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Local symmetry 
𝑈 1 : 𝛁 ⋅ 𝑬 = 𝜌

Lattice ⇒ σ𝑘 𝐸𝐫+𝐞𝑘
− 𝐸𝐫−𝐞𝑘

− 𝜓𝐫
†𝜓𝐫 = 0

Gauge group 𝐺
Θ𝐫 𝑔 𝐻Θ𝐫

† 𝑔 = 𝐻 ∀𝐫 ∈ ℤ𝑑 , ∀𝑔 ∈ 𝐺
Extensive number of symmetries

Quantum simulations of lattice gauge theories
Matter fields

Gauge fields
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Gauge fields
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†𝑈𝑛,𝑚𝜓𝑚 + H. c.

𝐻𝐸 = ෍
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† 𝑔 = 𝐻 ∀𝐫 ∈ ℤ𝑑 , ∀𝑔 ∈ 𝐺
Extensive number of symmetries

Quantum simulations of lattice gauge theories
Matter fields

Gauge fields Quantum simulations of LGTs are cool…
• Strongly constraint dynamics (ETH 

violations)
• Rich phenomenology

• Ground state (topological order, 
confinement, anyons)

• Real-time dynamics (scattering, string 
breaking, anyon braiding)

… but challenging
• K-body interactions
• Large local Hilbert space
• Preservation of gauge symmetries.

𝐻𝐽 = 𝜓𝑛
†𝑈𝑛,𝑚𝜓𝑚 + H. c.

𝐻𝐸 = ෍

𝑗∈irreps

𝛼𝑗Π𝑗

𝐻𝐵 = Tr 𝑈1𝑈2𝑈3
†𝑈4

† + H. c.

𝐻𝑀 = 𝑀 −1 𝑛𝜓𝑛
†𝜓𝑛



Discrete non-abelian LGTs?
• Exact encoding in discrete d.o.f. (qudits)

• Simpler (?) than Lie groups but still rich physics

• Non-Abelian extension of ℤ𝑁-symmetric models

• Quantum complexity with non-Abelian symmetries
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Error mitigation through 
monitored dynamics

Confinement and color 
screening

Eigenstate thermalization

E Ballini, J Mildenberger, MM 

Wauters, P Hauke

Quantum (2025) PP Popov, et al arXiv:2512.00152 M Vaia, at al, in preparation

Quantum resources
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Confinement and color screening
String breaking without charges
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arXiv: 2512.00152



There are no isolated particles in Nature with non-vanishing color charge i.e. all asymptotic particle 
states are color singlets. The Confinement Problem in Lattice Gauge Theory J. Greensite, 2003

                              SU(2)         
 𝐻𝐸 = 𝑔2 σ𝑙 𝑆𝑙

2      

Confinement and string formation

𝐽 = 0



Confinement and string formation
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String breaking by pair nucleation

Competition in the Hamiltonian!

𝐻𝑀 = 𝑚 ෍

𝑛

−1 𝑛𝜓𝑛
†𝜓𝑛

𝐻𝐸 = 𝑔2 ෍

𝑙

𝐸𝑙
2

When 𝑅 − 2 𝑔2𝐸 
2 > 2𝑚, the GS changes

𝑅

14



𝐻𝐽 = 𝜓𝑛
†𝑈𝑛,𝑚𝜓𝑚 + H. c.

String breaking by pair nucleation

Competition in the Hamiltonian!

𝐻𝑀 = 𝑚 ෍

𝑛

−1 𝑛𝜓𝑛
†𝜓𝑛

𝐻𝐸 = 𝑔2 ෍

𝑙

𝐸𝑙
2

When 𝑅 − 2 𝑔2𝐸 
2 > 2𝑚, the GS changes

𝑅

15

Particle-antiparticle pair nucleated from vacuum
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The quantum-many-body 
perspective:
• False vacuum decay
• First-order phase transitions
• Disorder-free localization



Dihedral groups 𝐷𝑁  - the boring slide
𝐷𝑁: symmetry group of a regular polygon with 𝑁 sides

𝑠 =
0 1
1 0

 

𝑟 =
exp

2𝜋𝑖

𝑁
0

0 exp −
2𝜋𝑖

𝑁
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𝐷3 𝐷4

𝐷5 𝐷6
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Two conjugate basis:
• Group elements |𝑔⟩ ⇒ magnetic fluxes, 

particle hopping, group connection
• Irreps |𝑗𝑚𝑛⟩ ⇒ Electric energy, gauge 

transformations

Gauge invariance = vertices transform 
trivially (group singlets)

