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Major Challenges in QCD

Manybody 
dynamics  
of QCD

Dense QCD

high-energy heavy ion collisions

From BNL page
How is the quark gluon plasma created?

The phase diagram of dense QCD 5
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Figure 1. Conjectured QCD phase diagram with boundaries that define various
states of QCD matter based on S�B patterns.

The chiral transition is a notion independent of the deconfinement transition. In
section 3.2 we classify the chiral transition according to the S�B pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the phase structure of QCD
matter including conjectures which are not fully established. At present, relatively firm
statements can be made only in limited cases – phase structure at finite T with small
baryon density (µB ⌧ T ) and that at asymptotically high density (µB � ⇤QCD).
Below we will take a closer look at figure 1 from a smaller to larger value of µB in
order.

Hadron-quark phase transition at µB = 0: The QCD phase transition at finite
temperature with zero chemical potential has been studied extensively in the numerical
simulation on the lattice. Results depend on the number of colours and flavours as
expected from the analysis of e↵ective theories on the basis of the renormalization
group together with the universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the finite size scaling analysis
on the lattice [37], and the critical temperature is found to be Tc ' 270MeV. For
Nf > 0 light flavours it is appropriate to address more on the chiral phase transition.
Recent analyses on the basis of the staggered fermion and Wilson fermion indicate a
crossover from the hadronic phase to the quark-gluon plasma for realistic u, d and s

quark masses [38, 39]. The pseudo-critical temperature Tpc, which characterizes the
crossover location, is likely to be within the range 150MeV� 200MeV as summarized
in section 4.2.

Even for the temperature above Tpc the system may be strongly correlated and
show non-perturbative phenomena such as the existence of hadronic modes or pre-
formed hadrons in the quark-gluon plasma at µB = 0 [28, 40] as well as at µB 6= 0
[41, 42, 43]. Similar phenomena can be seen in other strong coupling systems such as

Fukushima, Hatsuda (’11) What phases are 
realized in the interior 
of a neutron star?

quark matter?

Wikipedia



Difficulty
Sign problem: Difficulties in first-principles 
calculations based on importance sampling

⟨O⟩ = ∫ 𝒟A det(D + m)eiSO
In real-time, finite-density problems, the weight is complex

≈ 1
N ∑

j
Oj



Hamiltonian approach
Directly solve Schrödinger equation!

Smaller systems can be  
simulated directly

7
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Difficulty in Hamiltonian gauge theory

Infinite degrees of 
freedom 
Link variable is continuous  
(regularization required)

Large gauge 
redundancy need to solve Gauss law constraint

dim ℋphys ≪ dim ℋtotal

U ∈ SU(N)
continuous

What approximation is  
compatible with gauge  
symmetry?



Outline
●Formalism

- Kogut-Susskind Hamiltonian formalism

●Summary

●Application

- Thermalization on a small lattice (Phys. Rev. D 103, 094502(2021))

-  Confinement-deconfinement phase transition  
    in mean field approximation (JHEP 09 (2023) 123)

-  at finite density (2605.17183)QCD2
- Quantum computing (2601.13530)



Kogut-Susskind Hamiltonian formalism
Kogut, Susskind (’75)



Kogut-Susskind Hamiltonian formalism
Kogut, Susskind, Phys. Rev. D 11, 395 (1975)

Time is continuous, space is discretized

U(e)
:Link variable  on edge ei ∫ A → U(e) ∈ SU(N) e

Li(e) Ri(e)
:Left and right electric fieldsLi(e), Ri(e) ∈ su(N)

 and  are not independentLi(e) Ri(e)
R2

i (e) = L2
i (e) =: E2

i (e)[Uadj(e)]j
iLj(e) = Ri(e)



[Ri(e), U(e′ )] = U(e)Tiδe,e′ 

[Li(e), U(e′ )] = TiU(e)δe,e′ 

[Li(e), Lj(e′ )] = − if k
ijLk(e)δe,e′ 

[Ri(e), Rj(e′ )] = if k
ijRk(e)δe,e′ 

Commutation relation 

∑
e∈C1|s(e)=v

Ri(e) − ∑
e∈C1|t(e)=v

Li(e) |Ψphys⟩ = 0

Gauss law constraint (D ⋅ E)i |Ψphys⟩ = 0

:set of edges, , : source and target functionsC1 s t

v

[Ai
n(x), Emj(x′ )]

= iδnmδi
jδ(x − x′ )



Hamiltonian
H = 1

2 ∑
e∈C1

(E(e))2 − K
2 ∑

f∈C2

(trU( f ) + trU†( f ))

U( f ) := U(e4)U(e3)U(e2)U(e1)

:set of facesC2

f
e1

e2

e3

e4



Regularization:
SU(3) → SU(3)k :Quantum deformation

which preserve properties of gauge symmetry 

Solving Gauss law constraint:
Physical states are network of Wilson lines

: representation of Wilson lines,  
e.g., fundamental, adjoint,…
a, b, c, ⋯

: Multiplicity indexμ, ν, ρ, ⋯ ∈ Nc
abab c

df

g
μ ν

ρ

a × b = ∑
c

Nc
abwith fusion rule



Algebra of Wilson lines for SU(3)k
c′ 

c

a b =
a b

ba

∑
c,μ

dc

dadb
= δc′ 

c δμ′ 

μ
dadb

dc
a b c

μ

μ′ 

a b c

= ∑
f,ρ,σ

[Fabc
d ](e,μ,ν)( f,ρ,σ)

d

e

a b c

d

f
μ

ν σ

ρ
+consistency condition 

μ
μ



 Yang-Mills theorySU(3)k

Hamiltonian

E2
i a a= C2(a)

×

c1

a1

a2

a4

a3

c4

c3c2

×

c1

b1

b2

b4

b3

c4

c3c2

=
4

∏
i=1

∑
bi

[Fciai−1
1
2

bi
](ai,μi,μ′ i+1)(bi−1,μi−1,μ′ i)trU

Action on a state

μ1 μ4

μ3μ2

μ′ 1 μ′ 4
μ′ 3μ′ 2

H = 1
2 ∑

e∈C1

(E(e))2 − K
2 ∑

f∈C2

(trU( f ) + trU†( f ))

Electric fields
Casimir

Wilson loop



Confinement-deconfinement phase transition  
in mean field approximation for  
in (2+1) dimensions

SU(3)k

Application



Variational ansatz for wave function
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f2F

