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Brief outline

๏ Why study : Two Perspectives  

๏ Hamiltonian lattice formulation of QED  

๏ Part I: Chern number topology with Wilson fermions 

๏ Part II: Density-induced level crossing with 
Staggered fermions on Quantum Hardware 

๏ Summary & outlook

QED3
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why quantum-simulate QED₃ at finite 
density ?

3

Particle physics perspective Condensed matter perspective

- An important step toward 
simulating QCD on a QC 

-  retains key features of QCD, 
like confinement 

- Hamiltonian formulation is free of 
the numerical sign problem

QED3

-  has given insights into the 
study of quantum spin liquids 
QED3

[M. Hermele et. al., PRB (2024)] 

- Important for realising topological 
phases with non-trivial Chern 
numbers

[S. Bharadwaj, E. O. Rosanowski, S.S., A. Di 
Tucci, L. Funcke, K. Jansen and D. Luo, arXiv: 

2504.21828, arXiv:2603.05616 ] 

[P. Majcen, et.al., arXiv:2602.04948] …

[J. Bender et.al., PRR (2023)],

[M. Meth, et.al., Nat. Phys. (2025)],

[A. Crippa, S. Romiti, et. al, Comm. Phys. (2025)], 

[J. Cobos, et. al., arXiv:2507.08088], 

[F. F. Assaad et.al., Nature (2010)],

[Yin-Chen He et. al. PRX (2017)],

[G. Gyawali et.al., arXiv:2410.06557],

[E. O. Rosanowski, A. Crippa, L. Funcke, P. 
V. Itaborai, K. Jansen, S.S., PRD (2026)]

[S. Sen., PRD 2020],



Hamiltonian lattice formulation of qed3
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Uij(n)
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plaquettes

cos B ∝

[Ei(n), U†
j (n′￼)] = − δijδnn′￼

U†
i (n)

Re 



Hamiltonian lattice formulation of qed3
Ĥ = Ĥm⏟

mass

+ Ĥkin⏟
hopping

+ Ĥμ⏟
density

+ ĤE⏟
E-fields

+ ĤB⏟
plaquettes

Fermions

- No doublers  

- No chiral symmetry  

- Expensive (more degrees of 
freedom per lattice site)

Wilson discretisation
[K. G. Wilson  (1974)]

Staggered discretisation
[J. Kogut, L. Susskind (1974)]

- Some doublers 

- Some chiral symmetry 

- Cheaper to simulate (less degrees 
of freedom per lattice site)

6

5



what does it take to study 
chern number topology ?

Part I

Wilson Fermion Discretisation: 

S. Bharadwaj, E. O. Rosanowski, S.S., A. Di Tucci, L. Funcke, K. Jansen 
and D. Luo, arXiv: 2504.21828, arXiv:2603.05616 
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Part I : Chern Topology via Wilson fermions

- Callan & Harvey (1985): established the (2+1)D bulk Chern–Simons 
current and the (1+1)D edge-mode anomaly as the two faces of one 
massive fermion, locked together by anomaly inflow 

- Kaplan (1992): Saw this as a way to sidestep Nielsen-Ninomiya 
theorem as a way to simulate: (i) doubler-free, (ii) chiral symmetry on 
the lattice via domain wall fermions 

- Goltermann, Jansen & Kaplan(1993): Computed the induced-CS 
current on the lattice with Wilson fermion in 2+1 D and mass coupling to 
domain wall - showed transitions across values of Wilson mass

Renewing connections to condensed matter physics

- Sen (2020): (i) tuned the induced CS current via lattice anisotropy, 
accessing new topological phases  

- (ii) showed the analogy between Chern-insulator physics and the lattice 
domain wall CS-level changes - attributed difference to discrete time 
direction 

The old connection from field theory
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Part I : Chern Topology via Wilson fermions

8

- Start with the continuous-time Hamiltonian 2+1 D Wilson + dynamical 
 gauge fields on a spatial lattice 

- Directly access the gauge-invariant GS - compute the Chern number 
two ways (analytic momentum-space + many-body ED) to characterise 
the topological phases 

- Based on arguments of time-reversal-invariance due to doublers - 
exclude Staggered fermions to see this effect. 

- Study the phase digram with multiple flavours and finite density

ℤ2

This work

unless



Level crossings across discretisations

Naive disc. (Wilson with R=0)

Only display trivial insulator phases across M=+/-2 

Staggered disc.