𝐷3 𝐷4

𝐷5 𝐷6

𝑫𝟑 𝑫𝟒 𝐝𝐢𝐦(𝒋)

𝑒 𝑒 1

𝜏 𝜏 2

𝑝 𝑝 1

𝑝1 1

𝑝2 1

Fundamental 
irrep # of colors



Fusion rules and gauge invariant states in 𝐷3
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Θ𝑔          =
Gauge invariance = vertices 
transform trivially (group 
singlets |𝑒⟩)

Fusion rules say how we can 
combine irreps together.
E.g. SU(2): 1

2
⊗

1

2
= 0 ⊕ 1



Fusion rules and gauge invariant states in 𝐷3

𝐷𝑁 

• Θ𝑟 𝜏 = 𝑒±2𝜋𝑖/𝑁|𝜏⟩ 

• Θ𝑠 𝜏 = | ҧ𝜏 ⟩

                no particles          0 irrep

Charge transformation  single fermion     𝜏 irrep

                2 fermions            𝑝 irrep
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Fusion rules and gauge invariant states in 𝐷3

𝐷𝑁 

• Θ𝑟 𝜏 = 𝑒±2𝜋𝑖/𝑁|𝜏⟩ 

• Θ𝑠 𝜏 = | ҧ𝜏 ⟩

                no particles          0 irrep

Charge transformation  single fermion     𝜏 irrep

                2 fermions            𝑝 irrep

 𝐷3:  τ ⊗ τ = 0 ⊕ τ ⊕ p, 

  but

 𝐷4:  τ ∉ τ ⊗ τ 
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Θ𝑔          =
Gauge invariance = vertices 
transform trivially (group 
singlets |𝑒⟩)

Fusion rules say how we can 
combine irreps together.
E.g. SU(2): 1

2
⊗

1

2
= 0 ⊕ 1

• Θ𝑟 𝑝 = 𝑝

• Θ𝑠 𝑝 = −|𝑝⟩

Depends on the 
center group



Ladder and GSs of D3 and D4
The simple  τ ∈ τ ⊗ τ or τ ∉ τ ⊗ τ has a huge impact on the physics of the LGT

We take a ladder with static charges on the upper corners, pure gauge Hamiltonian 

Let’s consider the ground state at strong coupling 𝑔2 > 1 

    𝐷3    𝐷4
           τ ∈ τ ⊗ τ           τ ∉ τ ⊗ τ

    

𝐻 = 𝐻𝐸 + 𝐻𝐵 = 𝑔2 ෍

𝑙

𝐸𝑙
2 +

2

𝑔2 ෍

𝑝

Re(Tr( 𝑈𝑝,1𝑈𝑝,2𝑈𝑝,3
† 𝑈𝑝,4

† ))

𝐸𝑔𝑠 ≃ 3𝑔2Δ𝜏 𝐸𝑔𝑠 ≃ 3𝑔2Δ𝜏
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Let’s consider the ground state at strong coupling 𝑔2 > 1 

    𝐷3    𝐷4
           τ ∈ τ ⊗ τ           τ ∉ τ ⊗ τ

    

𝐻 = 𝐻𝐸 + 𝐻𝐵 = 𝑔2 ෍

𝑙

𝐸𝑙
2 +

2

𝑔2 ෍

𝑝

Re(Tr( 𝑈𝑝,1𝑈𝑝,2𝑈𝑝,3
† 𝑈𝑝,4

† ))

26

𝐸𝑔𝑠 ≃ 3𝑔2Δ𝜏

𝐸𝑔𝑠 ≃ 6𝑔2Δ𝜏 𝐸𝑔𝑠 ≃ 6𝑔2Δ𝜏

𝐸𝑔𝑠 ≃ 3𝑔2Δ𝜏

𝐸𝑔𝑠 ≃ 8𝑔2Δ𝜏 𝐸𝑔𝑠 ≃ 9𝑔2Δ𝜏

Gluelump



String tension

         𝐸𝑞0
(𝑔, 𝑅)  String tension: 𝜎 𝑔, 𝑅 =

𝐸𝑞=1 𝑔,𝑅 −𝐸𝑞=0 𝑔,𝑅

𝑅
        

         𝐸𝑞1
(𝑔, 𝑅)

The weak confinement 𝜎 ∝ 𝑔6 at low 𝑔2 is due to
the ladder geometry.