X

af

 (af ) trUaf (f) |0i

 Dusuel, Vidal, Phys. Rev. B 92 (2015) 12, 125150, Zache, González-Cuadra, Zoller, 2304.02527, Hayata, YH, JHEP 09 (2023) 126 

We minimize the energy expectation value
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h |H | i
open boundary condition, infinite volume limit
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Confined

Numerical results

Phase diagram

Comparison with Monte-Carlo simulation
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Thermalization on a small lattice

| j1, ⋯, j12⟩ = | j1, j2, j6⟩ | j2, j3, j7⟩ | j3, j4, j8⟩ | j1, j4, j5⟩

1
2

3
4

6
78

9 10

11
12

| j6, j9, j10⟩ | j7, j10, j11⟩ | j8, j11, j12⟩ | j5, j9, j12⟩

Cutoff ji ≤ jmax = k/2

Basis



Setup

|Ψ(t)⟩ = e−iHt |Vac⟩K=0

K

t0

t < 0
t ≥ 0

|Vac⟩K=0

In order to mimic heavy ion collision experiments, 

the interaction quenching



Expected behavior
⟨O(t)⟩ := ⟨Ψ(t) |O |Ψ(t)⟩for an operator  O

⟨O(t)⟩

t
⟨O(t)⟩ ≃ ⟨O(t)⟩eq?
Teq



Temperature and Canonical Ensemble

E = ⟨H⟩ = ⟨Ψ(t) |H |Ψ(t)⟩
Energy is fixed by an initial condition

 (Independent of time)

E = ⟨H⟩eq := trρeqH

For a given energy,  
a canonical distribution that reproduces  

the expected value can be defined

ρeq = e−βH

tre−βHwith
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Steady state observed

Expected value of Wilson loop
Weak coupling (high temperature)
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⟨trU□(t)⟩ − ⟨trU□⟩ ∼ e−t/τeq

Close to Boltzmann time .2πβ
Goldstein, Hara, Tasaki, New J. Phys. 17 (2015) 045002

 Relaxation time



 at finite densityQCD2



(dimensionless )   HamiltonianQCD2

H/g0 = J
N−1

∑
n=1

E2
i (n)

+w
N−1

∑
n=1

(χ†(n + 1)U(n)χ(n) + χ†(n)U†(n)χ(n + 1))
+m

N

∑
n=1

(−1)nχ†(n)χ(n)

Electric field term

Hopping term

Mass term

J = ag0
2 , w = 1

2g0a
, m = m0/g0 We use  unitg0 = 1



●We employ a matrix product state

●Optimize the wave function by  
density matrix renormalization group technique

|ψ⟩ = ∑
{ni}

|n1⟩⋯ |nN⟩trMn1
1 ⋯MnN

N

[Mni
i ]ij :  matrixD × D

E = min
ψ

⟨ψ |H |ψ⟩
We employ VUMPS

As a variational ansatz of wave function



Numerical Results
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FIG. 9. The solid and dashed curves correspond to the cases without and with gauge interactions for the same baryon chemical
potential µB/g = 2.65 (top left) and µB/g = 3.24 (top right), respectively. Quark distribution functions in momentum space
for m/g = 0.5 (bottom left) and m/g = 1.0 (bottom right) as functions of momentum for various values of the baryon number
densities. Circle points represent the Fermi momenta, kF = ωnB .

of the quarkyonic picture [1, 50] in (1 + 1)-dimensional SU(2) gauge theory. In this picture, the bulk properties of
the Fermi sea are described in terms of quark-like degrees of freedom, while the low-energy excitations near the Fermi
surface are baryonic in nature.

V. CONCLUSION AND DISCUSSION

We studied cold, dense (1+ 1)-dimensional SU(2) gauge theory with a single flavor. Using uniform matrix product
states, we constructed optimized ground states obtained by minimizing the grand potential at zero temperature with
the VUMPS algorithm, maintaining gauge invariance. From the ground states, we extracted the baryon number
density, the pressure, and the quark distribution function. Our results are consistent with previous studies, and the
use of translationally invariant states eliminates undesirable boundary e!ects.

From the constructed ground states, we find the following properties. We extract the baryon mass for zero baryon
chemical potential. The baryon number density develops a nonzero expectation value at a critical baryon chemical
potential, µB = MB , where the threshold value MB depends on the quark mass m. We identify the transition point
for fixed lattice input parameters (See Fig. 4). A gapped phase is realized for µB < MB , while the system transitions
to a gapless phase for µB > MB . At zero baryon density with massless quarks, we provide a first-principles lattice
determination of the central charge of QC2D2, obtaining cIR = 1.04, in agreement with the conformal field theory
prediction c = 1. At finite baryon density, the central charge is estimated to be c = 1 within the fitting uncertainty.
This value coincides with that of the spinless Tomonaga–Luttinger liquid theory.

At finite density, the eigenvalues of the transfer matrix have nonzero complex phases. Consequently, the two-point
function of the baryon number density exhibits the spatial modulation as a function of the relative distance. The
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The Luttinger parameter is defined by the relation [see eqs. (A61)-(A64)],

K =
ω

cs

nB

µB
. (51)

For m/g = 0, eq. (47) yields P = E and nB = µB/(2ω) for Nc = 2. These relations imply c2s = 1, and K = 1/2. For
general µB with m/g →= 0, there is no simple relation between (K, cs) and (m/g, µB/g).
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FIG. 7. Speed of sound squared c2s extracted from the equation of state (left) and the Luttinger parameter K (right), shown
as functions of the baryon number density for di!erent quark masses.

Figure 7 shows the dependence of the speed of sound and the Luttinger parameter on the baryon number density. At
m/g = 0, we find agreement with the analytic result for both cs = 1 and K = 1/2. The small deviations in the high-
density region can be understood as lattice artifacts. For a nonvanishing quark mass m/g →= 0, the overall behavior
changes drastically. In particular, cs ↑ 0 is found at the transition point nB ↑ 0, as we expected. Unfortunately, we
cannot reliably determine the Luttinger parameter at this transition point, since both dµB/dnB ↑ 0 and nB ↑ 0,
which make numerical computations unstable. The density dependence of the Luttinger parameter K provides a
quantitative characterization of the baryon–quark crossover. At low density, K ↓ 1 indicates a baryonic ideal-gas
regime, where baryons, identified with kinks, behave as free fermions, or equivalently as hard-core bosons, with
compactification radius R2 = 1/(4ω). At high density, by contrast, K ↑ 1/Nc, reflecting the quark-like nature of the
dense matter, in which the baryon number is carried by Nc quark degrees of freedom. The smooth interpolation of
K(nB) from 1 to 1/Nc therefore traces the continuous crossover from baryonic matter to quarkyonic matter, consistent
with the analytical results in Appendix A.

