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Figure 1. Markov dynamics of a quantum spin chain on the level of local tensors. a) shows the relationship between a density matrix ⇢ in
MPO representation (top) and the locally purified tensor network (bottom) with tensors Al, physical dimension d, bond dimension D0 and
Kraus dimension K. b) The action of a local channel T that exclusively acts on lattice site 2 on the level of the MPO and on the level of the
locally purified form. In the latter, the Kraus rank k2 of the quantum channel T is joined together with K. c) Compression schemes for the
bond and Kraus dimension of a local tensor via singular value decompositions (SVD). d) Locally purified evolution of a time step e⌧L for a
2-local Hamiltonian and on-site Lindbladians. Here we show only the 3 rightmost of the 5 Suzuki-Trotter layers from Eq. (4).

neighbouring lattice sites. We describe the variational mixed
state of the system as a tensor network representing the den-
sity matrix ⇢. But instead of expressing ⇢ directly as a MPO
[20, 38] we keep it expressed at every stage of our algorithm
in its locally purified form ⇢ = XX†, where the purification
operator X is a variational MPO:

[X]s1,...,sN
r1,...,rN

=
X

m1,...,mN�1

A[1]s1,r1
m1

A[2]s2,r2
m1,m2

. . . A[N ]sN ,rN
mN�1

. (2)

That is, we represent ⇢ as a locally purified tensor net-
work made of rank four tensors A[l] with physical dimen-
sion d, bond dimension D and Kraus dimension K (shown
in Fig. 1a). Our algorithm is now an extension of the Time
Evolving Block Decimation (TEBD) scheme [39], acting on
the level of the local tensor A[l] that also allows for dissipa-
tive channels, and never requires to contract, even partially,
the two tensor network layers (X and X†) together. Simi-
larly to TEBD, it involves splitting the propagator e⌧L for a
small time-step ⌧ into several Suzuki-Trotter layers of mutu-
ally commuting operations. To this end we consider the evo-
lution from time t to t+ ⌧ in Liouville-space

|⇢t+⌧ ii = e⌧L |⇢tii = e⌧(�iH⌦1+i1⌦H̄+D)
|⇢tii , (3)

where |Mii denotes the Liouville vector representation of a
matrix M and the operator D =

P
j
(Lj ⌦ L̄j � (L†

j
Lj ⌦ 1+

1 ⌦ LT

j
L̄j)/2) contains the dissipative part of the Lindblad

operator L. As usual, we define the operators He and Ho

by splitting the Hamiltonian H =
P

i
hi into two sums, one

containing the even interactions h2l,2l+1 and one containing
the odd interactions h2l+1,2(l+1), respectively. So both He

and Ho are each built on mutually commuting terms. If the
Lindblad generators Lj are now on-site (the case of two-site
Lindbladians is treated later on), we can approximate e⌧L via
a symmetric Suzuki-Trotter decomposition up to second order
in time as

e⌧L = e⌧Ho/2e⌧He/2e⌧De⌧He/2e⌧Ho/2 +O(⌧3) , (4)

partially shown in Fig. 1d, where H⌫ = �iH⌫ ⌦1+ i1⌦ H̄⌫

with ⌫ = o, e. Generalisations to higher orders can be con-
structed from the Baker-Campbell-Hausdorff formula. Note

that the layers He and Ho implement the coherent part of the
evolution and are identical to the usual TEBD layers. In fact,
by having ⇢t expressed as ⇢t = XtX

†

t
we see that by acting

as X 0 = e�i⌧Ho/2Xt we recover exactly |⇢0ii = e⌧Ho/2 |⇢tii
(and likewise for the even coherent layer He). Hence, on
the level of the local tensors A[l] we can just adapt the usual
TEBD algorithm for nearest neighbour Hamiltonians, to effi-
ciently perform the coherent part of the dynamics.

The dissipative layer, however, requires a more careful
treatment and we exploit the fact that since the generators Lj

act only on a single site, we find e⌧D =
N

l
e⌧Dl , with

Dl =
X

jl

✓
Ljl ⌦ L̄jl �

1

2
(L†

jl
Ljl ⌦ 1 + 1 ⌦ LT

jl
L̄jl)

◆
,(5)

where the sum runs over all generators Ljl which act on lattice
site l. Since e⌧Dl is completely positive, Choi’s theorem [40]
guarantees that we can find via diagonalisation a set of Kraus-
operators {Bl,q} satisfying e⌧Dl =

P
k

q=1 Bl,q ⌦ B̄l,q . The
action of e⌧Dl on the level of the local tensors is now given
by a contraction of Bl,q into A[l]

t
, while joining the variational

Kraus dimension K with the Kraus rank k of the quantum
channel, as shown in Fig. 1b (by construction k  d2). The
application of each Suzuki-Trotter layer increases only the di-
mension of a single leg of the local tensors A[l]: The bond
dimension D is increased by the coherent layers, the Kraus
dimension K by the dissipative layers. This allows for im-
mediate compression of the enlarged dimension via standard
tensor network tools (singular value decomposition and trun-
cation of the smallest values, see Fig. 1c), which keeps errors
under control, as discussed in the supplemental material (SM).

The algorithm yields an overall computational costs scal-
ing as O(d5D3K)+O(d5D2K2), by executing a clever con-
traction of the coherent terms. Moreover, the locally purified
tensor network makes good advantage of the tensor network
gauge transformations, e.g. by reducing costs for local mea-
surements. Finally, we were also able to provide an error es-
timator for the approximations included in the algorithm, cal-
culated from the truncated singular values arising from com-
pression (see the SM).

U. Schollwock, RMP (2005)

➤ State of the art in 1D (poly effort) 

➤ No sign problem 

➤ Extended to open quantum systems 

➤ Machine Learning & Big Data 

➤ Compression of LLM 

➤ Extended to lattice gauge theories 

➤ Thousands of  low-entangled 
qubits

A. Cichocki, ECM (2013)I. Glasser, et al.  PRX (2018)
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For pure states:
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�
<latexit sha1_base64="4KFiR0f4MR2yiL5tkS4/XoVNOXk=">AAAB7XicdZDLSgMxFIbP1Futt6pLXQSL4KrMjPa2K7px2YK9QDuUTJppY5OZIckIpfQd3LhQxK2v4HO4c+ejmLYKKvpD4OP/zyHnHD/mTGnbfrNSS8srq2vp9czG5tb2TnZ3r6miRBLaIBGPZNvHinIW0oZmmtN2LCkWPqctf3Qxy1s3VCoWhVd6HFNP4EHIAkawNlazO8BC4F42Z+cLp4WSc4bsvF2slJ2KAcd13aKNnLw9V656+FJ/B4BaL/va7UckETTUhGOlOo4da2+CpWaE02mmmygaYzLCA9oxGGJBlTeZTztFx8bpoyCS5oUazd3vHRMslBoL31QKrIfqdzYz/8o6iQ7K3oSFcaJpSBYfBQlHOkKz1VGfSUo0HxvARDIzKyJDLDHR5kAZc4SvTdH/0HTzjuG6k6uew0JpOIAjOAEHSlCFS6hBAwhcwy3cw4MVWXfWo/W0KE1Znz378EPW8wf9F5Ge</latexit><latexit sha1_base64="fRifo5UtJS0/P0MpfXsOi13SQwU=">AAAB7XicdZDLSgMxFIYzXmu9VV0qEiyCq2Ey2tuu6MZlC/YC7VAyaaaNTWaGJCOU0qV7Ny4Ucesr9Dnc+Qy+hGmroKI/BD7+/xxyzvFjzpR2nDdrYXFpeWU1tZZe39jc2s7s7NZVlEhCayTikWz6WFHOQlrTTHPajCXFwue04Q8upnnjhkrFovBKD2PqCdwLWcAI1saqt3tYCNzJZB07d5oroDPo2E6+VEQlA8h13bwDke3MlC0fTKrvt4eTSifz2u5GJBE01IRjpVrIibU3wlIzwuk43U4UjTEZ4B5tGQyxoMobzaYdw2PjdGEQSfNCDWfu944RFkoNhW8qBdZ99Tubmn9lrUQHRW/EwjjRNCTzj4KEQx3B6eqwyyQlmg8NYCKZmRWSPpaYaHOgtDnC16bwf6i7NjJcRdnyOZgrBfbBETgBCBRAGVyCCqgBAq7BHXgAj1Zk3VtP1vO8dMH67NkDP2S9fADbXJME</latexit><latexit sha1_base64="fRifo5UtJS0/P0MpfXsOi13SQwU=">AAAB7XicdZDLSgMxFIYzXmu9VV0qEiyCq2Ey2tuu6MZlC/YC7VAyaaaNTWaGJCOU0qV7Ny4Ucesr9Dnc+Qy+hGmroKI/BD7+/xxyzvFjzpR2nDdrYXFpeWU1tZZe39jc2s7s7NZVlEhCayTikWz6WFHOQlrTTHPajCXFwue04Q8upnnjhkrFovBKD2PqCdwLWcAI1saqt3tYCNzJZB07d5oroDPo2E6+VEQlA8h13bwDke3MlC0fTKrvt4eTSifz2u5GJBE01IRjpVrIibU3wlIzwuk43U4UjTEZ4B5tGQyxoMobzaYdw2PjdGEQSfNCDWfu944RFkoNhW8qBdZ99Tubmn9lrUQHRW/EwjjRNCTzj4KEQx3B6eqwyyQlmg8NYCKZmRWSPpaYaHOgtDnC16bwf6i7NjJcRdnyOZgrBfbBETgBCBRAGVyCCqgBAq7BHXgAj1Zk3VtP1vO8dMH67NkDP2S9fADbXJME</latexit><latexit sha1_base64="iRC0ERSMP/CGjUIRmu04adfYbmM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKjfe2KblxWsK3QDiWTZtrYJDMkGaEM/Qc3LhRx6/+4829MH4KKHrhwOOde7r0nTDjTBqEPJ7eyura+kd8sbG3v7O4V9w/aOk4VoS0S81jdhlhTziRtGWY4vU0UxSLktBOOL2d+554qzWJ5YyYJDQQeShYxgo2V2r0hFgL3iyXkls/KVe8cIhdV6jWvbonn+34FQc9Fc5TAEs1+8b03iEkqqDSEY627HkpMkGFlGOF0WuilmiaYjPGQdi2VWFAdZPNrp/DEKgMYxcqWNHCufp/IsNB6IkLbKbAZ6d/eTPzL66YmqgUZk0lqqCSLRVHKoYnh7HU4YIoSwyeWYKKYvRWSEVaYGBtQwYbw9Sn8n7R917P82is1LpZx5MEROAanwANV0ABXoAlagIA78ACewLMTO4/Oi/O6aM05y5lD8APO2yftHY9Z</latexit>



ENTANGLEMENT OF PURE MANY-BODY QUANTUM SYSTEMS

For pure states:

Von Neumann Entropy 

S / �
<latexit sha1_base64="dvahw3xjss0J5P61s7ifU2VYGjs=">AAACA3icbVBNSwMxFMzWr1q/Vr3pJVgET2VXBD0WvXisaGuhu5S3adqGJrshyQplKXjxr3jxoIhX/4Q3/43Zdg/aOhAYZt4jbyaSnGnjed9OaWl5ZXWtvF7Z2Nza3nF391o6SRWhTZLwRLUj0JSzmDYNM5y2paIgIk7vo9FV7t8/UKVZEt+ZsaShgEHM+oyAsVLXPQgEmCEBnt1OcCBVIk2CgwEIAV236tW8KfAi8QtSRQUaXfcr6CUkFTQ2hIPWHd+TJsxAGUY4nVSCVFMJZAQD2rE0BkF1mE0zTPCxVXq4nyj7YoOn6u+NDITWYxHZyfxiPe/l4n9eJzX9izBjsUwNjcnso37Ksc2ZF4J7TFFi+NgSIIrZWzEZggJibG0VW4I/H3mRtE5rvuU3Z9X6ZVFHGR2iI3SCfHSO6ugaNVATEfSIntErenOenBfn3fmYjZacYmcf/YHz+QMfYJfP</latexit><latexit sha1_base64="dvahw3xjss0J5P61s7ifU2VYGjs=">AAACA3icbVBNSwMxFMzWr1q/Vr3pJVgET2VXBD0WvXisaGuhu5S3adqGJrshyQplKXjxr3jxoIhX/4Q3/43Zdg/aOhAYZt4jbyaSnGnjed9OaWl5ZXWtvF7Z2Nza3nF391o6SRWhTZLwRLUj0JSzmDYNM5y2paIgIk7vo9FV7t8/UKVZEt+ZsaShgEHM+oyAsVLXPQgEmCEBnt1OcCBVIk2CgwEIAV236tW8KfAi8QtSRQUaXfcr6CUkFTQ2hIPWHd+TJsxAGUY4nVSCVFMJZAQD2rE0BkF1mE0zTPCxVXq4nyj7YoOn6u+NDITWYxHZyfxiPe/l4n9eJzX9izBjsUwNjcnso37Ksc2ZF4J7TFFi+NgSIIrZWzEZggJibG0VW4I/H3mRtE5rvuU3Z9X6ZVFHGR2iI3SCfHSO6ugaNVATEfSIntErenOenBfn3fmYjZacYmcf/YHz+QMfYJfP</latexit><latexit sha1_base64="dvahw3xjss0J5P61s7ifU2VYGjs=">AAACA3icbVBNSwMxFMzWr1q/Vr3pJVgET2VXBD0WvXisaGuhu5S3adqGJrshyQplKXjxr3jxoIhX/4Q3/43Zdg/aOhAYZt4jbyaSnGnjed9OaWl5ZXWtvF7Z2Nza3nF391o6SRWhTZLwRLUj0JSzmDYNM5y2paIgIk7vo9FV7t8/UKVZEt+ZsaShgEHM+oyAsVLXPQgEmCEBnt1OcCBVIk2CgwEIAV236tW8KfAi8QtSRQUaXfcr6CUkFTQ2hIPWHd+TJsxAGUY4nVSCVFMJZAQD2rE0BkF1mE0zTPCxVXq4nyj7YoOn6u+NDITWYxHZyfxiPe/l4n9eJzX9izBjsUwNjcnso37Ksc2ZF4J7TFFi+NgSIIrZWzEZggJibG0VW4I/H3mRtE5rvuU3Z9X6ZVFHGR2iI3SCfHSO6ugaNVATEfSIntErenOenBfn3fmYjZacYmcf/YHz+QMfYJfP</latexit><latexit sha1_base64="dvahw3xjss0J5P61s7ifU2VYGjs=">AAACA3icbVBNSwMxFMzWr1q/Vr3pJVgET2VXBD0WvXisaGuhu5S3adqGJrshyQplKXjxr3jxoIhX/4Q3/43Zdg/aOhAYZt4jbyaSnGnjed9OaWl5ZXWtvF7Z2Nza3nF391o6SRWhTZLwRLUj0JSzmDYNM5y2paIgIk7vo9FV7t8/UKVZEt+ZsaShgEHM+oyAsVLXPQgEmCEBnt1OcCBVIk2CgwEIAV236tW8KfAi8QtSRQUaXfcr6CUkFTQ2hIPWHd+TJsxAGUY4nVSCVFMJZAQD2rE0BkF1mE0zTPCxVXq4nyj7YoOn6u+NDITWYxHZyfxiPe/l4n9eJzX9izBjsUwNjcnso37Ksc2ZF4J7TFFi+NgSIIrZWzEZggJibG0VW4I/H3mRtE5rvuU3Z9X6ZVFHGR2iI3SCfHSO6ugaNVATEfSIntErenOenBfn3fmYjZacYmcf/YHz+QMfYJfP</latexit>

Area law

S = �Tr ⇢ log ⇢
<latexit sha1_base64="ajt2B6sAdhotW+15ldQYYXxpeno=">AAACFXicbZDLSsNAFIYn9VbrrerSzWARXNSSiKAboejGZcXeoCllMp20QyeZMHMiltCXcOOruHGhiFvBnW/jNM1CW38Y+PjPOZw5vxcJrsG2v63c0vLK6lp+vbCxubW9U9zda2oZK8oaVAqp2h7RTPCQNYCDYO1IMRJ4grW80fW03rpnSnMZ1mEcsW5ABiH3OSVgrF6x7AYEhpSI5G6CL/EJdoE9QFJXE+yWMXbVUGJXyEFKvWLJrtip8CI4GZRQplqv+OX2JY0DFgIVROuOY0fQTYgCTgWbFNxYs4jQERmwjsGQBEx3k/SqCT4yTh/7UpkXAk7d3xMJCbQeB57pnN6g52tT879aJwb/opvwMIqBhXS2yI8FBomnEeE+V4yCGBsgVHHzV0yHRBEKJsiCCcGZP3kRmqcVx/DtWal6lcWRRwfoEB0jB52jKrpBNdRAFD2iZ/SK3qwn68V6tz5mrTkrm9lHf2R9/gBFvZ2d</latexit><latexit sha1_base64="ajt2B6sAdhotW+15ldQYYXxpeno=">AAACFXicbZDLSsNAFIYn9VbrrerSzWARXNSSiKAboejGZcXeoCllMp20QyeZMHMiltCXcOOruHGhiFvBnW/jNM1CW38Y+PjPOZw5vxcJrsG2v63c0vLK6lp+vbCxubW9U9zda2oZK8oaVAqp2h7RTPCQNYCDYO1IMRJ4grW80fW03rpnSnMZ1mEcsW5ABiH3OSVgrF6x7AYEhpSI5G6CL/EJdoE9QFJXE+yWMXbVUGJXyEFKvWLJrtip8CI4GZRQplqv+OX2JY0DFgIVROuOY0fQTYgCTgWbFNxYs4jQERmwjsGQBEx3k/SqCT4yTh/7UpkXAk7d3xMJCbQeB57pnN6g52tT879aJwb/opvwMIqBhXS2yI8FBomnEeE+V4yCGBsgVHHzV0yHRBEKJsiCCcGZP3kRmqcVx/DtWal6lcWRRwfoEB0jB52jKrpBNdRAFD2iZ/SK3qwn68V6tz5mrTkrm9lHf2R9/gBFvZ2d</latexit><latexit sha1_base64="ajt2B6sAdhotW+15ldQYYXxpeno=">AAACFXicbZDLSsNAFIYn9VbrrerSzWARXNSSiKAboejGZcXeoCllMp20QyeZMHMiltCXcOOruHGhiFvBnW/jNM1CW38Y+PjPOZw5vxcJrsG2v63c0vLK6lp+vbCxubW9U9zda2oZK8oaVAqp2h7RTPCQNYCDYO1IMRJ4grW80fW03rpnSnMZ1mEcsW5ABiH3OSVgrF6x7AYEhpSI5G6CL/EJdoE9QFJXE+yWMXbVUGJXyEFKvWLJrtip8CI4GZRQplqv+OX2JY0DFgIVROuOY0fQTYgCTgWbFNxYs4jQERmwjsGQBEx3k/SqCT4yTh/7UpkXAk7d3xMJCbQeB57pnN6g52tT879aJwb/opvwMIqBhXS2yI8FBomnEeE+V4yCGBsgVHHzV0yHRBEKJsiCCcGZP3kRmqcVx/DtWal6lcWRRwfoEB0jB52jKrpBNdRAFD2iZ/SK3qwn68V6tz5mrTkrm9lHf2R9/gBFvZ2d</latexit><latexit sha1_base64="ajt2B6sAdhotW+15ldQYYXxpeno=">AAACFXicbZDLSsNAFIYn9VbrrerSzWARXNSSiKAboejGZcXeoCllMp20QyeZMHMiltCXcOOruHGhiFvBnW/jNM1CW38Y+PjPOZw5vxcJrsG2v63c0vLK6lp+vbCxubW9U9zda2oZK8oaVAqp2h7RTPCQNYCDYO1IMRJ4grW80fW03rpnSnMZ1mEcsW5ABiH3OSVgrF6x7AYEhpSI5G6CL/EJdoE9QFJXE+yWMXbVUGJXyEFKvWLJrtip8CI4GZRQplqv+OX2JY0DFgIVROuOY0fQTYgCTgWbFNxYs4jQERmwjsGQBEx3k/SqCT4yTh/7UpkXAk7d3xMJCbQeB57pnN6g52tT879aJwb/opvwMIqBhXS2yI8FBomnEeE+V4yCGBsgVHHzV0yHRBEKJsiCCcGZP3kRmqcVx/DtWal6lcWRRwfoEB0jB52jKrpBNdRAFD2iZ/SK3qwn68V6tz5mrTkrm9lHf2R9/gBFvZ2d</latexit> S / N (D�1)

<latexit sha1_base64="VQMETuqVEwKRTA0LnlzvVaqfQus=">AAACBnicbVDLSgMxFM3UV62vUZciBItQF5YZEXRZ1IUrqWgf0BlLJk3b0MwkJBmhDLNy46+4caGIW7/BnX9jpp2FVg8EDufcS+45gWBUacf5sgpz8wuLS8Xl0srq2vqGvbnVVDyWmDQwZ1y2A6QIoxFpaKoZaQtJUBgw0gpG55nfuidSUR7d6rEgfogGEe1TjLSRuvauFyI9xIglNyn0hORCc3h1l1QuDt2DtGuXnaozAfxL3JyUQY561/70ehzHIYk0ZkipjusI7SdIaooZSUterIhAeIQGpGNohEKi/GQSI4X7RunBPpfmRRpO1J8bCQqVGoeBmcyOVrNeJv7ndWLdP/UTGolYkwhPP+rHDJqoWSewRyXBmo0NQVhScyvEQyQR1qa5kinBnY38lzSPqq7h18fl2lleRxHsgD1QAS44ATVwCeqgATB4AE/gBbxaj9az9Wa9T0cLVr6zDX7B+vgGADOYJQ==</latexit><latexit sha1_base64="VQMETuqVEwKRTA0LnlzvVaqfQus=">AAACBnicbVDLSgMxFM3UV62vUZciBItQF5YZEXRZ1IUrqWgf0BlLJk3b0MwkJBmhDLNy46+4caGIW7/BnX9jpp2FVg8EDufcS+45gWBUacf5sgpz8wuLS8Xl0srq2vqGvbnVVDyWmDQwZ1y2A6QIoxFpaKoZaQtJUBgw0gpG55nfuidSUR7d6rEgfogGEe1TjLSRuvauFyI9xIglNyn0hORCc3h1l1QuDt2DtGuXnaozAfxL3JyUQY561/70ehzHIYk0ZkipjusI7SdIaooZSUterIhAeIQGpGNohEKi/GQSI4X7RunBPpfmRRpO1J8bCQqVGoeBmcyOVrNeJv7ndWLdP/UTGolYkwhPP+rHDJqoWSewRyXBmo0NQVhScyvEQyQR1qa5kinBnY38lzSPqq7h18fl2lleRxHsgD1QAS44ATVwCeqgATB4AE/gBbxaj9az9Wa9T0cLVr6zDX7B+vgGADOYJQ==</latexit><latexit sha1_base64="VQMETuqVEwKRTA0LnlzvVaqfQus=">AAACBnicbVDLSgMxFM3UV62vUZciBItQF5YZEXRZ1IUrqWgf0BlLJk3b0MwkJBmhDLNy46+4caGIW7/BnX9jpp2FVg8EDufcS+45gWBUacf5sgpz8wuLS8Xl0srq2vqGvbnVVDyWmDQwZ1y2A6QIoxFpaKoZaQtJUBgw0gpG55nfuidSUR7d6rEgfogGEe1TjLSRuvauFyI9xIglNyn0hORCc3h1l1QuDt2DtGuXnaozAfxL3JyUQY561/70ehzHIYk0ZkipjusI7SdIaooZSUterIhAeIQGpGNohEKi/GQSI4X7RunBPpfmRRpO1J8bCQqVGoeBmcyOVrNeJv7ndWLdP/UTGolYkwhPP+rHDJqoWSewRyXBmo0NQVhScyvEQyQR1qa5kinBnY38lzSPqq7h18fl2lleRxHsgD1QAS44ATVwCeqgATB4AE/gBbxaj9az9Wa9T0cLVr6zDX7B+vgGADOYJQ==</latexit><latexit sha1_base64="VQMETuqVEwKRTA0LnlzvVaqfQus=">AAACBnicbVDLSgMxFM3UV62vUZciBItQF5YZEXRZ1IUrqWgf0BlLJk3b0MwkJBmhDLNy46+4caGIW7/BnX9jpp2FVg8EDufcS+45gWBUacf5sgpz8wuLS8Xl0srq2vqGvbnVVDyWmDQwZ1y2A6QIoxFpaKoZaQtJUBgw0gpG55nfuidSUR7d6rEgfogGEe1TjLSRuvauFyI9xIglNyn0hORCc3h1l1QuDt2DtGuXnaozAfxL3JyUQY561/70ehzHIYk0ZkipjusI7SdIaooZSUterIhAeIQGpGNohEKi/GQSI4X7RunBPpfmRRpO1J8bCQqVGoeBmcyOVrNeJv7ndWLdP/UTGolYkwhPP+rHDJqoWSewRyXBmo0NQVhScyvEQyQR1qa5kinBnY38lzSPqq7h18fl2lleRxHsgD1QAS44ATVwCeqgATB4AE/gBbxaj9az9Wa9T0cLVr6zDX7B+vgGADOYJQ==</latexit>

�
<latexit sha1_base64="4KFiR0f4MR2yiL5tkS4/XoVNOXk=">AAAB7XicdZDLSgMxFIbP1Futt6pLXQSL4KrMjPa2K7px2YK9QDuUTJppY5OZIckIpfQd3LhQxK2v4HO4c+ejmLYKKvpD4OP/zyHnHD/mTGnbfrNSS8srq2vp9czG5tb2TnZ3r6miRBLaIBGPZNvHinIW0oZmmtN2LCkWPqctf3Qxy1s3VCoWhVd6HFNP4EHIAkawNlazO8BC4F42Z+cLp4WSc4bsvF2slJ2KAcd13aKNnLw9V656+FJ/B4BaL/va7UckETTUhGOlOo4da2+CpWaE02mmmygaYzLCA9oxGGJBlTeZTztFx8bpoyCS5oUazd3vHRMslBoL31QKrIfqdzYz/8o6iQ7K3oSFcaJpSBYfBQlHOkKz1VGfSUo0HxvARDIzKyJDLDHR5kAZc4SvTdH/0HTzjuG6k6uew0JpOIAjOAEHSlCFS6hBAwhcwy3cw4MVWXfWo/W0KE1Znz378EPW8wf9F5Ge</latexit><latexit sha1_base64="fRifo5UtJS0/P0MpfXsOi13SQwU=">AAAB7XicdZDLSgMxFIYzXmu9VV0qEiyCq2Ey2tuu6MZlC/YC7VAyaaaNTWaGJCOU0qV7Ny4Ucesr9Dnc+Qy+hGmroKI/BD7+/xxyzvFjzpR2nDdrYXFpeWU1tZZe39jc2s7s7NZVlEhCayTikWz6WFHOQlrTTHPajCXFwue04Q8upnnjhkrFovBKD2PqCdwLWcAI1saqt3tYCNzJZB07d5oroDPo2E6+VEQlA8h13bwDke3MlC0fTKrvt4eTSifz2u5GJBE01IRjpVrIibU3wlIzwuk43U4UjTEZ4B5tGQyxoMobzaYdw2PjdGEQSfNCDWfu944RFkoNhW8qBdZ99Tubmn9lrUQHRW/EwjjRNCTzj4KEQx3B6eqwyyQlmg8NYCKZmRWSPpaYaHOgtDnC16bwf6i7NjJcRdnyOZgrBfbBETgBCBRAGVyCCqgBAq7BHXgAj1Zk3VtP1vO8dMH67NkDP2S9fADbXJME</latexit><latexit sha1_base64="fRifo5UtJS0/P0MpfXsOi13SQwU=">AAAB7XicdZDLSgMxFIYzXmu9VV0qEiyCq2Ey2tuu6MZlC/YC7VAyaaaNTWaGJCOU0qV7Ny4Ucesr9Dnc+Qy+hGmroKI/BD7+/xxyzvFjzpR2nDdrYXFpeWU1tZZe39jc2s7s7NZVlEhCayTikWz6WFHOQlrTTHPajCXFwue04Q8upnnjhkrFovBKD2PqCdwLWcAI1saqt3tYCNzJZB07d5oroDPo2E6+VEQlA8h13bwDke3MlC0fTKrvt4eTSifz2u5GJBE01IRjpVrIibU3wlIzwuk43U4UjTEZ4B5tGQyxoMobzaYdw2PjdGEQSfNCDWfu944RFkoNhW8qBdZ99Tubmn9lrUQHRW/EwjjRNCTzj4KEQx3B6eqwyyQlmg8NYCKZmRWSPpaYaHOgtDnC16bwf6i7NjJcRdnyOZgrBfbBETgBCBRAGVyCCqgBAq7BHXgAj1Zk3VtP1vO8dMH67NkDP2S9fADbXJME</latexit><latexit sha1_base64="iRC0ERSMP/CGjUIRmu04adfYbmM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKjfe2KblxWsK3QDiWTZtrYJDMkGaEM/Qc3LhRx6/+4829MH4KKHrhwOOde7r0nTDjTBqEPJ7eyura+kd8sbG3v7O4V9w/aOk4VoS0S81jdhlhTziRtGWY4vU0UxSLktBOOL2d+554qzWJ5YyYJDQQeShYxgo2V2r0hFgL3iyXkls/KVe8cIhdV6jWvbonn+34FQc9Fc5TAEs1+8b03iEkqqDSEY627HkpMkGFlGOF0WuilmiaYjPGQdi2VWFAdZPNrp/DEKgMYxcqWNHCufp/IsNB6IkLbKbAZ6d/eTPzL66YmqgUZk0lqqCSLRVHKoYnh7HU4YIoSwyeWYKKYvRWSEVaYGBtQwYbw9Sn8n7R917P82is1LpZx5MEROAanwANV0ABXoAlagIA78ACewLMTO4/Oi/O6aM05y5lD8APO2yftHY9Z</latexit>



ENTANGLEMENT OF PURE MANY-BODY QUANTUM SYSTEMS

For pure states:

Von Neumann Entropy 

S / �
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temperatures T ⇠ �). For PBC, this behaviour can be
expressed as EF = log(N c/3

f(TN
z)), or

EF (T, N) =
c

3
log N + g(TN

z) (4)

in analogy to Ref. [42], where c is the critical exponent
that connects lengthscales to entanglement, while z is
the critical exponent that connects lengthscales to en-
ergyscales (� / N

�z). The functions f(·) and g(·) =
log f(·) are non-universal and depend on the microscopi-
cal details of the model. This behaviour actually extends,
to finite T , the known scaling law for the entanglement
entropy with size, valid for critical ground states [40, 41].
We validate this argument in the inset of Fig. 3, where
the EF (T, N) data sets are appropriately rescaled, ac-
cording to N . As we expect, the curves collapse when
the appropriate critical exponents of the corresponding
model are used (c = 1

2 , z = 1 for critical Ising; c = 1,
z = 1 for Luttinger liquid XXZ).

As a final remark, we stress that the EoF analy-
sis enabled by the TTO method is not limited to low-
temperature many-body states of lattice models. We
have employed the same diagnostic tool on other classes
of mixed many-body states, including on sets where the
EoF is known, as reported in the SM.

Conclusions In this letter, we have presented a new
tensor network approach that enables the numerical anal-
ysis of bipartite entanglement for many-body quantum
systems, even for those entanglement monotones that
are considered hard since they require convex-roof opti-
mization. We employed a Tree Tensor Operator (TTO)
to well-approximate the global density matrix at low
temperatures. Such a tensor network architecture com-
presses information of the bipartite entanglement into
a single tensor, whose dimensions in many cases scale
polinomially with the system size. As a result, evaluat-
ing entanglement monotones is numerically e�cient, as
illustrated for 1D interacting lattice models. Our analy-
sis observed a scaling law for the Entanglement of For-
mation, compatible with a logarithmic conformal scal-
ing law. We successfully tested this argument for a free
fermion (Ising) and an interacting fermion (XXZ) criti-
cal models, where it is satisfied in a temperature range
commensurate with the finite-size energy gap (T ⇠ �).

While the TTOs we constructed were generated start-
ing from ED, alternative strategies to directly construct-
ing the thermal TTO which require polynomial time and
computer memory in N can be developed. Similarly, we
envision the possibility of replacing the TTN branches
of the ansatz with Matrix Product State branches: an
alternative TN design that is still e�cient toward EoF
estimation. Finally, we expect that TTO may be
capable to accurately capture some features of open-
system quantum dynamics. This will actually extend
the bipartite-entanglement analysis, presented here, from
finite-temperature states to a larger set of open-system

FIG. 3. Scale-invariance of the EoF EF at temperatures T (in
units of J/kB) in the range kBT  0.5�, where � / N

�z, for
the critical Ising model in Eq. (2) (top) and the XXZ model in
Eq. (3) in the critical phase at ⇠ = 0.5 (bottom). Main figures
show data for N = 8, 12, 16, 20, which are respectively blue
pentagons, orange squares, green diamonds and red circles.
Inset: curves in the main figures after rescaling according
to Eq. (4). The agreement is stunning, using c = 1/2 and
z = 1.02±0.02 (top) and c = 1 and z = 0.98±0.02 (bottom).
The grey area highlights the temperature range T  0.2�(N).

physically relevant states, i.e. the stationary states of a
Lindblad master equation [43–45]. The Time-Dependent
Variational Principle [46, 47] is surely a good candidate
strategy towards this goal. This will likely be the focus
of our research in the near future, aiming to enable the
EoF analysis presented here onto even larger system sizes
of the order of hundreds of sites.

We thank M. Dalmonte and B. Kraus for stimulat-
ing discussions. Authors kindly acknowledge support
from the Italian PRIN2017 and Fondazione CARIPARO,
the Horizon 2020 re-search and innovation programme
under grant agreementNo 817482 (Quantum Flagship
- PASQuanS), the Quan-tERA projects QTFLAG and
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show that the improvement introduced by our approach
already enables the investigation of relevant scaling prop-
erties of critical systems not achievable before.

Once the TTO is built, we proceed to calculate the
optimization from Eq. (1) on the top tensor R. To build
sets of U matrices, we fix a value for K � K0 and pa-
rameterize a Hermitian matrix A = A

† of dimensions
K ⇥ K. Then, we get the corresponding unitary from
U = exp{iA}, and finally we take K0 random rows of U

to build U . For every column of R
0 = RU , its entangle-

ment entropy is calculated via S = �
P

i
s
2
i
log s

2
i
, where

the singular values si are obtained by a singular value de-
composition (SVD). In the results section, entropies are
expressed in basis of log2, so that a Bell pair defines the
unit of entanglement. For a given K � K0, minimization
in the space of the U is carried out via direct search meth-
ods, but other choices are possible. Extensive proofs of
the stability of this method, as well as some results on
many-body random density matrices, are provided in the
SM. Convergence of the minima is rapidly reached when
increasing K � K0. For all practical purposes, choosing
K ⇡ K0 is often su�cient to achieve close convergence
(see SM). We stress that, even in case of incomplete or
failed convergence, our method still provides an upper
bound to the actual EoF of the quantum state. In par-
ticular, in every case we could check, the results provided
tight bounds.

Results � We consider two well-known prototype quan-
tum critical spin- 12 models as benchmarks [39]: specifi-
cally, the Ising model

ĤIsing = J

NX

i=1

�
�̂

x

j
�̂

x

j+1 + h�̂
z

j

�
(2)

in a transverse field h, and the XXZ model

ĤXXZ = J

NX

j=1

�
�̂

x

j
�̂

x

j+1 + �̂
y

j
�̂

y

j+1 + ⇠ �̂
z

j
�̂

z

j+1

�
(3)

with anisotropy ⇠, both models considered in periodic
boundary conditions (PBC) and �̂

↵

j
s (↵ = x, y, z) are the

Pauli matrices. The temperature T , defining the thermal
state ⇢ = 1

Z
e
�Ĥ/T , is expressed in units of the Hamilto-

nian energyscale (J = kB = 1). To appropriately choose
a suitable number K0 we start from K0 = 2. We then
evaluate the resulting EoF, gradually increasing K0 until
convergence of the estimated EoF is reached. We employ
a similar strategy to choose the best M .

Fig. 2 shows a typical benchmark comparison of the
total computational time required to estimate the EoF:
(i) using the full description (X matrix, orange data)
(ii) using the TTO method (R matrix, blue data). The
time needed to solve the full optimization increases as
O(dim{H}3/2), since the bottleneck of our algorithm is
the SVD to calculate S for each of the K pure states. By

FIG. 2. Scaling of computational times versus N , for thermal
states of ĤIsing in Eq. (2) at h = 1 and with kBT = 0.1J .
Green diamonds correspond to optimizations done on density
matrices with no approximations. Orange squares refer in-
stead to states where K0 has been truncated, but still pure
states are not compressed (see Fig. 1(c)): the exponential fit
of the last five data points shows that the complexity scales as
O((2N )1.503), in agreement with the theoretical expectation.
Blue circles report the optimization times needed using the
root tensor R of the TTO with a maximal bond dimension M

and truncated K0 (see Fig. 1(b)). Inset: Smallest M needed
to achieve convergence of the EoF within 1% of its exact value.
Red pentagons and purple diamonds refer respectively to the
critical Ising model at kBT = 0.1J and to the XXZ model
with ⇠ = 0.5 (critical) at kBT = 0.5J .

contrast, this runtime scales like O(M3) for a TTO rep-
resentation, with M ⌧

p
dim{H}. In fact, we studied

the M needed to achieve 99% of the exact EoF value as
a function of the size N , for both Ising and XXZ models
in the gapless phase. The growth is linear and smooth,
as shown in the inset.

Equipped with our diagnostic tool, we perform inter-
esting investigations of bipartite entanglement properties
of intermediate-size quantum systems at finite T . The
two panels in Fig. 3 focus on critical phases of the two
models, the quantum phase transition point of the Ising
model (h = 1, top), and the Luttinger liquid phase of the
XXZ model (⇠ = 0.5, bottom) respectively. While the
system is strongly-correlated at zero temperature, entan-
glement seems to survive roughly unaltered up to T of the
order of 0.2�(N), with �(N) the finite-size energy gap,
and smoothly drop at higher T . This phenomenon is to
be contrasted with the Von Neumann entropy S (global,
or of either subsystem), which instead grows with T , and
can not capture alone the entanglement decrease [40, 41].
More importantly, we observe an emergent scaling behav-
ior when plotting EF (T, N). In fact, the EoF appears to
follow the logarithm of a conformal scaling function, in
proximity of the quantum critical point (i.e., for small

1D critical systems:

S / N (D�1)
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We introduce a novel tensor network structure augmenting the well-established Tree Tensor Net-
work representation of a quantum many-body wave function. The new structure satisfies the area
law in high dimensions remaining e�ciently manipulatable and scalable. We benchmark this novel
approach against paradigmatic two-dimensional spin models demonstrating unprecedented precision
and system sizes. Finally, we compute the ground state phase diagram of two-dimensional lattice
Rydberg atoms in optical tweezers observing non-trivial phases and quantum phase transitions,
providing realistic benchmarks for current and future two-dimensional quantum simulations.

Recent experiments investigated one- and two-
dimensional lattice quantum many-body systems at un-
precedented sizes, calling for a continuous search of nu-
merical techniques to provide accurate benchmarking
and verification of future quantum simulations [1–9]. In
particular, Rydberg atoms in optical tweezers are one
of the most promising platforms for the study of quan-
tum phase transitions, quantum simulation and compu-
tation [10–18]. In the last decades, Monte Carlo and
Tensor Networks (TN) algorithms have been employed
widely to study quantum many-body systems, and they
are routinely used to benchmark quantum simulation re-
sults [19–29]. However, Monte Carlo methods are limited
by the sign problem [30], while combining accuracy and
scalability in simulating high-dimensional systems still
represent an open challenge for TN methods [31, 32].
Here, we introduce a novel TN variational ansatz, able
to encode the area law of quantum many-body states in
any spatial dimension by keeping a low algorithmic com-
plexity with respect to standard algorithms (see Fig. 1),
thus opening a pathway towards the application of TN to
high-dimensional systems. Hereafter, we benchmark this
approach against spin models up to sizes of N = 64⇥64,
in and out of criticality. Finally, we simulate 2D lattices
of N ⇠ 1000 Rydberg atoms obtaining a phase diagram
which exhibits nontrivial phase transitions, complement-
ing recent results concerning a quasi two-dimensional
similar model [33].

In the last three decades, TN have been developed and
applied to classically simulate quantum many-body sys-
tems, representing the exponentially large wavefunction
with a set of local tensors connected via auxiliary indices
with a bond-dimension m. The bond dimension m allows
to control the amount of information in the TN, interpo-
lating between mean field (m = 1) and the exact but inef-
ficient representation. While for one-dimensional systems
the Matrix Product States (MPS) are the established TN
geometry for equilibrium and out-of-equilibrium prob-
lems, the development of TN algorithms for two- or even
higher-dimensional systems is still ongoing [34–39]. The
most successful TN representations are the Projected En-

| TTN i

D(u)

H

(a) (b)

(d)(c)

Area law in 2D

FIG. 1: (a) An aTTN for a 8 ⇥ 8 2D system: The dis-
entanglers in D(u) are applied to the TTN state | TTN i
across the boundaries @⌫ of each link ⌫, in order to fulfill
the area law depicted (b) for a sublattice A (shaded re-
gion) and its boundary @A (purple dots).(c), (d): relative
error of the Ising model ground state energy computed
with the aTTNs and the TTNs. While for L = 8 the
precision achieved with the two methods is the same, a

clear improvement emerges for L = 64.

tangled Pair States (PEPS) [40–43] and the Tree Tensor
Networks (TTN) [44–47], as well as the Multi-scale En-
tanglement Renormalization Ansatz (MERA) [48–50].
TNs shall satisfy the same entanglement bounds un-

der real-space bipartitions, known as area laws, of the
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We introduce a novel tensor network structure augmenting the well-established Tree Tensor Net-
work representation of a quantum many-body wave function. The new structure satisfies the area
law in high dimensions remaining e�ciently manipulatable and scalable. We benchmark this novel
approach against paradigmatic two-dimensional spin models demonstrating unprecedented precision
and system sizes. Finally, we compute the ground state phase diagram of two-dimensional lattice
Rydberg atoms in optical tweezers observing non-trivial phases and quantum phase transitions,
providing realistic benchmarks for current and future two-dimensional quantum simulations.