In 𝐷4, 𝜎 is independent of 𝑅 because of the field 
string connecting the charges

In 𝐷3, 𝜎 decreasing with growing 𝑅 indicates the
string breaking!
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𝑅

𝐻 = 𝐻𝐸 + 𝐻𝐵 = 𝑔2 ෍

𝑙

𝐸𝑙
2 +

1

𝑔2
෍

𝑝

Re(Tr( 𝑈𝑝,1𝑈𝑝,2𝑈𝑝,3
† 𝑈𝑝,4

† ))
DMRG study



Gluelumps mass and 
potential
Renormalized contribution to the mass of the two 
gluelumps:

𝐸𝑞=1 𝑔, 𝑅 → ∞ − 𝐸𝑞=0 𝑔, 𝑅 → ∞ = 2𝑀 𝑔

𝑀 𝑔 ≃ 𝑀0 𝑔 = 4𝑔2, for 𝑔2 > 1

Scaling analysis of the interaction potential 
between gluelumps

𝑉 𝑔, 𝑅 = 𝐸𝑞=1 𝑔, 𝑅 − 𝐸𝑞=0 𝑔, 𝑅 − 2𝑀(𝑔) 
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𝐻 = 𝐻𝐸 + 𝐻𝐵 = 𝑎𝑔2 ෍

𝑙

𝐸𝑙
2 +

1

𝑎𝑔2
෍

𝑝

Re(Tr( 𝑈𝑝,1𝑈𝑝,2𝑈𝑝,3
† 𝑈𝑝,4

† ))

Scaling with lattice spacing 𝑎 indicates a finite 
potential in the continuum limit! ⇒ measurable 
scattering amplitudes.



Effective thermalization
How do non-Abelian LGTs relax?
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M.Sc. Thesis of Marco Vaia



Thermalization in lattice gauge theories

30

𝜓 𝑡 = 𝑒−𝑖𝐻𝑡|𝜓0⟩

𝑂 𝐴 = Tr 𝑂𝜌𝐴

𝐴

Eigenstate Thermalization hypothesis (ETH):

𝑂(𝑡 → ∞) 𝐴 ≃
1

𝑍
෍

𝑛

𝑒−𝛽eff𝐸𝑛⟨𝑛|𝑂|𝑛⟩

 𝐻 𝑛 = 𝐸𝑛 𝑛

𝛽eff depends on ⟨𝜓0 𝐻 𝜓0⟩

Non-integrable (chaotic)

Integrable and MBL

What to look for?
• Relaxation of local observables
• Energy gap distribution
• Spectral form factor
• Entanglement spectrum
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𝜓 𝑡 = 𝑒−𝑖𝐻𝑡|𝜓0⟩

𝑂 𝐴 = Tr 𝑂𝜌𝐴

𝐴

Eigenstate Thermalization hypothesis (ETH):

𝑂(𝑡 → ∞) 𝐴 ≃
1

𝑍
෍

𝑛

𝑒−𝛽eff𝐸𝑛⟨𝑛|𝑂|𝑛⟩

 𝐻 𝑛 = 𝐸𝑛 𝑛

𝛽eff depends on ⟨𝜓0 𝐻 𝜓0⟩

Non-integrable (chaotic)

Integrable and MBL

What to look for?
• Relaxation of local observables
• Energy gap distribution
• Spectral form factor
• Entanglement spectrum

The quantum-many-body 
perspective:
• Thermalization with extensive 

number of non-Abelian conserved 
charges

• ETH violation -> scar states



Thermalization in lattice gauge theories
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Pure gauge LGT ladder

Effective 1d chain

ℤ𝑁 

𝐻eff = −𝑔2 ෍

𝑗

𝑍𝑗
†𝑍𝑗+1 + 2𝑍𝑗 + H. c. −

1

𝑔2
෍

𝑗

𝑋𝑗 + 𝑋𝑗
†

Clock model with longitudinal and transverse field

SU(2) (truncation to 𝐽 = 1/2)

𝐻eff = −
3g2

2
෍

𝑗

𝑍𝑗𝑍𝑗+1 + 2𝑍𝑗 − 1/𝑔2 ෍

𝑗

1 − 3𝑍𝑗−1 𝑋𝑗 1 − 3𝑍𝑗+1

D
ua

l l
at

tic
e

GOE

Poisson

Yao PRD 2021
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Pure gauge LGT ladder