When the system is described by the Tomonaga–Luttinger liquid, the equal-time two-point function of the baryon
number density operator j0B takes the form [36],

↔j0B(t, x1)j
0
B(t, x2)↗ ↘ n2

B =
B0

|x1 ↘ x2|
2
+

→∑

ω=1

Bω
cos(2ωεnB |x1 ↘ x2|)

|x1 ↘ x2|
2ω2K

, (52)

where Bω are constants. This expression implies that the two-point function exhibits spatial modulation. Compar-
ing this expression with the corresponding lattice expression eq. (39), we expect to observe complex phases in the
eigenvalues of the transfer matrix, ϑkω = 4ωεanB (ε = 1, 2, · · · ) corresponding to the physical momentum pω = 2ωεnB .

Figure 8 shows the distribution of eigenvalues of the transfer matrix TC up to k ≃ 400. In the figure, the lines
corresponding to complex phases ϑkω are also indicated. The complex phases corresponding to the ε = 1 and ε = 2
modes are clearly visible, whereas the ε = 3 mode appears only marginally. Contributions from higher modes (ε ⇐ 4)
cannot be resolved, likely due to finite lattice spacing e!ects or the truncation associated with a finite bond dimension.
Therefore, these results indicate that the low-energy behavior of the system is consistent with a Tomonaga–Luttinger
liquid. We confirm that the same behavior is observed for di!erent values of the chemical potential as long as the
baryon number density is nonvanishing.

3. Quark distribution functions

To probe the quark-level structure of the finite-density ground state and provide direct evidence for the quarkyonic
picture, we compute the quark distribution function, which characterizes how quarks populate momentum states in

13

The Luttinger parameter is defined by the relation [see eqs. (A61)-(A64)],

K =
ω

cs

nB

µB
. (51)

For m/g = 0, eq. (47) yields P = E and nB = µB/(2ω) for Nc = 2. These relations imply c2s = 1, and K = 1/2. For
general µB with m/g →= 0, there is no simple relation between (K, cs) and (m/g, µB/g).

0.1 0.2 0.3 0.4 0.5
0.0

0.2

0.4

0.6

0.8

1.0

FIG. 7. Speed of sound squared c2s extracted from the equation of state (left) and the Luttinger parameter K (right), shown
as functions of the baryon number density for di!erent quark masses.

Figure 7 shows the dependence of the speed of sound and the Luttinger parameter on the baryon number density. At
m/g = 0, we find agreement with the analytic result for both cs = 1 and K = 1/2. The small deviations in the high-
density region can be understood as lattice artifacts. For a nonvanishing quark mass m/g →= 0, the overall behavior
changes drastically. In particular, cs ↑ 0 is found at the transition point nB ↑ 0, as we expected. Unfortunately, we
cannot reliably determine the Luttinger parameter at this transition point, since both dµB/dnB ↑ 0 and nB ↑ 0,
which make numerical computations unstable. The density dependence of the Luttinger parameter K provides a
quantitative characterization of the baryon–quark crossover. At low density, K ↓ 1 indicates a baryonic ideal-gas
regime, where baryons, identified with kinks, behave as free fermions, or equivalently as hard-core bosons, with
compactification radius R2 = 1/(4ω). At high density, by contrast, K ↑ 1/Nc, reflecting the quark-like nature of the
dense matter, in which the baryon number is carried by Nc quark degrees of freedom. The smooth interpolation of
K(nB) from 1 to 1/Nc therefore traces the continuous crossover from baryonic matter to quarkyonic matter, consistent
with the analytical results in Appendix A.

When the system is described by the Tomonaga–Luttinger liquid, the equal-time two-point function of the baryon
number density operator j0B takes the form [36],

↔j0B(t, x1)j
0
B(t, x2)↗ ↘ n2

B =
B0

|x1 ↘ x2|
2
+

→∑

ω=1

Bω
cos(2ωεnB |x1 ↘ x2|)

|x1 ↘ x2|
2ω2K

, (52)

where Bω are constants. This expression implies that the two-point function exhibits spatial modulation. Compar-
ing this expression with the corresponding lattice expression eq. (39), we expect to observe complex phases in the
eigenvalues of the transfer matrix, ϑkω = 4ωεanB (ε = 1, 2, · · · ) corresponding to the physical momentum pω = 2ωεnB .

Figure 8 shows the distribution of eigenvalues of the transfer matrix TC up to k ≃ 400. In the figure, the lines
corresponding to complex phases ϑkω are also indicated. The complex phases corresponding to the ε = 1 and ε = 2
modes are clearly visible, whereas the ε = 3 mode appears only marginally. Contributions from higher modes (ε ⇐ 4)
cannot be resolved, likely due to finite lattice spacing e!ects or the truncation associated with a finite bond dimension.
Therefore, these results indicate that the low-energy behavior of the system is consistent with a Tomonaga–Luttinger
liquid. We confirm that the same behavior is observed for di!erent values of the chemical potential as long as the
baryon number density is nonvanishing.

3. Quark distribution functions

To probe the quark-level structure of the finite-density ground state and provide direct evidence for the quarkyonic
picture, we compute the quark distribution function, which characterizes how quarks populate momentum states in

Luttinger parameter
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●Analyzing high-dimensional QCD using quantum computation  
   is difficult with current quantum computers
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FIG. 3. Experimental results of the thermalization dynamics. Blue
squares represent the classical noiseless simulations of the quantum
circuits used in experiments. Red triangles and green circles rep-
resent experimental results without and with dynamical decoupling.
The solid curves represent the classical noiseless simulations with a
very small Trotter step, shown as the exact numerical simulations.

t = 3.0 and 3.75. The executed circuits contain as many as
47 F-moves for simulating three Trotter steps. Notice that we
can reuse qubits as ancilla qubits in the simulations of two
Trotter steps, and we use 20 qubits in total (18 qubits for the
system and 2 for ancilla qubits), while we use 26 qubits in
total (18 qubits for the system and 8 for ancilla qubits) in the
simulations of three Trotter steps. We take 200 shots for each
circuit.