9

vs 
Wilson mass
GS − ES1



Level crossings —> rich phase diagram

- Topological phases of  QED  Wilson fermions 

- Consistent picture with S. Sen (PRD 2020) & L. Mazza et.al.,(NJP 2012)

Nf = 1 3

Analytic Chern number computation ED results many-body Chern 
number with dynamical  on a 

 lattice
ℤ2

2 × 2

10



multiple flavours and finite density

11

- Topological phases of  QED  Wilson fermions at finite density 

- Consider two decompositions of the massive flavours: Single and Triplet

Nf = 2 3

Hf =
1
2 ∑

r
[ψa(r)† γ0 (iγk + R) Uk(r) ψa(r + ̂k) + h.c.]

+∑
r

Ma ψa(r)†γ0ψa(r) + μ (ψ†
1 ψ1 − ψ†

2 ψ2),

- For two flavours:  (singlet) &  (triplet) 

- Chemical potential couples to  

- Analytic computation of the Chern-number using momentum space 
Hamiltonian

M1 = M2 = M M1 = − M2 = M

ΔN = N1 − N2



proposed phase diagram at finite density

12

Integer Quantum Hall (IQH) 
phases for singlet case with 

 M1 = M2 = M

Quantum Spin Hall (QSH) 
phases for triplet case with 

 M1 = − M2 = M



what does it take to quantum-
simulate qed  at finite 

density?
3

[E. O. Rosanowski, A. Crippa, L. Funcke, P. V. Itaborai, K. Jansen, 
S.S., PRD (2026)]

Part II

Currently? - Staggered Fermions: 

13
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 on a Quantum ComputerQED3

̂q00,1 ̂q00,2 ̂q10,1 ̂q10,2

̂q01,1̂q01,2 ̂q11,1̂q11,2

Û10,y

- Jordan-Wigner transformation maps fermions to qubits 

- Gauge fields get truncated :  with  

- Gray encoding gives physical states: ,

U(1) → ℤ2l+1 l = 1

| − 1⟩ → |00⟩ , |0⟩ → |10⟩

Lattice setup:    staggered fermions on  lattice with OBC and 
one dynamical gauge link  - Gauss law explicitly encoded

Nf = 2 2 × 2

[P. Jordan, E. Wigner (1928)]

[F. Gray (1953)],[O. Di Matteo, et.al., PRA (2021)] 
|1⟩ → |11⟩
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The quantum circuit ansatz

5

q00,1 ! |0i

Uxy (✓0)

Uxy (✓6)

q00,2 ! |0i

Uxy (✓2)q10,1 ! |0i X

Uxy (✓4)

Uxy (✓7)

q10,2 ! |0i X

Uxy (✓5)q11,1 ! |0i

Uxy (✓1)

Uxy (✓8)

q11,2 ! |0i

Uxy (✓3)q01,1 ! |0i X

Uxy (✓9)

q01,2 ! |0i X

FIG. 5. Fermion encoding circuit for a 2⇥2 system with two fermion flavors. The di↵erent parts are highlighted by their color.
The cascade structure is shown in light gray and white (dash dotted and solid), while the inter-flavor gates are shown in light
blue (dotted). The di↵erent line style and color is only for highlighting and the gates are defined in the same way.

System Nf Depth #qubits #parameters
2⇥ 2 OBC 2 69 10 24
2⇥ 2 PBC 2 644 18 88
2⇥ 2 OBC 1 26 6 11
2⇥ 2 PBC 1 601 14 67
2⇥ 4 OBC 1 211 14 42

TABLE I. Ansatz circuit properties for di↵erent system sizes
at nflavors = 2. Here, Depth refers to the layers of multi-qubit
gates.

of qubits for the gauge links is nq,p = dlog2(2l + 1)e · ng.
Moreover, the number of Uxy-gates in the fermionic part
scales as

n (Uxy) =
nq,f

4

⇣nq,f

2
+ 1

⌘
+ Lx · Ly (21)

=
1

2
(Lx · Ly)

2 +
3

2
Lx · Ly . (22)

The depth is d(Uxy) = Lx · Ly + 1. The depth of the
other circuits cannot be expressed in closed form, as the
circuit encoding a gauge link changes depending on the
truncation.

