering

@ Assuming that Alice and Bob share the bipartite quantum state p, quantum
theory predicts the joint probability

plai, bj|A, B; p) = Tr[(II @ TIP) p] . )

@ LHS model requires the bipartite joint probability

plai, bj|A, Bip) = ;W(avt\As)\)Tl‘[Hfﬂfku .< o V oo

= Tr[pra”A] . L

4
@ Assemblage {pq,|a} .

pasja = Y orplailA,N)pY . 3)
A

H. M. Wiseman et al., PRL (2007). R. Uola et al., RMP (2020, Review).
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A brief history of quantum steering
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A brief history of quantum steering

Questions

@ Bloch representation of a general bipartite state

1 -
11+ i 71+ Ligi it ZTW%@WV- (4)

P=u 2d 2

2314

@ How to construct the LHS model?

@ How to directly recognize steering from measurement statistics for general
measurement settings and arbitrary dimensional system?

p(a,blA,B; p) = Tr[(I1; @ T1Z)p] (5)
G ranvmrs
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Majorization lattice and quantum steering

Probability majorization lattice

@ Majorization partial ordering (MPO)
VZ, g€ R™ with Y0 @, = > 1, y;, 2 < ¢ if and only if

megz‘yf,kzlf--,n—l. (6)

A. W. Marshall, et al., Inequalities: theory of majorization and its applications (Springer, 1979).

@ Probability majorization lattice, a quadruple (P, <,V,A) and

Pn{(p1,"',pn)T piniHZO,ZPiC()nSt-} ) (7)

=1

Vp,q € Py, there is a unique infimum p'A ¢ and a unique supremum '\ ¢.

F. Cicalese and U. Vaccaro, IEEE Trans. Inf Theory 48, 933 (2002).
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Majorization lattice and quantum steering

Probability majorization lattice and entropy

@ Schur-concave function: ®(-) is Schur-concave, then
P=<qs 2(p) = e(q),Ve() . (8)

@ «-order Rényi entropy

l1—«

Ha(f) = ——1og 3 pi. (9)
k

@ Incomparable probability distributions = intercross phenomenon of Lorenz
curves = indefinite entropy relations (entanglement catalytic phenomenon,
Jonathan and Plenio, PRL, 1999)

@ Entropy only partially reflects the MPO structure of probability distributions.
g rans
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Majorization lattice and quantum steering

Lorenz curve, intercross phenomenon and indefinite entropy ordering

Ha(p2) > Ha(p3)

Figure. Lorenz curves of p = (1/3,1/3,1/3)T, pa = (1/2,1/2,0)T, p3 = (5/6,1/12, 1/12)T,
Pa = (1,0,0)™. Majorization relation: p1 < P2 < Pa, P1 < P3 < Pa, but P A P3 and Pz A Pa.

B rours
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Majorization lattice and quantum steering

Complete lattice and uncertainty relations

@ Complete lattice

A probability majorization lattice is a complete lattice, meaning that for every
subset S C Py, both the supremum \/ S € P,, and the infimum A S € P,, exist.

Alberti and Uhlmann, Stochasticity and partial order (1982); Bapat, Linear Algebra Appl (1991);
Bondar, Linear Algebra Appl (1994).

@ Uncertainty and certainty relations via probability majorization lattice
VX € Pap, t{A,B) <X <54, DB) (10)
where Py p = {Pa © PB|DA € Pa,Pp € Pp} with ©® € {®, P, +}.

M. Partovi, PRA (2011); S. Friedland, et al., PRL (2013); J. L. Li and C. F. Qiao, Ann Phys (2019);
A.-X. Liu, M.-C. Yang, and C.-F. Qiao, QIP (2025).
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Majorization lattice and quantum steering

Complete lattice, aggregation operation and quantum steering

@ The set of non-steerable states

N
P;g:{@p*(,q ppepns} CP,. (11)
p=1
@ Aggregation operation
Aggregation
o
o
Vp € Pp, and ¢ € P,,, ¢ is refereed ...°
as an aggregation of p’ if there is a par- ° °
tition Z of {1,---,n} into disjoint sets °o° :
I,---,I, such that ¢; = ZZEIJ_ p;, for : .
j=1,---,m, denoted as ¢ = Z(p). o0
©0o0°

°
M. Vidyasagar, IEEE Transactions on Automatic Control 57, 2464 (2012).

F. Cicalese et al., in 2016 IEEE International Symposium on Information Theory (ISIT),fﬁ%D%ﬁé{
F. Cicalese et al., IEEE Trans. Inf Theory 65, 3436 (2019). &Y ‘==
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Majorization lattice and quantum steering

Given orthonormal complete base sets A = (A1, -+ ,An) and B= (By, -+ ,Bn)
for Hilbert spaces H 4 and Hp, we have the following majorization inequality

N
O FI(A) @ E(B,)),) < H(B) . (12)
p=1

Here, §(B) is majorization UR bound of B = (By,- -+, By) for binary operations

©e{®,®,+} and I (p(A, ® B,),) denotes all aggregations of p(A,, ® B,,),
with partitions T satisfying Z(p'® q) < ; £ denotes the local transformations
preserving the majorization UR bound s(B), i.e. S(E(B)) = 3(B); J represents
any local transformation of measurement Alice performs.