The experimental results are shown in Fig. 3. First, we see
that the dynamics toward thermalization are successfully sim-
ulated using a real device. The raw data (red) starts to deviate
from the noiseless values at t = 3.0, which is simulated with 3
Trotter steps. However, the deviation is suppressed when DD
is turned on, as shown by the green data points. This indi-
cates that the dominant source of hardware noise is the coher-
ent error that accumulates over time, which can be effectively
mitigated by DD. Moreover, the agreement between the ex-
perimental data with DD and those of noiseless classical sim-
ulation within the statistical errors suggests that the incoherent
gate error does not have a large impact on our circuits (notice
that the two-qubit gate error of H2-1 is 1.05 → 10↑3, and then
the fidelity of three Trotter steps is about 0.99895650 ↓ 0.5
if we assume the depolarizing channel). This is attributed
to the fact that our circuits are typically deep but acted upon
by sparse gate operations, allowing coherent error to build up
while qubits are idling. Such observations suggest that our cir-
cuits would benefit from more aggressive optimization based
on their depth rather than two-qubit gate counts. Since such
an optimization strategy has not been fully explored yet, we
leave it as future work.

V. OUTLOOK

We have demonstrated a digital quantum simulation of a
nonabelian lattice gauge theory on a trapped-ion quantum
computer. We construct a simplified model that preserves the
nonabelian fusion rule of Wilson lines, and implement real-
time evolution of the model with explicit F-moves describing
the nonabelian anyons. Our experiments provide important
lessons for scaling up quantum simulations of nonabelian lat-
tice gauge theories based on F-moves toward regimes beyond
the minimal truncation and the reach of classical computa-
tions.

The dominant error source in our circuits is attributed not
to two-qubit gates but to memory noise accumulated during
long multi-qubit controlled operations, that is, a large amount
of Toffoli gates used in F-moves. This differs qualitatively
from typical spin-model benchmarks, where error budgets
track entangling-gate counts. We found that parallel schedul-
ing of F-moves substantially reduces circuit depth, leading to
significant accuracy improvements, combined with DD.

To further extend reachable times, we employ a variational
circuit to compress the Trotter circuits. Instead of variation-
ally approximating the whole Trotter circuit at once, we com-
press a sub-block in each Trotter step, consisting of one pla-
quette or one electric term. This modular approach not only
reduces the classical optimization overhead but also allows
reusing the same variational circuit for multiple blocks in
larger systems.

Looking ahead, an important next step is extending our ex-
periments to categories involving more complex anyons such
as SU(2)k or SU(3)k with k > 3. These theories are natu-
rally represented by qudits and may require deeper circuits
due to the increased complexity of their F-moves. In particu-
lar, SU(3)k with k > 3 exhibits fusion multiplicities, necessi-
tating additional qubits to encode the Hilbert space of gauge
fields [40]. It is also important to consider theories with dy-
namical matter fields. Not only extending the complexity of
the gauge group, but also scaling up the system size is cru-
cial for accessing physically relevant regimes of nonabelian
gauge theories. To this end, developing more efficient circuit
decompositions of F-moves and Trotter circuits, together with
error mitigation techniques tailored to nonabelian gauge the-
ories, will be key to unlocking the full potential of quantum
computers.

DATA AVAILABILITY

The experimental data that support the findings of this study
are available at Zenodo [51].

CODE AVAILABILITY

The code that supports the findings of this study is available
from the corresponding author upon reasonable request.

4 plaquettes  
Periodic boundary conditions  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where the ancilla qubits are the qubits whose initial and final
states are |0→. We also need the F-moves such that two of four
arguments (control qubits) are the same, i.e., [Fabc

a ]. Such F-
moves may be represented as

[Fabc
a ] =

a

b X X

c X X

F X

. (26)

This can be obtained by assuming a = d in the F-moves in
Eq. (23). The 3-controlled F is defined by

F
=

Ry[ω] X Ry[↑ω]
, (27)

and we can decompose the 4-qubit Toffoli (CCCX) gate to the
Toffoli (CCX) gate, using one ancilla qubit, as

X
=

|0→ X X |0→

X

. (28)

Finally, we need e↑i dt
2 S P , which may be written as

e↑i dt
2 S P =

X X

Z Ry[ω̄] Rz[dt] Z Ry[ω̄] Rz[dt]
,

(29)
where ω̄ = 2 arctanε. Notice that

[S 1
P] =




1↑ε2

1+ε2
2ε

1+ε2

2ε
1+ε2

1+2ε↑ε2

1+ε2




=
1

√
1 + ε2

(
1 ε
ε ↑1

) (
1 0
0 ↑1

)
1

√
1 + ε2

(
1 ε
ε ↑1

)

= Ry(ω̄)ZZRy(ω̄)Z

, (30)

and

[S ϑP] =
(
1 0
0 ↑1

)
. (31)

If the control anyon is ϑ (1 in qubits), the target anyon (qubit)
is always ϑ (1). Thus, [S ϑP]11 can be arbitrary since it does not
act on the logical Hilbert space. Although the actual value of
[S ϑP]11 in Eq. (22) is ↑1/

↓
5, we choose [S ϑP]11 = 1, so as [S ϑP]

to be implemented as the Pauli Z. Using those gates, we can
simulate the Trotter circuit of our model. For additional gates
that we need to measure the Wilson loop, see Appendix A.
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FIG. 2. Classical noiseless simulation of the K dependence of the
thermalization dynamics. The fast thermalization is realized at K =
0.5 around t = 3.0.

We remark that some Toffoli gates in F-moves whose tar-
get qubits are ancilla qubits can be replaced with the relative-
phase Toffoli gates [46, 47]. The latter can be implemented
more efficiently than the Toffoli gate. This is apparent since
the ancilla qubits are in |0→, and the phase does not appear [47].
Also, we do not apply the (relative-phase) Toffoli gates to re-
store ancilla qubits to their initial state |0→, but reset ancilla
qubits after applying the Toffoli gate to the target qubit of the
F-move. Those tricks reduce the cost of two-qubit gates in the
F-moves almost by half.