Recent experiments investigated one- and two-
dimensional lattice quantum many-body systems at un-
precedented sizes, calling for a continuous search of nu-
merical techniques to provide accurate benchmarking
and verification of future quantum simulations [1–9]. In
particular, Rydberg atoms in optical tweezers are one
of the most promising platforms for the study of quan-
tum phase transitions, quantum simulation and compu-
tation [10–18]. In the last decades, Monte Carlo and
Tensor Networks (TN) algorithms have been employed
widely to study quantum many-body systems, and they
are routinely used to benchmark quantum simulation re-
sults [19–29]. However, Monte Carlo methods are limited
by the sign problem [30], while combining accuracy and
scalability in simulating high-dimensional systems still
represent an open challenge for TN methods [31, 32].
Here, we introduce a novel TN variational ansatz, able
to encode the area law of quantum many-body states in
any spatial dimension by keeping a low algorithmic com-
plexity with respect to standard algorithms (see Fig. 1),
thus opening a pathway towards the application of TN to
high-dimensional systems. Hereafter, we benchmark this
approach against spin models up to sizes of N = 64⇥64,
in and out of criticality. Finally, we simulate 2D lattices
of N ⇠ 1000 Rydberg atoms obtaining a phase diagram
which exhibits nontrivial phase transitions, complement-
ing recent results concerning a quasi two-dimensional
similar model [33].

In the last three decades, TN have been developed and
applied to classically simulate quantum many-body sys-
tems, representing the exponentially large wavefunction
with a set of local tensors connected via auxiliary indices
with a bond-dimension m. The bond dimension m allows
to control the amount of information in the TN, interpo-
lating between mean field (m = 1) and the exact but inef-
ficient representation. While for one-dimensional systems
the Matrix Product States (MPS) are the established TN
geometry for equilibrium and out-of-equilibrium prob-
lems, the development of TN algorithms for two- or even
higher-dimensional systems is still ongoing [34–39]. The
most successful TN representations are the Projected En-

| TTN i
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H
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Area law in 2D

FIG. 1: (a) An aTTN for a 8 ⇥ 8 2D system: The dis-
entanglers in D(u) are applied to the TTN state | TTN i
across the boundaries @⌫ of each link ⌫, in order to fulfill
the area law depicted (b) for a sublattice A (shaded re-
gion) and its boundary @A (purple dots).(c), (d): relative
error of the Ising model ground state energy computed
with the aTTNs and the TTNs. While for L = 8 the
precision achieved with the two methods is the same, a

clear improvement emerges for L = 64.

tangled Pair States (PEPS) [40–43] and the Tree Tensor
Networks (TTN) [44–47], as well as the Multi-scale En-
tanglement Renormalization Ansatz (MERA) [48–50].
TNs shall satisfy the same entanglement bounds un-

der real-space bipartitions, known as area laws, of the

AREA LAWS AND TENSOR NETWORKS
� / L

<latexit sha1_base64="+33oMrYEr8QpU+02n92LrOXa9nA=">AAAB+nicbZC7TsMwFIZPyq2UWwojDBYVElOVsMBYwcLA0Er0IjVV5bhOa9VOLNsBVaGPwsIAQqwMPAcbG4+Cexmg5ZcsffrPOfI5fyg508bzvpzcyura+kZ+s7C1vbO75xb3GzpJFaF1kvBEtUKsKWcxrRtmOG1JRbEIOW2Gw6tJvXlHlWZJfGtGknYE7scsYgQba3XdYtDHQmAUSJVIk6Ab1HVLXtmbCi2DP4dS5eij9g0A1a77GfQSkgoaG8Kx1m3fk6aTYWUY4XRcCFJNJSZD3KdtizEWVHey6epjdGKdHooSZV9s0NT9PZFhofVIhLZTYDPQi7WJ+V+tnZroopOxWKaGxmT2UZRyZG+c5IB6TFFi+MgCJorZXREZYIWJsWkVbAj+4snL0Dgr+5ZrfqlyCTPl4RCO4RR8OIcKXEMV6kDgHh7hGV6cB+fJeXXeZq05Zz5zAH/kvP8AY1yVog==</latexit><latexit sha1_base64="IVAeVMO7b2QsIZcpfITPjTLPT6A=">AAAB+nicbZDLSgMxFIYzXmu9TXWpSLAIrsqMG10W3bhw0YK9QGcomTTThiaTkGSUMnbpY7hxoYhbF30Odz6DL2F6WWjrD4GP/5xDzvkjyag2nvflLC2vrK6t5zbym1vbO7tuYa+uRaowqWHBhGpGSBNGE1Iz1DDSlIogHjHSiPpX43rjjihNRXJrBpKEHHUTGlOMjLXabiHoIs4RDKQS0gh4A9tu0St5E8FF8GdQLB+Oqt+PR6NK2/0MOgKnnCQGM6R1y/ekCTOkDMWMDPNBqolEuI+6pGUxQZzoMJusPoQn1unAWCj7EgMn7u+JDHGtBzyynRyZnp6vjc3/aq3UxBdhRhOZGpLg6UdxyqC9cZwD7FBFsGEDCwgraneFuIcUwsamlbch+PMnL0L9rORbrvrF8iWYKgcOwDE4BT44B2VwDSqgBjC4B0/gBbw6D86z8+a8T1uXnNnMPvgj5+MHQaGXCA==</latexit><latexit sha1_base64="IVAeVMO7b2QsIZcpfITPjTLPT6A=">AAAB+nicbZDLSgMxFIYzXmu9TXWpSLAIrsqMG10W3bhw0YK9QGcomTTThiaTkGSUMnbpY7hxoYhbF30Odz6DL2F6WWjrD4GP/5xDzvkjyag2nvflLC2vrK6t5zbym1vbO7tuYa+uRaowqWHBhGpGSBNGE1Iz1DDSlIogHjHSiPpX43rjjihNRXJrBpKEHHUTGlOMjLXabiHoIs4RDKQS0gh4A9tu0St5E8FF8GdQLB+Oqt+PR6NK2/0MOgKnnCQGM6R1y/ekCTOkDMWMDPNBqolEuI+6pGUxQZzoMJusPoQn1unAWCj7EgMn7u+JDHGtBzyynRyZnp6vjc3/aq3UxBdhRhOZGpLg6UdxyqC9cZwD7FBFsGEDCwgraneFuIcUwsamlbch+PMnL0L9rORbrvrF8iWYKgcOwDE4BT44B2VwDSqgBjC4B0/gBbw6D86z8+a8T1uXnNnMPvgj5+MHQaGXCA==</latexit><latexit sha1_base64="TfnCwrmOJ7hSZ1hpfa2LG8J+QeA=">AAAB+nicbZC7TsMwFIadcivllsLIYlEhMVUJC4wVLAwMRaIXqYkqx3Vaq77JdkBV6KOwMIAQK0/Cxtvgthmg5ZcsffrPOfI5f6IYNTYIvr3S2vrG5lZ5u7Kzu7d/4FcP20ZmGpMWlkzqboIMYVSQlqWWka7SBPGEkU4yvp7VOw9EGyrFvZ0oEnM0FDSlGFln9f1qNEScIxgpLZWV8Bb2/VpQD+aCqxAWUAOFmn3/KxpInHEiLGbImF4YKBvnSFuKGZlWoswQhfAYDUnPoUCcmDifrz6Fp84ZwFRq94SFc/f3RI64MROeuE6O7Mgs12bmf7VeZtPLOKdCZZYIvPgozRh0N85ygAOqCbZs4gBhTd2uEI+QRti6tCouhHD55FVon9dDx3dhrXFVxFEGx+AEnIEQXIAGuAFN0AIYPIJn8ArevCfvxXv3PhatJa+YOQJ/5H3+AFNik10=</latexit>

S / � / L
<latexit sha1_base64="4phNGU5p7x6rIAAIQqppnuSCxI0=">AAACD3icbVA9SwNBEJ2LXzF+nVpqsRgUK7mz0TJoY2GhaEwgd4S5zSYu2b07dveEcOQf2PhXbBQUsbW1s/OnuJeI+PVg4e17M8zMi1LBtfG8N6c0MTk1PVOerczNLywuucsrFzrJFGV1mohENSPUTPCY1Q03gjVTxVBGgjWi/mHhN66Y0jyJz80gZaHEXsy7nKKxUtvdCiSaS4oiPxuSIFVJahJCgh5KiV//Y9J2q96ONwL5S/xPUq2t35++A8BJ230NOgnNJIsNFah1y/dSE+aoDKeCDStBplmKtI891rI0Rsl0mI/uGZJNq3RIN1H2xYaM1O8dOUqtBzKylcX2+rdXiP95rcx098Ocx2lmWEzHg7qZIPbGIhzS4YpRIwaWIFXc7kroJSqkxkZYsSH4v0/+Sy52d3zLT/1q7QDGKMMabMA2+LAHNTiCE6gDhWu4hQd4dG6cO+fJeR6XlpzPnlX4AeflAzvgnlU=</latexit><latexit sha1_base64="x4La09IsdZvej73sFeR8cW4TqT8=">AAACD3icbVC7SgNBFJ2NrxhfUUtFBoNiFXZttAzaWFgkaB6QXcLdyWwyZGZ3mZkVwpLSzsZfsTGgiK2tnd/gTzh5IBo9MHDmnHu59x4/5kxp2/6wMnPzC4tL2eXcyura+kZ+c6umokQSWiURj2TDB0U5C2lVM81pI5YUhM9p3e+dj/z6DZWKReG17sfUE9AJWcAIaCO18oeuAN0lwNOrAXZjGcU6wtjtgBDw/b/ErXzBLtpj4L/EmZJCaXdY+bzdG5Zb+Xe3HZFE0FATDko1HTvWXgpSM8LpIOcmisZAetChTUNDEFR56fieAT4wShsHkTQv1His/uxIQSjVF76pHG2vZr2R+J/XTHRw6qUsjBNNQzIZFCQcmxtH4eA2k5Ro3jcEiGRmV0y6IIFoE2HOhODMnvyX1I6LjuEVp1A6QxNk0Q7aR0fIQSeohC5QGVURQXfoAT2hZ+veerRerNdJacaa9myjX7DevgAaJZ+7</latexit><latexit sha1_base64="x4La09IsdZvej73sFeR8cW4TqT8=">AAACD3icbVC7SgNBFJ2NrxhfUUtFBoNiFXZttAzaWFgkaB6QXcLdyWwyZGZ3mZkVwpLSzsZfsTGgiK2tnd/gTzh5IBo9MHDmnHu59x4/5kxp2/6wMnPzC4tL2eXcyura+kZ+c6umokQSWiURj2TDB0U5C2lVM81pI5YUhM9p3e+dj/z6DZWKReG17sfUE9AJWcAIaCO18oeuAN0lwNOrAXZjGcU6wtjtgBDw/b/ErXzBLtpj4L/EmZJCaXdY+bzdG5Zb+Xe3HZFE0FATDko1HTvWXgpSM8LpIOcmisZAetChTUNDEFR56fieAT4wShsHkTQv1His/uxIQSjVF76pHG2vZr2R+J/XTHRw6qUsjBNNQzIZFCQcmxtH4eA2k5Ro3jcEiGRmV0y6IIFoE2HOhODMnvyX1I6LjuEVp1A6QxNk0Q7aR0fIQSeohC5QGVURQXfoAT2hZ+veerRerNdJacaa9myjX7DevgAaJZ+7</latexit><latexit sha1_base64="wFaxjXWsNBNtrsRXOMqq7J9Ydr0=">AAACD3icbVC7TsMwFHXKq5RXgJHFogIxVQkLjBUsDAxF0IfURNWN67RW7SSyHaQq6h+w8CssDCDEysrG3+C0EYKWI1k6Pude3XtPkHCmtON8WaWl5ZXVtfJ6ZWNza3vH3t1rqTiVhDZJzGPZCUBRziLa1Exz2kkkBRFw2g5Gl7nfvqdSsTi60+OE+gIGEQsZAW2knn3sCdBDAjy7nWAvkXGiY4y9AQgBP/9r3LOrTs2ZAi8StyBVVKDRsz+9fkxSQSNNOCjVdZ1E+xlIzQink4qXKpoAGcGAdg2NQFDlZ9N7JvjIKH0cxtK8SOOp+rsjA6HUWASmMt9ezXu5+J/XTXV47mcsSlJNIzIbFKYcmxvzcHCfSUo0HxsCRDKzKyZDkEC0ibBiQnDnT14krdOaa/iNW61fFHGU0QE6RCfIRWeojq5QAzURQQ/oCb2gV+vRerberPdZackqevbRH1gf3yvmnBA=</latexit>



E�cient Tensor Network ansatz for high-dimensional quantum many-body problems

Timo Felser,1, 2, 3 Simone Notarnicola,2, 3 and Simone Montangero2, 3

1Theoretische Physik, Universität des Saarlandes, D-66123 Saarbrücken, Germany.
2Dipartimento di Fisica e Astronomia “G. Galilei”, Università di Padova, I-35131 Padova, Italy
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We introduce a novel tensor network structure augmenting the well-established Tree Tensor Net-
work representation of a quantum many-body wave function. The new structure satisfies the area
law in high dimensions remaining e�ciently manipulatable and scalable. We benchmark this novel
approach against paradigmatic two-dimensional spin models demonstrating unprecedented precision
and system sizes. Finally, we compute the ground state phase diagram of two-dimensional lattice
Rydberg atoms in optical tweezers observing non-trivial phases and quantum phase transitions,
providing realistic benchmarks for current and future two-dimensional quantum simulations.

Recent experiments investigated one- and two-
dimensional lattice quantum many-body systems at un-
precedented sizes, calling for a continuous search of nu-
merical techniques to provide accurate benchmarking
and verification of future quantum simulations [1–9]. In
particular, Rydberg atoms in optical tweezers are one
of the most promising platforms for the study of quan-
tum phase transitions, quantum simulation and compu-
tation [10–18]. In the last decades, Monte Carlo and
Tensor Networks (TN) algorithms have been employed
widely to study quantum many-body systems, and they
are routinely used to benchmark quantum simulation re-
sults [19–29]. However, Monte Carlo methods are limited
by the sign problem [30], while combining accuracy and
scalability in simulating high-dimensional systems still
represent an open challenge for TN methods [31, 32].
Here, we introduce a novel TN variational ansatz, able
to encode the area law of quantum many-body states in
any spatial dimension by keeping a low algorithmic com-
plexity with respect to standard algorithms (see Fig. 1),
thus opening a pathway towards the application of TN to
high-dimensional systems. Hereafter, we benchmark this
approach against spin models up to sizes of N = 64⇥64,
in and out of criticality. Finally, we simulate 2D lattices
of N ⇠ 1000 Rydberg atoms obtaining a phase diagram
which exhibits nontrivial phase transitions, complement-
ing recent results concerning a quasi two-dimensional
similar model [33].

In the last three decades, TN have been developed and
applied to classically simulate quantum many-body sys-
tems, representing the exponentially large wavefunction
with a set of local tensors connected via auxiliary indices
with a bond-dimension m. The bond dimension m allows
to control the amount of information in the TN, interpo-
lating between mean field (m = 1) and the exact but inef-
ficient representation. While for one-dimensional systems
the Matrix Product States (MPS) are the established TN
geometry for equilibrium and out-of-equilibrium prob-
lems, the development of TN algorithms for two- or even
higher-dimensional systems is still ongoing [34–39]. The
most successful TN representations are the Projected En-

| TTN i

D(u)

H

(a) (b)

(d)(c)

Area law in 2D

FIG. 1: (a) An aTTN for a 8 ⇥ 8 2D system: The dis-
entanglers in D(u) are applied to the TTN state | TTN i
across the boundaries @⌫ of each link ⌫, in order to fulfill
the area law depicted (b) for a sublattice A (shaded re-
gion) and its boundary @A (purple dots).(c), (d): relative
error of the Ising model ground state energy computed
with the aTTNs and the TTNs. While for L = 8 the
precision achieved with the two methods is the same, a

clear improvement emerges for L = 64.

tangled Pair States (PEPS) [40–43] and the Tree Tensor
Networks (TTN) [44–47], as well as the Multi-scale En-
tanglement Renormalization Ansatz (MERA) [48–50].
TNs shall satisfy the same entanglement bounds un-

der real-space bipartitions, known as area laws, of the
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We introduce a novel tensor network structure augmenting the well-established Tree Tensor Net-
work representation of a quantum many-body wave function. The new structure satisfies the area
law in high dimensions remaining e�ciently manipulatable and scalable. We benchmark this novel
approach against paradigmatic two-dimensional spin models demonstrating unprecedented precision
and system sizes. Finally, we compute the ground state phase diagram of two-dimensional lattice
Rydberg atoms in optical tweezers observing non-trivial phases and quantum phase transitions,
providing realistic benchmarks for current and future two-dimensional quantum simulations.

Recent experiments investigated one- and two-
dimensional lattice quantum many-body systems at un-
precedented sizes, calling for a continuous search of nu-
merical techniques to provide accurate benchmarking
and verification of future quantum simulations [1–9]. In
particular, Rydberg atoms in optical tweezers are one
of the most promising platforms for the study of quan-
tum phase transitions, quantum simulation and compu-
tation [10–18]. In the last decades, Monte Carlo and
Tensor Networks (TN) algorithms have been employed
widely to study quantum many-body systems, and they
are routinely used to benchmark quantum simulation re-
sults [19–29]. However, Monte Carlo methods are limited
by the sign problem [30], while combining accuracy and
scalability in simulating high-dimensional systems still
represent an open challenge for TN methods [31, 32].
Here, we introduce a novel TN variational ansatz, able
to encode the area law of quantum many-body states in
any spatial dimension by keeping a low algorithmic com-
plexity with respect to standard algorithms (see Fig. 1),
thus opening a pathway towards the application of TN to
high-dimensional systems. Hereafter, we benchmark this
approach against spin models up to sizes of N = 64⇥64,
in and out of criticality. Finally, we simulate 2D lattices
of N ⇠ 1000 Rydberg atoms obtaining a phase diagram
which exhibits nontrivial phase transitions, complement-
ing recent results concerning a quasi two-dimensional
similar model [33].

In the last three decades, TN have been developed and
applied to classically simulate quantum many-body sys-
tems, representing the exponentially large wavefunction
with a set of local tensors connected via auxiliary indices
with a bond-dimension m. The bond dimension m allows
to control the amount of information in the TN, interpo-
lating between mean field (m = 1) and the exact but inef-
ficient representation. While for one-dimensional systems
the Matrix Product States (MPS) are the established TN
geometry for equilibrium and out-of-equilibrium prob-
lems, the development of TN algorithms for two- or even
higher-dimensional systems is still ongoing [34–39]. The
most successful TN representations are the Projected En-

| TTN i
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H

(a) (b)

(d)(c)

Area law in 2D

FIG. 1: (a) An aTTN for a 8 ⇥ 8 2D system: The dis-
entanglers in D(u) are applied to the TTN state | TTN i
across the boundaries @⌫ of each link ⌫, in order to fulfill
the area law depicted (b) for a sublattice A (shaded re-
gion) and its boundary @A (purple dots).(c), (d): relative
error of the Ising model ground state energy computed
with the aTTNs and the TTNs. While for L = 8 the
precision achieved with the two methods is the same, a

clear improvement emerges for L = 64.

tangled Pair States (PEPS) [40–43] and the Tree Tensor
Networks (TTN) [44–47], as well as the Multi-scale En-
tanglement Renormalization Ansatz (MERA) [48–50].
TNs shall satisfy the same entanglement bounds un-

der real-space bipartitions, known as area laws, of the
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We introduce a novel tensor network structure augmenting the well-established Tree Tensor Net-
work representation of a quantum many-body wave function. The new structure satisfies the area
law in high dimensions remaining e�ciently manipulatable and scalable. We benchmark this novel
approach against paradigmatic two-dimensional spin models demonstrating unprecedented precision
and system sizes. Finally, we compute the ground state phase diagram of two-dimensional lattice
Rydberg atoms in optical tweezers observing non-trivial phases and quantum phase transitions,
providing realistic benchmarks for current and future two-dimensional quantum simulations.

Recent experiments investigated one- and two-
dimensional lattice quantum many-body systems at un-
precedented sizes, calling for a continuous search of nu-
merical techniques to provide accurate benchmarking
and verification of future quantum simulations [1–9]. In
particular, Rydberg atoms in optical tweezers are one
of the most promising platforms for the study of quan-
tum phase transitions, quantum simulation and compu-
tation [10–18]. In the last decades, Monte Carlo and
Tensor Networks (TN) algorithms have been employed
widely to study quantum many-body systems, and they
are routinely used to benchmark quantum simulation re-
sults [19–29]. However, Monte Carlo methods are limited
by the sign problem [30], while combining accuracy and
scalability in simulating high-dimensional systems still
represent an open challenge for TN methods [31, 32].
Here, we introduce a novel TN variational ansatz, able
to encode the area law of quantum many-body states in
any spatial dimension by keeping a low algorithmic com-
plexity with respect to standard algorithms (see Fig. 1),
thus opening a pathway towards the application of TN to
high-dimensional systems. Hereafter, we benchmark this
approach against spin models up to sizes of N = 64⇥64,
in and out of criticality. Finally, we simulate 2D lattices
of N ⇠ 1000 Rydberg atoms obtaining a phase diagram
which exhibits nontrivial phase transitions, complement-
ing recent results concerning a quasi two-dimensional
similar model [33].

In the last three decades, TN have been developed and
applied to classically simulate quantum many-body sys-
tems, representing the exponentially large wavefunction
with a set of local tensors connected via auxiliary indices
with a bond-dimension m. The bond dimension m allows
to control the amount of information in the TN, interpo-
lating between mean field (m = 1) and the exact but inef-
ficient representation. While for one-dimensional systems
the Matrix Product States (MPS) are the established TN
geometry for equilibrium and out-of-equilibrium prob-
lems, the development of TN algorithms for two- or even
higher-dimensional systems is still ongoing [34–39]. The
most successful TN representations are the Projected En-
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FIG. 1: (a) An aTTN for a 8 ⇥ 8 2D system: The dis-
entanglers in D(u) are applied to the TTN state | TTN i
across the boundaries @⌫ of each link ⌫, in order to fulfill
the area law depicted (b) for a sublattice A (shaded re-
gion) and its boundary @A (purple dots).(c), (d): relative
error of the Ising model ground state energy computed
with the aTTNs and the TTNs. While for L = 8 the
precision achieved with the two methods is the same, a

clear improvement emerges for L = 64.

tangled Pair States (PEPS) [40–43] and the Tree Tensor
Networks (TTN) [44–47], as well as the Multi-scale En-
tanglement Renormalization Ansatz (MERA) [48–50].
TNs shall satisfy the same entanglement bounds un-

der real-space bipartitions, known as area laws, of the
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FIG. 1. Sketch of the system: N hard-core bosons (red balls) are
hopping on a L × L lattice, perpendicular to an external magnetic
field. The magnetic field gives rise to a flux φ through each plaquette,
which in Landau gauge leads to the indicated phase factors in the
hopping amplitudes t . The fluxes in the topmost row and rightmost
column (faded) are only present in case of periodic boundary
conditions (PBC). For PBC, additional phase twists θx and θy can
be introduced (see text), allowing for the definition of topological
invariants.

as illustrated in Fig. 1. In the Landau gauge, the system is
described by the following Hamiltonian [11]:

H = U
∑

x,y

nx,y(nx,y − 1) − t
∑

x,y

{a†
x+1,yax,y e−i 2πδxLθx

+ a
†
x,y+1ax,y ei 2π(φx−δyLθy ) + H.c.} (1)

of bosonic particles, [ax,y,a
†
x ′,y ′ ] = δxx ′δyy ′ ,n = a†a. Here, φ

is the magnetic flux through each plaquette [resulting in a
magnetic filling factor ν = N/(φL2), with N the number of
bosons in the system] and θx , θy implement the twists in the
boundary condition [12]. In the dilute limit (small densities
and small fluxes), the lattice physics approaches the one of
the continuum.1 However, in the large flux limit, available
in cold gases experiments, the phase diagram is not set. On
small systems, it has been shown by exact diagonalization
(ED) that the GS of the model described by Eq. (1) at filling
factor ν = 1/q (where q is an even integer) is compatible
with a lattice analog of the (bosonic) Laughlin wave function
[12–14,24,25], exhibiting topological GS degeneracy and a
nonzero Chern number [26]. However, the overlap with the
exact Laughlin wave functions rapidly degrades with system
size already for small systems of six particles. From a
complementary viewpoint, the ladder version of the Hofstadter
model has also been shown to share similarities with FQH
states [27–30]. Very recently, iDMRG results on cylinders
have shown strong signatures of integer quantum Hall states,
and have reported fractional current quantization in regimes
different from the one we consider here [31]. Throughout,
we focus on the strongly interacting case U → ∞ (hard-core
bosons) with flux values φ = 1

8 and 1
16 , respectively, which

1Notice that the continuum limit is also recovered by adding tailored
long-range hoppings, which effectively flatten the lowest band [47].

x

y

L
L

m
N

FIG. 2. Binary tree-tensor network ansatz for a L × L lattice.
The blue dots are the physical sites with local dimension d (d = 2
for hard-core bosons). Each tensor groups two sites to one virtual
site (gray dots), leading to a hierarchical tree structure. In order to
capture the 2D lattice geometry, the grouping is performed in the x

and y directions, alternating from level to level. The dimension of
the virtual sites in the lth level (counting from below) is min(d2l

,m),
where m is the bond dimension of the TTN. The additional cyan link
at the top left tensor has dimension one and selects the global particle
number N [32].

correspond to flux setups that are experimentally available.
Finally, we fix the energy scale by setting t = 1.

III. TREE-TENSOR NETWORK ANSATZ

We employ a tree-tensor network (TTN) ansatz [33] for the
GS and the two lowest excited states to verify the properties
discussed above. The specific binary TTN used in this work
is illustrated in Fig. 2, where the standard graphical notation
for tensor networks (TN) is employed [34,35]: tensors are
drawn as cubes, with attached lines symbolizing tensor indices
(links). Links that are shared by two tensors are contracted,
which in TN language means that over their corresponding
mutual indices is to be summed. The dimension of each
link in the TTN is upper bounded by a constant m (bond
dimension), which serves as the refinement parameter of the
ansatz: the larger m, the more accurate the true many-body
state can be approximated. In a binary TTN, each tensor has
at most three links; therefore, the scaling of the computational
resources with the bond dimension is moderate in algorithms
using this class of TN states [19]. Furthermore, we exploit
particle-number conservation by restricting the ansatz to the
N -particle symmetry sector [32].

While it is known that a two-dimensional (2D) TTN is not
compatible with the area law for the entanglement entropy
[17,36], it possesses several beneficial features which make it
a promising tool for the study of intermediate system sizes:
(a) the existence of a numerically stable search algorithm
for eigenstates [18,19,35]; (b) a low-order polynomial scaling
O(m4L2) of the computational cost; (c) easy interchange of
various boundary conditions (open, periodic, twisted); (d)
access to the entanglement entropy for bipartition shapes
that enable the determination of the topological entanglement
entropy (TEE) [23]. In what follows, we will exploit these
properties to gather a number of numerical pieces of evidence
supporting a FQH GS of the model (1) in the case of filling
ν = 1

2 .
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We introduce a novel tensor network structure augmenting the well-established Tree Tensor Net-
work representation of a quantum many-body wave function. The new structure satisfies the area
law in high dimensions remaining e�ciently manipulatable and scalable. We benchmark this novel
approach against paradigmatic two-dimensional spin models demonstrating unprecedented precision
and system sizes. Finally, we compute the ground state phase diagram of two-dimensional lattice
Rydberg atoms in optical tweezers observing non-trivial phases and quantum phase transitions,
providing realistic benchmarks for current and future two-dimensional quantum simulations.

Recent experiments investigated one- and two-
dimensional lattice quantum many-body systems at un-
precedented sizes, calling for a continuous search of nu-
merical techniques to provide accurate benchmarking
and verification of future quantum simulations [1–9]. In
particular, Rydberg atoms in optical tweezers are one
of the most promising platforms for the study of quan-
tum phase transitions, quantum simulation and compu-
tation [10–18]. In the last decades, Monte Carlo and
Tensor Networks (TN) algorithms have been employed
widely to study quantum many-body systems, and they
are routinely used to benchmark quantum simulation re-
sults [19–29]. However, Monte Carlo methods are limited
by the sign problem [30], while combining accuracy and
scalability in simulating high-dimensional systems still
represent an open challenge for TN methods [31, 32].
Here, we introduce a novel TN variational ansatz, able
to encode the area law of quantum many-body states in
any spatial dimension by keeping a low algorithmic com-
plexity with respect to standard algorithms (see Fig. 1),
thus opening a pathway towards the application of TN to
high-dimensional systems. Hereafter, we benchmark this
approach against spin models up to sizes of N = 64⇥64,
in and out of criticality. Finally, we simulate 2D lattices
of N ⇠ 1000 Rydberg atoms obtaining a phase diagram
which exhibits nontrivial phase transitions, complement-
ing recent results concerning a quasi two-dimensional
similar model [33].

In the last three decades, TN have been developed and
applied to classically simulate quantum many-body sys-
tems, representing the exponentially large wavefunction
with a set of local tensors connected via auxiliary indices
with a bond-dimension m. The bond dimension m allows
to control the amount of information in the TN, interpo-
lating between mean field (m = 1) and the exact but inef-
ficient representation. While for one-dimensional systems
the Matrix Product States (MPS) are the established TN
geometry for equilibrium and out-of-equilibrium prob-
lems, the development of TN algorithms for two- or even
higher-dimensional systems is still ongoing [34–39]. The
most successful TN representations are the Projected En-

| TTN i

D(u)

H

(a) (b)

(d)(c)

Area law in 2D

FIG. 1: (a) An aTTN for a 8 ⇥ 8 2D system: The dis-
entanglers in D(u) are applied to the TTN state | TTN i
across the boundaries @⌫ of each link ⌫, in order to fulfill
the area law depicted (b) for a sublattice A (shaded re-
gion) and its boundary @A (purple dots).(c), (d): relative
error of the Ising model ground state energy computed
with the aTTNs and the TTNs. While for L = 8 the
precision achieved with the two methods is the same, a

clear improvement emerges for L = 64.

tangled Pair States (PEPS) [40–43] and the Tree Tensor
Networks (TTN) [44–47], as well as the Multi-scale En-
tanglement Renormalization Ansatz (MERA) [48–50].
TNs shall satisfy the same entanglement bounds un-

der real-space bipartitions, known as area laws, of the
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FIG. 1. Sketch of the system: N hard-core bosons (red balls) are
hopping on a L × L lattice, perpendicular to an external magnetic
field. The magnetic field gives rise to a flux φ through each plaquette,
which in Landau gauge leads to the indicated phase factors in the
hopping amplitudes t . The fluxes in the topmost row and rightmost
column (faded) are only present in case of periodic boundary
conditions (PBC). For PBC, additional phase twists θx and θy can
be introduced (see text), allowing for the definition of topological
invariants.

as illustrated in Fig. 1. In the Landau gauge, the system is
described by the following Hamiltonian [11]:

H = U
∑

x,y

nx,y(nx,y − 1) − t
∑

x,y

{a†
x+1,yax,y e−i 2πδxLθx

+ a
†
x,y+1ax,y ei 2π(φx−δyLθy ) + H.c.} (1)

of bosonic particles, [ax,y,a
†
x ′,y ′ ] = δxx ′δyy ′ ,n = a†a. Here, φ

is the magnetic flux through each plaquette [resulting in a
magnetic filling factor ν = N/(φL2), with N the number of
bosons in the system] and θx , θy implement the twists in the
boundary condition [12]. In the dilute limit (small densities
and small fluxes), the lattice physics approaches the one of
the continuum.1 However, in the large flux limit, available
in cold gases experiments, the phase diagram is not set. On
small systems, it has been shown by exact diagonalization
(ED) that the GS of the model described by Eq. (1) at filling
factor ν = 1/q (where q is an even integer) is compatible
with a lattice analog of the (bosonic) Laughlin wave function
[12–14,24,25], exhibiting topological GS degeneracy and a
nonzero Chern number [26]. However, the overlap with the
exact Laughlin wave functions rapidly degrades with system
size already for small systems of six particles. From a
complementary viewpoint, the ladder version of the Hofstadter
model has also been shown to share similarities with FQH
states [27–30]. Very recently, iDMRG results on cylinders
have shown strong signatures of integer quantum Hall states,
and have reported fractional current quantization in regimes
different from the one we consider here [31]. Throughout,
we focus on the strongly interacting case U → ∞ (hard-core
bosons) with flux values φ = 1

8 and 1
16 , respectively, which

1Notice that the continuum limit is also recovered by adding tailored
long-range hoppings, which effectively flatten the lowest band [47].

x

y

L
L

m
N

FIG. 2. Binary tree-tensor network ansatz for a L × L lattice.
The blue dots are the physical sites with local dimension d (d = 2
for hard-core bosons). Each tensor groups two sites to one virtual
site (gray dots), leading to a hierarchical tree structure. In order to
capture the 2D lattice geometry, the grouping is performed in the x

and y directions, alternating from level to level. The dimension of
the virtual sites in the lth level (counting from below) is min(d2l

,m),
where m is the bond dimension of the TTN. The additional cyan link
at the top left tensor has dimension one and selects the global particle
number N [32].

correspond to flux setups that are experimentally available.
Finally, we fix the energy scale by setting t = 1.

III. TREE-TENSOR NETWORK ANSATZ

We employ a tree-tensor network (TTN) ansatz [33] for the
GS and the two lowest excited states to verify the properties
discussed above. The specific binary TTN used in this work
is illustrated in Fig. 2, where the standard graphical notation
for tensor networks (TN) is employed [34,35]: tensors are
drawn as cubes, with attached lines symbolizing tensor indices
(links). Links that are shared by two tensors are contracted,
which in TN language means that over their corresponding
mutual indices is to be summed. The dimension of each
link in the TTN is upper bounded by a constant m (bond
dimension), which serves as the refinement parameter of the
ansatz: the larger m, the more accurate the true many-body
state can be approximated. In a binary TTN, each tensor has
at most three links; therefore, the scaling of the computational
resources with the bond dimension is moderate in algorithms
using this class of TN states [19]. Furthermore, we exploit
particle-number conservation by restricting the ansatz to the
N -particle symmetry sector [32].

While it is known that a two-dimensional (2D) TTN is not
compatible with the area law for the entanglement entropy
[17,36], it possesses several beneficial features which make it
a promising tool for the study of intermediate system sizes:
(a) the existence of a numerically stable search algorithm
for eigenstates [18,19,35]; (b) a low-order polynomial scaling
O(m4L2) of the computational cost; (c) easy interchange of
various boundary conditions (open, periodic, twisted); (d)
access to the entanglement entropy for bipartition shapes
that enable the determination of the topological entanglement
entropy (TEE) [23]. In what follows, we will exploit these
properties to gather a number of numerical pieces of evidence
supporting a FQH GS of the model (1) in the case of filling
ν = 1

2 .
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We introduce a novel tensor network structure augmenting the well-established Tree Tensor Net-
work representation of a quantum many-body wave function. The new structure satisfies the area
law in high dimensions remaining e�ciently manipulatable and scalable. We benchmark this novel
approach against paradigmatic two-dimensional spin models demonstrating unprecedented precision
and system sizes. Finally, we compute the ground state phase diagram of two-dimensional lattice
Rydberg atoms in optical tweezers observing non-trivial phases and quantum phase transitions,
providing realistic benchmarks for current and future two-dimensional quantum simulations.

Recent experiments investigated one- and two-
dimensional lattice quantum many-body systems at un-
precedented sizes, calling for a continuous search of nu-
merical techniques to provide accurate benchmarking
and verification of future quantum simulations [1–9]. In
particular, Rydberg atoms in optical tweezers are one
of the most promising platforms for the study of quan-
tum phase transitions, quantum simulation and compu-
tation [10–18]. In the last decades, Monte Carlo and
Tensor Networks (TN) algorithms have been employed
widely to study quantum many-body systems, and they
are routinely used to benchmark quantum simulation re-
sults [19–29]. However, Monte Carlo methods are limited
by the sign problem [30], while combining accuracy and
scalability in simulating high-dimensional systems still
represent an open challenge for TN methods [31, 32].
Here, we introduce a novel TN variational ansatz, able
to encode the area law of quantum many-body states in
any spatial dimension by keeping a low algorithmic com-
plexity with respect to standard algorithms (see Fig. 1),
thus opening a pathway towards the application of TN to
high-dimensional systems. Hereafter, we benchmark this
approach against spin models up to sizes of N = 64⇥64,
in and out of criticality. Finally, we simulate 2D lattices
of N ⇠ 1000 Rydberg atoms obtaining a phase diagram
which exhibits nontrivial phase transitions, complement-
ing recent results concerning a quasi two-dimensional
similar model [33].

In the last three decades, TN have been developed and
applied to classically simulate quantum many-body sys-
tems, representing the exponentially large wavefunction
with a set of local tensors connected via auxiliary indices
with a bond-dimension m. The bond dimension m allows
to control the amount of information in the TN, interpo-
lating between mean field (m = 1) and the exact but inef-
ficient representation. While for one-dimensional systems
the Matrix Product States (MPS) are the established TN
geometry for equilibrium and out-of-equilibrium prob-
lems, the development of TN algorithms for two- or even
higher-dimensional systems is still ongoing [34–39]. The
most successful TN representations are the Projected En-

| TTN i

D(u)

H

(a) (b)

(d)(c)

Area law in 2D

FIG. 1: (a) An aTTN for a 8 ⇥ 8 2D system: The dis-
entanglers in D(u) are applied to the TTN state | TTN i
across the boundaries @⌫ of each link ⌫, in order to fulfill
the area law depicted (b) for a sublattice A (shaded re-
gion) and its boundary @A (purple dots).(c), (d): relative
error of the Ising model ground state energy computed
with the aTTNs and the TTNs. While for L = 8 the
precision achieved with the two methods is the same, a

clear improvement emerges for L = 64.

tangled Pair States (PEPS) [40–43] and the Tree Tensor
Networks (TTN) [44–47], as well as the Multi-scale En-
tanglement Renormalization Ansatz (MERA) [48–50].
TNs shall satisfy the same entanglement bounds un-

der real-space bipartitions, known as area laws, of the
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TABLE I: Comparison of the most prominent TNs discussed in the main text: Numerical complexity as a function
of the bond-dimension �, obeying the entanglement area law, the typical bond-dimension to be used in current high

performance simulations and the calculation of expectation values, i.e. the exact contractability.

Tensor Network Complexity Area law in 2D Typical Bond dimensions Exact contractable
MPS / DMRG O

�
�
3
 

No (Only in 1D) > 10.000 Yes (O
�
�
3
 
)

TTN O
�
�
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No (Only in 1D) ⇡ 1.000� 2.000 Yes (O
�
�
4
 
)

PEPS O
�
�
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�
�
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)

MERA O
�
�
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�
�
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(2D) Yes ⇠ 10 Yes (O

�
�
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)

aTTN O
�
�
4
 

Yes* ⇡ 500 Yes (O
�
�
4
 
)

| i 2 ⌦N
i Hi on the lattice L is given by

| aTTNi = D†(u)| TTNi (4)

with | TTNi describing the wave-function
parametrised by the internal TTN. Therein, the
appended layer D(u) contains ND disentanglers {uk},
which all act independently of each other on di↵erent
sites of the lattice L . Each of the disentanglers uk is a
unitary when fusing its first two and its last two indices
respectively, thus obeying the isometry condition

X

k3,k4

(uk)
k1,k2

k3,k4
(u†

k)
k3,k4

k0
1,k

0
2
= �k1,k0

1
�k2,k0

2
. (5)

Hence, one disentangler uk performs a unitary transfor-

mation on two physical sites (i[k]1 , i[k]2 ) towards the at-
tached TTN. This local transformation aims to decou-
ple - or disentangle - relevant degrees of freedom in the
quantum many-body state which consequently disappear
for the TTN. Thus, the complete layer D(u) maps a pure
state  of the lattice L to another pure state  aux within
the same Hilbert space H by applying all of its disen-
tanglers uk.

D(u) : H ! H (6)

D(u)| i = u1u2...uK | i = | auxi (7)

Note, that the di↵erent disentanglers uk commute with
each other, as they all act on di↵erent spaces Hk1 ⌦Hk2 .
In this manner, D(u) can be as well seen as a unitary
mapping for a given physical Hamiltonian H 2 H to
an auxiliary Hamiltonian Haux = D(u)HD†(u) towards
the TTN within the aTTN. This preconditioning of the
Hamiltonian H for the internal TTN can be performed
in a way, such that it introduces an area law for higher-
dimensional systems of the complete network while keep-
ing the complexity for the optimisation at O

�
�4

�
. Thus

the aTTN avoids the weakness of a TTN - being the lack
of an area law - and still maintains its main advantages,
namely (i) the reasonably low scaling with bond dimen-
sion � compared to both MERA and PEPS, and (ii) the
ability to contract the network exactly, which in general
is not guaranteed for a PEPS (see also Tab. I for com-
parison). Let us point out as well, that the aTTN is not
restricted to a certain dimensionality of the underlying

system, but can be applied for a general D-dimensional
system.
In Fig. 1 we give an illustrative example of an aTTN for

a two-dimensional 8⇥8 system with its disentangler layer
D(u) consisting of 6 di↵erent disentanglers uk (green). As
shown therein, not every physical site j is addressed by a
disentangler, which - as we will explain later on - is key
for a better numerical complexity. Thus the positioning
of the disentanglers uk for a general aTTN is critical in
order to (i) keep an optimal numerical complexity for the
optimisation and (ii) e�ciently encode an area law in the
TN.
Resuming, the total number of parameters for an

aTTN state scales with O(N�3 +NDd4) where � is the
bond dimension of the TTN within, and ND is the num-
ber of disentanglers uk in the disentangler layer D(u).