We emphasize that the ansatz can, in principle, be ef-
ficiently scaled to larger lattice sizes by employing ad-
vanced adaptive methods such as (SC)-ADAPT-VQE
[31] and (SC)2-ADAPT-VQE [32]. A detailed investi-
gation of this scaling is left to future work.

IV. RESULTS

A. Classical Simulation

To benchmark the protocol, we perform noiseless clas-
sical simulations for a 2 ⇥ 2 lattice with open boundary
conditions, gauge coupling g = 5, and truncation l = 1.
The e↵ect of this truncation is discussed in Section A. In
principle, various combinations of these parameters can
be studied. However, smaller couplings lead to a larger
entanglement which then requires a deeper circuit.
Therefore, we focus on the large-coupling region of

g = 5. The resulting ground-state energies and parti-
cle number di↵erences are shown in Figs. 6 and 7. The
emergence of phase transitions is clearly visible, simi-
lar to [5]. A small intermediate phase appears near the
transition region, which cannot be well resolved with the
VQE. The width of this region increases with decreas-
ing coupling strength. An analysis of this region can be
found in Section IVB.
The di↵erence in particle numbers N1 and N2

shows the expected steps of height �Nfirst region �

�Nsecond region = 2 as we consider two flavors of fermions
and thus each increase in N1 corresponds to a decrease
of N2 and vice versa.
Due to computational limitations, we restrict our study

to a 2⇥ 2 lattice. While the positions of the phase tran-
sitions are expected to shift with increasing system size,
their qualitative nature and magnitude, �Nfirst region �

�Nsecond region = 2, remain una↵ected.

3

FIG. 1. Di↵erence in particle number hN̂2 � N̂1i depending
on the sum and di↵erence of µ1 and µ2 for a 2 ⇥ 2 system
with open boundary conditions at g = 2 with two flavors of
massless fermions.

In (2+1)D, no theoretical predictions exist but many
considerations parallel those in lower dimensions. Indeed,
also in (2+1)D, the phase diagram is independent of the
sum of the two chemical potentials, as we show in Fig. 1
using exact diagonalization.

For simulating the sign-problem-a✏icted regime of
non-zero net chemical potential in our work, we now de-
rive a formula for the locations of the phase transitions
in (2+1)D, following the analogous derivation in (1+1)D
from Ref. [5].

For this, we first define the total number operator for
each of the F flavors,

N̂f =
X

~r

�̂†
~r,f �̂~r,f , (11)

and note that [Ĥ, N̂f ] = 0. This enables us to express
the ground-state energy in each phase sector as

E(Nf )(µf ) =
FX

f=1

µfNf + Eind, (12)

where Eind is a constant for each sector and Nf is the

eigenvalue of the operator N̂f . From now on, we only
consider two fermion flavors [36]. Thus, we define

µ1 = 0, µ2 = µ, N = N1 +N2, �N = N2 �N1,
(13)

yielding the ground-state energy

E(N1,N2)(µ) =
1

2
µN +

1

2
µ�N + Emin. (14)

The phase transition occurs at the critical chemical po-
tential µpt, where energies in di↵erent sectors become
degenerate, i.e.,

E(N1,N2)(µpt) = E(Ñ1,Ñ2)
(µpt) . (15)

...

...

|0i

Gauge

Entanglement

|0i

|0i

Fermion

|0i

FIG. 2. Schematic structure of the variational ansatz com-
bining gauge, fermion, and entanglement subcircuits.

Here, the second sector is denoted by a tilde. This equa-
tion can then be solved for

µpt = 2
Emin(N1, N2)� Emin(Ñ1, Ñ2)

�N(Ñ1, Ñ2)��N(N1, N2)
. (16)

To determine the constant values of each phase, arbitrary
points µ⇤ and µ̃⇤ in both phases can be used. This way,
the final expression for the critical point reads

µpt = 2 ·
E(N1,N2)(µ

⇤)� E(Ñ1,Ñ2)
(µ̃⇤)�N2µ⇤ + Ñ2µ̃⇤

�N(Ñ1, Ñ2)��N(N1, N2)
.

(17)
This expression will be used later on to determine the
location of the phase transition from the data obtained
on quantum hardware.

III. VQE PROTOCOL

The VQE needs a parametrized ansatz that is able to
capture the ground state wavefunction as a quantum cir-
cuit. Moreover, an optimizer is required to find the pa-
rameters minimizing the energy. Both components will
be presented in the following.