The K dependence of the thermalization dynamics is shown
in Fig. 2. We here classically simulate the 2nd order Trotter
circuit (19) with dt = 0.02, and compute the expectation value
of the regular Wilson loop operator tr Ureg. We choose the
vacuum in the strong coupling limit |0→ ↔ |0, · · · , 0→ (in qubit
representation) as the initial state. The Trotter step size is set
sufficiently small so that the associated error becomes negli-
gible. We take this classical simulation as the exact result in
the following experiments. We see fast thermalization real-
ized around K = 0.5. Accordingly, we focus on the quantum
simulation of the thermalization dynamics at K = 0.5.

IV. EXPERIMENTS

We experimentally demonstrate a digital quantum simula-
tion of the nonabelian gauge theory on Quantinuum’s H2-
1 trapped-ion quantum computer [48, 49]. The H2-1 is a
programmable digital quantum computer that consists of 56
qubits and supports single-qubit rotation gates and two-qubit
ZZPhase gates e↑i ω2 Z↗Z with an arbitrary rotation angle ω as
native gates. The two-qubit native gates can be applied to any
pair of qubits, realizing all-to-all connectivity. The average
single and two-qubit gate infidelities are about 0.003% and
0.1%, respectively. State preparation and measurement errors
are 0.1% on average. See Refs. [48, 49] for more details. Fur-

Quantinuum H1

Quantum computer 
“REIMEI”

so the local states are the two types, 1,τ
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where t, N, and dt = t/N are the time interval, the number of
the Trotter steps, and the Trotter step, respectively. For later
purpose, we label the six electric terms as H1, . . . ,H6, and the
four magnetic terms as H7, . . . ,H10. To adopt TE-PAI [6], Hk
need to be self-unitary i.e., H2

k = 1. To this end, the electric
terms are shifted as

Ē2
i
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j
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a =
→ωa1 + ωaε

2
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j
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a . (20)

This is a constant shift, and does not change the physics. Thus,
we choose H1, . . . ,H6 as →Ē2

i so as to be the Pauli Z on qubits,
and c1 = · · · = c6 = → 1

4 .
We also introduce the self-unitary Wilson loop as follows.

First, the regular Wilson loop

trUreg =
1

1 + ϑ2 (1 + ϑ trUε) (21)

is a projector, i.e., (trUreg)2 = trUreg. Therefore,

trUP = 2trUreg → 1 =
1 → ϑ2

1 + ϑ2 +
2ϑ

1 + ϑ2 trUε, (22)

satisfies trU2
P = (2trUreg → 1)2 = 1. We also define S P as

S P =
1 → ϑ2

1 + ϑ2 +
2ϑ

1 + ϑ2 S . (23)

Notice that 2ϑ
1+ϑ2 =

2↑
5
. Thus, H7, . . . ,H10 are trUP( f ), and

c7 = · · · = c10 = →
↑

5
2 K. In short, the modifications cause the

rescaling of the coupling constant K.

B. Gate decomposition

We follow Ref. [7] for the circuit implementation of the F
moves. The F moves are 4-controlled qubit operations, and
may be represented as

[Fabc
d ] =

a

b X X

c X X
d

F X

,

(24)

where the 4-controlled qubit gate denoted by F is the unitary
gate of the nontrivial F move [Fεεεε ] in Eq. (7), and may be
represented as

F

=

Ry[ϖ] X Ry[→ϖ]
,

(25)

with ϖ = arctanϑ→
1
2 . Using two ancilla qubits, we decompose

the 5-qubit Toffoli (CCCCX) gate to the Toffoli (CCX) gate as

X

=

|0↓ X X |0↓

|0↓ X X |0↓

X

,

(26)

where the ancilla qubits are the qubits whose initial and final
states are |0↓. We also need the F moves such that two of four
arguments (control qubits) are the same, i.e., [Fabc

a ]. Such F
moves may be represented as

[Fabc
a ] =

a

b X X

c X X

F X

.

(27)

This can be obtained by assuming a = d in the F moves in
Eq. (24). The 3-controlled F is dedined as

F
=

Ry[ϖ] X Ry[→ϖ]
,

(28)

and we decompose the 4-qubit Toffoli (CCCX) gate to the Tof-
foli (CCX) gate, using one ancilla qubit, as

X
=
|0↓ X X |0↓

X

. (29)

Implementation of the F-symbols

6

where t, N, and dt = t/N are the time interval, the number of
the Trotter steps, and the Trotter step, respectively. For later
purpose, we label the six electric terms as H1, . . . ,H6, and the
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moves. The F moves are 4-controlled qubit operations, and
may be represented as
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F X

,

(24)

where the 4-controlled qubit gate denoted by F is the unitary
gate of the nontrivial F move [Fεεεε ] in Eq. (7), and may be
represented as
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=

Ry[ϖ] X Ry[→ϖ]
,

(25)
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2 . Using two ancilla qubits, we decompose

the 5-qubit Toffoli (CCCCX) gate to the Toffoli (CCX) gate as

X

=

|0↓ X X |0↓

|0↓ X X |0↓

X

,

(26)

where the ancilla qubits are the qubits whose initial and final
states are |0↓. We also need the F moves such that two of four
arguments (control qubits) are the same, i.e., [Fabc

a ]. Such F
moves may be represented as

[Fabc
a ] =

a

b X X

c X X

F X

.

(27)

This can be obtained by assuming a = d in the F moves in
Eq. (24). The 3-controlled F is dedined as

F
=

Ry[ϖ] X Ry[→ϖ]
,
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and we decompose the 4-qubit Toffoli (CCCX) gate to the Tof-
foli (CCX) gate, using one ancilla qubit, as
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=
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necessarily physically relevant states, and the logical Hilbert
space is described by a set of them that satisfy the constraints
at vertices. The local basis satisfying the constraints at a ver-
tex is graphically represented as
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Notice that the annihilation of a single ω-anyon on a vertex is
not allowed. Those constraints are nothing but the Gauss law
constraints in lattice gauge theories. The entire basis of the
logical Hilbert space is constructed by connecting the local
basis satisfying (2) to form a honeycomb lattice. Notice that
the wave function identically satisfies the constraints under
the Hamiltonian evolution if the initial state does.