Effective 1d chain

ℤ𝑁 

𝐻eff = −𝑔2 ෍

𝑗

𝑍𝑗
†𝑍𝑗+1 + 2𝑍𝑗 + H. c. −

1

𝑔2
෍

𝑗

𝑋𝑗 + 𝑋𝑗
†

Clock model with longitudinal and transverse field

SU(2) (truncation to 𝐽 = 1/2)

𝐻eff = −
3g2

2
෍

𝑗

𝑍𝑗𝑍𝑗+1 + 2𝑍𝑗 − 1/𝑔2 ෍

𝑗

1 − 3𝑍𝑗−1 𝑋𝑗 1 − 3𝑍𝑗+1

D
ua

l l
at

tic
e

GOE

Gauge-fixed 𝐷3 ladder

𝐻 = −
1

2g2 ෍

𝑟

Tr 𝑈𝑟
†𝑈𝑟+1 + H. c.

+𝑔2 ෍

𝑟

෍

𝐽

𝛼𝐽 𝑃𝑟
𝐽 + 2 ෑ

𝑟′<𝑟

𝑃
𝑟′
𝐽

Poisson

Yao PRD 2021



𝐷3 with a twist

𝐻 = −
1

2g2
෍

𝑟

Tr 𝑈𝑟
†𝐶𝑈𝑟+1 𝐶

† + H. c.

+𝑔2 ෍

𝑟

෍

𝐽

𝛼𝐽 𝑃𝑟
𝐽 + 2 ෑ

𝑟′<𝑟

𝑃
𝑟′
𝐽

𝐶 𝜀 =
𝑒

−
𝑖𝜋
4

2
𝕀 +

𝑖𝜀

3
𝜎𝑥 + 𝜎𝑦 − 𝜎𝑧 ⇒ introduces “chirality” in 

the interaction and breaks gauge invariance

34

Minimum gap ratio

𝑟𝑛 = min
En+1 − En

En − En−1
,
En − En−1

En+1 − En



𝐷3 with a twist

𝐻 = −
1

2g2
෍

𝑟

Tr 𝑈𝑟
†𝐶𝑈𝑟+1 𝐶

† + H. c.

+𝑔2 ෍

𝑟

෍

𝐽

𝛼𝐽 𝑃𝑟
𝐽 + 2 ෑ

𝑟′<𝑟

𝑃
𝑟′
𝐽

𝐶 𝜀 =
𝑒

−
𝑖𝜋
4

2
𝕀 +

𝑖𝜀

3
𝜎𝑥 + 𝜎𝑦 − 𝜎𝑧 ⇒ introduces “chirality” in 

the interaction and breaks gauge invariance

35

Minimum gap ratio

𝑟𝑛 = min
En+1 − En

En − En−1
,
En − En−1

En+1 − En
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𝐷3 with a twist
Thermalization in the dynamics: entanglement spectrum

𝜓 𝑡 ⇒ 𝜌A 𝑡 = TrഥA|𝜓 𝑡 ⟩⟨𝜓(𝑡)|

𝜌𝐴 𝑡 = 𝑒−𝐻ent(𝑡)

Level spacing statistics on 𝐻ent(𝑡)



37

Dynamics
𝜓0 = |𝐺𝑆⟩ of 𝐻 𝑔 ≪ 1

Local observable 𝑂 = 2Re Tr 𝑈𝑟
†𝑈𝑟+1 

Better 
size 
scaling 
needed

𝐷3 with a twist
Thermalization in the dynamics: entanglement spectrum

𝜓 𝑡 ⇒ 𝜌A 𝑡 = TrഥA|𝜓 𝑡 ⟩⟨𝜓(𝑡)|

𝜌𝐴 𝑡 = 𝑒−𝐻ent(𝑡)

Level spacing statistics on 𝐻ent(𝑡)



ETH violation ⇒ scar states
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𝐷3 with a twist



From non-integrability to quantum resources?
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Quantum resources
Generalized geometric measure (multipartite 
entanglement):

𝐺2(|𝜓⟩)  = 1 −  max
𝜋 ∈𝒮2

 𝜋 𝜓 |2 

Stabilizer Reny Entropy (quantum magic)

ℳ𝑘(|𝜓⟩)  =
1

1 − 𝑘
 log ෍

𝑃∈𝒫𝐿

𝜓 𝑃 𝜓 2𝑘

𝑑𝐿  

𝒮2: set of 2-separale 
states
𝒫𝐿: generalized Pauli 
group on 𝐿 d.o.f. with 𝑑 
local dimension

arXiv:2510.07385



Conclusions
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Lattice gauge theories are cool many-
body models.
- Bridge between quantum-many body, 

high-energy physics, quantum 
information, classical optimization

- Rich physics
- Ideal benchmarks for quantum 

computers and simulators
Outlook: 
- Confinement and screening in the 

dynamics
- String breaking
- Experiments

Fundamental physics Condensed matter

Quantum 
information

Classical 
optimization

LGT

Standard 
model

Quantum spin 
liquids

Topological 
quantum 

computation

Strongly constrained 
dynamics
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Role of the centre

Why are Gluelump allowed in 𝐷3 and not in 𝐷4?
It depends on the centre of the group.