B retemas
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© High-dimensional quantum steering

G renrexs
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High-dimensional quantum steering

Bipartite steering from aggregation operation

@ Aggregation operation of measurement statistics (Nd? — Nd)

N TiA B = Y plabld B =145 O @Th)
. o (i) Elk (id)E Ik
T(T(Ap), EBL)ip) = 5B) s 1 (ilieimt e a) .
p=1 L= {@0)li = (i +k—modid,i=1,--- ,d}

which yields a family of aggregation T steering inequalities

<Q.,L=2--,Nd. (13)

[]t The k-th largest component; 2, = QTL with Qp = Z£=1 [§(B)]t

@ Steering parameter: Sy(L); state-independent bound: Q7 (combinatorial
optimization problem, COP). T petys T
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High-dimensional quantum steering

High-dimensional Werner states and isotropic states

@ Steering parameters of isotropic states and Werner states

1+ (d—-1Nw d—1+n
ISO __ W _
SN =3 SN@-n = =1 (14)

@ Steering thresholds of isotropic states and Werner states

Wsteer = (dQN - ]-) /(d - ]-) y (15)
Tlsteer = (d - 1) (dQN(dfl) - 1) . (16)
@ Upper bounds of Q for MUBs

Bounds wsteer (Isotropic states) Nsteer (Werner states)

Py = NEVR(d=1) VN (d-1)/VN

Gy = L + N—l (N+Vd)(v/d—1) (Vd=1)[(d=1)N+Vd]

N=N N\/g N(d—1) N
Ay = YEEdoL L (JA@FN-D/N — 1) d(/(d= D[(d - DN+1]/(Nd)ge i Pt
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High-dimensional quantum steeri

Steering thresholds of some special cases

@ For qubit system

Wsteer = 2g_ZN -1.

Saunders et al.’s inequality: % Zivzl | (A ® By) | < Cn with
Cy = %maX{ak} [)\max (Z,ivzl akBk)] and a; = £1. Note: Qy = % +Cn.
z

D. J. Saunders et al., Nat. Phys. (2010).
@ Infinite measurement settings scenario

The hemisphere: ‘i
lim QN=3/4:>’LUsteer:1/2 ’A
N —o0
%
p

The semi-circle:
lim QN = (71' + 2)/271' = Wsteer = 2/71‘
N —oco

@ Two measurement settings for qudit J
QQ = (1 +C)/2 with ¢ = max;,j ‘ <ai|b]-> ‘ = Wsteer = %
C.-M. Li et al., PRA (2015); Q. Zeng et al., PRL (2018); Y. Guo et al., PRL (2019). ur/[gﬁ FAWNTRREY
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High-dimensional quantum steering

High-dimensional isotropic states in MUBs scenario
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Figure. The steering thresholds of the isotropic states for MUBs.

Y.-Z. Zhen, Y.-L. Zheng, W.-F. Cao, L. Li, Z.-B. Chen, N.-L. Liu, and K. Chen, PRA (2016).
Y.-L. Zheng, Y.-Z. Zhen, Z.-B. Chen, N.-L. Liu, K. Chen, and J.-W. Pan, PRA (2017).
A. C. S. Costa, R. Uola, and O. Giihne, PRA(R) (2018). IJ:/[E f’(ﬂﬂ’/?@ﬁ&?
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dimensional quantum stee ring

Qutrit isotropic and Werner states in general scenario

@ Optimization problem of Qy
min Qy (18)
st. B=(Bi,--,By), VB, =B] .

@ Numerical results for N-setting (Cross-Entropy Method)
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Figure. The steering threshold value of the qutrit isotropic and Werner states for/fy?s’eatgﬁg&ﬁ&ﬁ
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@ Summary and outlook
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Summary and outlook

Summary

@ Majorization lattice provides a powerful tool for studying quantum steering,
particularly in high-dimensional systems.

@ Derived steering thresholds for arbitrary-dimensional isotropic states and
Werner states in both MUBs and general scenarios.

@ Non-MUB measurements are essential in high-dimensional and N-setting
contexts, such as high-dimensional Werner states.

Outlook

@ Open questions: Is a complete set of MUBs optimal for isotropic states but
worst for Werner states? What are the limitations of infinite settings for
high-dimensional isotropic and Werner states? POVM or PVM?

@ Extension: Explore applications in general quantum resource theory,
including quantum coherence, quantum correlations, and multipartite
systems. @ rensaxs
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