3. Area Law in aTTN

For the description of the area-law captured by the
aTTN, we illustrate the case of a two-dimensional square
lattice L with N = L ⇥ L sites, where furthermore
L = 2n. The fundamental idea anyhow holds true for
an D-dimensional lattice structure with arbitrary dimen-
sions Li. Furthermore, we here assume a binary TTN,
which is arranged so that the tensors within the tree al-
ternatingly in x- and y-direction coarse-grain neighboring
sites going from layer to layer, as it is as well the case
for the internal TTN of the in Fig. 1 shown aTTN (the
internal TTN is illustrated by its tensors in blue and its
links in gray). The topmost link of such a tree bipartites
the whole system L into the two equally (L⇥L/2)-sized
subsystems A and B. Going from the topmost link down-
wards in the TTN, each link within a layer further divides
a smaller lx ⇥ ly-dimensional sublattice.

TABLE II: Size of boundaries of di↵erent bipartitions in
a 2D system L for di↵erent boundary conditions of L

�⌫[1] �⌫[2] �⌫[3] �⌫[4] ...
Open BC L L

5
4L or 3

4L

cylindrical BC L
3
2L

3
2L or L

toroidal BC 2L 2L
·3/4�! 3

2L
·2/3�! 3

2L
·3/4�!

When we now consider an area-law state  , the bipar-
tition entanglement scales with the boundary @⌫ of the

nlinks / L
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FIG. 1. Sketch of the system: N hard-core bosons (red balls) are
hopping on a L × L lattice, perpendicular to an external magnetic
field. The magnetic field gives rise to a flux φ through each plaquette,
which in Landau gauge leads to the indicated phase factors in the
hopping amplitudes t . The fluxes in the topmost row and rightmost
column (faded) are only present in case of periodic boundary
conditions (PBC). For PBC, additional phase twists θx and θy can
be introduced (see text), allowing for the definition of topological
invariants.

as illustrated in Fig. 1. In the Landau gauge, the system is
described by the following Hamiltonian [11]:

H = U
∑

x,y

nx,y(nx,y − 1) − t
∑

x,y

{a†
x+1,yax,y e−i 2πδxLθx

+ a
†
x,y+1ax,y ei 2π(φx−δyLθy ) + H.c.} (1)

of bosonic particles, [ax,y,a
†
x ′,y ′ ] = δxx ′δyy ′ ,n = a†a. Here, φ

is the magnetic flux through each plaquette [resulting in a
magnetic filling factor ν = N/(φL2), with N the number of
bosons in the system] and θx , θy implement the twists in the
boundary condition [12]. In the dilute limit (small densities
and small fluxes), the lattice physics approaches the one of
the continuum.1 However, in the large flux limit, available
in cold gases experiments, the phase diagram is not set. On
small systems, it has been shown by exact diagonalization
(ED) that the GS of the model described by Eq. (1) at filling
factor ν = 1/q (where q is an even integer) is compatible
with a lattice analog of the (bosonic) Laughlin wave function
[12–14,24,25], exhibiting topological GS degeneracy and a
nonzero Chern number [26]. However, the overlap with the
exact Laughlin wave functions rapidly degrades with system
size already for small systems of six particles. From a
complementary viewpoint, the ladder version of the Hofstadter
model has also been shown to share similarities with FQH
states [27–30]. Very recently, iDMRG results on cylinders
have shown strong signatures of integer quantum Hall states,
and have reported fractional current quantization in regimes
different from the one we consider here [31]. Throughout,
we focus on the strongly interacting case U → ∞ (hard-core
bosons) with flux values φ = 1

8 and 1
16 , respectively, which

1Notice that the continuum limit is also recovered by adding tailored
long-range hoppings, which effectively flatten the lowest band [47].
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FIG. 2. Binary tree-tensor network ansatz for a L × L lattice.
The blue dots are the physical sites with local dimension d (d = 2
for hard-core bosons). Each tensor groups two sites to one virtual
site (gray dots), leading to a hierarchical tree structure. In order to
capture the 2D lattice geometry, the grouping is performed in the x

and y directions, alternating from level to level. The dimension of
the virtual sites in the lth level (counting from below) is min(d2l

,m),
where m is the bond dimension of the TTN. The additional cyan link
at the top left tensor has dimension one and selects the global particle
number N [32].

correspond to flux setups that are experimentally available.
Finally, we fix the energy scale by setting t = 1.

III. TREE-TENSOR NETWORK ANSATZ

We employ a tree-tensor network (TTN) ansatz [33] for the
GS and the two lowest excited states to verify the properties
discussed above. The specific binary TTN used in this work
is illustrated in Fig. 2, where the standard graphical notation
for tensor networks (TN) is employed [34,35]: tensors are
drawn as cubes, with attached lines symbolizing tensor indices
(links). Links that are shared by two tensors are contracted,
which in TN language means that over their corresponding
mutual indices is to be summed. The dimension of each
link in the TTN is upper bounded by a constant m (bond
dimension), which serves as the refinement parameter of the
ansatz: the larger m, the more accurate the true many-body
state can be approximated. In a binary TTN, each tensor has
at most three links; therefore, the scaling of the computational
resources with the bond dimension is moderate in algorithms
using this class of TN states [19]. Furthermore, we exploit
particle-number conservation by restricting the ansatz to the
N -particle symmetry sector [32].

While it is known that a two-dimensional (2D) TTN is not
compatible with the area law for the entanglement entropy
[17,36], it possesses several beneficial features which make it
a promising tool for the study of intermediate system sizes:
(a) the existence of a numerically stable search algorithm
for eigenstates [18,19,35]; (b) a low-order polynomial scaling
O(m4L2) of the computational cost; (c) easy interchange of
various boundary conditions (open, periodic, twisted); (d)
access to the entanglement entropy for bipartition shapes
that enable the determination of the topological entanglement
entropy (TEE) [23]. In what follows, we will exploit these
properties to gather a number of numerical pieces of evidence
supporting a FQH GS of the model (1) in the case of filling
ν = 1

2 .
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We introduce a novel tensor network structure augmenting the well-established Tree Tensor Net-
work representation of a quantum many-body wave function. The new structure satisfies the area
law in high dimensions remaining e�ciently manipulatable and scalable. We benchmark this novel
approach against paradigmatic two-dimensional spin models demonstrating unprecedented precision
and system sizes. Finally, we compute the ground state phase diagram of two-dimensional lattice
Rydberg atoms in optical tweezers observing non-trivial phases and quantum phase transitions,
providing realistic benchmarks for current and future two-dimensional quantum simulations.

Recent experiments investigated one- and two-
dimensional lattice quantum many-body systems at un-
precedented sizes, calling for a continuous search of nu-
merical techniques to provide accurate benchmarking
and verification of future quantum simulations [1–9]. In
particular, Rydberg atoms in optical tweezers are one
of the most promising platforms for the study of quan-
tum phase transitions, quantum simulation and compu-
tation [10–18]. In the last decades, Monte Carlo and
Tensor Networks (TN) algorithms have been employed
widely to study quantum many-body systems, and they
are routinely used to benchmark quantum simulation re-
sults [19–29]. However, Monte Carlo methods are limited
by the sign problem [30], while combining accuracy and
scalability in simulating high-dimensional systems still
represent an open challenge for TN methods [31, 32].
Here, we introduce a novel TN variational ansatz, able
to encode the area law of quantum many-body states in
any spatial dimension by keeping a low algorithmic com-
plexity with respect to standard algorithms (see Fig. 1),
thus opening a pathway towards the application of TN to
high-dimensional systems. Hereafter, we benchmark this
approach against spin models up to sizes of N = 64⇥64,
in and out of criticality. Finally, we simulate 2D lattices
of N ⇠ 1000 Rydberg atoms obtaining a phase diagram
which exhibits nontrivial phase transitions, complement-
ing recent results concerning a quasi two-dimensional
similar model [33].

In the last three decades, TN have been developed and
applied to classically simulate quantum many-body sys-
tems, representing the exponentially large wavefunction
with a set of local tensors connected via auxiliary indices
with a bond-dimension m. The bond dimension m allows
to control the amount of information in the TN, interpo-
lating between mean field (m = 1) and the exact but inef-
ficient representation. While for one-dimensional systems
the Matrix Product States (MPS) are the established TN
geometry for equilibrium and out-of-equilibrium prob-
lems, the development of TN algorithms for two- or even
higher-dimensional systems is still ongoing [34–39]. The
most successful TN representations are the Projected En-

| TTN i

D(u)

H

(a) (b)

(d)(c)

Area law in 2D

FIG. 1: (a) An aTTN for a 8 ⇥ 8 2D system: The dis-
entanglers in D(u) are applied to the TTN state | TTN i
across the boundaries @⌫ of each link ⌫, in order to fulfill
the area law depicted (b) for a sublattice A (shaded re-
gion) and its boundary @A (purple dots).(c), (d): relative
error of the Ising model ground state energy computed
with the aTTNs and the TTNs. While for L = 8 the
precision achieved with the two methods is the same, a

clear improvement emerges for L = 64.

tangled Pair States (PEPS) [40–43] and the Tree Tensor
Networks (TTN) [44–47], as well as the Multi-scale En-
tanglement Renormalization Ansatz (MERA) [48–50].
TNs shall satisfy the same entanglement bounds un-

der real-space bipartitions, known as area laws, of the
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TABLE I: Comparison of the most prominent TNs discussed in the main text: Numerical complexity as a function
of the bond-dimension �, obeying the entanglement area law, the typical bond-dimension to be used in current high

performance simulations and the calculation of expectation values, i.e. the exact contractability.

Tensor Network Complexity Area law in 2D Typical Bond dimensions Exact contractable
MPS / DMRG O

�
�
3
 

No (Only in 1D) > 10.000 Yes (O
�
�
3
 
)

TTN O
�
�
4
 

No (Only in 1D) ⇡ 1.000� 2.000 Yes (O
�
�
4
 
)

PEPS O
�
�
10
 

Yes ⇠ 10 No (O
�
�
L
 
)

MERA O
�
�
8
 
(1D), O

�
�
16
 
(2D) Yes ⇠ 10 Yes (O

�
�
8
 
)

aTTN O
�
�
4
 

Yes* ⇡ 500 Yes (O
�
�
4
 
)

| i 2 ⌦N
i Hi on the lattice L is given by

| aTTNi = D†(u)| TTNi (4)

with | TTNi describing the wave-function
parametrised by the internal TTN. Therein, the
appended layer D(u) contains ND disentanglers {uk},
which all act independently of each other on di↵erent
sites of the lattice L . Each of the disentanglers uk is a
unitary when fusing its first two and its last two indices
respectively, thus obeying the isometry condition

X

k3,k4

(uk)
k1,k2

k3,k4
(u†

k)
k3,k4

k0
1,k

0
2
= �k1,k0

1
�k2,k0

2
. (5)

Hence, one disentangler uk performs a unitary transfor-

mation on two physical sites (i[k]1 , i[k]2 ) towards the at-
tached TTN. This local transformation aims to decou-
ple - or disentangle - relevant degrees of freedom in the
quantum many-body state which consequently disappear
for the TTN. Thus, the complete layer D(u) maps a pure
state  of the lattice L to another pure state  aux within
the same Hilbert space H by applying all of its disen-
tanglers uk.

D(u) : H ! H (6)

D(u)| i = u1u2...uK | i = | auxi (7)

Note, that the di↵erent disentanglers uk commute with
each other, as they all act on di↵erent spaces Hk1 ⌦Hk2 .
In this manner, D(u) can be as well seen as a unitary
mapping for a given physical Hamiltonian H 2 H to
an auxiliary Hamiltonian Haux = D(u)HD†(u) towards
the TTN within the aTTN. This preconditioning of the
Hamiltonian H for the internal TTN can be performed
in a way, such that it introduces an area law for higher-
dimensional systems of the complete network while keep-
ing the complexity for the optimisation at O

�
�4

�
. Thus

the aTTN avoids the weakness of a TTN - being the lack
of an area law - and still maintains its main advantages,
namely (i) the reasonably low scaling with bond dimen-
sion � compared to both MERA and PEPS, and (ii) the
ability to contract the network exactly, which in general
is not guaranteed for a PEPS (see also Tab. I for com-
parison). Let us point out as well, that the aTTN is not
restricted to a certain dimensionality of the underlying

system, but can be applied for a general D-dimensional
system.
In Fig. 1 we give an illustrative example of an aTTN for

a two-dimensional 8⇥8 system with its disentangler layer
D(u) consisting of 6 di↵erent disentanglers uk (green). As
shown therein, not every physical site j is addressed by a
disentangler, which - as we will explain later on - is key
for a better numerical complexity. Thus the positioning
of the disentanglers uk for a general aTTN is critical in
order to (i) keep an optimal numerical complexity for the
optimisation and (ii) e�ciently encode an area law in the
TN.
Resuming, the total number of parameters for an

aTTN state scales with O(N�3 +NDd4) where � is the
bond dimension of the TTN within, and ND is the num-
ber of disentanglers uk in the disentangler layer D(u).

3. Area Law in aTTN

For the description of the area-law captured by the
aTTN, we illustrate the case of a two-dimensional square
lattice L with N = L ⇥ L sites, where furthermore
L = 2n. The fundamental idea anyhow holds true for
an D-dimensional lattice structure with arbitrary dimen-
sions Li. Furthermore, we here assume a binary TTN,
which is arranged so that the tensors within the tree al-
ternatingly in x- and y-direction coarse-grain neighboring
sites going from layer to layer, as it is as well the case
for the internal TTN of the in Fig. 1 shown aTTN (the
internal TTN is illustrated by its tensors in blue and its
links in gray). The topmost link of such a tree bipartites
the whole system L into the two equally (L⇥L/2)-sized
subsystems A and B. Going from the topmost link down-
wards in the TTN, each link within a layer further divides
a smaller lx ⇥ ly-dimensional sublattice.

TABLE II: Size of boundaries of di↵erent bipartitions in
a 2D system L for di↵erent boundary conditions of L

�⌫[1] �⌫[2] �⌫[3] �⌫[4] ...
Open BC L L

5
4L or 3

4L

cylindrical BC L
3
2L

3
2L or L

toroidal BC 2L 2L
·3/4�! 3

2L
·2/3�! 3

2L
·3/4�!

When we now consider an area-law state  , the bipar-
tition entanglement scales with the boundary @⌫ of the

nlinks / L
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FIG. 1. Sketch of the system: N hard-core bosons (red balls) are
hopping on a L × L lattice, perpendicular to an external magnetic
field. The magnetic field gives rise to a flux φ through each plaquette,
which in Landau gauge leads to the indicated phase factors in the
hopping amplitudes t . The fluxes in the topmost row and rightmost
column (faded) are only present in case of periodic boundary
conditions (PBC). For PBC, additional phase twists θx and θy can
be introduced (see text), allowing for the definition of topological
invariants.

as illustrated in Fig. 1. In the Landau gauge, the system is
described by the following Hamiltonian [11]:

H = U
∑

x,y

nx,y(nx,y − 1) − t
∑

x,y

{a†
x+1,yax,y e−i 2πδxLθx

+ a
†
x,y+1ax,y ei 2π(φx−δyLθy ) + H.c.} (1)

of bosonic particles, [ax,y,a
†
x ′,y ′ ] = δxx ′δyy ′ ,n = a†a. Here, φ

is the magnetic flux through each plaquette [resulting in a
magnetic filling factor ν = N/(φL2), with N the number of
bosons in the system] and θx , θy implement the twists in the
boundary condition [12]. In the dilute limit (small densities
and small fluxes), the lattice physics approaches the one of
the continuum.1 However, in the large flux limit, available
in cold gases experiments, the phase diagram is not set. On
small systems, it has been shown by exact diagonalization
(ED) that the GS of the model described by Eq. (1) at filling
factor ν = 1/q (where q is an even integer) is compatible
with a lattice analog of the (bosonic) Laughlin wave function
[12–14,24,25], exhibiting topological GS degeneracy and a
nonzero Chern number [26]. However, the overlap with the
exact Laughlin wave functions rapidly degrades with system
size already for small systems of six particles. From a
complementary viewpoint, the ladder version of the Hofstadter
model has also been shown to share similarities with FQH
states [27–30]. Very recently, iDMRG results on cylinders
have shown strong signatures of integer quantum Hall states,
and have reported fractional current quantization in regimes
different from the one we consider here [31]. Throughout,
we focus on the strongly interacting case U → ∞ (hard-core
bosons) with flux values φ = 1

8 and 1
16 , respectively, which

1Notice that the continuum limit is also recovered by adding tailored
long-range hoppings, which effectively flatten the lowest band [47].

x

y

L
L

m
N

FIG. 2. Binary tree-tensor network ansatz for a L × L lattice.
The blue dots are the physical sites with local dimension d (d = 2
for hard-core bosons). Each tensor groups two sites to one virtual
site (gray dots), leading to a hierarchical tree structure. In order to
capture the 2D lattice geometry, the grouping is performed in the x

and y directions, alternating from level to level. The dimension of
the virtual sites in the lth level (counting from below) is min(d2l

,m),
where m is the bond dimension of the TTN. The additional cyan link
at the top left tensor has dimension one and selects the global particle
number N [32].

correspond to flux setups that are experimentally available.
Finally, we fix the energy scale by setting t = 1.

III. TREE-TENSOR NETWORK ANSATZ

We employ a tree-tensor network (TTN) ansatz [33] for the
GS and the two lowest excited states to verify the properties
discussed above. The specific binary TTN used in this work
is illustrated in Fig. 2, where the standard graphical notation
for tensor networks (TN) is employed [34,35]: tensors are
drawn as cubes, with attached lines symbolizing tensor indices
(links). Links that are shared by two tensors are contracted,
which in TN language means that over their corresponding
mutual indices is to be summed. The dimension of each
link in the TTN is upper bounded by a constant m (bond
dimension), which serves as the refinement parameter of the
ansatz: the larger m, the more accurate the true many-body
state can be approximated. In a binary TTN, each tensor has
at most three links; therefore, the scaling of the computational
resources with the bond dimension is moderate in algorithms
using this class of TN states [19]. Furthermore, we exploit
particle-number conservation by restricting the ansatz to the
N -particle symmetry sector [32].

While it is known that a two-dimensional (2D) TTN is not
compatible with the area law for the entanglement entropy
[17,36], it possesses several beneficial features which make it
a promising tool for the study of intermediate system sizes:
(a) the existence of a numerically stable search algorithm
for eigenstates [18,19,35]; (b) a low-order polynomial scaling
O(m4L2) of the computational cost; (c) easy interchange of
various boundary conditions (open, periodic, twisted); (d)
access to the entanglement entropy for bipartition shapes
that enable the determination of the topological entanglement
entropy (TEE) [23]. In what follows, we will exploit these
properties to gather a number of numerical pieces of evidence
supporting a FQH GS of the model (1) in the case of filling
ν = 1

2 .
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We introduce a novel tensor network structure augmenting the well-established Tree Tensor Net-
work representation of a quantum many-body wave function. The new structure satisfies the area
law in high dimensions remaining e�ciently manipulatable and scalable. We benchmark this novel
approach against paradigmatic two-dimensional spin models demonstrating unprecedented precision
and system sizes. Finally, we compute the ground state phase diagram of two-dimensional lattice
Rydberg atoms in optical tweezers observing non-trivial phases and quantum phase transitions,
providing realistic benchmarks for current and future two-dimensional quantum simulations.

Recent experiments investigated one- and two-
dimensional lattice quantum many-body systems at un-
precedented sizes, calling for a continuous search of nu-
merical techniques to provide accurate benchmarking
and verification of future quantum simulations [1–9]. In
particular, Rydberg atoms in optical tweezers are one
of the most promising platforms for the study of quan-
tum phase transitions, quantum simulation and compu-
tation [10–18]. In the last decades, Monte Carlo and
Tensor Networks (TN) algorithms have been employed
widely to study quantum many-body systems, and they
are routinely used to benchmark quantum simulation re-
sults [19–29]. However, Monte Carlo methods are limited
by the sign problem [30], while combining accuracy and
scalability in simulating high-dimensional systems still
represent an open challenge for TN methods [31, 32].
Here, we introduce a novel TN variational ansatz, able
to encode the area law of quantum many-body states in
any spatial dimension by keeping a low algorithmic com-
plexity with respect to standard algorithms (see Fig. 1),
thus opening a pathway towards the application of TN to
high-dimensional systems. Hereafter, we benchmark this
approach against spin models up to sizes of N = 64⇥64,
in and out of criticality. Finally, we simulate 2D lattices
of N ⇠ 1000 Rydberg atoms obtaining a phase diagram
which exhibits nontrivial phase transitions, complement-
ing recent results concerning a quasi two-dimensional
similar model [33].

In the last three decades, TN have been developed and
applied to classically simulate quantum many-body sys-
tems, representing the exponentially large wavefunction
with a set of local tensors connected via auxiliary indices
with a bond-dimension m. The bond dimension m allows
to control the amount of information in the TN, interpo-
lating between mean field (m = 1) and the exact but inef-
ficient representation. While for one-dimensional systems
the Matrix Product States (MPS) are the established TN
geometry for equilibrium and out-of-equilibrium prob-
lems, the development of TN algorithms for two- or even
higher-dimensional systems is still ongoing [34–39]. The
most successful TN representations are the Projected En-

| TTN i

D(u)

H

(a) (b)

(d)(c)

Area law in 2D

FIG. 1: (a) An aTTN for a 8 ⇥ 8 2D system: The dis-
entanglers in D(u) are applied to the TTN state | TTN i
across the boundaries @⌫ of each link ⌫, in order to fulfill
the area law depicted (b) for a sublattice A (shaded re-
gion) and its boundary @A (purple dots).(c), (d): relative
error of the Ising model ground state energy computed
with the aTTNs and the TTNs. While for L = 8 the
precision achieved with the two methods is the same, a

clear improvement emerges for L = 64.

tangled Pair States (PEPS) [40–43] and the Tree Tensor
Networks (TTN) [44–47], as well as the Multi-scale En-
tanglement Renormalization Ansatz (MERA) [48–50].
TNs shall satisfy the same entanglement bounds un-

der real-space bipartitions, known as area laws, of the
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(a)

(b) (c)

FIG. 4: Disentangler positions for simulations of Hamiltonians with periodic boundary conditions and
nearest-neighbor interactions only for system size L = 8 (a), L = 16 (b), L = 32 (c). The red(blue)-dotted lines

indicate the bipartition of the up-most(second highest) link of the internal TTN.

�5 = 32 ( see Fig. 4 (b) ).
In contrast to the analysis of the Ising model and

Heisenberg model, the Rydberg computations deal with
open boundary conditions and we consider next-nearest-
neighbor terms in the Hamiltonian, i.e. with the lat-
tice spacings (0,1), (1,0), (1,1), (1,-1), (2,0), (0,2), (2,1),
(2,-1), (1,2), (1,-2). Therefore, the disentanglers are posi-
tioned more distant to each other with at least two empty
sites between each other (compare Fig. 5). Following
the same strategy as before, we place as many disentan-
glers as possible, starting from the top-most link. Con-
sequently, we position here ND = 4 (with �1 = 3 and
�2 = 2) disentanglers for a 8⇥ 8 system, ND = 22 (with
�1 = 6, �2 = 4, �3 = 8, �4 = 4) for a 16 ⇥ 16 system
and ND = 77 (with �1 = 11, �2 = 10, �3 = 20, �4 = 12,
�5 = 24) for a 32⇥ 32 system.

Ising model

As referred to in the main text, we provide the compar-
ison of the aTTN against the TTN for the ground state
search on the 2D Ising model at system size L = {16, 32}.
In Fig. 6 we report the relative error ✏m = |(hHim �
Eex)/Eex| for increasing bond dimension m with respect

to the energy Eex obtained by extrapolating the results of
the aTTN. We point out that, for the lower system size of
L = 16, the TTN is as precise as the aTTN and the data
points for both tensor networks analysis indeed overlap
reaching the chosen machine precision of 1E-8 with high
bond dimension. This confirms that the TTN is as much
as the aTTN capable of capturing the entanglement in
the 2D system for lower system size. However, going to
larger system sizes, the TTN cannot hold up to the with
L exponentially growing area law and eventually fails to
represent the ground state accurately, while the aTTN in
contrast is able to maintain a higher precision.

Rydberg atom phase diagram analysis

In this section, we provide some detail concerning the
computation of the Rydberg atom lattice phase diagram
and the analysis of the phases we have observed. We
focus, in particular, on the region marked by the dashed
black line in Fig. 3 of the main text, corresponding to
Vnn = 46MHz.
The simulations have been realized by using the aTTN

ansatz with maximum bond dimension m = 300. In or-
der to simulate the ground state as it would be observed
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(a)

(b) (c)

FIG. 4: Disentangler positions for simulations of Hamiltonians with periodic boundary conditions and
nearest-neighbor interactions only for system size L = 8 (a), L = 16 (b), L = 32 (c). The red(blue)-dotted lines

indicate the bipartition of the up-most(second highest) link of the internal TTN.

�5 = 32 ( see Fig. 4 (b) ).
In contrast to the analysis of the Ising model and

Heisenberg model, the Rydberg computations deal with
open boundary conditions and we consider next-nearest-
neighbor terms in the Hamiltonian, i.e. with the lat-
tice spacings (0,1), (1,0), (1,1), (1,-1), (2,0), (0,2), (2,1),
(2,-1), (1,2), (1,-2). Therefore, the disentanglers are posi-
tioned more distant to each other with at least two empty
sites between each other (compare Fig. 5). Following
the same strategy as before, we place as many disentan-
glers as possible, starting from the top-most link. Con-
sequently, we position here ND = 4 (with �1 = 3 and
�2 = 2) disentanglers for a 8⇥ 8 system, ND = 22 (with
�1 = 6, �2 = 4, �3 = 8, �4 = 4) for a 16 ⇥ 16 system
and ND = 77 (with �1 = 11, �2 = 10, �3 = 20, �4 = 12,
�5 = 24) for a 32⇥ 32 system.

Ising model

As referred to in the main text, we provide the compar-
ison of the aTTN against the TTN for the ground state
search on the 2D Ising model at system size L = {16, 32}.
In Fig. 6 we report the relative error ✏m = |(hHim �
Eex)/Eex| for increasing bond dimension m with respect

to the energy Eex obtained by extrapolating the results of
the aTTN. We point out that, for the lower system size of
L = 16, the TTN is as precise as the aTTN and the data
points for both tensor networks analysis indeed overlap
reaching the chosen machine precision of 1E-8 with high
bond dimension. This confirms that the TTN is as much
as the aTTN capable of capturing the entanglement in
the 2D system for lower system size. However, going to
larger system sizes, the TTN cannot hold up to the with
L exponentially growing area law and eventually fails to
represent the ground state accurately, while the aTTN in
contrast is able to maintain a higher precision.

Rydberg atom phase diagram analysis

In this section, we provide some detail concerning the
computation of the Rydberg atom lattice phase diagram
and the analysis of the phases we have observed. We
focus, in particular, on the region marked by the dashed
black line in Fig. 3 of the main text, corresponding to
Vnn = 46MHz.
The simulations have been realized by using the aTTN

ansatz with maximum bond dimension m = 300. In or-
der to simulate the ground state as it would be observed
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FIG. 4: Disentangler positions for simulations of Hamiltonians with periodic boundary conditions and
nearest-neighbor interactions only for system size L = 8 (a), L = 16 (b), L = 32 (c). The red(blue)-dotted lines

indicate the bipartition of the up-most(second highest) link of the internal TTN.

�5 = 32 ( see Fig. 4 (b) ).
In contrast to the analysis of the Ising model and

Heisenberg model, the Rydberg computations deal with
open boundary conditions and we consider next-nearest-
neighbor terms in the Hamiltonian, i.e. with the lat-
tice spacings (0,1), (1,0), (1,1), (1,-1), (2,0), (0,2), (2,1),
(2,-1), (1,2), (1,-2). Therefore, the disentanglers are posi-
tioned more distant to each other with at least two empty
sites between each other (compare Fig. 5). Following
the same strategy as before, we place as many disentan-
glers as possible, starting from the top-most link. Con-
sequently, we position here ND = 4 (with �1 = 3 and
�2 = 2) disentanglers for a 8⇥ 8 system, ND = 22 (with
�1 = 6, �2 = 4, �3 = 8, �4 = 4) for a 16 ⇥ 16 system
and ND = 77 (with �1 = 11, �2 = 10, �3 = 20, �4 = 12,
�5 = 24) for a 32⇥ 32 system.

Ising model

As referred to in the main text, we provide the compar-
ison of the aTTN against the TTN for the ground state
search on the 2D Ising model at system size L = {16, 32}.
In Fig. 6 we report the relative error ✏m = |(hHim �
Eex)/Eex| for increasing bond dimension m with respect

to the energy Eex obtained by extrapolating the results of
the aTTN. We point out that, for the lower system size of
L = 16, the TTN is as precise as the aTTN and the data
points for both tensor networks analysis indeed overlap
reaching the chosen machine precision of 1E-8 with high
bond dimension. This confirms that the TTN is as much
as the aTTN capable of capturing the entanglement in
the 2D system for lower system size. However, going to
larger system sizes, the TTN cannot hold up to the with
L exponentially growing area law and eventually fails to
represent the ground state accurately, while the aTTN in
contrast is able to maintain a higher precision.

Rydberg atom phase diagram analysis

In this section, we provide some detail concerning the
computation of the Rydberg atom lattice phase diagram
and the analysis of the phases we have observed. We
focus, in particular, on the region marked by the dashed
black line in Fig. 3 of the main text, corresponding to
Vnn = 46MHz.
The simulations have been realized by using the aTTN

ansatz with maximum bond dimension m = 300. In or-
der to simulate the ground state as it would be observed
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FIG. 4: Disentangler positions for simulations of Hamiltonians with periodic boundary conditions and
nearest-neighbor interactions only for system size L = 8 (a), L = 16 (b), L = 32 (c). The red(blue)-dotted lines

indicate the bipartition of the up-most(second highest) link of the internal TTN.

�5 = 32 ( see Fig. 4 (b) ).
In contrast to the analysis of the Ising model and

Heisenberg model, the Rydberg computations deal with
open boundary conditions and we consider next-nearest-
neighbor terms in the Hamiltonian, i.e. with the lat-
tice spacings (0,1), (1,0), (1,1), (1,-1), (2,0), (0,2), (2,1),
(2,-1), (1,2), (1,-2). Therefore, the disentanglers are posi-
tioned more distant to each other with at least two empty
sites between each other (compare Fig. 5). Following
the same strategy as before, we place as many disentan-
glers as possible, starting from the top-most link. Con-
sequently, we position here ND = 4 (with �1 = 3 and
�2 = 2) disentanglers for a 8⇥ 8 system, ND = 22 (with
�1 = 6, �2 = 4, �3 = 8, �4 = 4) for a 16 ⇥ 16 system
and ND = 77 (with �1 = 11, �2 = 10, �3 = 20, �4 = 12,
�5 = 24) for a 32⇥ 32 system.

Ising model

As referred to in the main text, we provide the compar-
ison of the aTTN against the TTN for the ground state
search on the 2D Ising model at system size L = {16, 32}.
In Fig. 6 we report the relative error ✏m = |(hHim �
Eex)/Eex| for increasing bond dimension m with respect

to the energy Eex obtained by extrapolating the results of
the aTTN. We point out that, for the lower system size of
L = 16, the TTN is as precise as the aTTN and the data
points for both tensor networks analysis indeed overlap
reaching the chosen machine precision of 1E-8 with high
bond dimension. This confirms that the TTN is as much
as the aTTN capable of capturing the entanglement in
the 2D system for lower system size. However, going to
larger system sizes, the TTN cannot hold up to the with
L exponentially growing area law and eventually fails to
represent the ground state accurately, while the aTTN in
contrast is able to maintain a higher precision.

Rydberg atom phase diagram analysis

In this section, we provide some detail concerning the
computation of the Rydberg atom lattice phase diagram
and the analysis of the phases we have observed. We
focus, in particular, on the region marked by the dashed
black line in Fig. 3 of the main text, corresponding to
Vnn = 46MHz.
The simulations have been realized by using the aTTN

ansatz with maximum bond dimension m = 300. In or-
der to simulate the ground state as it would be observed
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E�cient Tensor Network ansatz for high-dimensional quantum many-body problems
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3INFN, Sezione di Padova, Via Marzolo 8, I-35131 Padova, Italy
(Dated: November 17, 2020)

We introduce a novel tensor network structure augmenting the well-established Tree Tensor Net-
work representation of a quantum many-body wave function. The new structure satisfies the area
law in high dimensions remaining e�ciently manipulatable and scalable. We benchmark this novel
approach against paradigmatic two-dimensional spin models demonstrating unprecedented precision
and system sizes. Finally, we compute the ground state phase diagram of two-dimensional lattice
Rydberg atoms in optical tweezers observing non-trivial phases and quantum phase transitions,
providing realistic benchmarks for current and future two-dimensional quantum simulations.

Recent experiments investigated one- and two-
dimensional lattice quantum many-body systems at un-
precedented sizes, calling for a continuous search of nu-
merical techniques to provide accurate benchmarking
and verification of future quantum simulations [1–9]. In
particular, Rydberg atoms in optical tweezers are one
of the most promising platforms for the study of quan-
tum phase transitions, quantum simulation and compu-
tation [10–18]. In the last decades, Monte Carlo and
Tensor Networks (TN) algorithms have been employed
widely to study quantum many-body systems, and they
are routinely used to benchmark quantum simulation re-
sults [19–29]. However, Monte Carlo methods are limited
by the sign problem [30], while combining accuracy and
scalability in simulating high-dimensional systems still
represent an open challenge for TN methods [31, 32].
Here, we introduce a novel TN variational ansatz, able
to encode the area law of quantum many-body states in
any spatial dimension by keeping a low algorithmic com-
plexity with respect to standard algorithms (see Fig. 1),
thus opening a pathway towards the application of TN to
high-dimensional systems. Hereafter, we benchmark this
approach against spin models up to sizes of N = 64⇥64,
in and out of criticality. Finally, we simulate 2D lattices
of N ⇠ 1000 Rydberg atoms obtaining a phase diagram
which exhibits nontrivial phase transitions, complement-
ing recent results concerning a quasi two-dimensional
similar model [33].

In the last three decades, TN have been developed and
applied to classically simulate quantum many-body sys-
tems, representing the exponentially large wavefunction
with a set of local tensors connected via auxiliary indices
with a bond-dimension m. The bond dimension m allows
to control the amount of information in the TN, interpo-
lating between mean field (m = 1) and the exact but inef-
ficient representation. While for one-dimensional systems
the Matrix Product States (MPS) are the established TN
geometry for equilibrium and out-of-equilibrium prob-
lems, the development of TN algorithms for two- or even
higher-dimensional systems is still ongoing [34–39]. The
most successful TN representations are the Projected En-

| TTN i

D(u)

H
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FIG. 1: (a) An aTTN for a 8 ⇥ 8 2D system: The dis-
entanglers in D(u) are applied to the TTN state | TTN i
across the boundaries @⌫ of each link ⌫, in order to fulfill
the area law depicted (b) for a sublattice A (shaded re-
gion) and its boundary @A (purple dots).(c), (d): relative
error of the Ising model ground state energy computed
with the aTTNs and the TTNs. While for L = 8 the
precision achieved with the two methods is the same, a

clear improvement emerges for L = 64.

tangled Pair States (PEPS) [40–43] and the Tree Tensor
Networks (TTN) [44–47], as well as the Multi-scale En-
tanglement Renormalization Ansatz (MERA) [48–50].
TNs shall satisfy the same entanglement bounds un-

der real-space bipartitions, known as area laws, of the
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gorithmic scaling remains of the order O(m4
d
2) (see the

SM for details). Moreover, the area law is still satisfied
removing the disentanglers crossing the boundaries of the
bipartitions @⌫ corresponding to the lower layers of the
tree (l ! logL). On the contrary, one shall keep the
maximal allowed number of disentanglers (i.e., not con-
nected by Hamiltonian terms) to support the boundaries
corresponding to the higher branches (l ! 1). Indeed,
for ⌫ 2 ⇤l with l ! logL, the TTN bond-dimension m⌫

is su�ciently large to capture the area law entanglement
- or even the complete state - accurately, especially for
reasonably small local dimensions d. Instead, the contri-
bution ⇠⌫ of the TTN is negligibly small for ⌫ 2 ⇤l with
l ! 1 compared to the required exponentially large bond-
dimension, calling for the support of the disentanglers.
In conclusion, as we numerically confirm hereafter, it is
possible to engineer the disentangler positions in D(u),
keeping both computational e�ciency and the area-law
fulfilled resulting in high-precision results also for large
system sizes.

Ising model — We first benchmark the aTTN ansatz
via a ground state search on the 2D Ising model with
periodic boundary conditions. We consider a L ⇥ L

lattice with L = {8, 16, 32, 64} and the Ising Hamilto-

nianH =
P

L

i,j=1 �
x

i,j
�
x

i+1,j + �
x

i,j
�
x

i,j+1+
P

L

i,j=1 �
y

i,j
. �

�

i,j

(with � 2 {x, y, z}) are Pauli matrices acting on the site
(i, j). For small system sizes (L = 8 and L = 16) both
the TTN and the aTTN reach the chosen machine pre-
cision of 1E-8 with high bond dimension. However, as
expected, for larger sizes we find a significant improve-
ment in the precision of the aTTN simulations. Indeed,
the di↵erent performances become evident for L = 32
and L = 64, as the aTTN and the TTN converge with in-
creasing bond dimension to di↵erent values for the energy
Fig. 1 reports the relative error ✏m = |(hHim�Eex)/Eex|
for increasing bond dimension m with respect to the en-
ergy Eex obtained by extrapolating the results of the
aTTN for L = 8 and L = 64 (For the L = 16, 32 re-
sults see Fig. 6 in the Supplementary material).

Heisenberg model — We now analize the
more challenging critical antiferromagnetic
two dimensional Heisenberg model H =P

L

i,j=1

P
�2{x,y,z}

�
�

i,j
�
�

i+1,j + �
�

i,j
�
�

i,j+1, with peri-
odic boundary conditions. In Fig. 2 we compare the
estimated energy density obtained by extrapolating the
results from the TTN and the aTTN at m ! 1 with
previous results from di↵erent variational ansätze. In
particular, we plot the relative error obtained by the
di↵erent tensor network ansätze and the best known
results, obtained via Quantum Monte Carlo [21]. Dif-
ferently from the Ising model, we find the aTTN to be
more accurate than the TTN even at lower system sizes,
such as L = 8, 16. Interestingly, the aTTN for L = 16
obtains an even more precise ground state energy density
compared to most of the alternative variational ansätze
at lower finite system size of L = 10, such as Neural

10 15 20 25 30

10-4

10-3

10-2

FIG. 2: Relative error ✏ of the 2D Heisenberg ground-
state energy as a funciotn of the system linear size L

compared with the best available estimates obtained
by MC [21] for the TTN, aTTN, NNS [59], EPS [60],
PEPS [61], 2D-DMRG [57]. Depending on the method
open (obc), cylindrical (cbc) or periodic (pbc) bound-
ary conditions have been chosen. For each datapoint, we
compare the Monte Carlo result with the same boundary

conditions.

Network states, Entangled Pair States or PEPS [59–61].
We mention that, while the PEPS is very e�cient with
its ability to work directly in the thermodynamic limit
in describing infinite systems as iPEPS [62, 63], the
PEPS analysis for finite sizes are, for now, limited to
N = 20⇥ 20 systems. It turns out that for this model a
very competitive variational approach is the 2D-DMRG,
which outperforms the alternative methods for finite
sizes with open or cylindrical boundary conditions up
to the system size L = 12, but struggles with periodic
boundary conditions and with increasing both system
sizes L & 12 [57]. Finally, we extended our analysis to
reach the system size of L = 32 for which, to the best of
our knowledge, no public result is available. Thus, we
estimated the error, extrapolating the value of the finite
size scaling of Monte Carlo [21].

We point out that the here performed aTTN simula-
tions (as well as the TTN simulations) exploit a U(1)
symmetry. However, for this model, we could further
drastically improve the performance of the aTTN by in-
corporating the present SU(2) symmetry in the simula-
tion framework [31, 64, 65].

Interacting Rydberg atoms — We now present new
physical results, on a long-range interacting system by
studying the zero-temperature phase diagram of an in-
teracting Rydberg atoms two-dimensional lattice [4], de-
scribed by the Hamiltonian Hryd =

P
r[

⌦
2 �

x
r � �nr +

1
2

P
s V (|r � s|)nrns] where the Rabi frequency ⌦ cou-

ples the ground |gir and the excited Ryderg state |rir
and nr = |ri hr|r. � is the detuning and V (|r � s|) =
c6/|r�s|6 is the interaction strength between two excited
atoms placed at sites r and s. We keep the interaction
terms up to the fourth-nearest neighbor and set the Rabi
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FIG. 4: Disentangler positions for simulations of Hamiltonians with periodic boundary conditions and
nearest-neighbor interactions only for system size L = 8 (a), L = 16 (b), L = 32 (c). The red(blue)-dotted lines

indicate the bipartition of the up-most(second highest) link of the internal TTN.

�5 = 32 ( see Fig. 4 (b) ).
In contrast to the analysis of the Ising model and

Heisenberg model, the Rydberg computations deal with
open boundary conditions and we consider next-nearest-
neighbor terms in the Hamiltonian, i.e. with the lat-
tice spacings (0,1), (1,0), (1,1), (1,-1), (2,0), (0,2), (2,1),
(2,-1), (1,2), (1,-2). Therefore, the disentanglers are posi-
tioned more distant to each other with at least two empty
sites between each other (compare Fig. 5). Following
the same strategy as before, we place as many disentan-
glers as possible, starting from the top-most link. Con-
sequently, we position here ND = 4 (with �1 = 3 and
�2 = 2) disentanglers for a 8⇥ 8 system, ND = 22 (with
�1 = 6, �2 = 4, �3 = 8, �4 = 4) for a 16 ⇥ 16 system
and ND = 77 (with �1 = 11, �2 = 10, �3 = 20, �4 = 12,
�5 = 24) for a 32⇥ 32 system.