We here introduce the Hamiltonian describing the dynamics
of our system. The Kogut-Susskind Hamiltonian of the lattice
Yang-Mills theory is

HYM = HE + HM

=
1
2

∑

e→E
E2

i (e) ↑ K
∑

f→F
trUω( f ), (3)

where E and F are the sets of edges and faces of a honey-
comb lattice, respectively. E2

i (e) and trUω( f ) are the squares
of the electric-field operators and the plaquette operator, re-
spectively. In the string-net basis, they are graphically repre-
sented as

E2
i
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where a↓0 = a↓6, and [Fabc
d ]e f is the F move, which describes

the local unitary transformation between string networks and

is defined as
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The nontrivial F move of the Fibonacci anyons is

[Fωωωω ] =




1
ϑ

1
ϑ

1
2

1
ϑ

1
2
↑ 1
ϑ


 , (7)

with ϑ being the golden ratio, i.e., ϑ = 1+
↔

5
2 , and others are

[Fabc
d ]e, f = 1 if the labels in Eq. (6) satisfy the constraints (2)

at the vertices and [Fabc
d ]e, f = 0 if not. The last property of the

F moves guarantees that the Hamiltonian commutes with the
constraints.

In principle, we can simulate, using digital quantum com-
puters, the trotter evolution generated by the Hamiltonian (3)
based on the circuit representation of the F moves [1]. How-
ever, the actual implementation of the F moves is very chal-
lenging in present noisy quantum devices, and the Hamilto-
nian (3) consumes too much two-qubit gates in one Trotter
evolution, causing that the trotter evolution (even the Floquet
evolution with a large Trotter step) is not feasible in present
quantum devices. Indeed, the explicit action of the F moves
is avoided using the dual Hamiltonian in Ref. [5]. Such a dual
Hamiltonian is no longer useful to avoid the F moves for our
case, and we need to face them directly. Hence in this pa-
per, we modify the Hamiltonian to reduce the cost of the F
moves, so that we can still simulate the time evolution using
the present trapped-ion quantum computers with keeping the
important features of the nonabelian gauge theory.

Our prescription is very simple: We do not apply the
plaqutte interactions as well as electric terms to some parts
of the graph as described below. Since we can understand
the plaqutte interaction as a penalty term that does not allow
the loop excitation [4], this prescription means a (strong) per-
turbation that induces loop excitations in terms of the origi-
nal honeycom model. Importantly, this modification does not
break the gauge symmetry at all. In graphical representations,
the plaquette terms represented as holes [3, 4], and we remove

2

necessarily physically relevant states, and the logical Hilbert
space is described by a set of them that satisfy the constraints
at vertices. The local basis satisfying the constraints at a ver-
tex is graphically represented as
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Notice that the annihilation of a single ω-anyon on a vertex is
not allowed. Those constraints are nothing but the Gauss law
constraints in lattice gauge theories. The entire basis of the
logical Hilbert space is constructed by connecting the local
basis satisfying (2) to form a honeycomb lattice. Notice that
the wave function identically satisfies the constraints under
the Hamiltonian evolution if the initial state does.

We here introduce the Hamiltonian describing the dynamics
of our system. The Kogut-Susskind Hamiltonian of the lattice
Yang-Mills theory is

HYM = HE + HM

=
1
2

∑

e→E
E2

i (e) ↑ K
∑

f→F
trUω( f ), (3)

where E and F are the sets of edges and faces of a honey-
comb lattice, respectively. E2

i (e) and trUω( f ) are the squares
of the electric-field operators and the plaquette operator, re-
spectively. In the string-net basis, they are graphically repre-
sented as
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i

<latexit sha1_base64="lx7dKP0KONbwR+PMbg8vX/bWqYA="></latexit>

j

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a = εaω

<latexit sha1_base64="lx7dKP0KONbwR+PMbg8vX/bWqYA="></latexit>

j

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a , (4)

and

trUω
<latexit sha1_base64="D+n2YjtuRt1c305x6c2bLas4Z6c="></latexit>

v

<latexit sha1_base64="vr9CR7UluDFuPXeelxK4CcJ+584="></latexit>

f
<latexit sha1_base64="aKuvvIQXvhUW6U1DYmqXHKCvp4c="></latexit>

e

<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2

<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3
<latexit sha1_base64="uwO1+2FaXCnjx0GClOjZZka3ibs="></latexit>e4

<latexit sha1_base64="0XQKRFXK4pmJ3AfZbz1Bt3KoIjA="></latexit>

e5

<latexit sha1_base64="nv+UVW0XGbb5dj+UT/4A4LWNhIk="></latexit>

e6

<latexit sha1_base64="vr9CR7UluDFuPXeelxK4CcJ+584="></latexit>

f
<latexit sha1_base64="BuW0Xy3ff+EpLSdrkgN10ppJApQ="></latexit>v1

<latexit sha1_base64="Ls5JZhrcsAEVl0Z5MV8XDJyIafo="></latexit>v2

<latexit sha1_base64="5SKAWMOLC5n3RBvYMTFZaE0M6o0="></latexit>

v3

<latexit sha1_base64="tcY8VsfNvIwwwL57u7S5UrPibGA="></latexit>v4
<latexit sha1_base64="VsthJvARhm0VjmxCiDnhsYO9ZAI="></latexit>

v5

<latexit sha1_base64="IXFdJdehlz4Ge5vFuPS3xTF0kt0="></latexit>

v6

<latexit sha1_base64="wkQIPHjBs7wZFYi5PS6ao8j1Tzk="></latexit>

v
<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2
<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3

<latexit sha1_base64="mlenJY4+gxmfIa8qlICqQ/dH9EU="></latexit>a1

<latexit sha1_base64="1IH9QGg4LCHKBiA+LaX7c1B1KAQ="></latexit>a2

<latexit sha1_base64="mp9v4bNvroJRxXqZUT9jPBdCa94="></latexit>

a3
<latexit sha1_base64="wIJD8XauBxu6CO6Fmky0hX9/+Lc="></latexit>a4

<latexit sha1_base64="D5WkC7sHw8K/nogD4EuXx3LydTs="></latexit>

a5

<latexit sha1_base64="kNNjGocpWgLwtJWMLRTVhvXvJZY="></latexit>

a6

<latexit sha1_base64="e/5pQml0eNXDOcfkM/QQL8WbNIE="></latexit>

b1<latexit sha1_base64="FyiZpCrxd+V17/qq5woOnT3U5hM="></latexit>

b2

<latexit sha1_base64="g2o3kz1TdD33cpmFEPsRXju7RMM="></latexit>

b3

<latexit sha1_base64="RVJu1XPLtywMfpPSu/tVBHncc44="></latexit>

b4<latexit sha1_base64="1M0TZ+iz4j7G4hK2P5G3xv6MLvQ="></latexit>

b5
<latexit sha1_base64="2fssmJWZjjrevKFvx0+NlxvIBPU="></latexit>

b6

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

=

6∏

i=1

∑

a↓i

[Fciai↑1ω
a↓i

]aia↓ i↑1

<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2

<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3
<latexit sha1_base64="uwO1+2FaXCnjx0GClOjZZka3ibs="></latexit>e4