A. Quantum Circuit Ansatz

The variational ansatz comprises three components:
(i) fermion state encoding, (ii) gauge link representation,
and (iii) entangling gates ensuring the matter-gauge cou-
pling. The schematic structure is shown in Fig. 2. Due
to limitations on the available hardware, this work fo-
cuses on a 2 ⇥ 2 system with open boundary conditions
(OBC). This means that three out of four links can be
fixed by Gauss’s law and a total of eight fermions are
present. However, the ansatz can be extended to larger
systems or periodic boundary conditions (PBC) as well.

4

�q00,1 �q00,2 �q10,1 �q10,2

�q01,1�q01,2 �q11,1�q11,2

�U10,y

FIG. 3. The 2 ⇥ 2 system with open boundary conditions.
Dotted purple lines represent fixed gauge links, while the solid
purple line depicts a free gauge link. At each physical lattice
site, two flavors of fermions are present and thus it is mapped
to two qubits. The gray arrows indicate the ordering of the
fermionic degrees of freedom in the Jordan-Wigner transfor-
mation.

U10,y,0 ! |0i Ry(✓0)

U10,y,1 ! |0i Ry(✓1)

FIG. 4. Gauge field encoding circuit using Gray code at trun-
cation l = 1, following Ref. [29].

The mapping of the lattice to a string of qubits can be
performed as indicated by Fig. 3. By applying Jordan-
Wigner mapping [37, 38] the fermionic degrees of freedom
can be mapped to qubits using the ordering indicated
by the arrows. Each lattice site includes two flavors of
fermions and thus is mapped to two qubits. Therefore,
the simulated lattice is e↵ectively of double the width of
the physical lattice.

For the gauge sector, we adopt the Gray encoding at
truncation l = 1 from Ref. [29] (see Fig. 4). Since l = 1
requires three states (|�1i , |0i and |1i [39]), but any
number of qubits results in a number of basis states being
a power of two, one basis state needs to be excluded.
This encoding on two qubits removes the state |01i, as
the state of the second qubit can only be changed when
the first is in state |1i.

The fermionic subcircuit generalizes the structure in
Ref. [5] to two flavors, with additional inter-flavor mixing
layers (see Fig. 5). Here, the Uxy(✓) gates are defined as

Uxy
ij (✓) = e�i ✓

2 ·(XiXj+YiYj) . (18)

These gates ensure that only states with the same num-
ber of qubits in state |0i and |1i can be reached. The
structure of the circuit in Ref. [5] can be seen shaded as
gray and white for each flavor in Fig. 5. The inter-flavor
mixing layer can be seen in light blue. The last layer
is made up of RZ(✓) gates for each qubit to correct the
phases. This layer is not shown for better visibility.

Controlled Uxy-gates entangle the gauge and mat-
ter sectors while maintaining gauge invariance as shown

in [21].

B. Classical Optimization

The ansatz contains 24 variational parameters opti-
mized using the COBYLA algorithm [40]. The fermionic
circuit shown in Fig. 5 contains 10 parameters, while the
gauge circuit in Fig. 4 has two variational parameters.
The additional RZ-layer adds another 8 parameters. The
remaining four parameters are hidden in the entangle-
ment circuit shown in Fig. 2. While VQE-specific op-
timizers such as NFT [41], can o↵er faster convergence,
their additional requirements significantly increase the
circuit depth in our case. Specifically, for NFT, all gates
of the form

Rj(✓j) = exp

✓
�
i✓j
2
Aj

◆
, (19)

need to fulfill the requirement A2
j = I. However, this is

not the case for the gates considered in this work. The
generator Aj for Uxy

ij (✓) is XiXj + YiYj . Squaring this
operator yields

(XiXj + YiYj)
2 = 2I� 2ZiZj , . (20)

Consequently, the Uxy
ij (✓) gates in Eq. (18) satisfy A2

j 6= I.
To make NFT applicable, one would need A2

j = I, which
in turn would require adding an additional ZiZj term
to the exponent in Eq. (18), thereby increasing the cir-
cuit depth. Consequently, COBYLA is employed with a
maximum of 1,000 iterations, which ensures convergence.
To obtain the optimal parameters, the simulation of the
quantum computer is performed in the limit of infinite
measurements.