Ising model

As referred to in the main text, we provide the compar-
ison of the aTTN against the TTN for the ground state
search on the 2D Ising model at system size L = {16, 32}.
In Fig. 6 we report the relative error ✏m = |(hHim �
Eex)/Eex| for increasing bond dimension m with respect

to the energy Eex obtained by extrapolating the results of
the aTTN. We point out that, for the lower system size of
L = 16, the TTN is as precise as the aTTN and the data
points for both tensor networks analysis indeed overlap
reaching the chosen machine precision of 1E-8 with high
bond dimension. This confirms that the TTN is as much
as the aTTN capable of capturing the entanglement in
the 2D system for lower system size. However, going to
larger system sizes, the TTN cannot hold up to the with
L exponentially growing area law and eventually fails to
represent the ground state accurately, while the aTTN in
contrast is able to maintain a higher precision.

Rydberg atom phase diagram analysis

In this section, we provide some detail concerning the
computation of the Rydberg atom lattice phase diagram
and the analysis of the phases we have observed. We
focus, in particular, on the region marked by the dashed
black line in Fig. 3 of the main text, corresponding to
Vnn = 46MHz.
The simulations have been realized by using the aTTN

ansatz with maximum bond dimension m = 300. In or-
der to simulate the ground state as it would be observed
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L = 16, the TTN is as precise as the aTTN and the data
points for both tensor networks analysis indeed overlap
reaching the chosen machine precision of 1E-8 with high
bond dimension. This confirms that the TTN is as much
as the aTTN capable of capturing the entanglement in
the 2D system for lower system size. However, going to
larger system sizes, the TTN cannot hold up to the with
L exponentially growing area law and eventually fails to
represent the ground state accurately, while the aTTN in
contrast is able to maintain a higher precision.
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We introduce a novel tensor network structure augmenting the well-established Tree Tensor Net-
work representation of a quantum many-body wave function. The new structure satisfies the area
law in high dimensions remaining e�ciently manipulatable and scalable. We benchmark this novel
approach against paradigmatic two-dimensional spin models demonstrating unprecedented precision
and system sizes. Finally, we compute the ground state phase diagram of two-dimensional lattice
Rydberg atoms in optical tweezers observing non-trivial phases and quantum phase transitions,
providing realistic benchmarks for current and future two-dimensional quantum simulations.

Recent experiments investigated one- and two-
dimensional lattice quantum many-body systems at un-
precedented sizes, calling for a continuous search of nu-
merical techniques to provide accurate benchmarking
and verification of future quantum simulations [1–9]. In
particular, Rydberg atoms in optical tweezers are one
of the most promising platforms for the study of quan-
tum phase transitions, quantum simulation and compu-
tation [10–18]. In the last decades, Monte Carlo and
Tensor Networks (TN) algorithms have been employed
widely to study quantum many-body systems, and they
are routinely used to benchmark quantum simulation re-
sults [19–29]. However, Monte Carlo methods are limited
by the sign problem [30], while combining accuracy and
scalability in simulating high-dimensional systems still
represent an open challenge for TN methods [31, 32].
Here, we introduce a novel TN variational ansatz, able
to encode the area law of quantum many-body states in
any spatial dimension by keeping a low algorithmic com-
plexity with respect to standard algorithms (see Fig. 1),
thus opening a pathway towards the application of TN to
high-dimensional systems. Hereafter, we benchmark this
approach against spin models up to sizes of N = 64⇥64,
in and out of criticality. Finally, we simulate 2D lattices
of N ⇠ 1000 Rydberg atoms obtaining a phase diagram
which exhibits nontrivial phase transitions, complement-
ing recent results concerning a quasi two-dimensional
similar model [33].

In the last three decades, TN have been developed and
applied to classically simulate quantum many-body sys-
tems, representing the exponentially large wavefunction
with a set of local tensors connected via auxiliary indices
with a bond-dimension m. The bond dimension m allows
to control the amount of information in the TN, interpo-
lating between mean field (m = 1) and the exact but inef-
ficient representation. While for one-dimensional systems
the Matrix Product States (MPS) are the established TN
geometry for equilibrium and out-of-equilibrium prob-
lems, the development of TN algorithms for two- or even
higher-dimensional systems is still ongoing [34–39]. The
most successful TN representations are the Projected En-

| TTN i

D(u)

H

(a) (b)

(d)(c)
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FIG. 1: (a) An aTTN for a 8 ⇥ 8 2D system: The dis-
entanglers in D(u) are applied to the TTN state | TTN i
across the boundaries @⌫ of each link ⌫, in order to fulfill
the area law depicted (b) for a sublattice A (shaded re-
gion) and its boundary @A (purple dots).(c), (d): relative
error of the Ising model ground state energy computed
with the aTTNs and the TTNs. While for L = 8 the
precision achieved with the two methods is the same, a

clear improvement emerges for L = 64.

tangled Pair States (PEPS) [40–43] and the Tree Tensor
Networks (TTN) [44–47], as well as the Multi-scale En-
tanglement Renormalization Ansatz (MERA) [48–50].
TNs shall satisfy the same entanglement bounds un-

der real-space bipartitions, known as area laws, of the

Ising
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ENTANGLEMENT OF MIXED MANY-BODY QUANTUM SYSTEMS

For pure states:

Von Neumann Entropy 
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temperatures T ⇠ �). For PBC, this behaviour can be
expressed as EF = log(N c/3

f(TN
z)), or

EF (T, N) =
c

3
log N + g(TN

z) (4)

in analogy to Ref. [42], where c is the critical exponent
that connects lengthscales to entanglement, while z is
the critical exponent that connects lengthscales to en-
ergyscales (� / N

�z). The functions f(·) and g(·) =
log f(·) are non-universal and depend on the microscopi-
cal details of the model. This behaviour actually extends,
to finite T , the known scaling law for the entanglement
entropy with size, valid for critical ground states [40, 41].
We validate this argument in the inset of Fig. 3, where
the EF (T, N) data sets are appropriately rescaled, ac-
cording to N . As we expect, the curves collapse when
the appropriate critical exponents of the corresponding
model are used (c = 1

2 , z = 1 for critical Ising; c = 1,
z = 1 for Luttinger liquid XXZ).

As a final remark, we stress that the EoF analy-
sis enabled by the TTO method is not limited to low-
temperature many-body states of lattice models. We
have employed the same diagnostic tool on other classes
of mixed many-body states, including on sets where the
EoF is known, as reported in the SM.

Conclusions In this letter, we have presented a new
tensor network approach that enables the numerical anal-
ysis of bipartite entanglement for many-body quantum
systems, even for those entanglement monotones that
are considered hard since they require convex-roof opti-
mization. We employed a Tree Tensor Operator (TTO)
to well-approximate the global density matrix at low
temperatures. Such a tensor network architecture com-
presses information of the bipartite entanglement into
a single tensor, whose dimensions in many cases scale
polinomially with the system size. As a result, evaluat-
ing entanglement monotones is numerically e�cient, as
illustrated for 1D interacting lattice models. Our analy-
sis observed a scaling law for the Entanglement of For-
mation, compatible with a logarithmic conformal scal-
ing law. We successfully tested this argument for a free
fermion (Ising) and an interacting fermion (XXZ) criti-
cal models, where it is satisfied in a temperature range
commensurate with the finite-size energy gap (T ⇠ �).

While the TTOs we constructed were generated start-
ing from ED, alternative strategies to directly construct-
ing the thermal TTO which require polynomial time and
computer memory in N can be developed. Similarly, we
envision the possibility of replacing the TTN branches
of the ansatz with Matrix Product State branches: an
alternative TN design that is still e�cient toward EoF
estimation. Finally, we expect that TTO may be
capable to accurately capture some features of open-
system quantum dynamics. This will actually extend
the bipartite-entanglement analysis, presented here, from
finite-temperature states to a larger set of open-system

FIG. 3. Scale-invariance of the EoF EF at temperatures T (in
units of J/kB) in the range kBT  0.5�, where � / N

�z, for
the critical Ising model in Eq. (2) (top) and the XXZ model in
Eq. (3) in the critical phase at ⇠ = 0.5 (bottom). Main figures
show data for N = 8, 12, 16, 20, which are respectively blue
pentagons, orange squares, green diamonds and red circles.
Inset: curves in the main figures after rescaling according
to Eq. (4). The agreement is stunning, using c = 1/2 and
z = 1.02±0.02 (top) and c = 1 and z = 0.98±0.02 (bottom).
The grey area highlights the temperature range T  0.2�(N).

physically relevant states, i.e. the stationary states of a
Lindblad master equation [43–45]. The Time-Dependent
Variational Principle [46, 47] is surely a good candidate
strategy towards this goal. This will likely be the focus
of our research in the near future, aiming to enable the
EoF analysis presented here onto even larger system sizes
of the order of hundreds of sites.
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ing discussions. Authors kindly acknowledge support
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under grant agreementNo 817482 (Quantum Flagship
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show that the improvement introduced by our approach
already enables the investigation of relevant scaling prop-
erties of critical systems not achievable before.

Once the TTO is built, we proceed to calculate the
optimization from Eq. (1) on the top tensor R. To build
sets of U matrices, we fix a value for K � K0 and pa-
rameterize a Hermitian matrix A = A

† of dimensions
K ⇥ K. Then, we get the corresponding unitary from
U = exp{iA}, and finally we take K0 random rows of U

to build U . For every column of R
0 = RU , its entangle-

ment entropy is calculated via S = �
P

i
s
2
i
log s

2
i
, where

the singular values si are obtained by a singular value de-
composition (SVD). In the results section, entropies are
expressed in basis of log2, so that a Bell pair defines the
unit of entanglement. For a given K � K0, minimization
in the space of the U is carried out via direct search meth-
ods, but other choices are possible. Extensive proofs of
the stability of this method, as well as some results on
many-body random density matrices, are provided in the
SM. Convergence of the minima is rapidly reached when
increasing K � K0. For all practical purposes, choosing
K ⇡ K0 is often su�cient to achieve close convergence
(see SM). We stress that, even in case of incomplete or
failed convergence, our method still provides an upper
bound to the actual EoF of the quantum state. In par-
ticular, in every case we could check, the results provided
tight bounds.

Results � We consider two well-known prototype quan-
tum critical spin- 12 models as benchmarks [39]: specifi-
cally, the Ising model

ĤIsing = J

NX

i=1

�
�̂

x

j
�̂

x

j+1 + h�̂
z

j

�
(2)

in a transverse field h, and the XXZ model

ĤXXZ = J

NX

j=1
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y

j
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y
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z

j
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z
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with anisotropy ⇠, both models considered in periodic
boundary conditions (PBC) and �̂

↵

j
s (↵ = x, y, z) are the

Pauli matrices. The temperature T , defining the thermal
state ⇢ = 1

Z
e
�Ĥ/T , is expressed in units of the Hamilto-

nian energyscale (J = kB = 1). To appropriately choose
a suitable number K0 we start from K0 = 2. We then
evaluate the resulting EoF, gradually increasing K0 until
convergence of the estimated EoF is reached. We employ
a similar strategy to choose the best M .

Fig. 2 shows a typical benchmark comparison of the
total computational time required to estimate the EoF:
(i) using the full description (X matrix, orange data)
(ii) using the TTO method (R matrix, blue data). The
time needed to solve the full optimization increases as
O(dim{H}3/2), since the bottleneck of our algorithm is
the SVD to calculate S for each of the K pure states. By

FIG. 2. Scaling of computational times versus N , for thermal
states of ĤIsing in Eq. (2) at h = 1 and with kBT = 0.1J .
Green diamonds correspond to optimizations done on density
matrices with no approximations. Orange squares refer in-
stead to states where K0 has been truncated, but still pure
states are not compressed (see Fig. 1(c)): the exponential fit
of the last five data points shows that the complexity scales as
O((2N )1.503), in agreement with the theoretical expectation.
Blue circles report the optimization times needed using the
root tensor R of the TTO with a maximal bond dimension M

and truncated K0 (see Fig. 1(b)). Inset: Smallest M needed
to achieve convergence of the EoF within 1% of its exact value.
Red pentagons and purple diamonds refer respectively to the
critical Ising model at kBT = 0.1J and to the XXZ model
with ⇠ = 0.5 (critical) at kBT = 0.5J .

contrast, this runtime scales like O(M3) for a TTO rep-
resentation, with M ⌧

p
dim{H}. In fact, we studied

the M needed to achieve 99% of the exact EoF value as
a function of the size N , for both Ising and XXZ models
in the gapless phase. The growth is linear and smooth,
as shown in the inset.

Equipped with our diagnostic tool, we perform inter-
esting investigations of bipartite entanglement properties
of intermediate-size quantum systems at finite T . The
two panels in Fig. 3 focus on critical phases of the two
models, the quantum phase transition point of the Ising
model (h = 1, top), and the Luttinger liquid phase of the
XXZ model (⇠ = 0.5, bottom) respectively. While the
system is strongly-correlated at zero temperature, entan-
glement seems to survive roughly unaltered up to T of the
order of 0.2�(N), with �(N) the finite-size energy gap,
and smoothly drop at higher T . This phenomenon is to
be contrasted with the Von Neumann entropy S (global,
or of either subsystem), which instead grows with T , and
can not capture alone the entanglement decrease [40, 41].
More importantly, we observe an emergent scaling behav-
ior when plotting EF (T, N). In fact, the EoF appears to
follow the logarithm of a conformal scaling function, in
proximity of the quantum critical point (i.e., for small

1D critical systems:

S / N (D�1)
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ENTANGLEMENT OF MIXED MANY-BODY QUANTUM SYSTEMS

For pure states:

Von Neumann Entropy 
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S = �Tr ⇢ log ⇢
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temperatures T ⇠ �). For PBC, this behaviour can be
expressed as EF = log(N c/3

f(TN
z)), or

EF (T, N) =
c

3
log N + g(TN

z) (4)

in analogy to Ref. [42], where c is the critical exponent
that connects lengthscales to entanglement, while z is
the critical exponent that connects lengthscales to en-
ergyscales (� / N

�z). The functions f(·) and g(·) =
log f(·) are non-universal and depend on the microscopi-
cal details of the model. This behaviour actually extends,
to finite T , the known scaling law for the entanglement
entropy with size, valid for critical ground states [40, 41].
We validate this argument in the inset of Fig. 3, where
the EF (T, N) data sets are appropriately rescaled, ac-
cording to N . As we expect, the curves collapse when
the appropriate critical exponents of the corresponding
model are used (c = 1

2 , z = 1 for critical Ising; c = 1,
z = 1 for Luttinger liquid XXZ).

As a final remark, we stress that the EoF analy-
sis enabled by the TTO method is not limited to low-
temperature many-body states of lattice models. We
have employed the same diagnostic tool on other classes
of mixed many-body states, including on sets where the
EoF is known, as reported in the SM.

Conclusions In this letter, we have presented a new
tensor network approach that enables the numerical anal-
ysis of bipartite entanglement for many-body quantum
systems, even for those entanglement monotones that
are considered hard since they require convex-roof opti-
mization. We employed a Tree Tensor Operator (TTO)
to well-approximate the global density matrix at low
temperatures. Such a tensor network architecture com-
presses information of the bipartite entanglement into
a single tensor, whose dimensions in many cases scale
polinomially with the system size. As a result, evaluat-
ing entanglement monotones is numerically e�cient, as
illustrated for 1D interacting lattice models. Our analy-
sis observed a scaling law for the Entanglement of For-
mation, compatible with a logarithmic conformal scal-
ing law. We successfully tested this argument for a free
fermion (Ising) and an interacting fermion (XXZ) criti-
cal models, where it is satisfied in a temperature range
commensurate with the finite-size energy gap (T ⇠ �).

While the TTOs we constructed were generated start-
ing from ED, alternative strategies to directly construct-
ing the thermal TTO which require polynomial time and
computer memory in N can be developed. Similarly, we
envision the possibility of replacing the TTN branches
of the ansatz with Matrix Product State branches: an
alternative TN design that is still e�cient toward EoF
estimation. Finally, we expect that TTO may be
capable to accurately capture some features of open-
system quantum dynamics. This will actually extend
the bipartite-entanglement analysis, presented here, from
finite-temperature states to a larger set of open-system

FIG. 3. Scale-invariance of the EoF EF at temperatures T (in
units of J/kB) in the range kBT  0.5�, where � / N

�z, for
the critical Ising model in Eq. (2) (top) and the XXZ model in
Eq. (3) in the critical phase at ⇠ = 0.5 (bottom). Main figures
show data for N = 8, 12, 16, 20, which are respectively blue
pentagons, orange squares, green diamonds and red circles.
Inset: curves in the main figures after rescaling according
to Eq. (4). The agreement is stunning, using c = 1/2 and
z = 1.02±0.02 (top) and c = 1 and z = 0.98±0.02 (bottom).
The grey area highlights the temperature range T  0.2�(N).

physically relevant states, i.e. the stationary states of a
Lindblad master equation [43–45]. The Time-Dependent
Variational Principle [46, 47] is surely a good candidate
strategy towards this goal. This will likely be the focus
of our research in the near future, aiming to enable the
EoF analysis presented here onto even larger system sizes
of the order of hundreds of sites.

We thank M. Dalmonte and B. Kraus for stimulat-
ing discussions. Authors kindly acknowledge support
from the Italian PRIN2017 and Fondazione CARIPARO,
the Horizon 2020 re-search and innovation programme
under grant agreementNo 817482 (Quantum Flagship
- PASQuanS), the Quan-tERA projects QTFLAG and
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show that the improvement introduced by our approach
already enables the investigation of relevant scaling prop-
erties of critical systems not achievable before.

Once the TTO is built, we proceed to calculate the
optimization from Eq. (1) on the top tensor R. To build
sets of U matrices, we fix a value for K � K0 and pa-
rameterize a Hermitian matrix A = A

† of dimensions
K ⇥ K. Then, we get the corresponding unitary from
U = exp{iA}, and finally we take K0 random rows of U

to build U . For every column of R
0 = RU , its entangle-

ment entropy is calculated via S = �
P

i
s
2
i
log s

2
i
, where

the singular values si are obtained by a singular value de-
composition (SVD). In the results section, entropies are
expressed in basis of log2, so that a Bell pair defines the
unit of entanglement. For a given K � K0, minimization
in the space of the U is carried out via direct search meth-
ods, but other choices are possible. Extensive proofs of
the stability of this method, as well as some results on
many-body random density matrices, are provided in the
SM. Convergence of the minima is rapidly reached when
increasing K � K0. For all practical purposes, choosing
K ⇡ K0 is often su�cient to achieve close convergence
(see SM). We stress that, even in case of incomplete or
failed convergence, our method still provides an upper
bound to the actual EoF of the quantum state. In par-
ticular, in every case we could check, the results provided
tight bounds.

Results � We consider two well-known prototype quan-
tum critical spin- 12 models as benchmarks [39]: specifi-
cally, the Ising model

ĤIsing = J

NX

i=1

�
�̂

x

j
�̂

x

j+1 + h�̂
z

j

�
(2)

in a transverse field h, and the XXZ model

ĤXXZ = J

NX

j=1

�
�̂

x

j
�̂

x

j+1 + �̂
y

j
�̂

y

j+1 + ⇠ �̂
z

j
�̂

z

j+1

�
(3)

with anisotropy ⇠, both models considered in periodic
boundary conditions (PBC) and �̂

↵

j
s (↵ = x, y, z) are the

Pauli matrices. The temperature T , defining the thermal
state ⇢ = 1

Z
e
�Ĥ/T , is expressed in units of the Hamilto-

nian energyscale (J = kB = 1). To appropriately choose
a suitable number K0 we start from K0 = 2. We then
evaluate the resulting EoF, gradually increasing K0 until
convergence of the estimated EoF is reached. We employ
a similar strategy to choose the best M .

Fig. 2 shows a typical benchmark comparison of the
total computational time required to estimate the EoF:
(i) using the full description (X matrix, orange data)
(ii) using the TTO method (R matrix, blue data). The
time needed to solve the full optimization increases as
O(dim{H}3/2), since the bottleneck of our algorithm is
the SVD to calculate S for each of the K pure states. By

FIG. 2. Scaling of computational times versus N , for thermal
states of ĤIsing in Eq. (2) at h = 1 and with kBT = 0.1J .
Green diamonds correspond to optimizations done on density
matrices with no approximations. Orange squares refer in-
stead to states where K0 has been truncated, but still pure
states are not compressed (see Fig. 1(c)): the exponential fit
of the last five data points shows that the complexity scales as
O((2N )1.503), in agreement with the theoretical expectation.
Blue circles report the optimization times needed using the
root tensor R of the TTO with a maximal bond dimension M

and truncated K0 (see Fig. 1(b)). Inset: Smallest M needed
to achieve convergence of the EoF within 1% of its exact value.
Red pentagons and purple diamonds refer respectively to the
critical Ising model at kBT = 0.1J and to the XXZ model
with ⇠ = 0.5 (critical) at kBT = 0.5J .

contrast, this runtime scales like O(M3) for a TTO rep-
resentation, with M ⌧

p
dim{H}. In fact, we studied

the M needed to achieve 99% of the exact EoF value as
a function of the size N , for both Ising and XXZ models
in the gapless phase. The growth is linear and smooth,
as shown in the inset.

Equipped with our diagnostic tool, we perform inter-
esting investigations of bipartite entanglement properties
of intermediate-size quantum systems at finite T . The
two panels in Fig. 3 focus on critical phases of the two
models, the quantum phase transition point of the Ising
model (h = 1, top), and the Luttinger liquid phase of the
XXZ model (⇠ = 0.5, bottom) respectively. While the
system is strongly-correlated at zero temperature, entan-
glement seems to survive roughly unaltered up to T of the
order of 0.2�(N), with �(N) the finite-size energy gap,
and smoothly drop at higher T . This phenomenon is to
be contrasted with the Von Neumann entropy S (global,
or of either subsystem), which instead grows with T , and
can not capture alone the entanglement decrease [40, 41].
More importantly, we observe an emergent scaling behav-
ior when plotting EF (T, N). In fact, the EoF appears to
follow the logarithm of a conformal scaling function, in
proximity of the quantum critical point (i.e., for small

1D critical systems:

S / N (D�1)
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theory, are convex-roof extensions of pure-state entangle-
ment measures [7]. Estimating these monotones is a hard
non-linear minimization problem over pure-state decom-
positions of the global density matrix [20–26], severely
limited to small system sizes.

The key point of the strategy we propose is the intro-
duction of a new TN structure to represent a density ma-
trix ⇢, the Tree Tensor Operator (TTO) (Fig. 1). This
TN ansatz guarantees positivity of ⇢, and being loop-
less it is e�ciently contractible. Moreover, it is a natural
TN geometry for estimating bipartite entanglement mea-
sures: as discussed below, the information about bipar-
tite entanglement is compressed into a single tensor, ul-
timately simplifying the complexity of the minimization
problem. We demonstrate this method e↵ectiveness com-
puting the EoF of thermal many-body quantum states of
the 1D transverse-field Ising and XXZ models.

Tree Tensor Operator ansatz � As positive operators,
density matrices ⇢ =

P
j
pj | jih j | can be written as ⇢ =

XX
†, where the rectangular matrix X =

P
j

p
pj | jihj|

has a number of columns equal to the rank of ⇢, also
known as the the Kraus dimension K0. For many-body
quantum states at low temperatures, probabilities pj de-
cay su�ciently fast that it is possible to approximate ⇢
using a K0 that scales at most polynomially with the
system size N . Therefore, from a numerical viewpoint,
it is meaningful represent X with a Tree Tensor net-
work as shown in Fig. 1: the lower open links (‘leaves’,
each of dimension d) represent the physical sites, while
the upper open link (‘root’, of dimension K0) represents
the Kraus space of the global purification. As for other
Tensor Network ansätze, this representation becomes ef-
ficient when the connecting links, or ‘branches’, carry an
e↵ective dimension M that also scales polynomially with
N [16, 27, 28].

By construction, the TTO ansatz guarantees positiv-
ity of ⇢, in contrast to the Matrix Product Density Op-
erator ansatz [29, 30], whose positivity can be checked
only as an NP-hard problem [31]. Locally Purified Ten-
sor Networks [32] also preserve positivity, but the pres-
ence of loops in their network geometry leads to numer-
ical limitations when implementing optimization strate-
gies [33, 34]. The TTO is instead positive and loopless
thus encompassing the best of the two words without
any drawbacks. When the TTO is properly isometrized
to the root tensor, via (e�cient) TN gauge transforma-
tions [16], all the information about the mixing prob-
abilities pj ends up stored within that tensor. Thus,
also information about global entropies (Von Neumann
S = �

P
pj log pj and Rényi S↵ = (1 � ↵)�1 log

P
j
p
↵

j
,

including the purity). Moreover, all the information on
bipartite entanglement (for a half-half system biparti-
tion) is contained only in the root tensor. Indeed, the
action of the isometrized branches is actually an invert-
ible LOCC (operation achievable via Local Operations
and Classical Communication), and entanglement mono-

tones cannot increase under such transformations [8]. In
conclusion, compressing the relevant information into a
tensor with polynomially-scaling dimension, it is possible
to e�ciently estimate entanglement monotones by pro-
cessing only the root tensor, even for complex measures
that rely on convex-roof extensions. Below, we specialize
this procedure to the specific case of the EoF.
EoF estimation � The EoF of a mixed quantum state

⇢, defined as [7]

EF (⇢) = inf
{pj , j}

nX

j

pjS(| ji) : ⇢ =
X

j

pj | jih j |
o

,

quantifies the number of Bell pairs needed to construct
a certain number of copies of ⇢ via LOCC. The mini-
mization runs over all possible decompositions of ⇢ as
a convex mixture of pure states | ni, with probabilities
pn. It is straightforward to recast the previous expres-
sion in terms of the matrix X, whose columns

p
pj | ji

represent one possible pure-state decomposition of ⇢. Via
the Schrödinger-HJW theorem [35, 36], it is possible to
obtain the whole set of X

0 matrices representing ⇢, and
thus all possible pure-state decompositions. This is done
by multiplying X

0 = XU , where U is any right-isometry
(a semi-unitary matrix satisfying UU† = 1) of dimension
K0 ⇥ K, with K � K0. The minimization problem then
becomes a minimization over the space of right isometries
U , precisely

EF (⇢) = min
K�K0

inf
U

n KX

j=1

pjS(| 0
j
i) : X

0 = XU
o

, (1)

where the columns of X
0 represent the new pure-

state decomposition of ⇢, with wavefunctions | 0
j
i =

X
0|ji(p0

j
)�1/2 and probabilities p

0
j

= hj|X 0†
X

0|ji.
As depicted in Fig. 1(a), the X matrix composing the

isometrized TTO can be written as X = (VL ⌦ VR)R,
where R is the root tensor, and the branches V? are left-
isometries (V†

?V? = 1). It follows that the columns of
R must have the same entanglement entropy S of the
columns of X, and clearly the same probabilities p

0
j
.

Thus, Eq. (1) can be more e�ciently computed by re-
placing X with the smaller root tensor R.
Numerical Simulation � Hereafter, we estimate the

EoF of low-temperature many-body states of 1D quan-
tum lattice models H via TTO. We first obtain
X = 1p

Z

P
K0

j
e
�Ej/2T | jihj| from exact diagonalization

(ED), where Ej is the energy of eigenstate | ji, and the
partition function Z ensures normalization Tr

�
XX

† =
1. Afterwards, we compress X into the TTO using stan-
dard linear algebra routines, as detailed in the Supple-
mentary Material (SM). Although this is not the most
e�icient strategy (it is possible to develop algorithms
that directly compute the TTO for finite-temperature
quantum states, capture Markovian real-time evolution
[37], or transform other TN states into TTOs [38]), we

For mixed states:

Entanglement of formation
C.H. Bennet et al. PRA 1996

For pure states:

Von Neumann Entropy 

S / �
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temperatures T ⇠ �). For PBC, this behaviour can be
expressed as EF = log(N c/3

f(TN
z)), or

EF (T, N) =
c

3
log N + g(TN

z) (4)

in analogy to Ref. [42], where c is the critical exponent
that connects lengthscales to entanglement, while z is
the critical exponent that connects lengthscales to en-
ergyscales (� / N

�z). The functions f(·) and g(·) =
log f(·) are non-universal and depend on the microscopi-
cal details of the model. This behaviour actually extends,
to finite T , the known scaling law for the entanglement
entropy with size, valid for critical ground states [40, 41].
We validate this argument in the inset of Fig. 3, where
the EF (T, N) data sets are appropriately rescaled, ac-
cording to N . As we expect, the curves collapse when
the appropriate critical exponents of the corresponding
model are used (c = 1

2 , z = 1 for critical Ising; c = 1,
z = 1 for Luttinger liquid XXZ).

As a final remark, we stress that the EoF analy-
sis enabled by the TTO method is not limited to low-
temperature many-body states of lattice models. We
have employed the same diagnostic tool on other classes
of mixed many-body states, including on sets where the
EoF is known, as reported in the SM.

Conclusions In this letter, we have presented a new
tensor network approach that enables the numerical anal-
ysis of bipartite entanglement for many-body quantum
systems, even for those entanglement monotones that
are considered hard since they require convex-roof opti-
mization. We employed a Tree Tensor Operator (TTO)
to well-approximate the global density matrix at low
temperatures. Such a tensor network architecture com-
presses information of the bipartite entanglement into
a single tensor, whose dimensions in many cases scale
polinomially with the system size. As a result, evaluat-
ing entanglement monotones is numerically e�cient, as
illustrated for 1D interacting lattice models. Our analy-
sis observed a scaling law for the Entanglement of For-
mation, compatible with a logarithmic conformal scal-
ing law. We successfully tested this argument for a free
fermion (Ising) and an interacting fermion (XXZ) criti-
cal models, where it is satisfied in a temperature range
commensurate with the finite-size energy gap (T ⇠ �).

While the TTOs we constructed were generated start-
ing from ED, alternative strategies to directly construct-
ing the thermal TTO which require polynomial time and
computer memory in N can be developed. Similarly, we
envision the possibility of replacing the TTN branches
of the ansatz with Matrix Product State branches: an
alternative TN design that is still e�cient toward EoF
estimation. Finally, we expect that TTO may be
capable to accurately capture some features of open-
system quantum dynamics. This will actually extend
the bipartite-entanglement analysis, presented here, from
finite-temperature states to a larger set of open-system

FIG. 3. Scale-invariance of the EoF EF at temperatures T (in
units of J/kB) in the range kBT  0.5�, where � / N

�z, for
the critical Ising model in Eq. (2) (top) and the XXZ model in
Eq. (3) in the critical phase at ⇠ = 0.5 (bottom). Main figures
show data for N = 8, 12, 16, 20, which are respectively blue
pentagons, orange squares, green diamonds and red circles.
Inset: curves in the main figures after rescaling according
to Eq. (4). The agreement is stunning, using c = 1/2 and
z = 1.02±0.02 (top) and c = 1 and z = 0.98±0.02 (bottom).
The grey area highlights the temperature range T  0.2�(N).

physically relevant states, i.e. the stationary states of a
Lindblad master equation [43–45]. The Time-Dependent
Variational Principle [46, 47] is surely a good candidate
strategy towards this goal. This will likely be the focus
of our research in the near future, aiming to enable the
EoF analysis presented here onto even larger system sizes
of the order of hundreds of sites.

We thank M. Dalmonte and B. Kraus for stimulat-
ing discussions. Authors kindly acknowledge support
from the Italian PRIN2017 and Fondazione CARIPARO,
the Horizon 2020 re-search and innovation programme
under grant agreementNo 817482 (Quantum Flagship
- PASQuanS), the Quan-tERA projects QTFLAG and
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show that the improvement introduced by our approach
already enables the investigation of relevant scaling prop-
erties of critical systems not achievable before.

Once the TTO is built, we proceed to calculate the
optimization from Eq. (1) on the top tensor R. To build
sets of U matrices, we fix a value for K � K0 and pa-
rameterize a Hermitian matrix A = A

† of dimensions
K ⇥ K. Then, we get the corresponding unitary from
U = exp{iA}, and finally we take K0 random rows of U

to build U . For every column of R
0 = RU , its entangle-

ment entropy is calculated via S = �
P

i
s
2
i
log s

2
i
, where

the singular values si are obtained by a singular value de-
composition (SVD). In the results section, entropies are
expressed in basis of log2, so that a Bell pair defines the
unit of entanglement. For a given K � K0, minimization
in the space of the U is carried out via direct search meth-
ods, but other choices are possible. Extensive proofs of
the stability of this method, as well as some results on
many-body random density matrices, are provided in the
SM. Convergence of the minima is rapidly reached when
increasing K � K0. For all practical purposes, choosing
K ⇡ K0 is often su�cient to achieve close convergence
(see SM). We stress that, even in case of incomplete or
failed convergence, our method still provides an upper
bound to the actual EoF of the quantum state. In par-
ticular, in every case we could check, the results provided
tight bounds.

Results � We consider two well-known prototype quan-
tum critical spin- 12 models as benchmarks [39]: specifi-
cally, the Ising model

ĤIsing = J

NX

i=1

�
�̂

x

j
�̂

x

j+1 + h�̂
z

j

�
(2)

in a transverse field h, and the XXZ model

ĤXXZ = J

NX

j=1

�
�̂

x

j
�̂

x

j+1 + �̂
y

j
�̂

y

j+1 + ⇠ �̂
z

j
�̂

z

j+1

�
(3)

with anisotropy ⇠, both models considered in periodic
boundary conditions (PBC) and �̂

↵

j
s (↵ = x, y, z) are the

Pauli matrices. The temperature T , defining the thermal
state ⇢ = 1

Z
e
�Ĥ/T , is expressed in units of the Hamilto-

nian energyscale (J = kB = 1). To appropriately choose
a suitable number K0 we start from K0 = 2. We then
evaluate the resulting EoF, gradually increasing K0 until
convergence of the estimated EoF is reached. We employ
a similar strategy to choose the best M .

Fig. 2 shows a typical benchmark comparison of the
total computational time required to estimate the EoF:
(i) using the full description (X matrix, orange data)
(ii) using the TTO method (R matrix, blue data). The
time needed to solve the full optimization increases as
O(dim{H}3/2), since the bottleneck of our algorithm is
the SVD to calculate S for each of the K pure states. By

FIG. 2. Scaling of computational times versus N , for thermal
states of ĤIsing in Eq. (2) at h = 1 and with kBT = 0.1J .
Green diamonds correspond to optimizations done on density
matrices with no approximations. Orange squares refer in-
stead to states where K0 has been truncated, but still pure
states are not compressed (see Fig. 1(c)): the exponential fit
of the last five data points shows that the complexity scales as
O((2N )1.503), in agreement with the theoretical expectation.
Blue circles report the optimization times needed using the
root tensor R of the TTO with a maximal bond dimension M

and truncated K0 (see Fig. 1(b)). Inset: Smallest M needed
to achieve convergence of the EoF within 1% of its exact value.
Red pentagons and purple diamonds refer respectively to the
critical Ising model at kBT = 0.1J and to the XXZ model
with ⇠ = 0.5 (critical) at kBT = 0.5J .

contrast, this runtime scales like O(M3) for a TTO rep-
resentation, with M ⌧

p
dim{H}. In fact, we studied

the M needed to achieve 99% of the exact EoF value as
a function of the size N , for both Ising and XXZ models
in the gapless phase. The growth is linear and smooth,
as shown in the inset.

Equipped with our diagnostic tool, we perform inter-
esting investigations of bipartite entanglement properties
of intermediate-size quantum systems at finite T . The
two panels in Fig. 3 focus on critical phases of the two
models, the quantum phase transition point of the Ising
model (h = 1, top), and the Luttinger liquid phase of the
XXZ model (⇠ = 0.5, bottom) respectively. While the
system is strongly-correlated at zero temperature, entan-
glement seems to survive roughly unaltered up to T of the
order of 0.2�(N), with �(N) the finite-size energy gap,
and smoothly drop at higher T . This phenomenon is to
be contrasted with the Von Neumann entropy S (global,
or of either subsystem), which instead grows with T , and
can not capture alone the entanglement decrease [40, 41].
More importantly, we observe an emergent scaling behav-
ior when plotting EF (T, N). In fact, the EoF appears to
follow the logarithm of a conformal scaling function, in
proximity of the quantum critical point (i.e., for small

1D critical systems:

S / N (D�1)
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theory, are convex-roof extensions of pure-state entangle-
ment measures [7]. Estimating these monotones is a hard
non-linear minimization problem over pure-state decom-
positions of the global density matrix [20–26], severely
limited to small system sizes.

The key point of the strategy we propose is the intro-
duction of a new TN structure to represent a density ma-
trix ⇢, the Tree Tensor Operator (TTO) (Fig. 1). This
TN ansatz guarantees positivity of ⇢, and being loop-
less it is e�ciently contractible. Moreover, it is a natural
TN geometry for estimating bipartite entanglement mea-
sures: as discussed below, the information about bipar-
tite entanglement is compressed into a single tensor, ul-
timately simplifying the complexity of the minimization
problem. We demonstrate this method e↵ectiveness com-
puting the EoF of thermal many-body quantum states of
the 1D transverse-field Ising and XXZ models.

Tree Tensor Operator ansatz � As positive operators,
density matrices ⇢ =

P
j
pj | jih j | can be written as ⇢ =

XX
†, where the rectangular matrix X =

P
j

p
pj | jihj|

has a number of columns equal to the rank of ⇢, also
known as the the Kraus dimension K0. For many-body
quantum states at low temperatures, probabilities pj de-
cay su�ciently fast that it is possible to approximate ⇢
using a K0 that scales at most polynomially with the
system size N . Therefore, from a numerical viewpoint,
it is meaningful represent X with a Tree Tensor net-
work as shown in Fig. 1: the lower open links (‘leaves’,
each of dimension d) represent the physical sites, while
the upper open link (‘root’, of dimension K0) represents
the Kraus space of the global purification. As for other
Tensor Network ansätze, this representation becomes ef-
ficient when the connecting links, or ‘branches’, carry an
e↵ective dimension M that also scales polynomially with
N [16, 27, 28].

By construction, the TTO ansatz guarantees positiv-
ity of ⇢, in contrast to the Matrix Product Density Op-
erator ansatz [29, 30], whose positivity can be checked
only as an NP-hard problem [31]. Locally Purified Ten-
sor Networks [32] also preserve positivity, but the pres-
ence of loops in their network geometry leads to numer-
ical limitations when implementing optimization strate-
gies [33, 34]. The TTO is instead positive and loopless
thus encompassing the best of the two words without
any drawbacks. When the TTO is properly isometrized
to the root tensor, via (e�cient) TN gauge transforma-
tions [16], all the information about the mixing prob-
abilities pj ends up stored within that tensor. Thus,
also information about global entropies (Von Neumann
S = �

P
pj log pj and Rényi S↵ = (1 � ↵)�1 log

P
j
p
↵

j
,

including the purity). Moreover, all the information on
bipartite entanglement (for a half-half system biparti-
tion) is contained only in the root tensor. Indeed, the
action of the isometrized branches is actually an invert-
ible LOCC (operation achievable via Local Operations
and Classical Communication), and entanglement mono-

tones cannot increase under such transformations [8]. In
conclusion, compressing the relevant information into a
tensor with polynomially-scaling dimension, it is possible
to e�ciently estimate entanglement monotones by pro-
cessing only the root tensor, even for complex measures
that rely on convex-roof extensions. Below, we specialize
this procedure to the specific case of the EoF.
EoF estimation � The EoF of a mixed quantum state

⇢, defined as [7]

EF (⇢) = inf
{pj , j}

nX

j

pjS(| ji) : ⇢ =
X

j

pj | jih j |
o

,

quantifies the number of Bell pairs needed to construct
a certain number of copies of ⇢ via LOCC. The mini-
mization runs over all possible decompositions of ⇢ as
a convex mixture of pure states | ni, with probabilities
pn. It is straightforward to recast the previous expres-
sion in terms of the matrix X, whose columns

p
pj | ji

represent one possible pure-state decomposition of ⇢. Via
the Schrödinger-HJW theorem [35, 36], it is possible to
obtain the whole set of X

0 matrices representing ⇢, and
thus all possible pure-state decompositions. This is done
by multiplying X

0 = XU , where U is any right-isometry
(a semi-unitary matrix satisfying UU† = 1) of dimension
K0 ⇥ K, with K � K0. The minimization problem then
becomes a minimization over the space of right isometries
U , precisely

EF (⇢) = min
K�K0

inf
U

n KX

j=1

pjS(| 0
j
i) : X

0 = XU
o

, (1)

where the columns of X
0 represent the new pure-

state decomposition of ⇢, with wavefunctions | 0
j
i =

X
0|ji(p0

j
)�1/2 and probabilities p

0
j

= hj|X 0†
X

0|ji.
As depicted in Fig. 1(a), the X matrix composing the

isometrized TTO can be written as X = (VL ⌦ VR)R,
where R is the root tensor, and the branches V? are left-
isometries (V†

?V? = 1). It follows that the columns of
R must have the same entanglement entropy S of the
columns of X, and clearly the same probabilities p

0
j
.

Thus, Eq. (1) can be more e�ciently computed by re-
placing X with the smaller root tensor R.
Numerical Simulation � Hereafter, we estimate the

EoF of low-temperature many-body states of 1D quan-
tum lattice models H via TTO. We first obtain
X = 1p

Z

P
K0

j
e
�Ej/2T | jihj| from exact diagonalization

(ED), where Ej is the energy of eigenstate | ji, and the
partition function Z ensures normalization Tr

�
XX

† =
1. Afterwards, we compress X into the TTO using stan-
dard linear algebra routines, as detailed in the Supple-
mentary Material (SM). Although this is not the most
e�icient strategy (it is possible to develop algorithms
that directly compute the TTO for finite-temperature
quantum states, capture Markovian real-time evolution
[37], or transform other TN states into TTOs [38]), we

For mixed states:

Entanglement of formation
C.H. Bennet et al. PRA 1996

For pure states:

Von Neumann Entropy 

S / �
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temperatures T ⇠ �). For PBC, this behaviour can be
expressed as EF = log(N c/3

f(TN
z)), or

EF (T, N) =
c

3
log N + g(TN

z) (4)

in analogy to Ref. [42], where c is the critical exponent
that connects lengthscales to entanglement, while z is
the critical exponent that connects lengthscales to en-
ergyscales (� / N

�z). The functions f(·) and g(·) =
log f(·) are non-universal and depend on the microscopi-
cal details of the model. This behaviour actually extends,
to finite T , the known scaling law for the entanglement
entropy with size, valid for critical ground states [40, 41].
We validate this argument in the inset of Fig. 3, where
the EF (T, N) data sets are appropriately rescaled, ac-
cording to N . As we expect, the curves collapse when
the appropriate critical exponents of the corresponding
model are used (c = 1

2 , z = 1 for critical Ising; c = 1,
z = 1 for Luttinger liquid XXZ).

