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Hadron Structure Functions: PDF

> parton distribution functions (PDF):
probability of constituent with momentum fraction &

Deep Inelastic Scattering
[Schwartz 2014]
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Hadron Structure Functions: PDF

> parton distribution functions (PDF):
probability of constituent with momentum fraction &

> factorization at large energy Q? = —¢?, e.g. DIS:

/,0(6, Q) = g P e f(§,)\

experiment perturbative non-perturbative

Deep Inelastic Scattering
[Schwartz 2014]
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Hadron Structure Functions: PDF

> parton distribution functions (PDF):
probability of constituent with momentum fraction &

> factorization at large energy Q? = —¢?, e.g. DIS:

/,0(6-, Q) = g P e f(§,)\

experiment perturbative non-perturbative

(&) = [ dze (P2 )y Wz < 0)u(0) |P)

> z7: lightcone coordinate
> lattice QCD in Euclidean space: lightcone — point

» Hamiltonian formalism: lightcone in Minkowski space
— tensor network states / quantum devices
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Hadron Structure Functions: generalizations
> lightcone distribution amplitude (LCDA): decay or hadronization

7 =>q(u)g(1-u) > 77y
iFad (u) = f dz" P’ (0] G (2 )y W(z~ < 0)i(0)| P)
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Hadron Structure Functions: generalizations
> lightcone distribution amplitude (LCDA): decay or hadronization

7 =>q(u)g(1-u) > 77y
iFad (u) = f dz" P’ (0] G (2 )y W(z~ < 0)i(0)| P)

» general hadron structure functions:

[ dz e LU W < 0)J(0)])) o T

> form factors: photon interaction 1-u \‘\,\1\
F o< (P'[¢(0)v1(0)|P)
» hadronic tensor: DIS
Wi o [ dz"e P2 (P|J¥(27)J#(0) | P); J¥ = y*y
> fragmentatlon functions: hadronization
Do [ dz=e®" 7 (0]4(2) | P)y(P|%(0)]1)
> generalized parton distributions (GPD): full kinematics
H(E,AP) = [ dz=e P"# (P |4(z7 )yt W(z™ « 0)y(0) | P)
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Progress on hadron structure functions in the Hamiltonian approach

» Hamiltonian calculation with exact
Distribution Function of the Vector Boson

d Iagonallzatlon (ED) Comparison with Variational Computation
[Bergknoff 1977; Eller et al. 1987; Mo and Perry 1.5 —a

— = —— =0.0564.

9 T

1993; Kréger and Scheu 1998; Jirari et al. 1999]

——— Bergknoff
———— Mo and Perry
<& This work

Schwinger model
[Kréger and Scheu 1998]
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Progress on hadron structure functions in the Hamiltonian approach

» Hamiltonian calculation with exact

diagonalization (ED) @
[Bergknoff 1977; Eller et al. 1987; Mo and Perry (ct+2%) /2
1993; Kréger and Scheu 1998; Jirari et al. 1999]
> Light-like Wilson lines/loops
[Pedernales et al. 2014; Echevarria et al. 2021; ] W(z, %)
Pisarski 2022] ®) N
N
Wz, 4) = We, W, W W, W W,
© W(z, A)

W(t,2) = Uy HU e~ ..o e~ T0H 9
[M.G. Echevarria, I.L. Egusquiza, E. Rico, G. Schnell]
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Progress on hadron structure functions in the Hamiltonian approach

» Hamiltonian calculation with exact
diagonalization (ED)
[Bergknoff 1977; Eller et al. 1987; Mo and Perry 02
1993; Kréger and Scheu 1998; Jirari et al. 1999]

. . . . 0.15

> Light-like Wilson lines/loops ’
[Pedernales et al. 2014; Echevarria et al. 2021; T o1
Pisarski 2022] =

. . . . . 0.05
» Hadronic tensor in Hamiltonian formalism RN

[Lamm et al. 2020]

PDF from ED
Thirring model
[Lamm et al. 2020]
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Progress on hadron structure functions in the Hamiltonian approach

v

Hamiltonian calculation with exact
diagonalization (ED)

[Bergknoff 1977; Eller et al. 1987; Mo and Perry
1993; Kréger and Scheu 1998; Jirari et al. 1999]

v

Light-like Wilson lines/loops
[Pedernales et al. 2014; Echevarria et al. 2021;
Pisarski 2022]

» Hadronic tensor in Hamiltonian formalism
[Lamm et al. 2020]

» Form factors and decay constants on
quantum computer
[Kreshchuk et al. 2021b,a, 2022]
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Form factors in basis light-front quantization
Nambu—Jona-Lasinio model (NJL)
[Kreshchuk et al. 2021b]
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Hamiltonian calculation with exact
diagonalization (ED)