C. Scaling of the Ansatz Circuit

In this work a 2⇥2 system with open boundary condi-
tions is considered. However, the ansatz circuit can also
be extended to di↵erent system sizes and boundary con-
ditions. In this section, a few di↵erent systems will be
discussed in terms of qubits and depth of the circuit. For
this purpose Table I shows the properties of the ansatz
circuits for nflavors = 2 and nflavors = 1, respectively. It
can be seen that going from periodic to open boundary
conditions reduces the circuit depth by a factor of O(10),
while the circuit depth only moderately increases when
going from Nf = 1 to Nf = 2 flavors. This is because in-
creasing the number of flavors only a↵ects the fermionic
sector, while switching from open to periodic boundary
conditions also a↵ects the gauge sector.
An analytic description of the scaling of some parts

can be given. For simplicity we restrict this to Nf = 2.
Then, the number of qubits for the fermionic part is given
as nq,f = 2 · Lx · Ly. The number of gauge links is ng =
Lx·Ly+1+(�Lx�Ly) for PBC (OBC). Thus, the number

Gauge field encoding

[A. Crippa, S. Romiti, et. al, Comm. Phys. (2025)]

Fermion encoding

[O. Di Matteo, et.al., PRA (2021)] 
[S. Schuster et.al., PRD (2024)] 

*! susceptible to hardware noise !

 qubits to represent  E-field eigenstates⌈log2 N ⌉ N
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Variational Quantum Eigensolver

Measure

Find Optim.

VQE

Task

Init. State

Var. WF

Params.Upd
ate

 

Goal  
Find the ground state of the Hamiltonian  

How ?  
By finding a parameterized wave function  that minimizes |φx⟩

Ex = ⟨φx |H |φx⟩

 [A. Peruzzo et.al., Nat. Comm. (2014)]

Image credit : adapted from Kim A. Nicoli et.al., NeurIPS 2023
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 Results I: classical simulations

8 10 12 14 16
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0

N
1

N
2

ED
VQE

[E. O. Rosanowski, A. Crippa, L. Funcke, P. Itaborai, K. Jansen, S.S.,  arXiv: 2509.20558]

- Setup:  lattice with open boundary conditions, ,  

- Observables: ground-state energy and number operator difference

2 × 2 Nf = 2 g = 5

Noise-free classical simulation showing the lowest-energy result out of 10 runs



 Results II: Inference results

18

[E. O. Rosanowski, A. Crippa, L. Funcke, P. Itaborai, K. Jansen, S.S.,  arXiv: 2509.20558 ]

Measurements on ibm_marrakesh with  (ZNE applied)nshots = 8,192

Noise sensitivity of the Hamiltonian operator  Number operator ≫

State sensitivity Channel sensitivity

O(103) O(1)

[P. J. Coles et.al., (2019)]

[K. Temme, et.al., PRL (2017)]

[G. Benenti et.al., JPB (2010)], [A. Hashim et.al., npj (2023)]
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Summary & outlook

๏ Successful implementation of  on a quantum computer 

with Staggered fermions

QED3

- Density induced level-crossings for multiple 
flavours of staggered 

- Inference results on -hardwareIBM

Thank you !

๏ Path toward  with Wilson fermions on a quantum 

computer

QED3

- Showed that staggered disc does not 
support non-trivial Chern number 

- ED on 2X2 with gauge fields shows non-
trivial Chern number 

- Mapped new phase diagram across  and Mμ



BACKUP 
SLIDES



Additional analysis

[E. Rosanowski, A. Crippa, L. Funcke, P. Itaborai, K. Jansen, S. Singh,  arXiv: 2509.20558 ]

Transitions Entanglement

Intermediate region : ⟨N̂1 − N̂2⟩ = 2

21
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Zero Noise Extrapolation

[E. Rosanowski, A. Crippa, L. Funcke, P. Itaborai, K. Jansen, S. Singh,  arXiv: 2509.20558 ]
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�q00,1 �q00,2 �q10,1 �q10,2

�q01,1�q01,2 �q11,1�q11,2

�U10,y

FIG. 3. The 2 ⇥ 2 system with open boundary conditions.
Dotted purple lines represent fixed gauge links, while the solid
purple line depicts a free gauge link. At each physical lattice
site, two flavors of fermions are present and thus it is mapped
to two qubits. The gray arrows indicate the ordering of the
fermionic degrees of freedom in the Jordan-Wigner transfor-
mation.