As a final remark, we stress that the EoF analy-
sis enabled by the TTO method is not limited to low-
temperature many-body states of lattice models. We
have employed the same diagnostic tool on other classes
of mixed many-body states, including on sets where the
EoF is known, as reported in the SM.

Conclusions In this letter, we have presented a new
tensor network approach that enables the numerical anal-
ysis of bipartite entanglement for many-body quantum
systems, even for those entanglement monotones that
are considered hard since they require convex-roof opti-
mization. We employed a Tree Tensor Operator (TTO)
to well-approximate the global density matrix at low
temperatures. Such a tensor network architecture com-
presses information of the bipartite entanglement into
a single tensor, whose dimensions in many cases scale
polinomially with the system size. As a result, evaluat-
ing entanglement monotones is numerically e�cient, as
illustrated for 1D interacting lattice models. Our analy-
sis observed a scaling law for the Entanglement of For-
mation, compatible with a logarithmic conformal scal-
ing law. We successfully tested this argument for a free
fermion (Ising) and an interacting fermion (XXZ) criti-
cal models, where it is satisfied in a temperature range
commensurate with the finite-size energy gap (T ⇠ �).

While the TTOs we constructed were generated start-
ing from ED, alternative strategies to directly construct-
ing the thermal TTO which require polynomial time and
computer memory in N can be developed. Similarly, we
envision the possibility of replacing the TTN branches
of the ansatz with Matrix Product State branches: an
alternative TN design that is still e�cient toward EoF
estimation. Finally, we expect that TTO may be
capable to accurately capture some features of open-
system quantum dynamics. This will actually extend
the bipartite-entanglement analysis, presented here, from
finite-temperature states to a larger set of open-system

FIG. 3. Scale-invariance of the EoF EF at temperatures T (in
units of J/kB) in the range kBT  0.5�, where � / N

�z, for
the critical Ising model in Eq. (2) (top) and the XXZ model in
Eq. (3) in the critical phase at ⇠ = 0.5 (bottom). Main figures
show data for N = 8, 12, 16, 20, which are respectively blue
pentagons, orange squares, green diamonds and red circles.
Inset: curves in the main figures after rescaling according
to Eq. (4). The agreement is stunning, using c = 1/2 and
z = 1.02±0.02 (top) and c = 1 and z = 0.98±0.02 (bottom).
The grey area highlights the temperature range T  0.2�(N).

physically relevant states, i.e. the stationary states of a
Lindblad master equation [43–45]. The Time-Dependent
Variational Principle [46, 47] is surely a good candidate
strategy towards this goal. This will likely be the focus
of our research in the near future, aiming to enable the
EoF analysis presented here onto even larger system sizes
of the order of hundreds of sites.
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show that the improvement introduced by our approach
already enables the investigation of relevant scaling prop-
erties of critical systems not achievable before.

Once the TTO is built, we proceed to calculate the
optimization from Eq. (1) on the top tensor R. To build
sets of U matrices, we fix a value for K � K0 and pa-
rameterize a Hermitian matrix A = A

† of dimensions
K ⇥ K. Then, we get the corresponding unitary from
U = exp{iA}, and finally we take K0 random rows of U

to build U . For every column of R
0 = RU , its entangle-

ment entropy is calculated via S = �
P

i
s
2
i
log s

2
i
, where

the singular values si are obtained by a singular value de-
composition (SVD). In the results section, entropies are
expressed in basis of log2, so that a Bell pair defines the
unit of entanglement. For a given K � K0, minimization
in the space of the U is carried out via direct search meth-
ods, but other choices are possible. Extensive proofs of
the stability of this method, as well as some results on
many-body random density matrices, are provided in the
SM. Convergence of the minima is rapidly reached when
increasing K � K0. For all practical purposes, choosing
K ⇡ K0 is often su�cient to achieve close convergence
(see SM). We stress that, even in case of incomplete or
failed convergence, our method still provides an upper
bound to the actual EoF of the quantum state. In par-
ticular, in every case we could check, the results provided
tight bounds.

Results � We consider two well-known prototype quan-
tum critical spin- 12 models as benchmarks [39]: specifi-
cally, the Ising model

ĤIsing = J

NX
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�
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in a transverse field h, and the XXZ model

ĤXXZ = J

NX
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with anisotropy ⇠, both models considered in periodic
boundary conditions (PBC) and �̂

↵

j
s (↵ = x, y, z) are the

Pauli matrices. The temperature T , defining the thermal
state ⇢ = 1

Z
e
�Ĥ/T , is expressed in units of the Hamilto-

nian energyscale (J = kB = 1). To appropriately choose
a suitable number K0 we start from K0 = 2. We then
evaluate the resulting EoF, gradually increasing K0 until
convergence of the estimated EoF is reached. We employ
a similar strategy to choose the best M .

Fig. 2 shows a typical benchmark comparison of the
total computational time required to estimate the EoF:
(i) using the full description (X matrix, orange data)
(ii) using the TTO method (R matrix, blue data). The
time needed to solve the full optimization increases as
O(dim{H}3/2), since the bottleneck of our algorithm is
the SVD to calculate S for each of the K pure states. By

FIG. 2. Scaling of computational times versus N , for thermal
states of ĤIsing in Eq. (2) at h = 1 and with kBT = 0.1J .
Green diamonds correspond to optimizations done on density
matrices with no approximations. Orange squares refer in-
stead to states where K0 has been truncated, but still pure
states are not compressed (see Fig. 1(c)): the exponential fit
of the last five data points shows that the complexity scales as
O((2N )1.503), in agreement with the theoretical expectation.
Blue circles report the optimization times needed using the
root tensor R of the TTO with a maximal bond dimension M

and truncated K0 (see Fig. 1(b)). Inset: Smallest M needed
to achieve convergence of the EoF within 1% of its exact value.
Red pentagons and purple diamonds refer respectively to the
critical Ising model at kBT = 0.1J and to the XXZ model
with ⇠ = 0.5 (critical) at kBT = 0.5J .

contrast, this runtime scales like O(M3) for a TTO rep-
resentation, with M ⌧

p
dim{H}. In fact, we studied

the M needed to achieve 99% of the exact EoF value as
a function of the size N , for both Ising and XXZ models
in the gapless phase. The growth is linear and smooth,
as shown in the inset.

Equipped with our diagnostic tool, we perform inter-
esting investigations of bipartite entanglement properties
of intermediate-size quantum systems at finite T . The
two panels in Fig. 3 focus on critical phases of the two
models, the quantum phase transition point of the Ising
model (h = 1, top), and the Luttinger liquid phase of the
XXZ model (⇠ = 0.5, bottom) respectively. While the
system is strongly-correlated at zero temperature, entan-
glement seems to survive roughly unaltered up to T of the
order of 0.2�(N), with �(N) the finite-size energy gap,
and smoothly drop at higher T . This phenomenon is to
be contrasted with the Von Neumann entropy S (global,
or of either subsystem), which instead grows with T , and
can not capture alone the entanglement decrease [40, 41].
More importantly, we observe an emergent scaling behav-
ior when plotting EF (T, N). In fact, the EoF appears to
follow the logarithm of a conformal scaling function, in
proximity of the quantum critical point (i.e., for small

1D critical systems:

S / N (D�1)
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We present a numerical strategy to e�ciently estimate bipartite entanglement measures, and
in particular the Entanglement of Formation, for many-body quantum systems on a lattice. Our
approach introduces a novel tensor network ansatz � the Tree Tensor Operator � a positive, loopless
representation for density matrices which e�ciently encodes information on bipartite entanglement,
enabling the up-scaling of entanglement estimation. Employing this technique, we observe a finite-
size scaling law for the entanglement of formation in 1D critical lattice models at finite temperature,
extending to mixed states the Calabrese-Cardy scaling law for the entanglement entropy.

Quantum entanglement, correlations uniquely present
in quantum systems [1], lies at the heart of the second
quantum revolution. It is a fundamental resource in the
development of present and future quantum technolo-
gies [2], and it drives the collective physics of many-body
quantum systems at low temperatures [3, 4]. The abil-
ity to characterize and quantify entanglement in a quan-
tum state is thus crucial. However, even the simplest
entanglement characterization, bipartite entanglement �
quantifying the mutual quantum correlations between
two subsystems � is well-understood only when the state
of the joint subsystems is a pure quantum state. This is
mostly due to the fact that the estimation strategies for
entanglement of mixed states call for minimizations in
spaces that scales exponentially with the number of con-
stituents of the system, and thus are e↵ectively limited
to small-sized systems [5, 6]. In this letter, we show how
tensor network (TN) techniques can tackle this challenge,
and e�ciently estimate the Entanglement of Formation
(EoF) [7] � the convex-roof extension of the Von Neu-
mann entropy � of many-body quantum states. As first
application of this approach, we show that for critical
one-dimensional systems the EoF obeys a (logarithmic)
finite-size conformal scaling-law, for temperatures com-
mensurate with the energy gap.

For pure states, the connection between bipartite en-
tanglement and the e↵ective entropy of either subsystem
has been largely established, and is typically expressed
in terms of Von Neumann (S) or Rényi entropies [7–10].
While challenging to measure in an experiment [11], these
estimators are often accessible in numerical simulations of
many-body quantum systems, and especially in loopless
tensor network ansatz states, where the calculation com-
plexity scales polinomially with the system size [12–16].
Conversely, for mixed global quantum states, the problem
of characterizing and quantifying bipartite entanglement
is much more involved, both conceptually and technically.
It is nevertheless a fundamental goal, since any realistic
quantum platform faces imperfections, statistical errors,
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FIG. 1. (a) The Tree Tensor Operator (TTO) representing a
density matrix ⇢ = XX

†. K0 is the number of pure states in
the representation used, while M is the maximal dimension
for all bonds. The gray dashed square highlights the root
tensor R, containing all the information about entanglement
between the red and green bipartitions of the physical space.
(b) Change of representation for the EoF minimization using
R, after having compressed the state with some maximal bond
dimension M . (c) Same as (b), but without compression, so
that M = d

N/2. Optimizations are possible for any system
size and state that can be e�ciently represented as TTOs.

and/or imperfect isolation leading to finite temperatures.
From a conceptual standpoint, a major focus is to assess
which of the entanglement monotones proposed over the
years satisfy the desired properties of entanglement mea-
sures [8]. At a technical level, the core problem is to
e�ciently estimate these entanglement quantifiers. Even
those that can be evaluated by linear algebra operations,
such as negativity [17] and quantitative witnesses [18, 19],
are exponentially expensive in the system size. Addi-
tionally, many important monotones with a clear phys-
ical significance, in terms of resource and information
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has been largely established, and is typically expressed
in terms of Von Neumann (S) or Rényi entropies [7–10].
While challenging to measure in an experiment [11], these
estimators are often accessible in numerical simulations of
many-body quantum systems, and especially in loopless
tensor network ansatz states, where the calculation com-
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and/or imperfect isolation leading to finite temperatures.
From a conceptual standpoint, a major focus is to assess
which of the entanglement monotones proposed over the
years satisfy the desired properties of entanglement mea-
sures [8]. At a technical level, the core problem is to
e�ciently estimate these entanglement quantifiers. Even
those that can be evaluated by linear algebra operations,
such as negativity [17] and quantitative witnesses [18, 19],
are exponentially expensive in the system size. Addi-
tionally, many important monotones with a clear phys-
ical significance, in terms of resource and information

2

theory, are convex-roof extensions of pure-state entangle-
ment measures [7]. Estimating these monotones is a hard
non-linear minimization problem over pure-state decom-
positions of the global density matrix [20–26], severely
limited to small system sizes.

The key point of the strategy we propose is the intro-
duction of a new TN structure to represent a density ma-
trix ⇢, the Tree Tensor Operator (TTO) (Fig. 1). This
TN ansatz guarantees positivity of ⇢, and being loop-
less it is e�ciently contractible. Moreover, it is a natural
TN geometry for estimating bipartite entanglement mea-
sures: as discussed below, the information about bipar-
tite entanglement is compressed into a single tensor, ul-
timately simplifying the complexity of the minimization
problem. We demonstrate this method e↵ectiveness com-
puting the EoF of thermal many-body quantum states of
the 1D transverse-field Ising and XXZ models.

Tree Tensor Operator ansatz � As positive operators,
density matrices ⇢ =

P
j
pj | jih j | can be written as ⇢ =

XX
†, where the rectangular matrix X =

P
j

p
pj | jihj|

has a number of columns equal to the rank of ⇢, also
known as the the Kraus dimension K0. For many-body
quantum states at low temperatures, probabilities pj de-
cay su�ciently fast that it is possible to approximate ⇢
using a K0 that scales at most polynomially with the
system size N . Therefore, from a numerical viewpoint,
it is meaningful represent X with a Tree Tensor net-
work as shown in Fig. 1: the lower open links (‘leaves’,
each of dimension d) represent the physical sites, while
the upper open link (‘root’, of dimension K0) represents
the Kraus space of the global purification. As for other
Tensor Network ansätze, this representation becomes ef-
ficient when the connecting links, or ‘branches’, carry an
e↵ective dimension M that also scales polynomially with
N [16, 27, 28].

By construction, the TTO ansatz guarantees positiv-
ity of ⇢, in contrast to the Matrix Product Density Op-
erator ansatz [29, 30], whose positivity can be checked
only as an NP-hard problem [31]. Locally Purified Ten-
sor Networks [32] also preserve positivity, but the pres-
ence of loops in their network geometry leads to numer-
ical limitations when implementing optimization strate-
gies [33, 34]. The TTO is instead positive and loopless
thus encompassing the best of the two words without
any drawbacks. When the TTO is properly isometrized
to the root tensor, via (e�cient) TN gauge transforma-
tions [16], all the information about the mixing prob-
abilities pj ends up stored within that tensor. Thus,
also information about global entropies (Von Neumann
S = �

P
pj log pj and Rényi S↵ = (1 � ↵)�1 log

P
j
p
↵

j
,

including the purity). Moreover, all the information on
bipartite entanglement (for a half-half system biparti-
tion) is contained only in the root tensor. Indeed, the
action of the isometrized branches is actually an invert-
ible LOCC (operation achievable via Local Operations
and Classical Communication), and entanglement mono-

tones cannot increase under such transformations [8]. In
conclusion, compressing the relevant information into a
tensor with polynomially-scaling dimension, it is possible
to e�ciently estimate entanglement monotones by pro-
cessing only the root tensor, even for complex measures
that rely on convex-roof extensions. Below, we specialize
this procedure to the specific case of the EoF.
EoF estimation � The EoF of a mixed quantum state

⇢, defined as [7]

EF (⇢) = inf
{pj , j}

nX

j

pjS(| ji) : ⇢ =
X

j

pj | jih j |
o

,

quantifies the number of Bell pairs needed to construct
a certain number of copies of ⇢ via LOCC. The mini-
mization runs over all possible decompositions of ⇢ as
a convex mixture of pure states | ni, with probabilities
pn. It is straightforward to recast the previous expres-
sion in terms of the matrix X, whose columns

p
pj | ji

represent one possible pure-state decomposition of ⇢. Via
the Schrödinger-HJW theorem [35, 36], it is possible to
obtain the whole set of X

0 matrices representing ⇢, and
thus all possible pure-state decompositions. This is done
by multiplying X

0 = XU , where U is any right-isometry
(a semi-unitary matrix satisfying UU† = 1) of dimension
K0 ⇥ K, with K � K0. The minimization problem then
becomes a minimization over the space of right isometries
U , precisely

EF (⇢) = min
K�K0

inf
U

n KX

j=1

pjS(| 0
j
i) : X

0 = XU
o

, (1)

where the columns of X
0 represent the new pure-

state decomposition of ⇢, with wavefunctions | 0
j
i =

X
0|ji(p0

j
)�1/2 and probabilities p

0
j

= hj|X 0†
X

0|ji.
As depicted in Fig. 1(a), the X matrix composing the

isometrized TTO can be written as X = (VL ⌦ VR)R,
where R is the root tensor, and the branches V? are left-
isometries (V†

?V? = 1). It follows that the columns of
R must have the same entanglement entropy S of the
columns of X, and clearly the same probabilities p

0
j
.

Thus, Eq. (1) can be more e�ciently computed by re-
placing X with the smaller root tensor R.
Numerical Simulation � Hereafter, we estimate the

EoF of low-temperature many-body states of 1D quan-
tum lattice models H via TTO. We first obtain
X = 1p

Z

P
K0

j
e
�Ej/2T | jihj| from exact diagonalization

(ED), where Ej is the energy of eigenstate | ji, and the
partition function Z ensures normalization Tr

�
XX

† =
1. Afterwards, we compress X into the TTO using stan-
dard linear algebra routines, as detailed in the Supple-
mentary Material (SM). Although this is not the most
e�icient strategy (it is possible to develop algorithms
that directly compute the TTO for finite-temperature
quantum states, capture Markovian real-time evolution
[37], or transform other TN states into TTOs [38]), we
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We present a numerical strategy to e�ciently estimate bipartite entanglement measures, and
in particular the Entanglement of Formation, for many-body quantum systems on a lattice. Our
approach introduces a novel tensor network ansatz � the Tree Tensor Operator � a positive, loopless
representation for density matrices which e�ciently encodes information on bipartite entanglement,
enabling the up-scaling of entanglement estimation. Employing this technique, we observe a finite-
size scaling law for the entanglement of formation in 1D critical lattice models at finite temperature,
extending to mixed states the Calabrese-Cardy scaling law for the entanglement entropy.

Quantum entanglement, correlations uniquely present
in quantum systems [1], lies at the heart of the second
quantum revolution. It is a fundamental resource in the
development of present and future quantum technolo-
gies [2], and it drives the collective physics of many-body
quantum systems at low temperatures [3, 4]. The abil-
ity to characterize and quantify entanglement in a quan-
tum state is thus crucial. However, even the simplest
entanglement characterization, bipartite entanglement �
quantifying the mutual quantum correlations between
two subsystems � is well-understood only when the state
of the joint subsystems is a pure quantum state. This is
mostly due to the fact that the estimation strategies for
entanglement of mixed states call for minimizations in
spaces that scales exponentially with the number of con-
stituents of the system, and thus are e↵ectively limited
to small-sized systems [5, 6]. In this letter, we show how
tensor network (TN) techniques can tackle this challenge,
and e�ciently estimate the Entanglement of Formation
(EoF) [7] � the convex-roof extension of the Von Neu-
mann entropy � of many-body quantum states. As first
application of this approach, we show that for critical
one-dimensional systems the EoF obeys a (logarithmic)
finite-size conformal scaling-law, for temperatures com-
mensurate with the energy gap.

For pure states, the connection between bipartite en-
tanglement and the e↵ective entropy of either subsystem
has been largely established, and is typically expressed
in terms of Von Neumann (S) or Rényi entropies [7–10].
While challenging to measure in an experiment [11], these
estimators are often accessible in numerical simulations of
many-body quantum systems, and especially in loopless
tensor network ansatz states, where the calculation com-
plexity scales polinomially with the system size [12–16].
Conversely, for mixed global quantum states, the problem
of characterizing and quantifying bipartite entanglement
is much more involved, both conceptually and technically.
It is nevertheless a fundamental goal, since any realistic
quantum platform faces imperfections, statistical errors,
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FIG. 1. (a) The Tree Tensor Operator (TTO) representing a
density matrix ⇢ = XX

†. K0 is the number of pure states in
the representation used, while M is the maximal dimension
for all bonds. The gray dashed square highlights the root
tensor R, containing all the information about entanglement
between the red and green bipartitions of the physical space.
(b) Change of representation for the EoF minimization using
R, after having compressed the state with some maximal bond
dimension M . (c) Same as (b), but without compression, so
that M = d

N/2. Optimizations are possible for any system
size and state that can be e�ciently represented as TTOs.

and/or imperfect isolation leading to finite temperatures.
From a conceptual standpoint, a major focus is to assess
which of the entanglement monotones proposed over the
years satisfy the desired properties of entanglement mea-
sures [8]. At a technical level, the core problem is to
e�ciently estimate these entanglement quantifiers. Even
those that can be evaluated by linear algebra operations,
such as negativity [17] and quantitative witnesses [18, 19],
are exponentially expensive in the system size. Addi-
tionally, many important monotones with a clear phys-
ical significance, in terms of resource and information

2

theory, are convex-roof extensions of pure-state entangle-
ment measures [7]. Estimating these monotones is a hard
non-linear minimization problem over pure-state decom-
positions of the global density matrix [20–26], severely
limited to small system sizes.

The key point of the strategy we propose is the intro-
duction of a new TN structure to represent a density ma-
trix ⇢, the Tree Tensor Operator (TTO) (Fig. 1). This
TN ansatz guarantees positivity of ⇢, and being loop-
less it is e�ciently contractible. Moreover, it is a natural
TN geometry for estimating bipartite entanglement mea-
sures: as discussed below, the information about bipar-
tite entanglement is compressed into a single tensor, ul-
timately simplifying the complexity of the minimization
problem. We demonstrate this method e↵ectiveness com-
puting the EoF of thermal many-body quantum states of
the 1D transverse-field Ising and XXZ models.

Tree Tensor Operator ansatz � As positive operators,
density matrices ⇢ =

P
j
pj | jih j | can be written as ⇢ =

XX
†, where the rectangular matrix X =

P
j

p
pj | jihj|

has a number of columns equal to the rank of ⇢, also
known as the the Kraus dimension K0. For many-body
quantum states at low temperatures, probabilities pj de-
cay su�ciently fast that it is possible to approximate ⇢
using a K0 that scales at most polynomially with the
system size N . Therefore, from a numerical viewpoint,
it is meaningful represent X with a Tree Tensor net-
work as shown in Fig. 1: the lower open links (‘leaves’,
each of dimension d) represent the physical sites, while
the upper open link (‘root’, of dimension K0) represents
the Kraus space of the global purification. As for other
Tensor Network ansätze, this representation becomes ef-
ficient when the connecting links, or ‘branches’, carry an
e↵ective dimension M that also scales polynomially with
N [16, 27, 28].

By construction, the TTO ansatz guarantees positiv-
ity of ⇢, in contrast to the Matrix Product Density Op-
erator ansatz [29, 30], whose positivity can be checked
only as an NP-hard problem [31]. Locally Purified Ten-
sor Networks [32] also preserve positivity, but the pres-
ence of loops in their network geometry leads to numer-
ical limitations when implementing optimization strate-
gies [33, 34]. The TTO is instead positive and loopless
thus encompassing the best of the two words without
any drawbacks. When the TTO is properly isometrized
to the root tensor, via (e�cient) TN gauge transforma-
tions [16], all the information about the mixing prob-
abilities pj ends up stored within that tensor. Thus,
also information about global entropies (Von Neumann
S = �

P
pj log pj and Rényi S↵ = (1 � ↵)�1 log

P
j
p
↵

j
,

including the purity). Moreover, all the information on
bipartite entanglement (for a half-half system biparti-
tion) is contained only in the root tensor. Indeed, the
action of the isometrized branches is actually an invert-
ible LOCC (operation achievable via Local Operations
and Classical Communication), and entanglement mono-

tones cannot increase under such transformations [8]. In
conclusion, compressing the relevant information into a
tensor with polynomially-scaling dimension, it is possible
to e�ciently estimate entanglement monotones by pro-
cessing only the root tensor, even for complex measures
that rely on convex-roof extensions. Below, we specialize
this procedure to the specific case of the EoF.
EoF estimation � The EoF of a mixed quantum state

⇢, defined as [7]

EF (⇢) = inf
{pj , j}

nX

j

pjS(| ji) : ⇢ =
X

j

pj | jih j |
o

,

quantifies the number of Bell pairs needed to construct
a certain number of copies of ⇢ via LOCC. The mini-
mization runs over all possible decompositions of ⇢ as
a convex mixture of pure states | ni, with probabilities
pn. It is straightforward to recast the previous expres-
sion in terms of the matrix X, whose columns

p
pj | ji

represent one possible pure-state decomposition of ⇢. Via
the Schrödinger-HJW theorem [35, 36], it is possible to
obtain the whole set of X

0 matrices representing ⇢, and
thus all possible pure-state decompositions. This is done
by multiplying X

0 = XU , where U is any right-isometry
(a semi-unitary matrix satisfying UU† = 1) of dimension
K0 ⇥ K, with K � K0. The minimization problem then
becomes a minimization over the space of right isometries
U , precisely

EF (⇢) = min
K�K0

inf
U

n KX

j=1

pjS(| 0
j
i) : X

0 = XU
o

, (1)

where the columns of X
0 represent the new pure-

state decomposition of ⇢, with wavefunctions | 0
j
i =

X
0|ji(p0

j
)�1/2 and probabilities p

0
j

= hj|X 0†
X

0|ji.
As depicted in Fig. 1(a), the X matrix composing the

isometrized TTO can be written as X = (VL ⌦ VR)R,
where R is the root tensor, and the branches V? are left-
isometries (V†

?V? = 1). It follows that the columns of
R must have the same entanglement entropy S of the
columns of X, and clearly the same probabilities p

0
j
.

Thus, Eq. (1) can be more e�ciently computed by re-
placing X with the smaller root tensor R.
Numerical Simulation � Hereafter, we estimate the

EoF of low-temperature many-body states of 1D quan-
tum lattice models H via TTO. We first obtain
X = 1p

Z

P
K0

j
e
�Ej/2T | jihj| from exact diagonalization

(ED), where Ej is the energy of eigenstate | ji, and the
partition function Z ensures normalization Tr

�
XX

† =
1. Afterwards, we compress X into the TTO using stan-
dard linear algebra routines, as detailed in the Supple-
mentary Material (SM). Although this is not the most
e�icient strategy (it is possible to develop algorithms
that directly compute the TTO for finite-temperature
quantum states, capture Markovian real-time evolution
[37], or transform other TN states into TTOs [38]), we
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show that the improvement introduced by our approach
already enables the investigation of relevant scaling prop-
erties of critical systems not achievable before.

Once the TTO is built, we proceed to calculate the
optimization from Eq. (1) on the top tensor R. To build
sets of U matrices, we fix a value for K � K0 and pa-
rameterize a Hermitian matrix A = A

† of dimensions
K ⇥ K. Then, we get the corresponding unitary from
U = exp{iA}, and finally we take K0 random rows of U

to build U . For every column of R
0 = RU , its entangle-

ment entropy is calculated via S = �
P

i
s
2
i
log s

2
i
, where

the singular values si are obtained by a singular value de-
composition (SVD). In the results section, entropies are
expressed in basis of log2, so that a Bell pair defines the
unit of entanglement. For a given K � K0, minimization
in the space of the U is carried out via direct search meth-
ods, but other choices are possible. Extensive proofs of
the stability of this method, as well as some results on
many-body random density matrices, are provided in the
SM. Convergence of the minima is rapidly reached when
increasing K � K0. For all practical purposes, choosing
K ⇡ K0 is often su�cient to achieve close convergence
(see SM). We stress that, even in case of incomplete or
failed convergence, our method still provides an upper
bound to the actual EoF of the quantum state. In par-
ticular, in every case we could check, the results provided
tight bounds.

Results � We consider two well-known prototype quan-
tum critical spin- 12 models as benchmarks [39]: specifi-
cally, the Ising model

ĤIsing = J

NX

i=1

�
�̂

x

j
�̂

x

j+1 + h�̂
z

j

�
(2)

in a transverse field h, and the XXZ model

ĤXXZ = J

NX

j=1

�
�̂

x

j
�̂

x

j+1 + �̂
y

j
�̂

y

j+1 + ⇠ �̂
z

j
�̂

z

j+1

�
(3)

with anisotropy ⇠, both models considered in periodic
boundary conditions (PBC) and �̂

↵

j
s (↵ = x, y, z) are the

Pauli matrices. The temperature T , defining the thermal
state ⇢ = 1

Z
e
�Ĥ/T , is expressed in units of the Hamilto-

nian energyscale (J = kB = 1). To appropriately choose
a suitable number K0 we start from K0 = 2. We then
evaluate the resulting EoF, gradually increasing K0 until
convergence of the estimated EoF is reached. We employ
a similar strategy to choose the best M .

Fig. 2 shows a typical benchmark comparison of the
total computational time required to estimate the EoF:
(i) using the full description (X matrix, orange data)
(ii) using the TTO method (R matrix, blue data). The
time needed to solve the full optimization increases as
O(dim{H}3/2), since the bottleneck of our algorithm is
the SVD to calculate S for each of the K pure states. By

FIG. 2. Scaling of computational times versus N , for thermal
states of ĤIsing in Eq. (2) at h = 1 and with kBT = 0.1J .
Green diamonds correspond to optimizations done on density
matrices with no approximations. Orange squares refer in-
stead to states where K0 has been truncated, but still pure
states are not compressed (see Fig. 1(c)): the exponential fit
of the last five data points shows that the complexity scales as
O((2N )1.503), in agreement with the theoretical expectation.
Blue circles report the optimization times needed using the
root tensor R of the TTO with a maximal bond dimension M

and truncated K0 (see Fig. 1(b)). Inset: Smallest M needed
to achieve convergence of the EoF within 1% of its exact value.
Red pentagons and purple diamonds refer respectively to the
critical Ising model at kBT = 0.1J and to the XXZ model
with ⇠ = 0.5 (critical) at kBT = 0.5J .

contrast, this runtime scales like O(M3) for a TTO rep-
resentation, with M ⌧

p
dim{H}. In fact, we studied

the M needed to achieve 99% of the exact EoF value as
a function of the size N , for both Ising and XXZ models
in the gapless phase. The growth is linear and smooth,
as shown in the inset.

Equipped with our diagnostic tool, we perform inter-
esting investigations of bipartite entanglement properties
of intermediate-size quantum systems at finite T . The
two panels in Fig. 3 focus on critical phases of the two
models, the quantum phase transition point of the Ising
model (h = 1, top), and the Luttinger liquid phase of the
XXZ model (⇠ = 0.5, bottom) respectively. While the
system is strongly-correlated at zero temperature, entan-
glement seems to survive roughly unaltered up to T of the
order of 0.2�(N), with �(N) the finite-size energy gap,
and smoothly drop at higher T . This phenomenon is to
be contrasted with the Von Neumann entropy S (global,
or of either subsystem), which instead grows with T , and
can not capture alone the entanglement decrease [40, 41].
More importantly, we observe an emergent scaling behav-
ior when plotting EF (T, N). In fact, the EoF appears to
follow the logarithm of a conformal scaling function, in
proximity of the quantum critical point (i.e., for small
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We present a numerical strategy to e�ciently estimate bipartite entanglement measures, and
in particular the Entanglement of Formation, for many-body quantum systems on a lattice. Our
approach introduces a novel tensor network ansatz � the Tree Tensor Operator � a positive, loopless
representation for density matrices which e�ciently encodes information on bipartite entanglement,
enabling the up-scaling of entanglement estimation. Employing this technique, we observe a finite-
size scaling law for the entanglement of formation in 1D critical lattice models at finite temperature,
extending to mixed states the Calabrese-Cardy scaling law for the entanglement entropy.

Quantum entanglement, correlations uniquely present
in quantum systems [1], lies at the heart of the second
quantum revolution. It is a fundamental resource in the
development of present and future quantum technolo-
gies [2], and it drives the collective physics of many-body
quantum systems at low temperatures [3, 4]. The abil-
ity to characterize and quantify entanglement in a quan-
tum state is thus crucial. However, even the simplest
entanglement characterization, bipartite entanglement �
quantifying the mutual quantum correlations between
two subsystems � is well-understood only when the state
of the joint subsystems is a pure quantum state. This is
mostly due to the fact that the estimation strategies for
entanglement of mixed states call for minimizations in
spaces that scales exponentially with the number of con-
stituents of the system, and thus are e↵ectively limited
to small-sized systems [5, 6]. In this letter, we show how
tensor network (TN) techniques can tackle this challenge,
and e�ciently estimate the Entanglement of Formation
(EoF) [7] � the convex-roof extension of the Von Neu-
mann entropy � of many-body quantum states. As first
application of this approach, we show that for critical
one-dimensional systems the EoF obeys a (logarithmic)
finite-size conformal scaling-law, for temperatures com-
mensurate with the energy gap.

For pure states, the connection between bipartite en-
tanglement and the e↵ective entropy of either subsystem
has been largely established, and is typically expressed
in terms of Von Neumann (S) or Rényi entropies [7–10].
While challenging to measure in an experiment [11], these
estimators are often accessible in numerical simulations of
many-body quantum systems, and especially in loopless
tensor network ansatz states, where the calculation com-
plexity scales polinomially with the system size [12–16].
Conversely, for mixed global quantum states, the problem
of characterizing and quantifying bipartite entanglement
is much more involved, both conceptually and technically.
It is nevertheless a fundamental goal, since any realistic
quantum platform faces imperfections, statistical errors,
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FIG. 1. (a) The Tree Tensor Operator (TTO) representing a
density matrix ⇢ = XX

†. K0 is the number of pure states in
the representation used, while M is the maximal dimension
for all bonds. The gray dashed square highlights the root
tensor R, containing all the information about entanglement
between the red and green bipartitions of the physical space.
(b) Change of representation for the EoF minimization using
R, after having compressed the state with some maximal bond
dimension M . (c) Same as (b), but without compression, so
that M = d

N/2. Optimizations are possible for any system
size and state that can be e�ciently represented as TTOs.

and/or imperfect isolation leading to finite temperatures.
From a conceptual standpoint, a major focus is to assess
which of the entanglement monotones proposed over the
years satisfy the desired properties of entanglement mea-
sures [8]. At a technical level, the core problem is to
e�ciently estimate these entanglement quantifiers. Even
those that can be evaluated by linear algebra operations,
such as negativity [17] and quantitative witnesses [18, 19],
are exponentially expensive in the system size. Addi-
tionally, many important monotones with a clear phys-
ical significance, in terms of resource and information

2

theory, are convex-roof extensions of pure-state entangle-
ment measures [7]. Estimating these monotones is a hard
non-linear minimization problem over pure-state decom-
positions of the global density matrix [20–26], severely
limited to small system sizes.

The key point of the strategy we propose is the intro-
duction of a new TN structure to represent a density ma-
trix ⇢, the Tree Tensor Operator (TTO) (Fig. 1). This
TN ansatz guarantees positivity of ⇢, and being loop-
less it is e�ciently contractible. Moreover, it is a natural
TN geometry for estimating bipartite entanglement mea-
sures: as discussed below, the information about bipar-
tite entanglement is compressed into a single tensor, ul-
timately simplifying the complexity of the minimization
problem. We demonstrate this method e↵ectiveness com-
puting the EoF of thermal many-body quantum states of
the 1D transverse-field Ising and XXZ models.

Tree Tensor Operator ansatz � As positive operators,
density matrices ⇢ =

P
j
pj | jih j | can be written as ⇢ =

XX
†, where the rectangular matrix X =

P
j

p
pj | jihj|

has a number of columns equal to the rank of ⇢, also
known as the the Kraus dimension K0. For many-body
quantum states at low temperatures, probabilities pj de-
cay su�ciently fast that it is possible to approximate ⇢
using a K0 that scales at most polynomially with the
system size N . Therefore, from a numerical viewpoint,
it is meaningful represent X with a Tree Tensor net-
work as shown in Fig. 1: the lower open links (‘leaves’,
each of dimension d) represent the physical sites, while
the upper open link (‘root’, of dimension K0) represents
the Kraus space of the global purification. As for other
Tensor Network ansätze, this representation becomes ef-
ficient when the connecting links, or ‘branches’, carry an
e↵ective dimension M that also scales polynomially with
N [16, 27, 28].

By construction, the TTO ansatz guarantees positiv-
ity of ⇢, in contrast to the Matrix Product Density Op-
erator ansatz [29, 30], whose positivity can be checked
only as an NP-hard problem [31]. Locally Purified Ten-
sor Networks [32] also preserve positivity, but the pres-
ence of loops in their network geometry leads to numer-
ical limitations when implementing optimization strate-
gies [33, 34]. The TTO is instead positive and loopless
thus encompassing the best of the two words without
any drawbacks. When the TTO is properly isometrized
to the root tensor, via (e�cient) TN gauge transforma-
tions [16], all the information about the mixing prob-
abilities pj ends up stored within that tensor. Thus,
also information about global entropies (Von Neumann
S = �

P
pj log pj and Rényi S↵ = (1 � ↵)�1 log

P
j
p
↵

j
,

including the purity). Moreover, all the information on
bipartite entanglement (for a half-half system biparti-
tion) is contained only in the root tensor. Indeed, the
action of the isometrized branches is actually an invert-
ible LOCC (operation achievable via Local Operations
and Classical Communication), and entanglement mono-

tones cannot increase under such transformations [8]. In
conclusion, compressing the relevant information into a
tensor with polynomially-scaling dimension, it is possible
to e�ciently estimate entanglement monotones by pro-
cessing only the root tensor, even for complex measures
that rely on convex-roof extensions. Below, we specialize
this procedure to the specific case of the EoF.
EoF estimation � The EoF of a mixed quantum state

⇢, defined as [7]

EF (⇢) = inf
{pj , j}

nX

j

pjS(| ji) : ⇢ =
X

j

pj | jih j |
o

,

quantifies the number of Bell pairs needed to construct
a certain number of copies of ⇢ via LOCC. The mini-
mization runs over all possible decompositions of ⇢ as
a convex mixture of pure states | ni, with probabilities
pn. It is straightforward to recast the previous expres-
sion in terms of the matrix X, whose columns

p
pj | ji

represent one possible pure-state decomposition of ⇢. Via
the Schrödinger-HJW theorem [35, 36], it is possible to
obtain the whole set of X

0 matrices representing ⇢, and
thus all possible pure-state decompositions. This is done
by multiplying X

0 = XU , where U is any right-isometry
(a semi-unitary matrix satisfying UU† = 1) of dimension
K0 ⇥ K, with K � K0. The minimization problem then
becomes a minimization over the space of right isometries
U , precisely

EF (⇢) = min
K�K0

inf
U

n KX

j=1

pjS(| 0
j
i) : X

0 = XU
o

, (1)

where the columns of X
0 represent the new pure-

state decomposition of ⇢, with wavefunctions | 0
j
i =

X
0|ji(p0

j
)�1/2 and probabilities p

0
j

= hj|X 0†
X

0|ji.
As depicted in Fig. 1(a), the X matrix composing the

isometrized TTO can be written as X = (VL ⌦ VR)R,
where R is the root tensor, and the branches V? are left-
isometries (V†

?V? = 1). It follows that the columns of
R must have the same entanglement entropy S of the
columns of X, and clearly the same probabilities p

0
j
.

Thus, Eq. (1) can be more e�ciently computed by re-
placing X with the smaller root tensor R.
Numerical Simulation � Hereafter, we estimate the

EoF of low-temperature many-body states of 1D quan-
tum lattice models H via TTO. We first obtain
X = 1p

Z

P
K0

j
e
�Ej/2T | jihj| from exact diagonalization

(ED), where Ej is the energy of eigenstate | ji, and the
partition function Z ensures normalization Tr

�
XX

† =
1. Afterwards, we compress X into the TTO using stan-
dard linear algebra routines, as detailed in the Supple-
mentary Material (SM). Although this is not the most
e�icient strategy (it is possible to develop algorithms
that directly compute the TTO for finite-temperature
quantum states, capture Markovian real-time evolution
[37], or transform other TN states into TTOs [38]), we
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show that the improvement introduced by our approach
already enables the investigation of relevant scaling prop-
erties of critical systems not achievable before.

Once the TTO is built, we proceed to calculate the
optimization from Eq. (1) on the top tensor R. To build
sets of U matrices, we fix a value for K � K0 and pa-
rameterize a Hermitian matrix A = A

† of dimensions
K ⇥ K. Then, we get the corresponding unitary from
U = exp{iA}, and finally we take K0 random rows of U

to build U . For every column of R
0 = RU , its entangle-

ment entropy is calculated via S = �
P

i
s
2
i
log s

2
i
, where

the singular values si are obtained by a singular value de-
composition (SVD). In the results section, entropies are
expressed in basis of log2, so that a Bell pair defines the
unit of entanglement. For a given K � K0, minimization
in the space of the U is carried out via direct search meth-
ods, but other choices are possible. Extensive proofs of
the stability of this method, as well as some results on
many-body random density matrices, are provided in the
SM. Convergence of the minima is rapidly reached when
increasing K � K0. For all practical purposes, choosing
K ⇡ K0 is often su�cient to achieve close convergence
(see SM). We stress that, even in case of incomplete or
failed convergence, our method still provides an upper
bound to the actual EoF of the quantum state. In par-
ticular, in every case we could check, the results provided
tight bounds.

Results � We consider two well-known prototype quan-
tum critical spin- 12 models as benchmarks [39]: specifi-
cally, the Ising model
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with anisotropy ⇠, both models considered in periodic
boundary conditions (PBC) and �̂

↵

j
s (↵ = x, y, z) are the

Pauli matrices. The temperature T , defining the thermal
state ⇢ = 1

Z
e
�Ĥ/T , is expressed in units of the Hamilto-

nian energyscale (J = kB = 1). To appropriately choose
a suitable number K0 we start from K0 = 2. We then
evaluate the resulting EoF, gradually increasing K0 until
convergence of the estimated EoF is reached. We employ
a similar strategy to choose the best M .

Fig. 2 shows a typical benchmark comparison of the
total computational time required to estimate the EoF:
(i) using the full description (X matrix, orange data)
(ii) using the TTO method (R matrix, blue data). The
time needed to solve the full optimization increases as
O(dim{H}3/2), since the bottleneck of our algorithm is
the SVD to calculate S for each of the K pure states. By

FIG. 2. Scaling of computational times versus N , for thermal
states of ĤIsing in Eq. (2) at h = 1 and with kBT = 0.1J .
Green diamonds correspond to optimizations done on density
matrices with no approximations. Orange squares refer in-
stead to states where K0 has been truncated, but still pure
states are not compressed (see Fig. 1(c)): the exponential fit
of the last five data points shows that the complexity scales as
O((2N )1.503), in agreement with the theoretical expectation.
Blue circles report the optimization times needed using the
root tensor R of the TTO with a maximal bond dimension M

and truncated K0 (see Fig. 1(b)). Inset: Smallest M needed
to achieve convergence of the EoF within 1% of its exact value.
Red pentagons and purple diamonds refer respectively to the
critical Ising model at kBT = 0.1J and to the XXZ model
with ⇠ = 0.5 (critical) at kBT = 0.5J .

contrast, this runtime scales like O(M3) for a TTO rep-
resentation, with M ⌧

p
dim{H}. In fact, we studied

the M needed to achieve 99% of the exact EoF value as
a function of the size N , for both Ising and XXZ models
in the gapless phase. The growth is linear and smooth,
as shown in the inset.