[Bergknoff 1977; Eller et al. 1987; Mo and Perry
1993; Kréger and Scheu 1998; Jirari et al. 1999]

Light-like Wilson lines/loops
[Pedernales et al. 2014; Echevarria et al. 2021;
Pisarski 2022]

Hadronic tensor in Hamiltonian formalism
[Lamm et al. 2020]

Form factors and decay constants on
quantum computer
[Kreshchuk et al. 2021b,a, 2022]

PDF on quantum computer
[Li et al. 2022; Qian et al. 2022]
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Progress on hadron structure functions in the Hamiltonian approach (2)

> PDF in gauge theory with tensor
networks

[Schneider et al. 2025; Bafiuls et al. 2026] T { :
141 B o= 40% ]
12 i =20% |
E==m=10
@ 10 [ — ﬁ‘] _ 5* [
W= 8 ‘ = 2.5% |
E 61 | \ |
[a
41 i
2L .
0

I — | — |
0 0.25 0.5 0.75 1
momentum fraction &
Schwinger model
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Progress on hadron structure functions in the Hamiltonian approach (2)

> PDF in gauge theory with tensor

networks
[Schneider et al. 2025; Bafiuls et al. 2026]
» PDF, LCDA in NJL model with tensor o
networks -~ ma=025
[Kang et al. 2025] o — Z:ay;,iiic A ]
Z1of I ]
<
/ \
I i\
0.5F f !' R B
— .__./ , l. \::__\x—— =
0055 0 1 2 3
X
NJL model

[Z.-B. Kang, N. Moran, P. Nguyen, W. Qian]
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Progress on hadron structure functions in the Hamiltonian approach (2)

> PDF in gauge theory with tensor
networks
[Schneider et al. 2025; Bafiuls et al. 2026]

» PDF, LCDA in NJL model with tensor
networks
[Kang et al. 2025]

> PDF in gauge theory with quantum
computer Zo
[Chen et al. 2025] -

-4

-20 -15 -1.0 =05 0.0 05 1.0 15 20
X

Schwinger model [Chen et al. 2025]
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Progress on hadron structure functions in the Hamiltonian approach (2)

> PDF in gauge theory with tensor
networks
[Schneider et al. 2025; Bafiuls et al. 2026]

» PDF, LCDA in NJL model with tensor

networks 10
[Kang et al. 2025] 107
> PDF in gauge theory with quantum L1
computer S 107
[Chen et al. 2025] 10-8 — Deay(SUB)  § sU@),V
— Deayl2) SUR) SU@), T
> Fragmentation functions for quantum 10 iosupLvN=s  1osu@Lv
Computatlon 0.0 0.2 0.4 0.6 0.8 1.0
z
[Gélvez-Viruet et al. 2025; Galvez-Viruet et al. truncated, Iight-front quantized QCD
2026] [Gélvez-Viruet et al. 2025]
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Progress on hadron structure functions in the Hamiltonian approach (2)

> PDF in gauge theory with tensor
networks
[Schneider et al. 2025; Bafiuls et al. 2026]

» PDF, LCDA in NJL model with tensor
networks
[Kang et al. 2025]

m/g=1.0

> PDF in gauge theory with quantum
computer
[Chen et al. 2025]

q,(@ x)

> Fragmentation functions for quantum
computation
[Gélvez-Viruet et al. 2025; Gélvez-Viruet et al. =10 =0.5 0.0 0.5 1.0
2026] ’

» Quasi- PDFs, GPDs, and fragmentation
functions with tensor networks
[Grieninger et al. 2024; Grieninger and Zahed
2024; Grieninger et al. 2026]

Schwinger model [Grieninger et al. 2026]
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© Example: Schwinger Model
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Schwinger model [Hamer et al. 1997]

» quantum electrodynamics in 1+1 dimensions, U(1) symmetry
fermion couples to gauge boson — partons

bound states — hadrons [Bafiuls et al. 2013]

> scattering — PDF [Dai et al. 1994, 1995]

» Lagrange density: £=U(id - gA—m)\V—}F, F'_Agp
4 LV

Fuw =0,A, — 0,A,

v

v
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Schwinger model [Hamer et al. 1997]

» quantum electrodynamics in 1+1 dimensions, U(1) symmetry
> fermion couples to gauge boson — partons

> bound states — hadrons [Baiiuls et al. 2013]

> scattering — PDF [Dai et al. 1994, 1995]

» Lagrange density: £=U(id - gA—m)\V—}F, F'_Agp
4 LV
Frw =0,A, - 0,A,

» for TN/QC: transform action into spin-model Hamiltonian:

1 1 1 1 1
1 1 1 1 1
1 L]_ 1 L2 1 L3 1 L4 1 L5 1
S0 S1 S2 S3 Sa S5
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PDF in the Schwinger model

> matrix elements:

M= (P|U(z )y W(z~ < 0)w(0)|P) g |- | _‘)@4
> lightcone g 6 I _Jtl B
— small time- and space-like steps q:, | T L |
> spatial evolution: ;E) 4 - ,’;o& i
change electric field along the path -—% L T,\’\é}’\“ .
> trotterized time evolution g 2 - ’ 8
= 7
O [ |
1 1 1 1 1 | | | | | | 1 | 1
: : : E:f : : : : : : : 0 2 4 6 8 10

position d [lattice units]
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PDF in the Schwinger model

> matrix elements:

- I | I |
M=(P|U(z7)y*W(z" < 0)¥(0)|P) g | —® |
> light £ | J |
ightcone S 6| . i
— small time- and space-like steps q:) | T I |

Q 2

> spatial evolution: =R U -
change electric field along the path = T,\/\é}’\“ |
> trotterized time evolution 2 2 ’ -
5 [ L7 1
O [ -

| | | | | | | | |

0 2 4 6 8 10
position d [lattice units]
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PDF in the Schwinger model

> matrix elements:
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Matrix elements

= 10; x = 100; D = 80; N = 100; V = 100
T T T T

T T

| I
AR
xJ I'I 1
= Lorvnon Ny
S Omeox bk K e
\g ¥ l: v
_ [ LI ' if
v [ ’l(*
EEREI
% :l '||
e &

| | | | | |
-2 -1 0 1 2 -2 -1 0 1 2
light-front distance z™ g light-front distance z~
Real(Mexcitation - Mvacuum) lmag(Mexcitation - Mvacuum)

18 June 2026 12

Parton functions in the Hamiltonian framework @ QIS-HENP, Wuhan

Manuel Schneider



n Structure Functions ogress Schwinger Model

00008000000

Entanglement entropy

=

ssssssssnnns
|

=@©- 1st excited state
=#= groundstate

y

| | | T T
-3 -25 -2 -15 -1 -05 O 0.5 1 1.5 2 2.5 3
light-front distance z~

Manuel Schneider Parton functions in the Hamiltonian framework @ QIS-HENP, Wuhan 18 June 2026 13 /22



Schwinger Model
00000@00000

M=

10; x = 100; D = 80; N = 100; ¥/ = 100

PDF f, (¢)

(43 )(9(-)(-)(9(

T T T T T T T

1 1 1 1
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observations:
» £>0: fy ~ symmetric

around £ =0.5
> antifermion PDF from
negative &:

£(6) = ~F (=€)
> observed symmetry

= £5(8) = £(§)

= meson v~
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6* T T T T T T —]
m— our work

observations:

» £>0: fy ~ symmetric
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> antifermion PDF from
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= £5(8) = £(§)
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around £ =0.5
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£5(6) = ~F(~)
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= meson v~
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PDF
D = 80; N = 100
T T I
14| m (Lx) a
” = M =40 (380,1000) observations:
12 m= 20" (260,400) - > £>0: fy » symmetric
= 1 =10 (100,100) around £ = 0.5
| — =5 (150,25) || '
. 10 — 1 = 2.5 (400,25) > antifermion PDF from
N negative &:
\.\3 8 i )
(&) = -1, (-
s | | (&) =~y (=§)
a
> observed symmetry
41 . = 5(€) = £, (£)
= meson v*
2 n > peak broadens with
decreasing fermion mass v
0 | | |
0 0.25 0.5 0.75 1

Bjorken péra meter £
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N;-dependence

i =10; x = 100; V = 100; D = 80 7
8
| . o N, =2 VN
6 ¢ || O M-t ™
r B ¢ N =20 6.95| |
41 o # 4| A Ny =50 <7 ‘\
i‘: T £ N, =100 S \
= 2f PN AN 4l + N, =200 > 3
= E;FEEEE!"& me= N, — oo fitl | E 6.9 “_,
§OW*%§%§E”;\;’W—NT—>ooﬁt2 [
2 R IREREET N, - oo fit3 \
=-2) SRR R 1 ‘-
> EE H 6.85 ‘ ‘
a4l L ! . 0 0.05 0.1
;E ?3 1/NT
o ;:‘ “ | |=== fitl: 6.9805 +0.0179N-2 - 600.9051 N/ *
_gl | I | | — fit2: Im(6.9800exp (—6.4460iN,2d))
2t 1 2 fit3: Im (6.9800exp (~6.4411iN-2d))
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N;-dependence — too small

Im(M)-N

|
0 0.05

1/N;