<latexit sha1_base64="0XQKRFXK4pmJ3AfZbz1Bt3KoIjA="></latexit>

e5

<latexit sha1_base64="nv+UVW0XGbb5dj+UT/4A4LWNhIk="></latexit>

e6

<latexit sha1_base64="vr9CR7UluDFuPXeelxK4CcJ+584="></latexit>

f
<latexit sha1_base64="BuW0Xy3ff+EpLSdrkgN10ppJApQ="></latexit>v1

<latexit sha1_base64="Ls5JZhrcsAEVl0Z5MV8XDJyIafo="></latexit>v2

<latexit sha1_base64="5SKAWMOLC5n3RBvYMTFZaE0M6o0="></latexit>

v3

<latexit sha1_base64="tcY8VsfNvIwwwL57u7S5UrPibGA="></latexit>v4
<latexit sha1_base64="VsthJvARhm0VjmxCiDnhsYO9ZAI="></latexit>

v5

<latexit sha1_base64="IXFdJdehlz4Ge5vFuPS3xTF0kt0="></latexit>

v6

<latexit sha1_base64="wkQIPHjBs7wZFYi5PS6ao8j1Tzk="></latexit>

v
<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2
<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3

<latexit sha1_base64="mlenJY4+gxmfIa8qlICqQ/dH9EU="></latexit>a1

<latexit sha1_base64="1IH9QGg4LCHKBiA+LaX7c1B1KAQ="></latexit>a2

<latexit sha1_base64="mp9v4bNvroJRxXqZUT9jPBdCa94="></latexit>

a3
<latexit sha1_base64="wIJD8XauBxu6CO6Fmky0hX9/+Lc="></latexit>a4

<latexit sha1_base64="D5WkC7sHw8K/nogD4EuXx3LydTs="></latexit>

a5

<latexit sha1_base64="kNNjGocpWgLwtJWMLRTVhvXvJZY="></latexit>

a6

<latexit sha1_base64="g2o3kz1TdD33cpmFEPsRXju7RMM="></latexit>

b3

<latexit sha1_base64="RVJu1XPLtywMfpPSu/tVBHncc44="></latexit>

b4

<latexit sha1_base64="1M0TZ+iz4j7G4hK2P5G3xv6MLvQ="></latexit>

b5

<latexit sha1_base64="2fssmJWZjjrevKFvx0+NlxvIBPU="></latexit>

b6

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="e/5pQml0eNXDOcfkM/QQL8WbNIE="></latexit>

b1
<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="FyiZpCrxd+V17/qq5woOnT3U5hM="></latexit>

b2

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a
<latexit sha1_base64="wsQ8dz10u97oUgXpP+XUS7M8xhU="></latexit>

b

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="r0zhND+ncKFmkMZHn/2ccrHgOqo="></latexit>

a0
1

<latexit sha1_base64="GemouZqbIpgT1LEHWibrgr+Eips="></latexit>

a0
2

<latexit sha1_base64="uwZqy0Hldgzi22XGp/Q5fBq+dDY="></latexit>

a0
3

<latexit sha1_base64="mCHYBKJTXfN1o7Xo3dCU3tq9NxI="></latexit>

a0
4

<latexit sha1_base64="BlIBZdfOIi5Qe21pEXcfaTjQp+A="></latexit>

a0
5

<latexit sha1_base64="ThH6zaoNvZ+pIGB8hAoW1lQcgtY="></latexit>

a0
6

,

(5)

where a↓0 = a↓6, and [Fabc
d ]e f is the F move, which describes

the local unitary transformation between string networks and

is defined as

<latexit sha1_base64="PexscxLucuIf+t3gg71Jv05H3co="></latexit>a

<latexit sha1_base64="IB6bXLrnjn8FgDfcUuGPHX22plM="></latexit>

b
<latexit sha1_base64="bT0PIGkoZL69RNSJNIfWhyFa05I="></latexit>c

<latexit sha1_base64="NLIyI3lVVYfuHw/mSmZDrDqMozY="></latexit>

d

<latexit sha1_base64="58yl4ibsoaInG11oeFnIUACYqKY="></latexit>e
=
∑

f

[Fabc
d ]e, f

<latexit sha1_base64="PexscxLucuIf+t3gg71Jv05H3co="></latexit>a

<latexit sha1_base64="IB6bXLrnjn8FgDfcUuGPHX22plM="></latexit>

b <latexit sha1_base64="bT0PIGkoZL69RNSJNIfWhyFa05I="></latexit>c

<latexit sha1_base64="NLIyI3lVVYfuHw/mSmZDrDqMozY="></latexit>

d

<latexit sha1_base64="7aS0NKWuouU3JDKL8LNqnV0LSzc="></latexit>

f .

(6)

The nontrivial F move of the Fibonacci anyons is

[Fωωωω ] =




1
ϑ

1
ϑ

1
2

1
ϑ

1
2
↑ 1
ϑ


 , (7)

with ϑ being the golden ratio, i.e., ϑ = 1+
↔

5
2 , and others are

[Fabc
d ]e, f = 1 if the labels in Eq. (6) satisfy the constraints (2)

at the vertices and [Fabc
d ]e, f = 0 if not. The last property of the

F moves guarantees that the Hamiltonian commutes with the
constraints.

In principle, we can simulate, using digital quantum com-
puters, the trotter evolution generated by the Hamiltonian (3)
based on the circuit representation of the F moves [1]. How-
ever, the actual implementation of the F moves is very chal-
lenging in present noisy quantum devices, and the Hamilto-
nian (3) consumes too much two-qubit gates in one Trotter
evolution, causing that the trotter evolution (even the Floquet
evolution with a large Trotter step) is not feasible in present
quantum devices. Indeed, the explicit action of the F moves
is avoided using the dual Hamiltonian in Ref. [5]. Such a dual
Hamiltonian is no longer useful to avoid the F moves for our
case, and we need to face them directly. Hence in this pa-
per, we modify the Hamiltonian to reduce the cost of the F
moves, so that we can still simulate the time evolution using
the present trapped-ion quantum computers with keeping the
important features of the nonabelian gauge theory.