Equipped with our diagnostic tool, we perform inter-
esting investigations of bipartite entanglement properties
of intermediate-size quantum systems at finite T . The
two panels in Fig. 3 focus on critical phases of the two
models, the quantum phase transition point of the Ising
model (h = 1, top), and the Luttinger liquid phase of the
XXZ model (⇠ = 0.5, bottom) respectively. While the
system is strongly-correlated at zero temperature, entan-
glement seems to survive roughly unaltered up to T of the
order of 0.2�(N), with �(N) the finite-size energy gap,
and smoothly drop at higher T . This phenomenon is to
be contrasted with the Von Neumann entropy S (global,
or of either subsystem), which instead grows with T , and
can not capture alone the entanglement decrease [40, 41].
More importantly, we observe an emergent scaling behav-
ior when plotting EF (T, N). In fact, the EoF appears to
follow the logarithm of a conformal scaling function, in
proximity of the quantum critical point (i.e., for small
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We present a numerical strategy to e�ciently estimate bipartite entanglement measures, and
in particular the Entanglement of Formation, for many-body quantum systems on a lattice. Our
approach introduces a novel tensor network ansatz � the Tree Tensor Operator � a positive, loopless
representation for density matrices which e�ciently encodes information on bipartite entanglement,
enabling the up-scaling of entanglement estimation. Employing this technique, we observe a finite-
size scaling law for the entanglement of formation in 1D critical lattice models at finite temperature,
extending to mixed states the Calabrese-Cardy scaling law for the entanglement entropy.

Quantum entanglement, correlations uniquely present
in quantum systems [1], lies at the heart of the second
quantum revolution. It is a fundamental resource in the
development of present and future quantum technolo-
gies [2], and it drives the collective physics of many-body
quantum systems at low temperatures [3, 4]. The abil-
ity to characterize and quantify entanglement in a quan-
tum state is thus crucial. However, even the simplest
entanglement characterization, bipartite entanglement �
quantifying the mutual quantum correlations between
two subsystems � is well-understood only when the state
of the joint subsystems is a pure quantum state. This is
mostly due to the fact that the estimation strategies for
entanglement of mixed states call for minimizations in
spaces that scales exponentially with the number of con-
stituents of the system, and thus are e↵ectively limited
to small-sized systems [5, 6]. In this letter, we show how
tensor network (TN) techniques can tackle this challenge,
and e�ciently estimate the Entanglement of Formation
(EoF) [7] � the convex-roof extension of the Von Neu-
mann entropy � of many-body quantum states. As first
application of this approach, we show that for critical
one-dimensional systems the EoF obeys a (logarithmic)
finite-size conformal scaling-law, for temperatures com-
mensurate with the energy gap.

For pure states, the connection between bipartite en-
tanglement and the e↵ective entropy of either subsystem
has been largely established, and is typically expressed
in terms of Von Neumann (S) or Rényi entropies [7–10].
While challenging to measure in an experiment [11], these
estimators are often accessible in numerical simulations of
many-body quantum systems, and especially in loopless
tensor network ansatz states, where the calculation com-
plexity scales polinomially with the system size [12–16].
Conversely, for mixed global quantum states, the problem
of characterizing and quantifying bipartite entanglement
is much more involved, both conceptually and technically.
It is nevertheless a fundamental goal, since any realistic
quantum platform faces imperfections, statistical errors,

  

with 

compression

without 

compression

FIG. 1. (a) The Tree Tensor Operator (TTO) representing a
density matrix ⇢ = XX

†. K0 is the number of pure states in
the representation used, while M is the maximal dimension
for all bonds. The gray dashed square highlights the root
tensor R, containing all the information about entanglement
between the red and green bipartitions of the physical space.
(b) Change of representation for the EoF minimization using
R, after having compressed the state with some maximal bond
dimension M . (c) Same as (b), but without compression, so
that M = d

N/2. Optimizations are possible for any system
size and state that can be e�ciently represented as TTOs.

and/or imperfect isolation leading to finite temperatures.
From a conceptual standpoint, a major focus is to assess
which of the entanglement monotones proposed over the
years satisfy the desired properties of entanglement mea-
sures [8]. At a technical level, the core problem is to
e�ciently estimate these entanglement quantifiers. Even
those that can be evaluated by linear algebra operations,
such as negativity [17] and quantitative witnesses [18, 19],
are exponentially expensive in the system size. Addi-
tionally, many important monotones with a clear phys-
ical significance, in terms of resource and information
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theory, are convex-roof extensions of pure-state entangle-
ment measures [7]. Estimating these monotones is a hard
non-linear minimization problem over pure-state decom-
positions of the global density matrix [20–26], severely
limited to small system sizes.

The key point of the strategy we propose is the intro-
duction of a new TN structure to represent a density ma-
trix ⇢, the Tree Tensor Operator (TTO) (Fig. 1). This
TN ansatz guarantees positivity of ⇢, and being loop-
less it is e�ciently contractible. Moreover, it is a natural
TN geometry for estimating bipartite entanglement mea-
sures: as discussed below, the information about bipar-
tite entanglement is compressed into a single tensor, ul-
timately simplifying the complexity of the minimization
problem. We demonstrate this method e↵ectiveness com-
puting the EoF of thermal many-body quantum states of
the 1D transverse-field Ising and XXZ models.

Tree Tensor Operator ansatz � As positive operators,
density matrices ⇢ =

P
j
pj | jih j | can be written as ⇢ =

XX
†, where the rectangular matrix X =

P
j

p
pj | jihj|

has a number of columns equal to the rank of ⇢, also
known as the the Kraus dimension K0. For many-body
quantum states at low temperatures, probabilities pj de-
cay su�ciently fast that it is possible to approximate ⇢
using a K0 that scales at most polynomially with the
system size N . Therefore, from a numerical viewpoint,
it is meaningful represent X with a Tree Tensor net-
work as shown in Fig. 1: the lower open links (‘leaves’,
each of dimension d) represent the physical sites, while
the upper open link (‘root’, of dimension K0) represents
the Kraus space of the global purification. As for other
Tensor Network ansätze, this representation becomes ef-
ficient when the connecting links, or ‘branches’, carry an
e↵ective dimension M that also scales polynomially with
N [16, 27, 28].

By construction, the TTO ansatz guarantees positiv-
ity of ⇢, in contrast to the Matrix Product Density Op-
erator ansatz [29, 30], whose positivity can be checked
only as an NP-hard problem [31]. Locally Purified Ten-
sor Networks [32] also preserve positivity, but the pres-
ence of loops in their network geometry leads to numer-
ical limitations when implementing optimization strate-
gies [33, 34]. The TTO is instead positive and loopless
thus encompassing the best of the two words without
any drawbacks. When the TTO is properly isometrized
to the root tensor, via (e�cient) TN gauge transforma-
tions [16], all the information about the mixing prob-
abilities pj ends up stored within that tensor. Thus,
also information about global entropies (Von Neumann
S = �

P
pj log pj and Rényi S↵ = (1 � ↵)�1 log

P
j
p
↵

j
,

including the purity). Moreover, all the information on
bipartite entanglement (for a half-half system biparti-
tion) is contained only in the root tensor. Indeed, the
action of the isometrized branches is actually an invert-
ible LOCC (operation achievable via Local Operations
and Classical Communication), and entanglement mono-

tones cannot increase under such transformations [8]. In
conclusion, compressing the relevant information into a
tensor with polynomially-scaling dimension, it is possible
to e�ciently estimate entanglement monotones by pro-
cessing only the root tensor, even for complex measures
that rely on convex-roof extensions. Below, we specialize
this procedure to the specific case of the EoF.
EoF estimation � The EoF of a mixed quantum state

⇢, defined as [7]

EF (⇢) = inf
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,

quantifies the number of Bell pairs needed to construct
a certain number of copies of ⇢ via LOCC. The mini-
mization runs over all possible decompositions of ⇢ as
a convex mixture of pure states | ni, with probabilities
pn. It is straightforward to recast the previous expres-
sion in terms of the matrix X, whose columns

p
pj | ji

represent one possible pure-state decomposition of ⇢. Via
the Schrödinger-HJW theorem [35, 36], it is possible to
obtain the whole set of X

0 matrices representing ⇢, and
thus all possible pure-state decompositions. This is done
by multiplying X

0 = XU , where U is any right-isometry
(a semi-unitary matrix satisfying UU† = 1) of dimension
K0 ⇥ K, with K � K0. The minimization problem then
becomes a minimization over the space of right isometries
U , precisely

EF (⇢) = min
K�K0

inf
U

n KX

j=1

pjS(| 0
j
i) : X

0 = XU
o

, (1)

where the columns of X
0 represent the new pure-

state decomposition of ⇢, with wavefunctions | 0
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i =

X
0|ji(p0

j
)�1/2 and probabilities p

0
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= hj|X 0†
X

0|ji.
As depicted in Fig. 1(a), the X matrix composing the

isometrized TTO can be written as X = (VL ⌦ VR)R,
where R is the root tensor, and the branches V? are left-
isometries (V†

?V? = 1). It follows that the columns of
R must have the same entanglement entropy S of the
columns of X, and clearly the same probabilities p
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Thus, Eq. (1) can be more e�ciently computed by re-
placing X with the smaller root tensor R.
Numerical Simulation � Hereafter, we estimate the

EoF of low-temperature many-body states of 1D quan-
tum lattice models H via TTO. We first obtain
X = 1p

Z

P
K0

j
e
�Ej/2T | jihj| from exact diagonalization

(ED), where Ej is the energy of eigenstate | ji, and the
partition function Z ensures normalization Tr

�
XX

† =
1. Afterwards, we compress X into the TTO using stan-
dard linear algebra routines, as detailed in the Supple-
mentary Material (SM). Although this is not the most
e�icient strategy (it is possible to develop algorithms
that directly compute the TTO for finite-temperature
quantum states, capture Markovian real-time evolution
[37], or transform other TN states into TTOs [38]), we
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show that the improvement introduced by our approach
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sets of U matrices, we fix a value for K � K0 and pa-
rameterize a Hermitian matrix A = A

† of dimensions
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the singular values si are obtained by a singular value de-
composition (SVD). In the results section, entropies are
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unit of entanglement. For a given K � K0, minimization
in the space of the U is carried out via direct search meth-
ods, but other choices are possible. Extensive proofs of
the stability of this method, as well as some results on
many-body random density matrices, are provided in the
SM. Convergence of the minima is rapidly reached when
increasing K � K0. For all practical purposes, choosing
K ⇡ K0 is often su�cient to achieve close convergence
(see SM). We stress that, even in case of incomplete or
failed convergence, our method still provides an upper
bound to the actual EoF of the quantum state. In par-
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tight bounds.
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states of ĤIsing in Eq. (2) at h = 1 and with kBT = 0.1J .
Green diamonds correspond to optimizations done on density
matrices with no approximations. Orange squares refer in-
stead to states where K0 has been truncated, but still pure
states are not compressed (see Fig. 1(c)): the exponential fit
of the last five data points shows that the complexity scales as
O((2N )1.503), in agreement with the theoretical expectation.
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and truncated K0 (see Fig. 1(b)). Inset: Smallest M needed
to achieve convergence of the EoF within 1% of its exact value.
Red pentagons and purple diamonds refer respectively to the
critical Ising model at kBT = 0.1J and to the XXZ model
with ⇠ = 0.5 (critical) at kBT = 0.5J .
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two panels in Fig. 3 focus on critical phases of the two
models, the quantum phase transition point of the Ising
model (h = 1, top), and the Luttinger liquid phase of the
XXZ model (⇠ = 0.5, bottom) respectively. While the
system is strongly-correlated at zero temperature, entan-
glement seems to survive roughly unaltered up to T of the
order of 0.2�(N), with �(N) the finite-size energy gap,
and smoothly drop at higher T . This phenomenon is to
be contrasted with the Von Neumann entropy S (global,
or of either subsystem), which instead grows with T , and
can not capture alone the entanglement decrease [40, 41].
More importantly, we observe an emergent scaling behav-
ior when plotting EF (T, N). In fact, the EoF appears to
follow the logarithm of a conformal scaling function, in
proximity of the quantum critical point (i.e., for small
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show that the improvement introduced by our approach
already enables the investigation of relevant scaling prop-
erties of critical systems not achievable before.

Once the TTO is built, we proceed to calculate the
optimization from Eq. (1) on the top tensor R. To build
sets of U matrices, we fix a value for K � K0 and pa-
rameterize a Hermitian matrix A = A

† of dimensions
K ⇥ K. Then, we get the corresponding unitary from
U = exp{iA}, and finally we take K0 random rows of U

to build U . For every column of R
0 = RU , its entangle-

ment entropy is calculated via S = �
P

i
s
2
i
log s

2
i
, where

the singular values si are obtained by a singular value de-
composition (SVD). In the results section, entropies are
expressed in basis of log2, so that a Bell pair defines the
unit of entanglement. For a given K � K0, minimization
in the space of the U is carried out via direct search meth-
ods, but other choices are possible. Extensive proofs of
the stability of this method, as well as some results on
many-body random density matrices, are provided in the
SM. Convergence of the minima is rapidly reached when
increasing K � K0. For all practical purposes, choosing
K ⇡ K0 is often su�cient to achieve close convergence
(see SM). We stress that, even in case of incomplete or
failed convergence, our method still provides an upper
bound to the actual EoF of the quantum state. In par-
ticular, in every case we could check, the results provided
tight bounds.

Results � We consider two well-known prototype quan-
tum critical spin- 12 models as benchmarks [39]: specifi-
cally, the Ising model
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in a transverse field h, and the XXZ model
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with anisotropy ⇠, both models considered in periodic
boundary conditions (PBC) and �̂

↵

j
s (↵ = x, y, z) are the

Pauli matrices. The temperature T , defining the thermal
state ⇢ = 1

Z
e
�Ĥ/T , is expressed in units of the Hamilto-

nian energyscale (J = kB = 1). To appropriately choose
a suitable number K0 we start from K0 = 2. We then
evaluate the resulting EoF, gradually increasing K0 until
convergence of the estimated EoF is reached. We employ
a similar strategy to choose the best M .

Fig. 2 shows a typical benchmark comparison of the
total computational time required to estimate the EoF:
(i) using the full description (X matrix, orange data)
(ii) using the TTO method (R matrix, blue data). The
time needed to solve the full optimization increases as
O(dim{H}3/2), since the bottleneck of our algorithm is
the SVD to calculate S for each of the K pure states. By

FIG. 2. Scaling of computational times versus N , for thermal
states of ĤIsing in Eq. (2) at h = 1 and with kBT = 0.1J .
Green diamonds correspond to optimizations done on density
matrices with no approximations. Orange squares refer in-
stead to states where K0 has been truncated, but still pure
states are not compressed (see Fig. 1(c)): the exponential fit
of the last five data points shows that the complexity scales as
O((2N )1.503), in agreement with the theoretical expectation.
Blue circles report the optimization times needed using the
root tensor R of the TTO with a maximal bond dimension M

and truncated K0 (see Fig. 1(b)). Inset: Smallest M needed
to achieve convergence of the EoF within 1% of its exact value.
Red pentagons and purple diamonds refer respectively to the
critical Ising model at kBT = 0.1J and to the XXZ model
with ⇠ = 0.5 (critical) at kBT = 0.5J .

contrast, this runtime scales like O(M3) for a TTO rep-
resentation, with M ⌧

p
dim{H}. In fact, we studied

the M needed to achieve 99% of the exact EoF value as
a function of the size N , for both Ising and XXZ models
in the gapless phase. The growth is linear and smooth,
as shown in the inset.

Equipped with our diagnostic tool, we perform inter-
esting investigations of bipartite entanglement properties
of intermediate-size quantum systems at finite T . The
two panels in Fig. 3 focus on critical phases of the two
models, the quantum phase transition point of the Ising
model (h = 1, top), and the Luttinger liquid phase of the
XXZ model (⇠ = 0.5, bottom) respectively. While the
system is strongly-correlated at zero temperature, entan-
glement seems to survive roughly unaltered up to T of the
order of 0.2�(N), with �(N) the finite-size energy gap,
and smoothly drop at higher T . This phenomenon is to
be contrasted with the Von Neumann entropy S (global,
or of either subsystem), which instead grows with T , and
can not capture alone the entanglement decrease [40, 41].
More importantly, we observe an emergent scaling behav-
ior when plotting EF (T, N). In fact, the EoF appears to
follow the logarithm of a conformal scaling function, in
proximity of the quantum critical point (i.e., for small
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theory, are convex-roof extensions of pure-state entangle-
ment measures [7]. Estimating these monotones is a hard
non-linear minimization problem over pure-state decom-
positions of the global density matrix [20–26], severely
limited to small system sizes.

The key point of the strategy we propose is the intro-
duction of a new TN structure to represent a density ma-
trix ⇢, the Tree Tensor Operator (TTO) (Fig. 1). This
TN ansatz guarantees positivity of ⇢, and being loop-
less it is e�ciently contractible. Moreover, it is a natural
TN geometry for estimating bipartite entanglement mea-
sures: as discussed below, the information about bipar-
tite entanglement is compressed into a single tensor, ul-
timately simplifying the complexity of the minimization
problem. We demonstrate this method e↵ectiveness com-
puting the EoF of thermal many-body quantum states of
the 1D transverse-field Ising and XXZ models.

Tree Tensor Operator ansatz � As positive operators,
density matrices ⇢ =

P
j
pj | jih j | can be written as ⇢ =

XX
†, where the rectangular matrix X =

P
j

p
pj | jihj|

has a number of columns equal to the rank of ⇢, also
known as the the Kraus dimension K0. For many-body
quantum states at low temperatures, probabilities pj de-
cay su�ciently fast that it is possible to approximate ⇢
using a K0 that scales at most polynomially with the
system size N . Therefore, from a numerical viewpoint,
it is meaningful represent X with a Tree Tensor net-
work as shown in Fig. 1: the lower open links (‘leaves’,
each of dimension d) represent the physical sites, while
the upper open link (‘root’, of dimension K0) represents
the Kraus space of the global purification. As for other
Tensor Network ansätze, this representation becomes ef-
ficient when the connecting links, or ‘branches’, carry an
e↵ective dimension M that also scales polynomially with
N [16, 27, 28].

By construction, the TTO ansatz guarantees positiv-
ity of ⇢, in contrast to the Matrix Product Density Op-
erator ansatz [29, 30], whose positivity can be checked
only as an NP-hard problem [31]. Locally Purified Ten-
sor Networks [32] also preserve positivity, but the pres-
ence of loops in their network geometry leads to numer-
ical limitations when implementing optimization strate-
gies [33, 34]. The TTO is instead positive and loopless
thus encompassing the best of the two words without
any drawbacks. When the TTO is properly isometrized
to the root tensor, via (e�cient) TN gauge transforma-
tions [16], all the information about the mixing prob-
abilities pj ends up stored within that tensor. Thus,
also information about global entropies (Von Neumann
S = �

P
pj log pj and Rényi S↵ = (1 � ↵)�1 log

P
j
p
↵

j
,

including the purity). Moreover, all the information on
bipartite entanglement (for a half-half system biparti-
tion) is contained only in the root tensor. Indeed, the
action of the isometrized branches is actually an invert-
ible LOCC (operation achievable via Local Operations
and Classical Communication), and entanglement mono-

tones cannot increase under such transformations [8]. In
conclusion, compressing the relevant information into a
tensor with polynomially-scaling dimension, it is possible
to e�ciently estimate entanglement monotones by pro-
cessing only the root tensor, even for complex measures
that rely on convex-roof extensions. Below, we specialize
this procedure to the specific case of the EoF.
EoF estimation � The EoF of a mixed quantum state

⇢, defined as [7]

EF (⇢) = inf
{pj , j}

nX

j

pjS(| ji) : ⇢ =
X

j

pj | jih j |
o

,

quantifies the number of Bell pairs needed to construct
a certain number of copies of ⇢ via LOCC. The mini-
mization runs over all possible decompositions of ⇢ as
a convex mixture of pure states | ni, with probabilities
pn. It is straightforward to recast the previous expres-
sion in terms of the matrix X, whose columns

p
pj | ji

represent one possible pure-state decomposition of ⇢. Via
the Schrödinger-HJW theorem [35, 36], it is possible to
obtain the whole set of X

0 matrices representing ⇢, and
thus all possible pure-state decompositions. This is done
by multiplying X

0 = XU , where U is any right-isometry
(a semi-unitary matrix satisfying UU† = 1) of dimension
K0 ⇥ K, with K � K0. The minimization problem then
becomes a minimization over the space of right isometries
U , precisely

EF (⇢) = min
K�K0

inf
U

n KX

j=1

pjS(| 0
j
i) : X

0 = XU
o

, (1)

where the columns of X
0 represent the new pure-

state decomposition of ⇢, with wavefunctions | 0
j
i =

X
0|ji(p0

j
)�1/2 and probabilities p

0
j

= hj|X 0†
X

0|ji.
As depicted in Fig. 1(a), the X matrix composing the

isometrized TTO can be written as X = (VL ⌦ VR)R,
where R is the root tensor, and the branches V? are left-
isometries (V†

?V? = 1). It follows that the columns of
R must have the same entanglement entropy S of the
columns of X, and clearly the same probabilities p

0
j
.

Thus, Eq. (1) can be more e�ciently computed by re-
placing X with the smaller root tensor R.
Numerical Simulation � Hereafter, we estimate the

EoF of low-temperature many-body states of 1D quan-
tum lattice models H via TTO. We first obtain
X = 1p

Z

P
K0

j
e
�Ej/2T | jihj| from exact diagonalization

(ED), where Ej is the energy of eigenstate | ji, and the
partition function Z ensures normalization Tr

�
XX

† =
1. Afterwards, we compress X into the TTO using stan-
dard linear algebra routines, as detailed in the Supple-
mentary Material (SM). Although this is not the most
e�icient strategy (it is possible to develop algorithms
that directly compute the TTO for finite-temperature
quantum states, capture Markovian real-time evolution
[37], or transform other TN states into TTOs [38]), we

K0
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We present a numerical strategy to e�ciently estimate bipartite entanglement measures, and
in particular the Entanglement of Formation, for many-body quantum systems on a lattice. Our
approach introduces a novel tensor network ansatz � the Tree Tensor Operator � a positive, loopless
representation for density matrices which e�ciently encodes information on bipartite entanglement,
enabling the up-scaling of entanglement estimation. Employing this technique, we observe a finite-
size scaling law for the entanglement of formation in 1D critical lattice models at finite temperature,
extending to mixed states the Calabrese-Cardy scaling law for the entanglement entropy.

Quantum entanglement, correlations uniquely present
in quantum systems [1], lies at the heart of the second
quantum revolution. It is a fundamental resource in the
development of present and future quantum technolo-
gies [2], and it drives the collective physics of many-body
quantum systems at low temperatures [3, 4]. The abil-
ity to characterize and quantify entanglement in a quan-
tum state is thus crucial. However, even the simplest
entanglement characterization, bipartite entanglement �
quantifying the mutual quantum correlations between
two subsystems � is well-understood only when the state
of the joint subsystems is a pure quantum state. This is
mostly due to the fact that the estimation strategies for
entanglement of mixed states call for minimizations in
spaces that scales exponentially with the number of con-
stituents of the system, and thus are e↵ectively limited
to small-sized systems [5, 6]. In this letter, we show how
tensor network (TN) techniques can tackle this challenge,
and e�ciently estimate the Entanglement of Formation
(EoF) [7] � the convex-roof extension of the Von Neu-
mann entropy � of many-body quantum states. As first
application of this approach, we show that for critical
one-dimensional systems the EoF obeys a (logarithmic)
finite-size conformal scaling-law, for temperatures com-
mensurate with the energy gap.

For pure states, the connection between bipartite en-
tanglement and the e↵ective entropy of either subsystem
has been largely established, and is typically expressed
in terms of Von Neumann (S) or Rényi entropies [7–10].
While challenging to measure in an experiment [11], these
estimators are often accessible in numerical simulations of
many-body quantum systems, and especially in loopless
tensor network ansatz states, where the calculation com-
plexity scales polinomially with the system size [12–16].
Conversely, for mixed global quantum states, the problem
of characterizing and quantifying bipartite entanglement
is much more involved, both conceptually and technically.
It is nevertheless a fundamental goal, since any realistic
quantum platform faces imperfections, statistical errors,
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FIG. 1. (a) The Tree Tensor Operator (TTO) representing a
density matrix ⇢ = XX

†. K0 is the number of pure states in
the representation used, while M is the maximal dimension
for all bonds. The gray dashed square highlights the root
tensor R, containing all the information about entanglement
between the red and green bipartitions of the physical space.
(b) Change of representation for the EoF minimization using
R, after having compressed the state with some maximal bond
dimension M . (c) Same as (b), but without compression, so
that M = d

N/2. Optimizations are possible for any system
size and state that can be e�ciently represented as TTOs.

and/or imperfect isolation leading to finite temperatures.
From a conceptual standpoint, a major focus is to assess
which of the entanglement monotones proposed over the
years satisfy the desired properties of entanglement mea-
sures [8]. At a technical level, the core problem is to
e�ciently estimate these entanglement quantifiers. Even
those that can be evaluated by linear algebra operations,
such as negativity [17] and quantitative witnesses [18, 19],
are exponentially expensive in the system size. Addi-
tionally, many important monotones with a clear phys-
ical significance, in terms of resource and information
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theory, are convex-roof extensions of pure-state entangle-
ment measures [7]. Estimating these monotones is a hard
non-linear minimization problem over pure-state decom-
positions of the global density matrix [20–26], severely
limited to small system sizes.

The key point of the strategy we propose is the intro-
duction of a new TN structure to represent a density ma-
trix ⇢, the Tree Tensor Operator (TTO) (Fig. 1). This
TN ansatz guarantees positivity of ⇢, and being loop-
less it is e�ciently contractible. Moreover, it is a natural
TN geometry for estimating bipartite entanglement mea-
sures: as discussed below, the information about bipar-
tite entanglement is compressed into a single tensor, ul-
timately simplifying the complexity of the minimization
problem. We demonstrate this method e↵ectiveness com-
puting the EoF of thermal many-body quantum states of
the 1D transverse-field Ising and XXZ models.

Tree Tensor Operator ansatz � As positive operators,
density matrices ⇢ =

P
j
pj | jih j | can be written as ⇢ =

XX
†, where the rectangular matrix X =

P
j

p
pj | jihj|

has a number of columns equal to the rank of ⇢, also
known as the the Kraus dimension K0. For many-body
quantum states at low temperatures, probabilities pj de-
cay su�ciently fast that it is possible to approximate ⇢
using a K0 that scales at most polynomially with the
system size N . Therefore, from a numerical viewpoint,
it is meaningful represent X with a Tree Tensor net-
work as shown in Fig. 1: the lower open links (‘leaves’,
each of dimension d) represent the physical sites, while
the upper open link (‘root’, of dimension K0) represents
the Kraus space of the global purification. As for other
Tensor Network ansätze, this representation becomes ef-
ficient when the connecting links, or ‘branches’, carry an
e↵ective dimension M that also scales polynomially with
N [16, 27, 28].

By construction, the TTO ansatz guarantees positiv-
ity of ⇢, in contrast to the Matrix Product Density Op-
erator ansatz [29, 30], whose positivity can be checked
only as an NP-hard problem [31]. Locally Purified Ten-
sor Networks [32] also preserve positivity, but the pres-
ence of loops in their network geometry leads to numer-
ical limitations when implementing optimization strate-
gies [33, 34]. The TTO is instead positive and loopless
thus encompassing the best of the two words without
any drawbacks. When the TTO is properly isometrized
to the root tensor, via (e�cient) TN gauge transforma-
tions [16], all the information about the mixing prob-
abilities pj ends up stored within that tensor. Thus,
also information about global entropies (Von Neumann
S = �

P
pj log pj and Rényi S↵ = (1 � ↵)�1 log

P
j
p
↵

j
,

including the purity). Moreover, all the information on
bipartite entanglement (for a half-half system biparti-
tion) is contained only in the root tensor. Indeed, the
action of the isometrized branches is actually an invert-
ible LOCC (operation achievable via Local Operations
and Classical Communication), and entanglement mono-

tones cannot increase under such transformations [8]. In
conclusion, compressing the relevant information into a
tensor with polynomially-scaling dimension, it is possible
to e�ciently estimate entanglement monotones by pro-
cessing only the root tensor, even for complex measures
that rely on convex-roof extensions. Below, we specialize
this procedure to the specific case of the EoF.
EoF estimation � The EoF of a mixed quantum state

⇢, defined as [7]

EF (⇢) = inf
{pj , j}

nX

j

pjS(| ji) : ⇢ =
X

j

pj | jih j |
o

,

quantifies the number of Bell pairs needed to construct
a certain number of copies of ⇢ via LOCC. The mini-
mization runs over all possible decompositions of ⇢ as
a convex mixture of pure states | ni, with probabilities
pn. It is straightforward to recast the previous expres-
sion in terms of the matrix X, whose columns

p
pj | ji

represent one possible pure-state decomposition of ⇢. Via
the Schrödinger-HJW theorem [35, 36], it is possible to
obtain the whole set of X

0 matrices representing ⇢, and
thus all possible pure-state decompositions. This is done
by multiplying X

0 = XU , where U is any right-isometry
(a semi-unitary matrix satisfying UU† = 1) of dimension
K0 ⇥ K, with K � K0. The minimization problem then
becomes a minimization over the space of right isometries
U , precisely

EF (⇢) = min
K�K0

inf
U

n KX

j=1

pjS(| 0
j
i) : X

0 = XU
o

, (1)

where the columns of X
0 represent the new pure-

state decomposition of ⇢, with wavefunctions | 0
j
i =

X
0|ji(p0

j
)�1/2 and probabilities p

0
j

= hj|X 0†
X

0|ji.
As depicted in Fig. 1(a), the X matrix composing the

isometrized TTO can be written as X = (VL ⌦ VR)R,
where R is the root tensor, and the branches V? are left-
isometries (V†

?V? = 1). It follows that the columns of
R must have the same entanglement entropy S of the
columns of X, and clearly the same probabilities p

0
j
.

Thus, Eq. (1) can be more e�ciently computed by re-
placing X with the smaller root tensor R.
Numerical Simulation � Hereafter, we estimate the

EoF of low-temperature many-body states of 1D quan-
tum lattice models H via TTO. We first obtain
X = 1p

Z

P
K0

j
e
�Ej/2T | jihj| from exact diagonalization

(ED), where Ej is the energy of eigenstate | ji, and the
partition function Z ensures normalization Tr

�
XX

† =
1. Afterwards, we compress X into the TTO using stan-
dard linear algebra routines, as detailed in the Supple-
mentary Material (SM). Although this is not the most
e�icient strategy (it is possible to develop algorithms
that directly compute the TTO for finite-temperature
quantum states, capture Markovian real-time evolution
[37], or transform other TN states into TTOs [38]), we
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show that the improvement introduced by our approach
already enables the investigation of relevant scaling prop-
erties of critical systems not achievable before.

Once the TTO is built, we proceed to calculate the
optimization from Eq. (1) on the top tensor R. To build
sets of U matrices, we fix a value for K � K0 and pa-
rameterize a Hermitian matrix A = A

† of dimensions
K ⇥ K. Then, we get the corresponding unitary from
U = exp{iA}, and finally we take K0 random rows of U

to build U . For every column of R
0 = RU , its entangle-

ment entropy is calculated via S = �
P

i
s
2
i
log s

2
i
, where

the singular values si are obtained by a singular value de-
composition (SVD). In the results section, entropies are
expressed in basis of log2, so that a Bell pair defines the
unit of entanglement. For a given K � K0, minimization
in the space of the U is carried out via direct search meth-
ods, but other choices are possible. Extensive proofs of
the stability of this method, as well as some results on
many-body random density matrices, are provided in the
SM. Convergence of the minima is rapidly reached when
increasing K � K0. For all practical purposes, choosing
K ⇡ K0 is often su�cient to achieve close convergence
(see SM). We stress that, even in case of incomplete or
failed convergence, our method still provides an upper
bound to the actual EoF of the quantum state. In par-
ticular, in every case we could check, the results provided
tight bounds.

Results � We consider two well-known prototype quan-
tum critical spin- 12 models as benchmarks [39]: specifi-
cally, the Ising model
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boundary conditions (PBC) and �̂
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s (↵ = x, y, z) are the

Pauli matrices. The temperature T , defining the thermal
state ⇢ = 1

Z
e
�Ĥ/T , is expressed in units of the Hamilto-

nian energyscale (J = kB = 1). To appropriately choose
a suitable number K0 we start from K0 = 2. We then
evaluate the resulting EoF, gradually increasing K0 until
convergence of the estimated EoF is reached. We employ
a similar strategy to choose the best M .

Fig. 2 shows a typical benchmark comparison of the
total computational time required to estimate the EoF:
(i) using the full description (X matrix, orange data)
(ii) using the TTO method (R matrix, blue data). The
time needed to solve the full optimization increases as
O(dim{H}3/2), since the bottleneck of our algorithm is
the SVD to calculate S for each of the K pure states. By

FIG. 2. Scaling of computational times versus N , for thermal
states of ĤIsing in Eq. (2) at h = 1 and with kBT = 0.1J .
Green diamonds correspond to optimizations done on density
matrices with no approximations. Orange squares refer in-
stead to states where K0 has been truncated, but still pure
states are not compressed (see Fig. 1(c)): the exponential fit
of the last five data points shows that the complexity scales as
O((2N )1.503), in agreement with the theoretical expectation.
Blue circles report the optimization times needed using the
root tensor R of the TTO with a maximal bond dimension M

and truncated K0 (see Fig. 1(b)). Inset: Smallest M needed
to achieve convergence of the EoF within 1% of its exact value.
Red pentagons and purple diamonds refer respectively to the
critical Ising model at kBT = 0.1J and to the XXZ model
with ⇠ = 0.5 (critical) at kBT = 0.5J .

contrast, this runtime scales like O(M3) for a TTO rep-
resentation, with M ⌧

p
dim{H}. In fact, we studied

the M needed to achieve 99% of the exact EoF value as
a function of the size N , for both Ising and XXZ models
in the gapless phase. The growth is linear and smooth,
as shown in the inset.

Equipped with our diagnostic tool, we perform inter-
esting investigations of bipartite entanglement properties
of intermediate-size quantum systems at finite T . The
two panels in Fig. 3 focus on critical phases of the two
models, the quantum phase transition point of the Ising
model (h = 1, top), and the Luttinger liquid phase of the
XXZ model (⇠ = 0.5, bottom) respectively. While the
system is strongly-correlated at zero temperature, entan-
glement seems to survive roughly unaltered up to T of the
order of 0.2�(N), with �(N) the finite-size energy gap,
and smoothly drop at higher T . This phenomenon is to
be contrasted with the Von Neumann entropy S (global,
or of either subsystem), which instead grows with T , and
can not capture alone the entanglement decrease [40, 41].
More importantly, we observe an emergent scaling behav-
ior when plotting EF (T, N). In fact, the EoF appears to
follow the logarithm of a conformal scaling function, in
proximity of the quantum critical point (i.e., for small
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in particular the Entanglement of Formation, for many-body quantum systems on a lattice. Our
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Quantum entanglement, correlations uniquely present
in quantum systems [1], lies at the heart of the second
quantum revolution. It is a fundamental resource in the
development of present and future quantum technolo-
gies [2], and it drives the collective physics of many-body
quantum systems at low temperatures [3, 4]. The abil-
ity to characterize and quantify entanglement in a quan-
tum state is thus crucial. However, even the simplest
entanglement characterization, bipartite entanglement �
quantifying the mutual quantum correlations between
two subsystems � is well-understood only when the state
of the joint subsystems is a pure quantum state. This is
mostly due to the fact that the estimation strategies for
entanglement of mixed states call for minimizations in
spaces that scales exponentially with the number of con-
stituents of the system, and thus are e↵ectively limited
to small-sized systems [5, 6]. In this letter, we show how
tensor network (TN) techniques can tackle this challenge,
and e�ciently estimate the Entanglement of Formation
(EoF) [7] � the convex-roof extension of the Von Neu-
mann entropy � of many-body quantum states. As first
application of this approach, we show that for critical
one-dimensional systems the EoF obeys a (logarithmic)
finite-size conformal scaling-law, for temperatures com-
mensurate with the energy gap.

For pure states, the connection between bipartite en-
tanglement and the e↵ective entropy of either subsystem
has been largely established, and is typically expressed
in terms of Von Neumann (S) or Rényi entropies [7–10].
While challenging to measure in an experiment [11], these
estimators are often accessible in numerical simulations of
many-body quantum systems, and especially in loopless
tensor network ansatz states, where the calculation com-
plexity scales polinomially with the system size [12–16].
Conversely, for mixed global quantum states, the problem
of characterizing and quantifying bipartite entanglement
is much more involved, both conceptually and technically.
It is nevertheless a fundamental goal, since any realistic
quantum platform faces imperfections, statistical errors,
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FIG. 1. (a) The Tree Tensor Operator (TTO) representing a
density matrix ⇢ = XX

†. K0 is the number of pure states in
the representation used, while M is the maximal dimension
for all bonds. The gray dashed square highlights the root
tensor R, containing all the information about entanglement
between the red and green bipartitions of the physical space.
(b) Change of representation for the EoF minimization using
R, after having compressed the state with some maximal bond
dimension M . (c) Same as (b), but without compression, so
that M = d

N/2. Optimizations are possible for any system
size and state that can be e�ciently represented as TTOs.

and/or imperfect isolation leading to finite temperatures.
From a conceptual standpoint, a major focus is to assess
which of the entanglement monotones proposed over the
years satisfy the desired properties of entanglement mea-
sures [8]. At a technical level, the core problem is to
e�ciently estimate these entanglement quantifiers. Even
those that can be evaluated by linear algebra operations,
such as negativity [17] and quantitative witnesses [18, 19],
are exponentially expensive in the system size. Addi-
tionally, many important monotones with a clear phys-
ical significance, in terms of resource and information
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and/or imperfect isolation leading to finite temperatures.
From a conceptual standpoint, a major focus is to assess
which of the entanglement monotones proposed over the
years satisfy the desired properties of entanglement mea-
sures [8]. At a technical level, the core problem is to
e�ciently estimate these entanglement quantifiers. Even
those that can be evaluated by linear algebra operations,
such as negativity [17] and quantitative witnesses [18, 19],
are exponentially expensive in the system size. Addi-
tionally, many important monotones with a clear phys-
ical significance, in terms of resource and information
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theory, are convex-roof extensions of pure-state entangle-
ment measures [7]. Estimating these monotones is a hard
non-linear minimization problem over pure-state decom-
positions of the global density matrix [20–26], severely
limited to small system sizes.

The key point of the strategy we propose is the intro-
duction of a new TN structure to represent a density ma-
trix ⇢, the Tree Tensor Operator (TTO) (Fig. 1). This
TN ansatz guarantees positivity of ⇢, and being loop-
less it is e�ciently contractible. Moreover, it is a natural
TN geometry for estimating bipartite entanglement mea-
sures: as discussed below, the information about bipar-
tite entanglement is compressed into a single tensor, ul-
timately simplifying the complexity of the minimization
problem. We demonstrate this method e↵ectiveness com-
puting the EoF of thermal many-body quantum states of
the 1D transverse-field Ising and XXZ models.

Tree Tensor Operator ansatz � As positive operators,
density matrices ⇢ =

P
j
pj | jih j | can be written as ⇢ =

XX
†, where the rectangular matrix X =

P
j

p
pj | jihj|

has a number of columns equal to the rank of ⇢, also
known as the the Kraus dimension K0. For many-body
quantum states at low temperatures, probabilities pj de-
cay su�ciently fast that it is possible to approximate ⇢
using a K0 that scales at most polynomially with the
system size N . Therefore, from a numerical viewpoint,
it is meaningful represent X with a Tree Tensor net-
work as shown in Fig. 1: the lower open links (‘leaves’,
each of dimension d) represent the physical sites, while
the upper open link (‘root’, of dimension K0) represents
the Kraus space of the global purification. As for other
Tensor Network ansätze, this representation becomes ef-
ficient when the connecting links, or ‘branches’, carry an
e↵ective dimension M that also scales polynomially with
N [16, 27, 28].

By construction, the TTO ansatz guarantees positiv-
ity of ⇢, in contrast to the Matrix Product Density Op-
erator ansatz [29, 30], whose positivity can be checked
only as an NP-hard problem [31]. Locally Purified Ten-
sor Networks [32] also preserve positivity, but the pres-
ence of loops in their network geometry leads to numer-
ical limitations when implementing optimization strate-
gies [33, 34]. The TTO is instead positive and loopless
thus encompassing the best of the two words without
any drawbacks. When the TTO is properly isometrized
to the root tensor, via (e�cient) TN gauge transforma-
tions [16], all the information about the mixing prob-
abilities pj ends up stored within that tensor. Thus,
also information about global entropies (Von Neumann
S = �

P
pj log pj and Rényi S↵ = (1 � ↵)�1 log

P
j
p
↵

j
,

including the purity). Moreover, all the information on
bipartite entanglement (for a half-half system biparti-
tion) is contained only in the root tensor. Indeed, the
action of the isometrized branches is actually an invert-
ible LOCC (operation achievable via Local Operations
and Classical Communication), and entanglement mono-

tones cannot increase under such transformations [8]. In
conclusion, compressing the relevant information into a
tensor with polynomially-scaling dimension, it is possible
to e�ciently estimate entanglement monotones by pro-
cessing only the root tensor, even for complex measures
that rely on convex-roof extensions. Below, we specialize
this procedure to the specific case of the EoF.
EoF estimation � The EoF of a mixed quantum state

⇢, defined as [7]

EF (⇢) = inf
{pj , j}

nX

j

pjS(| ji) : ⇢ =
X

j

pj | jih j |
o

,

quantifies the number of Bell pairs needed to construct
a certain number of copies of ⇢ via LOCC. The mini-
mization runs over all possible decompositions of ⇢ as
a convex mixture of pure states | ni, with probabilities
pn. It is straightforward to recast the previous expres-
sion in terms of the matrix X, whose columns

p
pj | ji

represent one possible pure-state decomposition of ⇢. Via
the Schrödinger-HJW theorem [35, 36], it is possible to
obtain the whole set of X

0 matrices representing ⇢, and
thus all possible pure-state decompositions. This is done
by multiplying X

0 = XU , where U is any right-isometry
(a semi-unitary matrix satisfying UU† = 1) of dimension
K0 ⇥ K, with K � K0. The minimization problem then
becomes a minimization over the space of right isometries
U , precisely

EF (⇢) = min
K�K0

inf
U

n KX

j=1

pjS(| 0
j
i) : X

0 = XU
o

, (1)

where the columns of X
0 represent the new pure-

state decomposition of ⇢, with wavefunctions | 0
j
i =

X
0|ji(p0

j
)�1/2 and probabilities p

0
j

= hj|X 0†
X

0|ji.
As depicted in Fig. 1(a), the X matrix composing the

isometrized TTO can be written as X = (VL ⌦ VR)R,
where R is the root tensor, and the branches V? are left-
isometries (V†

?V? = 1). It follows that the columns of
R must have the same entanglement entropy S of the
columns of X, and clearly the same probabilities p

0
j
.