=== fitl: 6.9805 +0.0179N;? - 600.9051 N;*
— fit2: Im(6.9800exp (—6.4460iN,2d))

i =10; x = 100; V =100; D = 80 7 T
8 ‘
x O N =2
6l : 5 | N, =10
S O N,.=20
fod A N, =50 z 0.9
4 - o { — T = -
H @ 4 N, =100 -
, B T 5
2+ ML 4+ N, =200 >
nn Hb-'o . E
o:. H u IH Hq A === NT—>OOf|t1 —_ 69
oy 9% | ¢ | Db PRy — . - oo fit2
Yobi 1i iy 30 N, — oo fit3
2t e h“ ¥ .
!: '
v ! E: 6.85
i BR |
Ho X
6| y ! 1
-
¥
_ I I il I I
S -1 0 1 2
-
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fit3: Im (6.9800exp (—6.4411iN;2d))
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Schwinger Model
x-dependence
/M =10; V = 100; D = 80; N = 100
6 T T T I .
-©-x=10 5.44 .
x =80
4+ | | == x =100 o |
—0— x = 200 5.42
== x = 300 g
21 1 ==x=600 | 54 NI
. -0 x=1000 |« ]
Y 0 iy Mg - - x> oo fitl | 538] il
N — X —> 00 fit2
5.36 -
2 .
5.34 L T

|
0 0.05 0.1
4 B 1/\/§

— fit: 5.4465 - 0.4737/\/x
-6 ‘ . : @ extrapolation x —» oo
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x-dependence — too small

/M =10; V = 100; D = 80; N7 = 100

00000008000

-0= x =10

x =80
- x =100
== x = 200

== x =300
== x = 600
== x = 1000

=== x — oo fitl

— X —> 00 fit2
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N-dependence

m =10; x = 100; D = 80; Ny = 100

00000000800

fy (£)

T

T

[
2 -

Manuel Schneider

-0~ N =80
==\ =100
N =120
== N =140
== \ = 160
== /\/ = 200
=== N - oo fitl
— [\ — 00 fit2
N — oo fit3
| | |
0 0.01 0.01 0.02
1/N

- == fitl: 6.0674 — 68.4080/N
— fit2: 5.7901 - 3865.5/ N>

® extrapolation N — oo

fit3: 5.8944 — 25.4653/N — 2441.7/ N?

Parton functions in the Hamiltonian framework @ QIS-HENP, Wuhan

18 June 2026

17 /22



Schwinger Model

00000000080

PDF [*preliminary]

T T T
14 | e m=40*% |
m = 20*
12 E==m=10 =
e 5*
10 - B m=25% |+
S
W 8 |
™ / \‘
= 6 \ 1
41 i
21 N
0 I _ I - I
0 0.25 0.5 0.75 1

momentum fraction &

Manuel Schneider Parton functions in the Hamiltonian framework @ QIS-HENP, Wuhan 18 June 2026 18



Schwinger Model
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Lightcone Distribution Amplitude (LCDA) [preliminary]
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Structure Functions ¢ Summary

oeo

Summary

> hadron structure functions
— universal properties of hadrons
— important for experiments

v

Euclidean space: lightcone — point

» = use tensor network states / quantum devices
» 1+1D: established (many works)

» Schwinger model:
fermion- and anti-fermion- PDF and LCDA of vector meson v X

Collaborators:

Mari : ' _

C.-J. David [arXiv:2504.07508]

Céarineln Kg?ésﬁ;()f Lin [arXiv:2409.16996]
anuls
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https://arxiv.org/abs/2504.07508
https://arxiv.org/abs/2409.16996

Summary

[e]e] ]
Outlook
> quantum computing 10)
0
> enforcing Gauss law :0; |
> efficient state preparation 10y s

o) —o- g
10y

K — 1 |

and time evolution
> scaling

> tensor networks
> classical computation complementary to
Monte Carlo v
> verification, parameter scans v’
> entanglement barriers (7)

> quantum simulation I I
> theory

> renormalization effects
> truncating gauge degrees of freedom

PDF f, ()

> physics program
> higher dimensions 5|
> non-Abelian 1 :

. -1 -0.5 0 0.5 1
> further parton structure functions Bjorken parameter &
= QCD © )
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Lcu-dependence: truncation of electric field
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Entanglement entropy

Entropy during time evolution of the Wilson line along lightcone
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> tensor network state as ansatz D
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> truncation to bond dimenion D

> polynomial resource scaling
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Tensor Network States
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> generic state scales exponentially [) Z Is1)®]2) ®... & [sw)
S1,525--+,SN
> tensor network state as ansatz D
5152---SN 1s1 a2, A3, N,sy
v ~ Z Afl Af17f2 Af27f3 T AiN—l
{ix}=1

> truncation to bond dimenion D

> polynomial resource scaling

» good for ground states and low excited
states [Hastings 2007]

ground states

> no sampling, fundamentally different
systematics compared to Monte Carlo
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Efficient Tensor Network operations

> Find groundstate and excited states
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> Apply operators / time evolution
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> Calculate overlap
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Factorization

cross section:
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