Our prescription is very simple: We do not apply the
plaqutte interactions as well as electric terms to some parts
of the graph as described below. Since we can understand
the plaqutte interaction as a penalty term that does not allow
the loop excitation [4], this prescription means a (strong) per-
turbation that induces loop excitations in terms of the origi-
nal honeycom model. Importantly, this modification does not
break the gauge symmetry at all. In graphical representations,
the plaquette terms represented as holes [3, 4], and we remove

2

necessarily physically relevant states, and the logical Hilbert
space is described by a set of them that satisfy the constraints
at vertices. The local basis satisfying the constraints at a ver-
tex is graphically represented as
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Notice that the annihilation of a single ω-anyon on a vertex is
not allowed. Those constraints are nothing but the Gauss law
constraints in lattice gauge theories. The entire basis of the
logical Hilbert space is constructed by connecting the local
basis satisfying (2) to form a honeycomb lattice. Notice that
the wave function identically satisfies the constraints under
the Hamiltonian evolution if the initial state does.

We here introduce the Hamiltonian describing the dynamics
of our system. The Kogut-Susskind Hamiltonian of the lattice
Yang-Mills theory is

HYM = HE + HM

=
1
2

∑

e→E
E2

i (e) ↑ K
∑

f→F
trUω( f ), (3)

where E and F are the sets of edges and faces of a honey-
comb lattice, respectively. E2

i (e) and trUω( f ) are the squares
of the electric-field operators and the plaquette operator, re-
spectively. In the string-net basis, they are graphically repre-
sented as
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where a↓0 = a↓6, and [Fabc
d ]e f is the F move, which describes

the local unitary transformation between string networks and

is defined as
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The nontrivial F move of the Fibonacci anyons is
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with ϑ being the golden ratio, i.e., ϑ = 1+
↔

5
2 , and others are

[Fabc
d ]e, f = 1 if the labels in Eq. (6) satisfy the constraints (2)

at the vertices and [Fabc
d ]e, f = 0 if not. The last property of the

F moves guarantees that the Hamiltonian commutes with the
constraints.

In principle, we can simulate, using digital quantum com-
puters, the trotter evolution generated by the Hamiltonian (3)
based on the circuit representation of the F moves [1]. How-
ever, the actual implementation of the F moves is very chal-
lenging in present noisy quantum devices, and the Hamilto-
nian (3) consumes too much two-qubit gates in one Trotter
evolution, causing that the trotter evolution (even the Floquet
evolution with a large Trotter step) is not feasible in present
quantum devices. Indeed, the explicit action of the F moves
is avoided using the dual Hamiltonian in Ref. [5]. Such a dual
Hamiltonian is no longer useful to avoid the F moves for our
case, and we need to face them directly. Hence in this pa-
per, we modify the Hamiltonian to reduce the cost of the F
moves, so that we can still simulate the time evolution using
the present trapped-ion quantum computers with keeping the
important features of the nonabelian gauge theory.

Our prescription is very simple: We do not apply the
plaqutte interactions as well as electric terms to some parts
of the graph as described below. Since we can understand
the plaqutte interaction as a penalty term that does not allow
the loop excitation [4], this prescription means a (strong) per-
turbation that induces loop excitations in terms of the origi-
nal honeycom model. Importantly, this modification does not
break the gauge symmetry at all. In graphical representations,
the plaquette terms represented as holes [3, 4], and we remove

Action of operators 

Fibonacci anyon model

Lattice structure 

3

some holes as following:

,
(8)

where we apply the E2 operator to edges colored red (that cor-
respond to tubes in Ref. [4]), and the trUω( f ) operator to pla-
quettes with holes. Under the prescription, we can move to the
topologically equivalent graph i.e., the decorated honeycomb
lattice following Refs. [4, 5]:

, (9)

where we applied the F moves to edges colored red succes-

sively. In this basis, the E2 operator acts as

E2
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Notice that the E2 operator is a diagonal operator in the origi-
nal honeycomb graph. Similarly, its exponential reads
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b <latexit sha1_base64="bT0PIGkoZL69RNSJNIfWhyFa05I="></latexit>c

<latexit sha1_base64="NLIyI3lVVYfuHw/mSmZDrDqMozY="></latexit>

d

<latexit sha1_base64="7aS0NKWuouU3JDKL8LNqnV0LSzc="></latexit>

f

=
∑

f ,e→
[Fabc

d ]e f [Fabc
d ]e→ f e↑idtε f ω

<latexit sha1_base64="50Q4QQ4foHglVHGVWsAaBwf90Uk="></latexit>

e→

<latexit sha1_base64="PexscxLucuIf+t3gg71Jv05H3co="></latexit>a

<latexit sha1_base64="IB6bXLrnjn8FgDfcUuGPHX22plM="></latexit>

b <latexit sha1_base64="bT0PIGkoZL69RNSJNIfWhyFa05I="></latexit>c

<latexit sha1_base64="NLIyI3lVVYfuHw/mSmZDrDqMozY="></latexit>

d

,

(11)

where e↑idtε f ω can be implemented as the RZ single-qubit ro-
tation gate in qubit quantum devices, and this consumes two
F moves in one Trotter step. We map the 1 and ω particles
to the 0 and 1 states in qubits, respectively. Then, e↑idtε f ω can
be implemented as Rz(↑dt) = ei dt

2 Z up to the irrelevant global
phase.

Black: the plaquette acted on by B
Red: the link acted on by E



Formalism 
•  Kogut–Susskind Hamiltonian formalism 

        –  Regularization → (quantum deformation): finite-dim Hilbert 
space, gauge symmetry preserved; physical states = networks of Wilson lines 

Application 
•   gauge theory in (2+1) dimensions: confinement–topological phase 
transition; plaquette & string tension agree with Monte Carlo at large k

•  Thermalization of Yang–Mills in (3+1)-dimensional small systems: relaxation time    
≈ Boltzmann time  τ_eq ~ 2π/T 
•  QCD₂ at finite density (MPS): baryon–quark transition, inhomogeneous phase; 
Tomonaga–Luttinger liquid

•  Quantum simulation of (2+1)D non-Abelian gauge theory: Fibonacci anyon on 
Quantinuum H1 (“REIMEI”), 18+2 qubits

SU(N) SU(N)k

SU(3)k

Summary