Thus, Eq. (1) can be more e�ciently computed by re-
placing X with the smaller root tensor R.
Numerical Simulation � Hereafter, we estimate the

EoF of low-temperature many-body states of 1D quan-
tum lattice models H via TTO. We first obtain
X = 1p

Z

P
K0

j
e
�Ej/2T | jihj| from exact diagonalization

(ED), where Ej is the energy of eigenstate | ji, and the
partition function Z ensures normalization Tr

�
XX

† =
1. Afterwards, we compress X into the TTO using stan-
dard linear algebra routines, as detailed in the Supple-
mentary Material (SM). Although this is not the most
e�icient strategy (it is possible to develop algorithms
that directly compute the TTO for finite-temperature
quantum states, capture Markovian real-time evolution
[37], or transform other TN states into TTOs [38]), we

K0
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temperatures T ⇠ �). For PBC, this behaviour can be
expressed as EF = log(N c/3

f(TN
z)), or

EF (T, N) =
c

3
log N + g(TN

z) (4)

in analogy to Ref. [42], where c is the critical exponent
that connects lengthscales to entanglement, while z is
the critical exponent that connects lengthscales to en-
ergyscales (� / N

�z). The functions f(·) and g(·) =
log f(·) are non-universal and depend on the microscopi-
cal details of the model. This behaviour actually extends,
to finite T , the known scaling law for the entanglement
entropy with size, valid for critical ground states [40, 41].
We validate this argument in the inset of Fig. 3, where
the EF (T, N) data sets are appropriately rescaled, ac-
cording to N . As we expect, the curves collapse when
the appropriate critical exponents of the corresponding
model are used (c = 1

2 , z = 1 for critical Ising; c = 1,
z = 1 for Luttinger liquid XXZ).

As a final remark, we stress that the EoF analy-
sis enabled by the TTO method is not limited to low-
temperature many-body states of lattice models. We
have employed the same diagnostic tool on other classes
of mixed many-body states, including on sets where the
EoF is known, as reported in the SM.

Conclusions In this letter, we have presented a new
tensor network approach that enables the numerical anal-
ysis of bipartite entanglement for many-body quantum
systems, even for those entanglement monotones that
are considered hard since they require convex-roof opti-
mization. We employed a Tree Tensor Operator (TTO)
to well-approximate the global density matrix at low
temperatures. Such a tensor network architecture com-
presses information of the bipartite entanglement into
a single tensor, whose dimensions in many cases scale
polinomially with the system size. As a result, evaluat-
ing entanglement monotones is numerically e�cient, as
illustrated for 1D interacting lattice models. Our analy-
sis observed a scaling law for the Entanglement of For-
mation, compatible with a logarithmic conformal scal-
ing law. We successfully tested this argument for a free
fermion (Ising) and an interacting fermion (XXZ) criti-
cal models, where it is satisfied in a temperature range
commensurate with the finite-size energy gap (T ⇠ �).

While the TTOs we constructed were generated start-
ing from ED, alternative strategies to directly construct-
ing the thermal TTO which require polynomial time and
computer memory in N can be developed. Similarly, we
envision the possibility of replacing the TTN branches
of the ansatz with Matrix Product State branches: an
alternative TN design that is still e�cient toward EoF
estimation. Finally, we expect that TTO may be
capable to accurately capture some features of open-
system quantum dynamics. This will actually extend
the bipartite-entanglement analysis, presented here, from
finite-temperature states to a larger set of open-system

FIG. 3. Scale-invariance of the EoF EF at temperatures T (in
units of J/kB) in the range kBT  0.5�, where � / N

�z, for
the critical Ising model in Eq. (2) (top) and the XXZ model in
Eq. (3) in the critical phase at ⇠ = 0.5 (bottom). Main figures
show data for N = 8, 12, 16, 20, which are respectively blue
pentagons, orange squares, green diamonds and red circles.
Inset: curves in the main figures after rescaling according
to Eq. (4). The agreement is stunning, using c = 1/2 and
z = 1.02±0.02 (top) and c = 1 and z = 0.98±0.02 (bottom).
The grey area highlights the temperature range T  0.2�(N).

physically relevant states, i.e. the stationary states of a
Lindblad master equation [43–45]. The Time-Dependent
Variational Principle [46, 47] is surely a good candidate
strategy towards this goal. This will likely be the focus
of our research in the near future, aiming to enable the
EoF analysis presented here onto even larger system sizes
of the order of hundreds of sites.

We thank M. Dalmonte and B. Kraus for stimulat-
ing discussions. Authors kindly acknowledge support
from the Italian PRIN2017 and Fondazione CARIPARO,
the Horizon 2020 re-search and innovation programme
under grant agreementNo 817482 (Quantum Flagship
- PASQuanS), the Quan-tERA projects QTFLAG and
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FIG. 5. Scaling of EF for thermal states of the critical Ising
model in transverse field (N = 16) at di↵erent temperatures
versus the number of states K0 kept in the thermal ensem-
ble. Temperatures in the key are expressed in units of J/kB .
Circles correspond to data for K = K0, while crosses are for
K = K0 + 2. From the results, it is clear that K = K0 is
already enough to achieve a very good estimate for the EoF .

while crosses correspond to K = K0 + 2. We observe
that there is no need to enlarge the parameter space for
this class of problems, since each circle is superimposed
or very close to its corresponding cross.

One might be tempted to pinpoint the best K0 by look-
ing at other quantities, possibly easier to calculate. How-
ever, we find this can be deceptive: we support this state-
ment by looking at the Von-Neumann entropy of the den-
sity matrix, S(⇢), instead of its EoF EF (⇢). Fig. 6 shows
how the two quantities both converge for thermal states
of the critical Ising model with N = 16 spins and at dif-
ferent temperatures. At temperatures kBT = 0.2, 0.3J ,
S(⇢) needs a higher number K0 of states to represent
the correct result with respect to EF (⇢). Therefore, we
preferred to look at the EoF scaling rather than other
observables, although the computational e↵ort is much
greater.

On the choice of M

Due to its structure, the TTO is exact whenever M =p
dim{H}. Therefore, to find the smallest maximal bond

dimension M to represent the state correctly, we plot the
EoF EF for increasing M starting from very low values
and looking at when it reaches the M ! 1 converged
value within 1%. This is shown in Fig. 7 for two low-
temperature thermal states of N = 16 spins. Brown
circles refer to the critical Ising model at temperature
kBT = 0.1J , while purple diamonds correspond to the
critical XXZ model with ⇠ = 0.5 at kBT = 0.5J . The
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FIG. 6. Convergence of the Von-Neumann entropy S(⇢)
(top) and of the EoF EF (⇢) (bottom) in the number K0

of states considered in the thermal ensemble. Data refer to
the critical Ising model with N = 16 spins at temperatures
kBT = 0.1, 0.2, 0.3J (blue circles, orange diamonds and green
squares, respectively). We observe that EF (⇢) estimation re-
quires less states with respect to S(⇢).

FIG. 7. Scaling of EF for thermal states represented as TTO
with di↵erent maximal bond dimensions M . Brown circles
and purple diamonds refer to the N = 16 critical Ising model
(kBT = 0.1J) and XXZ model (⇠ = 0.5, kBT = 0.5J), respec-
tively. The two black dashed lines show 99% of the EF value
at convergence. The insets zoom in the main plot, to help lo-
cating the smallest maximal bond dimension that represents
the states well enough.

black dashed lines point at 99% of the converged M ! 1
values: the first point for which all the subsequent ones
are above this line corresponds to the smallest maximal
bond dimension M . Notice that this is the criterion used
to determine each data point in the inset of Fig. 2 in the
main text.
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f(TN
z)), or

EF (T, N) =
c
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log N + g(TN

z) (4)

in analogy to Ref. [42], where c is the critical exponent
that connects lengthscales to entanglement, while z is
the critical exponent that connects lengthscales to en-
ergyscales (� / N

�z). The functions f(·) and g(·) =
log f(·) are non-universal and depend on the microscopi-
cal details of the model. This behaviour actually extends,
to finite T , the known scaling law for the entanglement
entropy with size, valid for critical ground states [40, 41].
We validate this argument in the inset of Fig. 3, where
the EF (T, N) data sets are appropriately rescaled, ac-
cording to N . As we expect, the curves collapse when
the appropriate critical exponents of the corresponding
model are used (c = 1

2 , z = 1 for critical Ising; c = 1,
z = 1 for Luttinger liquid XXZ).

As a final remark, we stress that the EoF analy-
sis enabled by the TTO method is not limited to low-
temperature many-body states of lattice models. We
have employed the same diagnostic tool on other classes
of mixed many-body states, including on sets where the
EoF is known, as reported in the SM.
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tensor network approach that enables the numerical anal-
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cal models, where it is satisfied in a temperature range
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While the TTOs we constructed were generated start-
ing from ED, alternative strategies to directly construct-
ing the thermal TTO which require polynomial time and
computer memory in N can be developed. Similarly, we
envision the possibility of replacing the TTN branches
of the ansatz with Matrix Product State branches: an
alternative TN design that is still e�cient toward EoF
estimation. Finally, we expect that TTO may be
capable to accurately capture some features of open-
system quantum dynamics. This will actually extend
the bipartite-entanglement analysis, presented here, from
finite-temperature states to a larger set of open-system

FIG. 3. Scale-invariance of the EoF EF at temperatures T (in
units of J/kB) in the range kBT  0.5�, where � / N

�z, for
the critical Ising model in Eq. (2) (top) and the XXZ model in
Eq. (3) in the critical phase at ⇠ = 0.5 (bottom). Main figures
show data for N = 8, 12, 16, 20, which are respectively blue
pentagons, orange squares, green diamonds and red circles.
Inset: curves in the main figures after rescaling according
to Eq. (4). The agreement is stunning, using c = 1/2 and
z = 1.02±0.02 (top) and c = 1 and z = 0.98±0.02 (bottom).
The grey area highlights the temperature range T  0.2�(N).

physically relevant states, i.e. the stationary states of a
Lindblad master equation [43–45]. The Time-Dependent
Variational Principle [46, 47] is surely a good candidate
strategy towards this goal. This will likely be the focus
of our research in the near future, aiming to enable the
EoF analysis presented here onto even larger system sizes
of the order of hundreds of sites.
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ing discussions. Authors kindly acknowledge support
from the Italian PRIN2017 and Fondazione CARIPARO,
the Horizon 2020 re-search and innovation programme
under grant agreementNo 817482 (Quantum Flagship
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while crosses correspond to K = K0 + 2. We observe
that there is no need to enlarge the parameter space for
this class of problems, since each circle is superimposed
or very close to its corresponding cross.

One might be tempted to pinpoint the best K0 by look-
ing at other quantities, possibly easier to calculate. How-
ever, we find this can be deceptive: we support this state-
ment by looking at the Von-Neumann entropy of the den-
sity matrix, S(⇢), instead of its EoF EF (⇢). Fig. 6 shows
how the two quantities both converge for thermal states
of the critical Ising model with N = 16 spins and at dif-
ferent temperatures. At temperatures kBT = 0.2, 0.3J ,
S(⇢) needs a higher number K0 of states to represent
the correct result with respect to EF (⇢). Therefore, we
preferred to look at the EoF scaling rather than other
observables, although the computational e↵ort is much
greater.

On the choice of M

Due to its structure, the TTO is exact whenever M =p
dim{H}. Therefore, to find the smallest maximal bond

dimension M to represent the state correctly, we plot the
EoF EF for increasing M starting from very low values
and looking at when it reaches the M ! 1 converged
value within 1%. This is shown in Fig. 7 for two low-
temperature thermal states of N = 16 spins. Brown
circles refer to the critical Ising model at temperature
kBT = 0.1J , while purple diamonds correspond to the
critical XXZ model with ⇠ = 0.5 at kBT = 0.5J . The
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FIG. 6. Convergence of the Von-Neumann entropy S(⇢)
(top) and of the EoF EF (⇢) (bottom) in the number K0

of states considered in the thermal ensemble. Data refer to
the critical Ising model with N = 16 spins at temperatures
kBT = 0.1, 0.2, 0.3J (blue circles, orange diamonds and green
squares, respectively). We observe that EF (⇢) estimation re-
quires less states with respect to S(⇢).

FIG. 7. Scaling of EF for thermal states represented as TTO
with di↵erent maximal bond dimensions M . Brown circles
and purple diamonds refer to the N = 16 critical Ising model
(kBT = 0.1J) and XXZ model (⇠ = 0.5, kBT = 0.5J), respec-
tively. The two black dashed lines show 99% of the EF value
at convergence. The insets zoom in the main plot, to help lo-
cating the smallest maximal bond dimension that represents
the states well enough.

black dashed lines point at 99% of the converged M ! 1
values: the first point for which all the subsequent ones
are above this line corresponds to the smallest maximal
bond dimension M . Notice that this is the criterion used
to determine each data point in the inset of Fig. 2 in the
main text.
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at convergence. The insets zoom in the main plot, to help lo-
cating the smallest maximal bond dimension that represents
the states well enough.

black dashed lines point at 99% of the converged M ! 1
values: the first point for which all the subsequent ones
are above this line corresponds to the smallest maximal
bond dimension M . Notice that this is the criterion used
to determine each data point in the inset of Fig. 2 in the
main text.
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FIG. 5. Scaling of EF for thermal states of the critical Ising
model in transverse field (N = 16) at di↵erent temperatures
versus the number of states K0 kept in the thermal ensem-
ble. Temperatures in the key are expressed in units of J/kB .
Circles correspond to data for K = K0, while crosses are for
K = K0 + 2. From the results, it is clear that K = K0 is
already enough to achieve a very good estimate for the EoF .

while crosses correspond to K = K0 + 2. We observe
that there is no need to enlarge the parameter space for
this class of problems, since each circle is superimposed
or very close to its corresponding cross.

One might be tempted to pinpoint the best K0 by look-
ing at other quantities, possibly easier to calculate. How-
ever, we find this can be deceptive: we support this state-
ment by looking at the Von-Neumann entropy of the den-
sity matrix, S(⇢), instead of its EoF EF (⇢). Fig. 6 shows
how the two quantities both converge for thermal states
of the critical Ising model with N = 16 spins and at dif-
ferent temperatures. At temperatures kBT = 0.2, 0.3J ,
S(⇢) needs a higher number K0 of states to represent
the correct result with respect to EF (⇢). Therefore, we
preferred to look at the EoF scaling rather than other
observables, although the computational e↵ort is much
greater.

On the choice of M

Due to its structure, the TTO is exact whenever M =p
dim{H}. Therefore, to find the smallest maximal bond

dimension M to represent the state correctly, we plot the
EoF EF for increasing M starting from very low values
and looking at when it reaches the M ! 1 converged
value within 1%. This is shown in Fig. 7 for two low-
temperature thermal states of N = 16 spins. Brown
circles refer to the critical Ising model at temperature
kBT = 0.1J , while purple diamonds correspond to the
critical XXZ model with ⇠ = 0.5 at kBT = 0.5J . The

FIG. 6. Convergence of the Von-Neumann entropy S(⇢)
(top) and of the EoF EF (⇢) (bottom) in the number K0

of states considered in the thermal ensemble. Data refer to
the critical Ising model with N = 16 spins at temperatures
kBT = 0.1, 0.2, 0.3J (blue circles, orange diamonds and green
squares, respectively). We observe that EF (⇢) estimation re-
quires less states with respect to S(⇢).

FIG. 7. Scaling of EF for thermal states represented as TTO
with di↵erent maximal bond dimensions M . Brown circles
and purple diamonds refer to the N = 16 critical Ising model
(kBT = 0.1J) and XXZ model (⇠ = 0.5, kBT = 0.5J), respec-
tively. The two black dashed lines show 99% of the EF value
at convergence. The insets zoom in the main plot, to help lo-
cating the smallest maximal bond dimension that represents
the states well enough.

black dashed lines point at 99% of the converged M ! 1
values: the first point for which all the subsequent ones
are above this line corresponds to the smallest maximal
bond dimension M . Notice that this is the criterion used
to determine each data point in the inset of Fig. 2 in the
main text.
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1. INTRODUCTION
1.1. QUANTUM ADIABATIC OPTIMIZATION
Recently, there has been much interest in the possibility of using
adiabatic quantum optimization (AQO) to solve NP-complete
and NP-hard problems [1, 2] 1. This is due to the following
trick: suppose we have a quantum Hamiltonian HP whose ground
state encodes the solution to a problem of interest, and another
Hamiltonian H0, whose ground state is “easy” (both to find and
to prepare in an experimental setup). Then, if we prepare a quan-
tum system to be in the ground state of H0, and then adiabatically
change the Hamiltonian for a time T according to

H(t) =
(

1 − t

T

)
H0 + t

T
HP, (1)

then if T is large enough, and H0 and HP do not commute,
the quantum system will remain in the ground state for all
times, by the adiabatic theorem of quantum mechanics. At time
T, measuring the quantum state will return a solution of our
problem.

There has been debate about whether or not these algorithms
would actually be useful: i.e., whether an adiabatic quantum opti-
mizer would run any faster than classical algorithms [3–9], due to
the fact that if the problem has size N, one typically finds

T = O
[

exp
(
αNβ

)]
, (2)

in order for the system to remain in the ground state, for pos-
itive coefficients α and β, as N → ∞. This is a consequence of
the requirement that exponentially small energy gaps between
the ground state of H(t) and the first excited state, at some
intermediate time, not lead to Landau–Zener transitions into

1In this paper, when a generic statement is true for both NP-complete and
NP-hard problems, we will refer to these problems as NP problems. Formally
this can be misleading as P is contained in NP, but for ease of notation we will
simply write NP.

excited states [5] 2. While it is unlikely that NP-complete prob-
lems can be solved in polynomial time by AQO, the coeffi-
cients α, β may be smaller than known classical algorithms,
so there is still a possibility that an AQO algorithm may be
more efficient than classical algorithms, on some classes of
problems.

There has been substantial experimental progress toward
building a device capable of running such algorithms [11–13],
when the Hamiltonian HP may be written as the quantum ver-
sion of an Ising spin glass. A classical Ising model can be written
as a quadratic function of a set of N spins si = ±1:

H (s1, . . . , sN) = −
∑

i < j

Jijsisj −
N∑

i = 1

hisi. (3)

The quantum version of this Hamiltonian is simply

HP = H
(
σz

1, . . . , σ
z
N

)
(4)

where σz
i is a Pauli matrix (a 2 × 2 matrix, whose cousin (1 +

σz
i )/2 has eigenvectors |0, 1⟩ with eigenvalues 0, 1) acting on the

ith qubit in a Hilbert space of N qubits {|+⟩, |−⟩}⊗N , and Jij and
hi are real numbers. We then choose H0 to consist of transverse
magnetic fields [11]:

H0 = −h0

N∑

i = 1

σx
i , (5)

so that the ground state of H0 is an equal superposition of all pos-
sible states in the eigenbasis of HP [equivalent to the eigenbasis
of the set of operators σz

i (i = 1, . . . , N)]. This means that one

2If one is only interested in approximate solutions (for example, finding a
state whose energy per site is optimal, in the thermodynamic (N → ∞) limit,
as opposed to finding the exact ground state), one expects T = O(Nγ) [5, 10].
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1. INTRODUCTION
1.1. QUANTUM ADIABATIC OPTIMIZATION
Recently, there has been much interest in the possibility of using
adiabatic quantum optimization (AQO) to solve NP-complete
and NP-hard problems [1, 2] 1. This is due to the following
trick: suppose we have a quantum Hamiltonian HP whose ground
state encodes the solution to a problem of interest, and another
Hamiltonian H0, whose ground state is “easy” (both to find and
to prepare in an experimental setup). Then, if we prepare a quan-
tum system to be in the ground state of H0, and then adiabatically
change the Hamiltonian for a time T according to

H(t) =
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H0 + t
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HP, (1)

then if T is large enough, and H0 and HP do not commute,
the quantum system will remain in the ground state for all
times, by the adiabatic theorem of quantum mechanics. At time
T, measuring the quantum state will return a solution of our
problem.

There has been debate about whether or not these algorithms
would actually be useful: i.e., whether an adiabatic quantum opti-
mizer would run any faster than classical algorithms [3–9], due to
the fact that if the problem has size N, one typically finds

T = O
[

exp
(
αNβ

)]
, (2)

in order for the system to remain in the ground state, for pos-
itive coefficients α and β, as N → ∞. This is a consequence of
the requirement that exponentially small energy gaps between
the ground state of H(t) and the first excited state, at some
intermediate time, not lead to Landau–Zener transitions into

1In this paper, when a generic statement is true for both NP-complete and
NP-hard problems, we will refer to these problems as NP problems. Formally
this can be misleading as P is contained in NP, but for ease of notation we will
simply write NP.

excited states [5] 2. While it is unlikely that NP-complete prob-
lems can be solved in polynomial time by AQO, the coeffi-
cients α, β may be smaller than known classical algorithms,
so there is still a possibility that an AQO algorithm may be
more efficient than classical algorithms, on some classes of
problems.

There has been substantial experimental progress toward
building a device capable of running such algorithms [11–13],
when the Hamiltonian HP may be written as the quantum ver-
sion of an Ising spin glass. A classical Ising model can be written
as a quadratic function of a set of N spins si = ±1:

H (s1, . . . , sN) = −
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N∑

i = 1

hisi. (3)
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ith qubit in a Hilbert space of N qubits {|+⟩, |−⟩}⊗N , and Jij and
hi are real numbers. We then choose H0 to consist of transverse
magnetic fields [11]:

H0 = −h0

N∑

i = 1

σx
i , (5)

so that the ground state of H0 is an equal superposition of all pos-
sible states in the eigenbasis of HP [equivalent to the eigenbasis
of the set of operators σz

i (i = 1, . . . , N)]. This means that one

2If one is only interested in approximate solutions (for example, finding a
state whose energy per site is optimal, in the thermodynamic (N → ∞) limit,
as opposed to finding the exact ground state), one expects T = O(Nγ) [5, 10].
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Recently, there has been much interest in the possibility of using
adiabatic quantum optimization (AQO) to solve NP-complete
and NP-hard problems [1, 2] 1. This is due to the following
trick: suppose we have a quantum Hamiltonian HP whose ground
state encodes the solution to a problem of interest, and another
Hamiltonian H0, whose ground state is “easy” (both to find and
to prepare in an experimental setup). Then, if we prepare a quan-
tum system to be in the ground state of H0, and then adiabatically
change the Hamiltonian for a time T according to

H(t) =
(

1 − t

T

)
H0 + t
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HP, (1)

then if T is large enough, and H0 and HP do not commute,
the quantum system will remain in the ground state for all
times, by the adiabatic theorem of quantum mechanics. At time
T, measuring the quantum state will return a solution of our
problem.

There has been debate about whether or not these algorithms
would actually be useful: i.e., whether an adiabatic quantum opti-
mizer would run any faster than classical algorithms [3–9], due to
the fact that if the problem has size N, one typically finds
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excited states [5] 2. While it is unlikely that NP-complete prob-
lems can be solved in polynomial time by AQO, the coeffi-
cients α, β may be smaller than known classical algorithms,
so there is still a possibility that an AQO algorithm may be
more efficient than classical algorithms, on some classes of
problems.

There has been substantial experimental progress toward
building a device capable of running such algorithms [11–13],
when the Hamiltonian HP may be written as the quantum ver-
sion of an Ising spin glass. A classical Ising model can be written
as a quadratic function of a set of N spins si = ±1:
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so that the ground state of H0 is an equal superposition of all pos-
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of the set of operators σz

i (i = 1, . . . , N)]. This means that one

2If one is only interested in approximate solutions (for example, finding a
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as opposed to finding the exact ground state), one expects T = O(Nγ) [5, 10].
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1. INTRODUCTION
1.1. QUANTUM ADIABATIC OPTIMIZATION
Recently, there has been much interest in the possibility of using
adiabatic quantum optimization (AQO) to solve NP-complete
and NP-hard problems [1, 2] 1. This is due to the following
trick: suppose we have a quantum Hamiltonian HP whose ground
state encodes the solution to a problem of interest, and another
Hamiltonian H0, whose ground state is “easy” (both to find and
to prepare in an experimental setup). Then, if we prepare a quan-
tum system to be in the ground state of H0, and then adiabatically
change the Hamiltonian for a time T according to

H(t) =
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HP, (1)

then if T is large enough, and H0 and HP do not commute,
the quantum system will remain in the ground state for all
times, by the adiabatic theorem of quantum mechanics. At time
T, measuring the quantum state will return a solution of our
problem.

There has been debate about whether or not these algorithms
would actually be useful: i.e., whether an adiabatic quantum opti-
mizer would run any faster than classical algorithms [3–9], due to
the fact that if the problem has size N, one typically finds
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in order for the system to remain in the ground state, for pos-
itive coefficients α and β, as N → ∞. This is a consequence of
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the ground state of H(t) and the first excited state, at some
intermediate time, not lead to Landau–Zener transitions into
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this can be misleading as P is contained in NP, but for ease of notation we will
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excited states [5] 2. While it is unlikely that NP-complete prob-
lems can be solved in polynomial time by AQO, the coeffi-
cients α, β may be smaller than known classical algorithms,
so there is still a possibility that an AQO algorithm may be
more efficient than classical algorithms, on some classes of
problems.

There has been substantial experimental progress toward
building a device capable of running such algorithms [11–13],
when the Hamiltonian HP may be written as the quantum ver-
sion of an Ising spin glass. A classical Ising model can be written
as a quadratic function of a set of N spins si = ±1:

H (s1, . . . , sN) = −
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ith qubit in a Hilbert space of N qubits {|+⟩, |−⟩}⊗N , and Jij and
hi are real numbers. We then choose H0 to consist of transverse
magnetic fields [11]:

H0 = −h0

N∑

i = 1
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i , (5)

so that the ground state of H0 is an equal superposition of all pos-
sible states in the eigenbasis of HP [equivalent to the eigenbasis
of the set of operators σz

i (i = 1, . . . , N)]. This means that one

2If one is only interested in approximate solutions (for example, finding a
state whose energy per site is optimal, in the thermodynamic (N → ∞) limit,
as opposed to finding the exact ground state), one expects T = O(Nγ) [5, 10].
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and NP-hard problems [1, 2] 1. This is due to the following
trick: suppose we have a quantum Hamiltonian HP whose ground
state encodes the solution to a problem of interest, and another
Hamiltonian H0, whose ground state is “easy” (both to find and
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excited states [5] 2. While it is unlikely that NP-complete prob-
lems can be solved in polynomial time by AQO, the coeffi-
cients α, β may be smaller than known classical algorithms,
so there is still a possibility that an AQO algorithm may be
more efficient than classical algorithms, on some classes of
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There has been substantial experimental progress toward
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when the Hamiltonian HP may be written as the quantum ver-
sion of an Ising spin glass. A classical Ising model can be written
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sible states in the eigenbasis of HP [equivalent to the eigenbasis
of the set of operators σz

i (i = 1, . . . , N)]. This means that one

2If one is only interested in approximate solutions (for example, finding a
state whose energy per site is optimal, in the thermodynamic (N → ∞) limit,
as opposed to finding the exact ground state), one expects T = O(Nγ) [5, 10].
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other words, an optimal set of coe�cients ci has to be
found. This can be done by standard tools: usually by
the Nelder-Mead simplex algorithm [17] that does not
rely on gradients. A standard choice for the basis func-
tions are trigonometric functions, often multiplied by a
shape function 1/�(t) that fixes the pulse to 0 at the
edges.

A possible disadvantage of CRAB is the limited band-
width of the pulse or more in general the limited dimen-
sion Df of the search space or function space which ba-
sically scales with the number of coe�cients N (N < Df

since the randomization of the basis e↵ectively allows
to engineer a di↵erent N -dimensional function space for
each instance of N random frequencies). However, recent
e↵orts [18] show that the number of frequencies N needed
to accomplish a control task in a system space of dimen-
sion Ds up to an error " scales polynomially with the di-
mension of the set of time-polynomially reachable states
Dr < Ds. Since only certain time dynamics (given by
the control path) can be e�ciently simulated (e.g. simu-
lating many-body systems by matrix product states) the
real set of reachable states is still smaller then dimen-
sion Dr. It follows that for a many-body system with
L sites that can be e�ciently simulated by matrix prod-
uct states, all time-polynomially reachable states can be
reached with a number NL of CRAB coe�cients that
scales polynomially with the lattice size L.

A. dCRAB

Due to the restriction of the search basis to NC dimen-
sions given by the CRAB expansion, equation (1) the al-
gorithm might converge to a non-optimal fix point. To
overcome this problem we start a new CRAB optimiza-
tion from this fix point with a new random basis and new
coe�cients. We do this in an iterative way so that in the
j-th super-iteration we optimize the coe�cients cj

i
of

f
j(t) = f

j�1(t) +
NCX

i=1

c
j

i
f
j

i
(t) , (2)

where f
j

i
(t) are randomly chosen to be sine or cosine

functions with random frequencies out of some inter-
vall [0,!max]. So in each super-iteration the old pulse is
dressed with new search directions and we call this pro-
cedure dressed Chopped Random Basis (dCRAB) [16]
algorithm.

In the following section we give a theoretical explana-
tion why this is a substantial improvement of the algo-
rithm by analyzing how it influences the control land-
scape.

III. CONTROL LANDSCAPES AND CRAB

In this section we review the theory on control land-
scapes [1, 2] and how they can explain convergence or

1
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F (| (T )i)

| (T )i

1

f1 f2

J(f)

f

Uf1(T )|⇠i = Uf2(T )|⇠i = |⇣i

FIG. 1. Schematic view on the control landscape J(f) =
F (| (T )i). While F has a clear maximum at |⇣i (left), this
state can be reached by di↵erent control functions f1 and f2
corresponding to multiple maxima in the landscape J (right).

trapping of the algorithm. Especially we want to focus
on why CRAB can be trapped in cases where gradient
methods as well as dCRAB cannot be trapped. For a con-
trol problem with control f the control landscape [1, 2]
is the function J(f) with

J(f) = F (| (T )i) (3)

where | (T )i is the final state resulting from time evolu-
tion with the given control f and F is the fidelity of the
process. In other words, the control landscape is the de-
pendency of the fidelity on the control field. In our case
the fidelity will be the state overlap of the final state with
a given target state

F (| (T )i) = |h⇣| (T )i|2 , (4)

and the time evolution is given by the Schrödinger equa-
tion

i
@

@t
| (t)i = (H0 + f(t)H1) | (t)i

| (0)i = |⇠i . (5)

The two di↵erent ways to look at the control landscape
are depicted in figure 1. As mentioned, for convenience
we limit the analysis to a state to state transfer, but the
same arguments apply also for other scenarios like gate
optimization and expectation value optimization. Opti-
mization usually leads to so-called critical points of the
landscape, that is the ones fulfilling the condition

�J = hrF ( (T ))|� (T )i = 0 8 �f , (6)

i.e. a vanishing variation of the functional J for a vari-
ation of the control f . By the chain rule this variation
consists of two parts: the gradient of the fidelity as a
function of the final state, and the variation of the fi-
nal state as a result of the variation of the control. The
first part is well understood and for all common choices
of the fidelity a vanishing gradient rF ( (T )) = 0 cor-
responds to the global maximum, global minimum or a
saddle point [1, 2, 6], more specifically in our case there
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other words, an optimal set of coe�cients ci has to be
found. This can be done by standard tools: usually by
the Nelder-Mead simplex algorithm [17] that does not
rely on gradients. A standard choice for the basis func-
tions are trigonometric functions, often multiplied by a
shape function 1/�(t) that fixes the pulse to 0 at the
edges.

A possible disadvantage of CRAB is the limited band-
width of the pulse or more in general the limited dimen-
sion Df of the search space or function space which ba-
sically scales with the number of coe�cients N (N < Df

since the randomization of the basis e↵ectively allows
to engineer a di↵erent N -dimensional function space for
each instance of N random frequencies). However, recent
e↵orts [18] show that the number of frequencies N needed
to accomplish a control task in a system space of dimen-
sion Ds up to an error " scales polynomially with the di-
mension of the set of time-polynomially reachable states
Dr < Ds. Since only certain time dynamics (given by
the control path) can be e�ciently simulated (e.g. simu-
lating many-body systems by matrix product states) the
real set of reachable states is still smaller then dimen-
sion Dr. It follows that for a many-body system with
L sites that can be e�ciently simulated by matrix prod-
uct states, all time-polynomially reachable states can be
reached with a number NL of CRAB coe�cients that
scales polynomially with the lattice size L.

A. dCRAB

Due to the restriction of the search basis to NC dimen-
sions given by the CRAB expansion, equation (1) the al-
gorithm might converge to a non-optimal fix point. To
overcome this problem we start a new CRAB optimiza-
tion from this fix point with a new random basis and new
coe�cients. We do this in an iterative way so that in the
j-th super-iteration we optimize the coe�cients cj
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functions with random frequencies out of some inter-
vall [0,!max]. So in each super-iteration the old pulse is
dressed with new search directions and we call this pro-
cedure dressed Chopped Random Basis (dCRAB) [16]
algorithm.

In the following section we give a theoretical explana-
tion why this is a substantial improvement of the algo-
rithm by analyzing how it influences the control land-
scape.

III. CONTROL LANDSCAPES AND CRAB

In this section we review the theory on control land-
scapes [1, 2] and how they can explain convergence or
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state can be reached by di↵erent control functions f1 and f2
corresponding to multiple maxima in the landscape J (right).

trapping of the algorithm. Especially we want to focus
on why CRAB can be trapped in cases where gradient
methods as well as dCRAB cannot be trapped. For a con-
trol problem with control f the control landscape [1, 2]
is the function J(f) with

J(f) = F (| (T )i) (3)

where | (T )i is the final state resulting from time evolu-
tion with the given control f and F is the fidelity of the
process. In other words, the control landscape is the de-
pendency of the fidelity on the control field. In our case
the fidelity will be the state overlap of the final state with
a given target state

F (| (T )i) = |h⇣| (T )i|2 , (4)

and the time evolution is given by the Schrödinger equa-
tion

i
@

@t
| (t)i = (H0 + f(t)H1) | (t)i

| (0)i = |⇠i . (5)

The two di↵erent ways to look at the control landscape
are depicted in figure 1. As mentioned, for convenience
we limit the analysis to a state to state transfer, but the
same arguments apply also for other scenarios like gate
optimization and expectation value optimization. Opti-
mization usually leads to so-called critical points of the
landscape, that is the ones fulfilling the condition

�J = hrF ( (T ))|� (T )i = 0 8 �f , (6)

i.e. a vanishing variation of the functional J for a vari-
ation of the control f . By the chain rule this variation
consists of two parts: the gradient of the fidelity as a
function of the final state, and the variation of the fi-
nal state as a result of the variation of the control. The
first part is well understood and for all common choices
of the fidelity a vanishing gradient rF ( (T )) = 0 cor-
responds to the global maximum, global minimum or a
saddle point [1, 2, 6], more specifically in our case there

min
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other words, an optimal set of coe�cients ci has to be
found. This can be done by standard tools: usually by
the Nelder-Mead simplex algorithm [17] that does not
rely on gradients. A standard choice for the basis func-
tions are trigonometric functions, often multiplied by a
shape function 1/�(t) that fixes the pulse to 0 at the
edges.

A possible disadvantage of CRAB is the limited band-
width of the pulse or more in general the limited dimen-
sion Df of the search space or function space which ba-
sically scales with the number of coe�cients N (N < Df

since the randomization of the basis e↵ectively allows
to engineer a di↵erent N -dimensional function space for
each instance of N random frequencies). However, recent
e↵orts [18] show that the number of frequencies N needed
to accomplish a control task in a system space of dimen-
sion Ds up to an error " scales polynomially with the di-
mension of the set of time-polynomially reachable states
Dr < Ds. Since only certain time dynamics (given by
the control path) can be e�ciently simulated (e.g. simu-
lating many-body systems by matrix product states) the
real set of reachable states is still smaller then dimen-
sion Dr. It follows that for a many-body system with
L sites that can be e�ciently simulated by matrix prod-
uct states, all time-polynomially reachable states can be
reached with a number NL of CRAB coe�cients that
scales polynomially with the lattice size L.

A. dCRAB

Due to the restriction of the search basis to NC dimen-
sions given by the CRAB expansion, equation (1) the al-
gorithm might converge to a non-optimal fix point. To
overcome this problem we start a new CRAB optimiza-
tion from this fix point with a new random basis and new
coe�cients. We do this in an iterative way so that in the
j-th super-iteration we optimize the coe�cients cj
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functions with random frequencies out of some inter-
vall [0,!max]. So in each super-iteration the old pulse is
dressed with new search directions and we call this pro-
cedure dressed Chopped Random Basis (dCRAB) [16]
algorithm.

In the following section we give a theoretical explana-
tion why this is a substantial improvement of the algo-
rithm by analyzing how it influences the control land-
scape.

III. CONTROL LANDSCAPES AND CRAB

In this section we review the theory on control land-
scapes [1, 2] and how they can explain convergence or
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F (| (T )i). While F has a clear maximum at |⇣i (left), this
state can be reached by di↵erent control functions f1 and f2
corresponding to multiple maxima in the landscape J (right).

trapping of the algorithm. Especially we want to focus
on why CRAB can be trapped in cases where gradient
methods as well as dCRAB cannot be trapped. For a con-
trol problem with control f the control landscape [1, 2]
is the function J(f) with

J(f) = F (| (T )i) (3)

where | (T )i is the final state resulting from time evolu-
tion with the given control f and F is the fidelity of the
process. In other words, the control landscape is the de-
pendency of the fidelity on the control field. In our case
the fidelity will be the state overlap of the final state with
a given target state

F (| (T )i) = |h⇣| (T )i|2 , (4)

and the time evolution is given by the Schrödinger equa-
tion
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@t
| (t)i = (H0 + f(t)H1) | (t)i

| (0)i = |⇠i . (5)

The two di↵erent ways to look at the control landscape
are depicted in figure 1. As mentioned, for convenience
we limit the analysis to a state to state transfer, but the
same arguments apply also for other scenarios like gate
optimization and expectation value optimization. Opti-
mization usually leads to so-called critical points of the
landscape, that is the ones fulfilling the condition

�J = hrF ( (T ))|� (T )i = 0 8 �f , (6)

i.e. a vanishing variation of the functional J for a vari-
ation of the control f . By the chain rule this variation
consists of two parts: the gradient of the fidelity as a
function of the final state, and the variation of the fi-
nal state as a result of the variation of the control. The
first part is well understood and for all common choices
of the fidelity a vanishing gradient rF ( (T )) = 0 cor-
responds to the global maximum, global minimum or a
saddle point [1, 2, 6], more specifically in our case there
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other words, an optimal set of coe�cients ci has to be
found. This can be done by standard tools: usually by
the Nelder-Mead simplex algorithm [17] that does not
rely on gradients. A standard choice for the basis func-
tions are trigonometric functions, often multiplied by a
shape function 1/�(t) that fixes the pulse to 0 at the
edges.

A possible disadvantage of CRAB is the limited band-
width of the pulse or more in general the limited dimen-
sion Df of the search space or function space which ba-
sically scales with the number of coe�cients N (N < Df

since the randomization of the basis e↵ectively allows
to engineer a di↵erent N -dimensional function space for
each instance of N random frequencies). However, recent
e↵orts [18] show that the number of frequencies N needed
to accomplish a control task in a system space of dimen-
sion Ds up to an error " scales polynomially with the di-
mension of the set of time-polynomially reachable states
Dr < Ds. Since only certain time dynamics (given by
the control path) can be e�ciently simulated (e.g. simu-
lating many-body systems by matrix product states) the
real set of reachable states is still smaller then dimen-
sion Dr. It follows that for a many-body system with
L sites that can be e�ciently simulated by matrix prod-
uct states, all time-polynomially reachable states can be
reached with a number NL of CRAB coe�cients that
scales polynomially with the lattice size L.

A. dCRAB

Due to the restriction of the search basis to NC dimen-
sions given by the CRAB expansion, equation (1) the al-
gorithm might converge to a non-optimal fix point. To
overcome this problem we start a new CRAB optimiza-
tion from this fix point with a new random basis and new
coe�cients. We do this in an iterative way so that in the
j-th super-iteration we optimize the coe�cients cj
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functions with random frequencies out of some inter-
vall [0,!max]. So in each super-iteration the old pulse is
dressed with new search directions and we call this pro-
cedure dressed Chopped Random Basis (dCRAB) [16]
algorithm.

In the following section we give a theoretical explana-
tion why this is a substantial improvement of the algo-
rithm by analyzing how it influences the control land-
scape.