U10,y,0 ! |0i Ry(✓0)

U10,y,1 ! |0i Ry(✓1)

FIG. 4. Gauge field encoding circuit using Gray code at trun-
cation l = 1, following Ref. [29].

The mapping of the lattice to a string of qubits can be
performed as indicated by Fig. 3. By applying Jordan-
Wigner mapping [37, 38] the fermionic degrees of freedom
can be mapped to qubits using the ordering indicated
by the arrows. Each lattice site includes two flavors of
fermions and thus is mapped to two qubits. Therefore,
the simulated lattice is e↵ectively of double the width of
the physical lattice.

For the gauge sector, we adopt the Gray encoding at
truncation l = 1 from Ref. [29] (see Fig. 4). Since l = 1
requires three states (|�1i , |0i and |1i [39]), but any
number of qubits results in a number of basis states being
a power of two, one basis state needs to be excluded.
This encoding on two qubits removes the state |01i, as
the state of the second qubit can only be changed when
the first is in state |1i.

The fermionic subcircuit generalizes the structure in
Ref. [5] to two flavors, with additional inter-flavor mixing
layers (see Fig. 5). Here, the Uxy(✓) gates are defined as

Uxy
ij (✓) = e�i ✓

2 ·(XiXj+YiYj) . (18)

These gates ensure that only states with the same num-
ber of qubits in state |0i and |1i can be reached. The
structure of the circuit in Ref. [5] can be seen shaded as
gray and white for each flavor in Fig. 5. The inter-flavor
mixing layer can be seen in light blue. The last layer
is made up of RZ(✓) gates for each qubit to correct the
phases. This layer is not shown for better visibility.

Controlled Uxy-gates entangle the gauge and mat-
ter sectors while maintaining gauge invariance as shown

in [21].

B. Classical Optimization

The ansatz contains 24 variational parameters opti-
mized using the COBYLA algorithm [40]. The fermionic
circuit shown in Fig. 5 contains 10 parameters, while the
gauge circuit in Fig. 4 has two variational parameters.
The additional RZ-layer adds another 8 parameters. The
remaining four parameters are hidden in the entangle-
ment circuit shown in Fig. 2. While VQE-specific op-
timizers such as NFT [41], can o↵er faster convergence,
their additional requirements significantly increase the
circuit depth in our case. Specifically, for NFT, all gates
of the form

Rj(✓j) = exp

✓
�
i✓j
2
Aj

◆
, (19)

need to fulfill the requirement A2
j = I. However, this is

not the case for the gates considered in this work. The
generator Aj for Uxy

ij (✓) is XiXj + YiYj . Squaring this
operator yields

(XiXj + YiYj)
2 = 2I� 2ZiZj , . (20)

Consequently, the Uxy
ij (✓) gates in Eq. (18) satisfy A2

j 6= I.
To make NFT applicable, one would need A2

j = I, which
in turn would require adding an additional ZiZj term
to the exponent in Eq. (18), thereby increasing the cir-
cuit depth. Consequently, COBYLA is employed with a
maximum of 1,000 iterations, which ensures convergence.
To obtain the optimal parameters, the simulation of the
quantum computer is performed in the limit of infinite
measurements.

C. Scaling of the Ansatz Circuit

In this work a 2⇥2 system with open boundary condi-
tions is considered. However, the ansatz circuit can also
be extended to di↵erent system sizes and boundary con-
ditions. In this section, a few di↵erent systems will be
discussed in terms of qubits and depth of the circuit. For
this purpose Table I shows the properties of the ansatz
circuits for nflavors = 2 and nflavors = 1, respectively. It
can be seen that going from periodic to open boundary
conditions reduces the circuit depth by a factor of O(10),
while the circuit depth only moderately increases when
going from Nf = 1 to Nf = 2 flavors. This is because in-
creasing the number of flavors only a↵ects the fermionic
sector, while switching from open to periodic boundary
conditions also a↵ects the gauge sector.
An analytic description of the scaling of some parts

can be given. For simplicity we restrict this to Nf = 2.
Then, the number of qubits for the fermionic part is given
as nq,f = 2 · Lx · Ly. The number of gauge links is ng =
Lx·Ly+1+(�Lx�Ly) for PBC (OBC). Thus, the number

leakage out of gauge invariant sector
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