The center 𝑍 of a group 𝐺 is an Abelian subgroup that commutes with every other element of 𝐺, i.e., 
𝑍 = {ℎ ∈ 𝐺: ∀𝑔 ∈ 𝐺, ℎ𝑔 = 𝑔ℎ}

𝐷3 centre is trivial, i.e., it is the identity element, while

𝐷4 centre is ℤ2: 𝑍 =
1 0
0 1

,
−1 0
0 −1

.

We have shown that the presence of the non-trivial 𝑍2 centre gives vanishing Clebsh-Gordan coefficients 
for 𝜏 ⊗ 𝜏 → 𝜏.

    

    This happens for all even 𝑁

𝑠 =
0 1
1 0

 

𝑟 =
exp

2𝜋𝑖

N
0

0 exp −
2𝜋𝑖

N
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Phase diagram
𝐻 = 𝐻𝐸 + 𝐻𝐵 = 𝑔2 ෍

𝑙

𝐸𝑙
2 +

1

𝑔2 ෍

𝑝

Re(Tr( 𝑈𝑝,1𝑈𝑝,2𝑈𝑝,3
† 𝑈𝑝,4

† ))

Magnetic energy density for different system sizes 𝑅, with the presence and without presence of static 
charges on the corners

𝑅
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Lattice QCD

➢Gauge theories are the backbone of the standard model

➢QCD Lagrangian on a discrete spacetime grid, Wick rotation 
to Euclidean time;

➢Observables are calculated using the Path Integral formalism;

➢Monte Carlo methods for probability distribution of gauge 
configurations.

Credit: Lattice QCD GPU Inverters on ROCm Platform
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Local symmetries in lattice gauge theories

Local symmetry:   Θ𝑔,𝑛 = ς𝑖 𝜃𝑔,𝑖
𝑅 ς𝑜 𝜃𝑔,𝑜

𝐿  𝜃𝑔,𝑛
𝑄    

𝜃𝑔
𝑅 ℎ = ℎ𝑔−1 ,  𝜃𝑔

𝐿 ℎ = |𝑔ℎ⟩

𝐻, Θ𝑔,𝑛 = 0 ∀𝑔, 𝑛

 Θ𝑔,𝑛 𝜓 phys = 𝛼𝑔,𝑛 𝜓 phys

 The set of phases 𝛼𝑔,𝑛 defines the gauge sector 

Gauss’s Law for the electric field 𝛁 ⋅ 𝑬 = −𝜌 

𝜃 
𝑅

𝜃 
𝑅

𝜃 
𝐿

𝜃 
𝐿

𝜃𝑛
𝑄

Gauss’s Law in general LGT



Fusion rules

Electric fields on the links live in the Hilbert space of the irreducible representations (irreps) of the group.

  no particles              0 irrep

SU(2):  single fermion              ½-spin 

  2 fermions              1-spin

The fusion rules tell us how to construct gauge invariant states

   

 

             1/2 ⊗ 1/2 =  0 ⊕ 1 
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⋮

෡𝐗

෡𝐘



DMRG simulations

We wrote the Hamiltonian in the rishon formalism

        

𝑈𝑚𝑛 = |𝑗; 𝑚, 𝑛⟩ 𝑈𝑚𝑛 = 𝑗1; 𝑚 𝑗2; 𝑛 𝛿𝑗1𝑗2

Gauge invariant basis
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Fusion rules and gauge invariant states in 𝐷3

             no particles          0 irrep

𝐷3:              single fermion     𝜏 irrep

              2 fermions            𝑝 irrep

One important difference with SU(2)

 𝐷3:  τ ⊗ τ = 0 ⊕ τ ⊕ p, 

  but

 𝐷4:  τ ∉ τ ⊗ τ 

SU(2):  1/2 ⊗ 1/2 =  0 ⊕ 1

49
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