III. CONTROL LANDSCAPES AND CRAB

In this section we review the theory on control land-
scapes [1, 2] and how they can explain convergence or
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FIG. 1. Schematic view on the control landscape J(f) =
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state can be reached by di↵erent control functions f1 and f2
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trapping of the algorithm. Especially we want to focus
on why CRAB can be trapped in cases where gradient
methods as well as dCRAB cannot be trapped. For a con-
trol problem with control f the control landscape [1, 2]
is the function J(f) with

J(f) = F (| (T )i) (3)

where | (T )i is the final state resulting from time evolu-
tion with the given control f and F is the fidelity of the
process. In other words, the control landscape is the de-
pendency of the fidelity on the control field. In our case
the fidelity will be the state overlap of the final state with
a given target state

F (| (T )i) = |h⇣| (T )i|2 , (4)

and the time evolution is given by the Schrödinger equa-
tion
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| (t)i = (H0 + f(t)H1) | (t)i

| (0)i = |⇠i . (5)

The two di↵erent ways to look at the control landscape
are depicted in figure 1. As mentioned, for convenience
we limit the analysis to a state to state transfer, but the
same arguments apply also for other scenarios like gate
optimization and expectation value optimization. Opti-
mization usually leads to so-called critical points of the
landscape, that is the ones fulfilling the condition

�J = hrF ( (T ))|� (T )i = 0 8 �f , (6)

i.e. a vanishing variation of the functional J for a vari-
ation of the control f . By the chain rule this variation
consists of two parts: the gradient of the fidelity as a
function of the final state, and the variation of the fi-
nal state as a result of the variation of the control. The
first part is well understood and for all common choices
of the fidelity a vanishing gradient rF ( (T )) = 0 cor-
responds to the global maximum, global minimum or a
saddle point [1, 2, 6], more specifically in our case there
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other words, an optimal set of coe�cients ci has to be
found. This can be done by standard tools: usually by
the Nelder-Mead simplex algorithm [17] that does not
rely on gradients. A standard choice for the basis func-
tions are trigonometric functions, often multiplied by a
shape function 1/�(t) that fixes the pulse to 0 at the
edges.

A possible disadvantage of CRAB is the limited band-
width of the pulse or more in general the limited dimen-
sion Df of the search space or function space which ba-
sically scales with the number of coe�cients N (N < Df

since the randomization of the basis e↵ectively allows
to engineer a di↵erent N -dimensional function space for
each instance of N random frequencies). However, recent
e↵orts [18] show that the number of frequencies N needed
to accomplish a control task in a system space of dimen-
sion Ds up to an error " scales polynomially with the di-
mension of the set of time-polynomially reachable states
Dr < Ds. Since only certain time dynamics (given by
the control path) can be e�ciently simulated (e.g. simu-
lating many-body systems by matrix product states) the
real set of reachable states is still smaller then dimen-
sion Dr. It follows that for a many-body system with
L sites that can be e�ciently simulated by matrix prod-
uct states, all time-polynomially reachable states can be
reached with a number NL of CRAB coe�cients that
scales polynomially with the lattice size L.

A. dCRAB

Due to the restriction of the search basis to NC dimen-
sions given by the CRAB expansion, equation (1) the al-
gorithm might converge to a non-optimal fix point. To
overcome this problem we start a new CRAB optimiza-
tion from this fix point with a new random basis and new
coe�cients. We do this in an iterative way so that in the
j-th super-iteration we optimize the coe�cients cj
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trapping of the algorithm. Especially we want to focus
on why CRAB can be trapped in cases where gradient
methods as well as dCRAB cannot be trapped. For a con-
trol problem with control f the control landscape [1, 2]
is the function J(f) with

J(f) = F (| (T )i) (3)

where | (T )i is the final state resulting from time evolu-
tion with the given control f and F is the fidelity of the
process. In other words, the control landscape is the de-
pendency of the fidelity on the control field. In our case
the fidelity will be the state overlap of the final state with
a given target state

F (| (T )i) = |h⇣| (T )i|2 , (4)

and the time evolution is given by the Schrödinger equa-
tion
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| (t)i = (H0 + f(t)H1) | (t)i

| (0)i = |⇠i . (5)

The two di↵erent ways to look at the control landscape
are depicted in figure 1. As mentioned, for convenience
we limit the analysis to a state to state transfer, but the
same arguments apply also for other scenarios like gate
optimization and expectation value optimization. Opti-
mization usually leads to so-called critical points of the
landscape, that is the ones fulfilling the condition

�J = hrF ( (T ))|� (T )i = 0 8 �f , (6)

i.e. a vanishing variation of the functional J for a vari-
ation of the control f . By the chain rule this variation
consists of two parts: the gradient of the fidelity as a
function of the final state, and the variation of the fi-
nal state as a result of the variation of the control. The
first part is well understood and for all common choices
of the fidelity a vanishing gradient rF ( (T )) = 0 cor-
responds to the global maximum, global minimum or a
saddle point [1, 2, 6], more specifically in our case there
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other words, an optimal set of coe�cients ci has to be
found. This can be done by standard tools: usually by
the Nelder-Mead simplex algorithm [17] that does not
rely on gradients. A standard choice for the basis func-
tions are trigonometric functions, often multiplied by a
shape function 1/�(t) that fixes the pulse to 0 at the
edges.

A possible disadvantage of CRAB is the limited band-
width of the pulse or more in general the limited dimen-
sion Df of the search space or function space which ba-
sically scales with the number of coe�cients N (N < Df

since the randomization of the basis e↵ectively allows
to engineer a di↵erent N -dimensional function space for
each instance of N random frequencies). However, recent
e↵orts [18] show that the number of frequencies N needed
to accomplish a control task in a system space of dimen-
sion Ds up to an error " scales polynomially with the di-
mension of the set of time-polynomially reachable states
Dr < Ds. Since only certain time dynamics (given by
the control path) can be e�ciently simulated (e.g. simu-
lating many-body systems by matrix product states) the
real set of reachable states is still smaller then dimen-
sion Dr. It follows that for a many-body system with
L sites that can be e�ciently simulated by matrix prod-
uct states, all time-polynomially reachable states can be
reached with a number NL of CRAB coe�cients that
scales polynomially with the lattice size L.

A. dCRAB

Due to the restriction of the search basis to NC dimen-
sions given by the CRAB expansion, equation (1) the al-
gorithm might converge to a non-optimal fix point. To
overcome this problem we start a new CRAB optimiza-
tion from this fix point with a new random basis and new
coe�cients. We do this in an iterative way so that in the
j-th super-iteration we optimize the coe�cients cj
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vall [0,!max]. So in each super-iteration the old pulse is
dressed with new search directions and we call this pro-
cedure dressed Chopped Random Basis (dCRAB) [16]
algorithm.

In the following section we give a theoretical explana-
tion why this is a substantial improvement of the algo-
rithm by analyzing how it influences the control land-
scape.

III. CONTROL LANDSCAPES AND CRAB

In this section we review the theory on control land-
scapes [1, 2] and how they can explain convergence or
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trapping of the algorithm. Especially we want to focus
on why CRAB can be trapped in cases where gradient
methods as well as dCRAB cannot be trapped. For a con-
trol problem with control f the control landscape [1, 2]
is the function J(f) with

J(f) = F (| (T )i) (3)

where | (T )i is the final state resulting from time evolu-
tion with the given control f and F is the fidelity of the
process. In other words, the control landscape is the de-
pendency of the fidelity on the control field. In our case
the fidelity will be the state overlap of the final state with
a given target state

F (| (T )i) = |h⇣| (T )i|2 , (4)

and the time evolution is given by the Schrödinger equa-
tion
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| (t)i = (H0 + f(t)H1) | (t)i

| (0)i = |⇠i . (5)

The two di↵erent ways to look at the control landscape
are depicted in figure 1. As mentioned, for convenience
we limit the analysis to a state to state transfer, but the
same arguments apply also for other scenarios like gate
optimization and expectation value optimization. Opti-
mization usually leads to so-called critical points of the
landscape, that is the ones fulfilling the condition

�J = hrF ( (T ))|� (T )i = 0 8 �f , (6)

i.e. a vanishing variation of the functional J for a vari-
ation of the control f . By the chain rule this variation
consists of two parts: the gradient of the fidelity as a
function of the final state, and the variation of the fi-
nal state as a result of the variation of the control. The
first part is well understood and for all common choices
of the fidelity a vanishing gradient rF ( (T )) = 0 cor-
responds to the global maximum, global minimum or a
saddle point [1, 2, 6], more specifically in our case there

min
f(t)

J(| (T )i)

RedCRAB  

Optimal control 



OPTIMAL CROSSING OF QPT

E

t

Optimal
controlFast

System

P. Doria et al PRL (2010), T. Caneva et al.  PRA (2014) 

2

other words, an optimal set of coe�cients ci has to be
found. This can be done by standard tools: usually by
the Nelder-Mead simplex algorithm [17] that does not
rely on gradients. A standard choice for the basis func-
tions are trigonometric functions, often multiplied by a
shape function 1/�(t) that fixes the pulse to 0 at the
edges.

A possible disadvantage of CRAB is the limited band-
width of the pulse or more in general the limited dimen-
sion Df of the search space or function space which ba-
sically scales with the number of coe�cients N (N < Df

since the randomization of the basis e↵ectively allows
to engineer a di↵erent N -dimensional function space for
each instance of N random frequencies). However, recent
e↵orts [18] show that the number of frequencies N needed
to accomplish a control task in a system space of dimen-
sion Ds up to an error " scales polynomially with the di-
mension of the set of time-polynomially reachable states
Dr < Ds. Since only certain time dynamics (given by
the control path) can be e�ciently simulated (e.g. simu-
lating many-body systems by matrix product states) the
real set of reachable states is still smaller then dimen-
sion Dr. It follows that for a many-body system with
L sites that can be e�ciently simulated by matrix prod-
uct states, all time-polynomially reachable states can be
reached with a number NL of CRAB coe�cients that
scales polynomially with the lattice size L.

A. dCRAB

Due to the restriction of the search basis to NC dimen-
sions given by the CRAB expansion, equation (1) the al-
gorithm might converge to a non-optimal fix point. To
overcome this problem we start a new CRAB optimiza-
tion from this fix point with a new random basis and new
coe�cients. We do this in an iterative way so that in the
j-th super-iteration we optimize the coe�cients cj
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dressed with new search directions and we call this pro-
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algorithm.
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tion why this is a substantial improvement of the algo-
rithm by analyzing how it influences the control land-
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trapping of the algorithm. Especially we want to focus
on why CRAB can be trapped in cases where gradient
methods as well as dCRAB cannot be trapped. For a con-
trol problem with control f the control landscape [1, 2]
is the function J(f) with

J(f) = F (| (T )i) (3)

where | (T )i is the final state resulting from time evolu-
tion with the given control f and F is the fidelity of the
process. In other words, the control landscape is the de-
pendency of the fidelity on the control field. In our case
the fidelity will be the state overlap of the final state with
a given target state

F (| (T )i) = |h⇣| (T )i|2 , (4)

and the time evolution is given by the Schrödinger equa-
tion
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| (t)i = (H0 + f(t)H1) | (t)i

| (0)i = |⇠i . (5)

The two di↵erent ways to look at the control landscape
are depicted in figure 1. As mentioned, for convenience
we limit the analysis to a state to state transfer, but the
same arguments apply also for other scenarios like gate
optimization and expectation value optimization. Opti-
mization usually leads to so-called critical points of the
landscape, that is the ones fulfilling the condition

�J = hrF ( (T ))|� (T )i = 0 8 �f , (6)

i.e. a vanishing variation of the functional J for a vari-
ation of the control f . By the chain rule this variation
consists of two parts: the gradient of the fidelity as a
function of the final state, and the variation of the fi-
nal state as a result of the variation of the control. The
first part is well understood and for all common choices
of the fidelity a vanishing gradient rF ( (T )) = 0 cor-
responds to the global maximum, global minimum or a
saddle point [1, 2, 6], more specifically in our case there
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other words, an optimal set of coe�cients ci has to be
found. This can be done by standard tools: usually by
the Nelder-Mead simplex algorithm [17] that does not
rely on gradients. A standard choice for the basis func-
tions are trigonometric functions, often multiplied by a
shape function 1/�(t) that fixes the pulse to 0 at the
edges.

A possible disadvantage of CRAB is the limited band-
width of the pulse or more in general the limited dimen-
sion Df of the search space or function space which ba-
sically scales with the number of coe�cients N (N < Df

since the randomization of the basis e↵ectively allows
to engineer a di↵erent N -dimensional function space for
each instance of N random frequencies). However, recent
e↵orts [18] show that the number of frequencies N needed
to accomplish a control task in a system space of dimen-
sion Ds up to an error " scales polynomially with the di-
mension of the set of time-polynomially reachable states
Dr < Ds. Since only certain time dynamics (given by
the control path) can be e�ciently simulated (e.g. simu-
lating many-body systems by matrix product states) the
real set of reachable states is still smaller then dimen-
sion Dr. It follows that for a many-body system with
L sites that can be e�ciently simulated by matrix prod-
uct states, all time-polynomially reachable states can be
reached with a number NL of CRAB coe�cients that
scales polynomially with the lattice size L.

A. dCRAB

Due to the restriction of the search basis to NC dimen-
sions given by the CRAB expansion, equation (1) the al-
gorithm might converge to a non-optimal fix point. To
overcome this problem we start a new CRAB optimiza-
tion from this fix point with a new random basis and new
coe�cients. We do this in an iterative way so that in the
j-th super-iteration we optimize the coe�cients cj
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dressed with new search directions and we call this pro-
cedure dressed Chopped Random Basis (dCRAB) [16]
algorithm.

In the following section we give a theoretical explana-
tion why this is a substantial improvement of the algo-
rithm by analyzing how it influences the control land-
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III. CONTROL LANDSCAPES AND CRAB

In this section we review the theory on control land-
scapes [1, 2] and how they can explain convergence or

1

|⇣i

F (| (T )i)

| (T )i

1

f1 f2

J(f)

f

Uf1(T )|⇠i = Uf2(T )|⇠i = |⇣i

FIG. 1. Schematic view on the control landscape J(f) =
F (| (T )i). While F has a clear maximum at |⇣i (left), this
state can be reached by di↵erent control functions f1 and f2
corresponding to multiple maxima in the landscape J (right).

trapping of the algorithm. Especially we want to focus
on why CRAB can be trapped in cases where gradient
methods as well as dCRAB cannot be trapped. For a con-
trol problem with control f the control landscape [1, 2]
is the function J(f) with

J(f) = F (| (T )i) (3)

where | (T )i is the final state resulting from time evolu-
tion with the given control f and F is the fidelity of the
process. In other words, the control landscape is the de-
pendency of the fidelity on the control field. In our case
the fidelity will be the state overlap of the final state with
a given target state

F (| (T )i) = |h⇣| (T )i|2 , (4)

and the time evolution is given by the Schrödinger equa-
tion
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| (t)i = (H0 + f(t)H1) | (t)i

| (0)i = |⇠i . (5)

The two di↵erent ways to look at the control landscape
are depicted in figure 1. As mentioned, for convenience
we limit the analysis to a state to state transfer, but the
same arguments apply also for other scenarios like gate
optimization and expectation value optimization. Opti-
mization usually leads to so-called critical points of the
landscape, that is the ones fulfilling the condition

�J = hrF ( (T ))|� (T )i = 0 8 �f , (6)

i.e. a vanishing variation of the functional J for a vari-
ation of the control f . By the chain rule this variation
consists of two parts: the gradient of the fidelity as a
function of the final state, and the variation of the fi-
nal state as a result of the variation of the control. The
first part is well understood and for all common choices
of the fidelity a vanishing gradient rF ( (T )) = 0 cor-
responds to the global maximum, global minimum or a
saddle point [1, 2, 6], more specifically in our case there
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other words, an optimal set of coe�cients ci has to be
found. This can be done by standard tools: usually by
the Nelder-Mead simplex algorithm [17] that does not
rely on gradients. A standard choice for the basis func-
tions are trigonometric functions, often multiplied by a
shape function 1/�(t) that fixes the pulse to 0 at the
edges.

A possible disadvantage of CRAB is the limited band-
width of the pulse or more in general the limited dimen-
sion Df of the search space or function space which ba-
sically scales with the number of coe�cients N (N < Df

since the randomization of the basis e↵ectively allows
to engineer a di↵erent N -dimensional function space for
each instance of N random frequencies). However, recent
e↵orts [18] show that the number of frequencies N needed
to accomplish a control task in a system space of dimen-
sion Ds up to an error " scales polynomially with the di-
mension of the set of time-polynomially reachable states
Dr < Ds. Since only certain time dynamics (given by
the control path) can be e�ciently simulated (e.g. simu-
lating many-body systems by matrix product states) the
real set of reachable states is still smaller then dimen-
sion Dr. It follows that for a many-body system with
L sites that can be e�ciently simulated by matrix prod-
uct states, all time-polynomially reachable states can be
reached with a number NL of CRAB coe�cients that
scales polynomially with the lattice size L.

A. dCRAB

Due to the restriction of the search basis to NC dimen-
sions given by the CRAB expansion, equation (1) the al-
gorithm might converge to a non-optimal fix point. To
overcome this problem we start a new CRAB optimiza-
tion from this fix point with a new random basis and new
coe�cients. We do this in an iterative way so that in the
j-th super-iteration we optimize the coe�cients cj
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algorithm.

In the following section we give a theoretical explana-
tion why this is a substantial improvement of the algo-
rithm by analyzing how it influences the control land-
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trapping of the algorithm. Especially we want to focus
on why CRAB can be trapped in cases where gradient
methods as well as dCRAB cannot be trapped. For a con-
trol problem with control f the control landscape [1, 2]
is the function J(f) with

J(f) = F (| (T )i) (3)

where | (T )i is the final state resulting from time evolu-
tion with the given control f and F is the fidelity of the
process. In other words, the control landscape is the de-
pendency of the fidelity on the control field. In our case
the fidelity will be the state overlap of the final state with
a given target state

F (| (T )i) = |h⇣| (T )i|2 , (4)

and the time evolution is given by the Schrödinger equa-
tion
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| (t)i = (H0 + f(t)H1) | (t)i

| (0)i = |⇠i . (5)

The two di↵erent ways to look at the control landscape
are depicted in figure 1. As mentioned, for convenience
we limit the analysis to a state to state transfer, but the
same arguments apply also for other scenarios like gate
optimization and expectation value optimization. Opti-
mization usually leads to so-called critical points of the
landscape, that is the ones fulfilling the condition

�J = hrF ( (T ))|� (T )i = 0 8 �f , (6)

i.e. a vanishing variation of the functional J for a vari-
ation of the control f . By the chain rule this variation
consists of two parts: the gradient of the fidelity as a
function of the final state, and the variation of the fi-
nal state as a result of the variation of the control. The
first part is well understood and for all common choices
of the fidelity a vanishing gradient rF ( (T )) = 0 cor-
responds to the global maximum, global minimum or a
saddle point [1, 2, 6], more specifically in our case there
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3D TREE TENSOR NETWORK 10
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Figure 7: TTN representations for (a) 1D lattice and (b) 2D square lattice. Green circles indicate the sites of the
lattice connected to the physical indices of the tree, whereas the yellow circles are the tensors making up the TTN.
In (c) we shown our generalization to the 3D cubic lattice that we use for the numerical simulations of the LGT.

The different colours of the bond indices are just for a better visualization of the tree structure.

generalization to 3D lattice. TTNs offer more tractable
computational costs since the complete contraction and
the variational optimization algorithms scale as O(�4),
making it easier to reach high values of the bond dimen-
sion (up to � ⇡ 1000). The price to pay for using the
loopless structure is related to the area law that TTNs
may not explicitly reproduce in dimensions higher than
one [101]. Nevertheless, we use the TTN ansatz in a vari-
ational optimization, so we can improve the precision by
using increasing values of �, providing in this way a care-
ful control over the convergence of our numerical results.

The TTN algorithm for the ground state computation
of our LTG model follows the technical implementation
described in [85] and it takes into account the conserva-
tion of the total charge through the definition of global
U(1) symmetry sectors encoded in the TTN. In this way

we can easily access finite charge-density regimes, with
any imbalance between charges and anticharges.

Our TTN for the 3D lattice is composed entirely of
tensors with three links (this structure is usually called
binary tree). The construction of the TTN starts from
merging the physical indices at the bottom, that repre-
sent two neighboring lattice sites along the x-direction,
into one tensor. Then, these tensors are connected along
the y-direction through new tensors in an upper layer.
The tensors in this layer are then connected along the
z-direction through a new layer of tensors. Thus, this
procedure is iteratively repeated by properly setting the
connections along the three spatial directions in the up-
per layers of the tree. At the beginning of the simula-
tion, we randomly initialize all the tensors in the net-
work and the distribution of the global symmetry sec-

G. Magnifico, T. Felser, P. Silvi, and S. Montangero  
Nat. Comm. (2021)

T. Felser, P. Silvi, M. Collura, 
S. Montangero
PRX (2020)
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The different colours of the bond indices are just for a better visualization of the tree structure.

generalization to 3D lattice. TTNs offer more tractable
computational costs since the complete contraction and
the variational optimization algorithms scale as O(�4),
making it easier to reach high values of the bond dimen-
sion (up to � ⇡ 1000). The price to pay for using the
loopless structure is related to the area law that TTNs
may not explicitly reproduce in dimensions higher than
one [101]. Nevertheless, we use the TTN ansatz in a vari-
ational optimization, so we can improve the precision by
using increasing values of �, providing in this way a care-
ful control over the convergence of our numerical results.

The TTN algorithm for the ground state computation
of our LTG model follows the technical implementation
described in [85] and it takes into account the conserva-
tion of the total charge through the definition of global
U(1) symmetry sectors encoded in the TTN. In this way

we can easily access finite charge-density regimes, with
any imbalance between charges and anticharges.

Our TTN for the 3D lattice is composed entirely of
tensors with three links (this structure is usually called
binary tree). The construction of the TTN starts from
merging the physical indices at the bottom, that repre-
sent two neighboring lattice sites along the x-direction,
into one tensor. Then, these tensors are connected along
the y-direction through new tensors in an upper layer.
The tensors in this layer are then connected along the
z-direction through a new layer of tensors. Thus, this
procedure is iteratively repeated by properly setting the
connections along the three spatial directions in the up-
per layers of the tree. At the beginning of the simula-
tion, we randomly initialize all the tensors in the net-
work and the distribution of the global symmetry sec-
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effect akin to the Schwinger mechanism. Furthermore,
we address the confinement problem by evaluating the
binding energies of charged particle pairs pinned at spec-
ified distances. Finally, we consider the scenario with a
charge imbalance into the system, i.e. at finite charge
density, and we characterize a regime where charges ac-
cumulate at the surface of our finite sample, analogously
to a classic perfect conductor.

I. THE MODEL

Hereafter, we numerically simulate, at zero tempera-
ture, the Hamiltonian of U(1) quantum electrodynamics
on a finite L⇥L⇥L three-dimensional simple cubic lattice
[16]:
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x Ûx,µ  ̂x+µ + H.c.
⌘

(1a)

+ m
X

x

(�1)x ̂†
x ̂x +

g2
e

2

X

x,µ

Ê2
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with x ⌘ (i, j, k) for 0  i, j, k  L � 1
labelling the sites of the lattice and ⇤µ↵,µ� =

Ûx,µ↵Ûx+µ↵,µ� Û†
x+µ� ,µ↵

Û†
x,µ�

. Here we adopted the
Kogut-Susskind formulation [16], representing fermionic
degrees of freedom with a staggered spinless fermion
field { ̂x,  ̂†

x0} = �x,x0 on lattice sites. Their bare mass
mx = (�1)xm is staggered, as tracked by the site parity

(�1)x = (�1)i+j+k, so that fermions on even sites rep-
resent particles with positive electric charge +q, while
holes on odd sites represent anti-particles with negative
charge �q, as shown in Fig. 1. Charge Q̂ conservation is
thus expressed as global fermion number N̂ conservation,
since Q̂ =

P
x

⇣
 ̂†

x ̂x �
1�(�1)x

2

⌘
= N̂ � L3/2.

The links of the 3D lattice are uniquely identified by
the couple of parameters (x, µ) where x is any site, µ is
one of the three positive lattice unit vectors µx ⌘ (1, 0, 0),
µy ⌘ (0, 1, 0), µz ⌘ (0, 0, 1). The gauge fields are defined
on lattice links through the pair of operators Êx,µ (elec-
tric field) and Ûx,µ (unitary comparator) that satisfy the
commutation relation

[Êx,µ, Ûx0,µ0 ] = �x,x0�µ,µ0Ûx,µ. (2)
For comfort of notation, we can extend the definition to
negative lattice unit vectors via Êx+µ,�µ = �Êx,µ and
Ûx+µ,�µ = Û†

x,µ.
The Hamiltonian of Eq. (1) consists of four terms: the

parallel transporter (1a) describes creation and annihi-
lation of a particle-antiparticle pair, shifting the gauge
field in-between to preserve local gauge symmetries. The
staggered mass and the electric energy density (1b) are
completely local. Finally, the plaquette terms (1c) cap-
ture the magnetic energy density, and are related to the
smallest Wilson loops along the closed plaquettes along
the three planes x � y, x � z, y � z of the lattice. In
dimensionless units (~ = c = 1), the couplings in Eq. (1)
are not independent: They can be expressed as t = 1/a,
m = m0, g2

e = g2/a, g2
m = 8/(g2a), where a is the lattice

spacing, g is the coupling constant of QED and m0 is
the bare mass of particles/antiparticles. The numerical
setup allows us to consider the couplings (t, m, ge, gm)
as mutually independent. We then recover the physical
regime of QED by enforcing gegm = 2

p
2t. We also fix

the energy scale by setting t = 1.
The local U(1) gauge symmetry of the theory is en-

coded in Gauss’s law, whose generators

Ĝx =  ̂†
x ̂x �

1 � (�1)x

2
�

X

µ

Êx,µ, (3)

are defined around each lattice site x. The sum in Eq. (3)
involves the six electric field operators on the links iden-
tified by ±µx, ±µy, ±µz. Each Ĝx commutes with the
Hamiltonian Ĥ and the gauge invariant Hilbert space
consists of physical many-body quantum states |�i sat-
isfying Ĝx |�i = 0 at every site x.

As stressed in the standard Wilson’s formulation of
lattice QED [11], faithful representations of the (Ê, Û)
algebra are infinite-dimensional. A truncation to a fi-
nite dimension becomes therefore necessary for numeri-
cal simulations with TN methods, which require a finite
effective Hilbert dimension at each lattice site. We use
the quantum link model (QLM) approach in which the
gauge field algebra is replaced by SU(2) spin algebra, i.e.
Êx,µ ⌘ Ŝz

x,µ and Ûx,µ ⌘ Ŝ+
x,µ/s for a spin-s representa-

tion. This substitution keeps the electric field operator
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effect akin to the Schwinger mechanism. Furthermore,
we address the confinement problem by evaluating the
binding energies of charged particle pairs pinned at spec-
ified distances. Finally, we consider the scenario with a
charge imbalance into the system, i.e. at finite charge
density, and we characterize a regime where charges ac-
cumulate at the surface of our finite sample, analogously
to a classic perfect conductor.
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For comfort of notation, we can extend the definition to
negative lattice unit vectors via Êx+µ,�µ = �Êx,µ and
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Hamiltonian Ĥ and the gauge invariant Hilbert space
consists of physical many-body quantum states |�i sat-
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effect akin to the Schwinger mechanism. Furthermore,
we address the confinement problem by evaluating the
binding energies of charged particle pairs pinned at spec-
ified distances. Finally, we consider the scenario with a
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cumulate at the surface of our finite sample, analogously
to a classic perfect conductor.
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Figure 6: (a) Representation of the gauge field in terms
of two species of Dirac modes in the sector with a total
number of fermions equal to two. b) Generic state of
the local site composed by the the matter degrees of

freedom and six half-links along the three spatial
directions. On each half-link the coefficients

kj 2 {0, 1, 2} define the fermionic modes. (c) Examples
of gauge-invariant configurations for even and odd sites.

Due to the use of staggered-fermions, the
presence/absence of a fermion in an even/odd site
represents the presence of a charge/anti-charge.

Ĝx =  ̂†
x ̂x �

1 � (�1)x

2
�

X

µ

�
1 � n̂a

x,µ � n̂b
x,µ

�
.(A8)

Taking into account this property, it is possible to con-
struct the gauge-invariant basis for the local site x, that
is composed by the lattice site and the six half-links along
the directions ±µx, ±µy, ±µz (see Fig. 6):

������

k5

k1 � k4

k2

+k6

k3

= (�1)�k1,2+�k2,2+�k3,2
|�ix (A9)

⇥ |k1ix,�µx
|k2ix,�µy

|k3ix,�µz

⇥ |k4ix,µx
|k5ix,µy

|k6ix,µz

where |�ix = ( ̂†
x)�

|0i with � = 0, 1 describes the pres-
ence or the absence of the matter/antimatter particles.
The indices kj run over {0,1,2} selecting a configura-
tion of the 3-hardcore modes for each respective half-link.
The presence of the factor (�1)�k1,2+�k2,2+�k3,2 allows us
to satisfy the anticommutation relations of the fermionic
representation recovering the correct signs of Eq. (A5).
The occupation numbers � and kj are not independent
due to the constraint imposed by the Gauss’s law

Ĝx

������

k5

k1 � k4

k2

+k6

k3

= 0. (A10)

This equation, in the new language of matter fermions
and rishons, reads

�+
6X

j=1

kj = 6 +
1 � (�1)x

2
. (A11)

where the factor 6 is indeed the coordination number
of the cubic lattice. Thus, the gauge invariant configu-
rations of the local basis are obtained by applying this
constraint, effectively reducing the ‘dressed-site’ (matter
and 6 rishon modes) dimension from 2 · 36 = 1458 to
merely 267. We encode these states as building blocks of
our computational representation for the TN algorithms.
In Fig. 6 we show some examples of gauge-invariant con-
figurations for even and odd sites.

The construction of the gauge-invariant local sites is
particularly advantageous for our numerical purposes: in
fact, it is now possible to express all the terms in the
Hamiltonian of Eq. (1) of the main text as product
of completely local operators that commute on different
sites. Let us consider the kinetic term of the Hamiltonian
and apply the representation of the gauge field in terms
of the 3-hardcore fermionic modes:

 ̂†
xÛx,µ ̂x+µ =  ̂†

x⌘̂x,µ⌘̂
†
x+µ,�µ ̂x+µ

=
⇣
⌘̂†x,µ ̂x

⌘† ⇣
⌘̂†x+µ,�µ ̂x+µ

⌘

= M (↵)†
x M↵0

x+µ (A12)

where the indices ↵ and ↵0 select the right operators de-
pending on the different directions in which the hopping
process takes place. The operators M↵

x,µ are genuinely lo-
cal (i.e. they commute with operators acting elsewhere)
as they are always quadratic in the fermionic operators
( and/or ⌘). The same argument applies to the mag-
netic (plaquette) terms in the Hamiltonian

⇤µx,µy = Ux,x+µxUx+µx,µyU †
x+µy,µx

U †
x,µy

=

= ⌘x,µx⌘
†
x+µx,�µx

⌘x+µx,µy⌘
†
x+µx+µy,�µy

⇥

⇣
⌘x+µy,µx⌘

†
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†
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= �

⇣
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⌘ ⇣
⌘†x+µx,�µx
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⌘
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⌘

⌘ �C(↵)
x C(↵0)

x+µx
C(↵00)

x+µx+µy
C(↵000)

x+µy
, (A13)

where the indices ↵, ↵0, ↵00, ↵000 depend on the plane of
the plaquette (in this case x � y) and the links involved
into the loop. The operators C↵

x are genuinely local and
act on the four sites at the corners of the plaquette. The
decomposition is the same for the other plaquettes in the
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Figure 8: (a) Driven optimization (in three steps: linear, quadratic, constant) of the penalty coefficient ⌫ (red) and
behavior of the energy (blue) as a function of the iterations for an exemplifying simulation. The energy is reported

as the difference with the lowest final energy that we reach. (b) Driven optimization of the penalty coefficient ⌫
(red) and global error �L (green) with respect to the link symmetry during the optimization steps. (c) Scaling of the

energy density as a function of the inverse of the bond dimension 1/�. The bond dimension � is in the range
[100, 450].

tors. During the variational optimization stage, in order
to improve the convergence, we perform the single-tensor
optimization with subspace-expansion technique, i.e., al-
lowing a dynamical increase of the local bond dimension
and adapting the symmetry sectors [85]. This scheme
has a global computational cost of the order O(�4). The
single tensor optimization is implemented in three steps:
(i) the effective Hamiltonian Heff for the tensor is ob-
tained by contracting the complete Hamiltonian of the
system with all the remaining tensors of the tree; (ii) the
local eigenvalue problem for Heff is solved by using the
Arnoldi method of the ARPACK library; (iii) the ten-
sor is updated by the eigenvector of Heff corresponding
to the lowest eigenvalue. This procedure is iterated by
sweeping through the TTN from the lowest to the highest
layers, gradually reducing the energy expectation value.
After completing the whole sweep, the procedure is it-
erated again and again, until the desidered convergence
in the energy is reached. The precision of the Arnoldi
algorithm is increased in each sweep, for gaining more
accuracy in solving the local eigenvalue problems as we
approach the final convergence.

TTN computations presented in this work are ex-
tremely challenging due to the complexity of LGTs in
the three-dimensional scenario. They were performed on
different HPC-clusters (CloudVeneto, CINECA, BwUni-
Cluster and ATOS Bull): a single simulation for the max-
imum size that we reached, a 8 ⇥ 8 ⇥ 8 lattice, can last
up to five weeks until final convergence, depending on the
different regimes of the model and the control parameters
of the algorithms.

Appendix C: Numerical Convergence

With our numerical simulations we characterize the
properties of the ground state of the system as a function
of the parameters in the Hamiltonian of Eq. (1) of the

main text. We fix the energy scale by setting the hopping
coefficient t = 1 and we access several regimes of the mass
m, the electric ge and the magnetic coupling gm. We
consider simple cubic lattices L ⇥ L ⇥ L with the linear
size L being a binary power; in particular, we simulate
the case with L = 2, 4, 8, that is, up to 512 lattice sites.

As explained in Appendix A, in order to obtain the
right representation of the electric field operators, we
have to enforce the extra link symmetry constraint
L̂x,µ = 2 at every pair of neighboring sites. For this
reason, we include in the Hamiltonian additional terms
that energetically penalise all the states with a number
of hardcore fermions per link different from two, namely:

Hpen = ⌫
X

x,µ

⇣
1 � �2,L̂x,µ

⌘
(C1)

where ⌫ > 0 is the penalty coefficient and �2,L̂x,µ
are

the projectors on the states that satisfy the extra link
constraint. In this way, the penalty terms vanish when
the link symmetry is satisfied and raise the energy of the
states violating the constraint. In principle, the link sym-
metry is rigorously satisfied for ⌫ ! 1. At numerical
level, this limit translates into choosing ⌫ much larger
than the other simulation parameters of the Hamilto-
nian, i.e., ⌫ � max {|t|, |m|, |gel|, |gm|}. However, set-
ting ⌫ too large in the first optimisation steps could lead
to local minima or non-physical states, since the varia-
tional algorithm would focus only on the penalty terms
more than the physical ones. In order to avoid this prob-
lem and reach the convergence, we adopt a driven op-
timization, by varying the penalty coefficient ⌫ in three
steps: (i) starting from a very small value of ⌫ and from
a random state of the TTN, that in general does not re-
spect the extra link symmetry, we drive the penalty term
with a linear growth of ⌫ during the first optimization
sweeps. In this stage, the optimization will focus mainly
on the physical quantities, until we notice a slight rise of
the energy: this effect signals that the global optmiza-



3D QUANTUM-LINK FORMULATION OF QED

2

(�1)i+j = + 1 : {
(�1)i+j = � 1 : {

i

j

1 2 3

1

2

3

Matter Field

= q

= � q
= �

= �

Gauge Field

Ex,�x
=

= | � �
= |��
= | � �

(�1)i+j+k = �1

i

j

k

(�1)i+j+k = +1

Figure 1: Scheme of the three-dimensional LGT with
three electric field levels (spin-1 compact

representation). Fermionic degrees of freedom are
represented by staggered fermions on sites with different
parity: on the even (odd) sites, a full red (blue) circle
corresponds to a particle (antiparticle) with positive
(negative) charge. As an illustrative example, it is

shown a gauge-invariant configuration of matter and
gauge fields with one particle and one antiparticle in the

sector of zero total charge.

effect akin to the Schwinger mechanism. Furthermore,
we address the confinement problem by evaluating the
binding energies of charged particle pairs pinned at spec-
ified distances. Finally, we consider the scenario with a
charge imbalance into the system, i.e. at finite charge
density, and we characterize a regime where charges ac-
cumulate at the surface of our finite sample, analogously
to a classic perfect conductor.

I. THE MODEL

Hereafter, we numerically simulate, at zero tempera-
ture, the Hamiltonian of U(1) quantum electrodynamics
on a finite L⇥L⇥L three-dimensional simple cubic lattice
[16]:

Ĥ = �t
X

x,µ

⇣
 ̂†

x Ûx,µ  ̂x+µ + H.c.
⌘

(1a)

+ m
X

x

(�1)x ̂†
x ̂x +

g2
e

2

X

x,µ

Ê2
x,µ (1b)

�
g2

m

2

X

x

�
⇤µx,µy + ⇤µx,µz + ⇤µy,µz + H.c.

�
(1c)

with x ⌘ (i, j, k) for 0  i, j, k  L � 1
labelling the sites of the lattice and ⇤µ↵,µ� =

Ûx,µ↵Ûx+µ↵,µ� Û†
x+µ� ,µ↵

Û†
x,µ�

. Here we adopted the
Kogut-Susskind formulation [16], representing fermionic
degrees of freedom with a staggered spinless fermion
field { ̂x,  ̂†

x0} = �x,x0 on lattice sites. Their bare mass
mx = (�1)xm is staggered, as tracked by the site parity

(�1)x = (�1)i+j+k, so that fermions on even sites rep-
resent particles with positive electric charge +q, while
holes on odd sites represent anti-particles with negative
charge �q, as shown in Fig. 1. Charge Q̂ conservation is
thus expressed as global fermion number N̂ conservation,
since Q̂ =

P
x

⇣
 ̂†

x ̂x �
1�(�1)x

2

⌘
= N̂ � L3/2.

The links of the 3D lattice are uniquely identified by
the couple of parameters (x, µ) where x is any site, µ is
one of the three positive lattice unit vectors µx ⌘ (1, 0, 0),
µy ⌘ (0, 1, 0), µz ⌘ (0, 0, 1). The gauge fields are defined
on lattice links through the pair of operators Êx,µ (elec-
tric field) and Ûx,µ (unitary comparator) that satisfy the
commutation relation

[Êx,µ, Ûx0,µ0 ] = �x,x0�µ,µ0Ûx,µ. (2)
For comfort of notation, we can extend the definition to
negative lattice unit vectors via Êx+µ,�µ = �Êx,µ and
Ûx+µ,�µ = Û†

x,µ.
The Hamiltonian of Eq. (1) consists of four terms: the

parallel transporter (1a) describes creation and annihi-
lation of a particle-antiparticle pair, shifting the gauge
field in-between to preserve local gauge symmetries. The
staggered mass and the electric energy density (1b) are
completely local. Finally, the plaquette terms (1c) cap-
ture the magnetic energy density, and are related to the
smallest Wilson loops along the closed plaquettes along
the three planes x � y, x � z, y � z of the lattice. In
dimensionless units (~ = c = 1), the couplings in Eq. (1)
are not independent: They can be expressed as t = 1/a,
m = m0, g2

e = g2/a, g2
m = 8/(g2a), where a is the lattice

spacing, g is the coupling constant of QED and m0 is
the bare mass of particles/antiparticles. The numerical
setup allows us to consider the couplings (t, m, ge, gm)
as mutually independent. We then recover the physical
regime of QED by enforcing gegm = 2

p
2t. We also fix

the energy scale by setting t = 1.
The local U(1) gauge symmetry of the theory is en-

coded in Gauss’s law, whose generators

Ĝx =  ̂†
x ̂x �

1 � (�1)x

2
�

X

µ

Êx,µ, (3)

are defined around each lattice site x. The sum in Eq. (3)
involves the six electric field operators on the links iden-
tified by ±µx, ±µy, ±µz. Each Ĝx commutes with the
Hamiltonian Ĥ and the gauge invariant Hilbert space
consists of physical many-body quantum states |�i sat-
isfying Ĝx |�i = 0 at every site x.

As stressed in the standard Wilson’s formulation of
lattice QED [11], faithful representations of the (Ê, Û)
algebra are infinite-dimensional. A truncation to a fi-
nite dimension becomes therefore necessary for numeri-
cal simulations with TN methods, which require a finite
effective Hilbert dimension at each lattice site. We use
the quantum link model (QLM) approach in which the
gauge field algebra is replaced by SU(2) spin algebra, i.e.
Êx,µ ⌘ Ŝz

x,µ and Ûx,µ ⌘ Ŝ+
x,µ/s for a spin-s representa-

tion. This substitution keeps the electric field operator
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effect akin to the Schwinger mechanism. Furthermore,
we address the confinement problem by evaluating the
binding energies of charged particle pairs pinned at spec-
ified distances. Finally, we consider the scenario with a
charge imbalance into the system, i.e. at finite charge
density, and we characterize a regime where charges ac-
cumulate at the surface of our finite sample, analogously
to a classic perfect conductor.
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labelling the sites of the lattice and ⇤µ↵,µ� =
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Û†
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. Here we adopted the
Kogut-Susskind formulation [16], representing fermionic
degrees of freedom with a staggered spinless fermion
field { ̂x,  ̂†

x0} = �x,x0 on lattice sites. Their bare mass
mx = (�1)xm is staggered, as tracked by the site parity

(�1)x = (�1)i+j+k, so that fermions on even sites rep-
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For comfort of notation, we can extend the definition to
negative lattice unit vectors via Êx+µ,�µ = �Êx,µ and
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The Hamiltonian of Eq. (1) consists of four terms: the

parallel transporter (1a) describes creation and annihi-
lation of a particle-antiparticle pair, shifting the gauge
field in-between to preserve local gauge symmetries. The
staggered mass and the electric energy density (1b) are
completely local. Finally, the plaquette terms (1c) cap-
ture the magnetic energy density, and are related to the
smallest Wilson loops along the closed plaquettes along
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are not independent: They can be expressed as t = 1/a,
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m = 8/(g2a), where a is the lattice

spacing, g is the coupling constant of QED and m0 is
the bare mass of particles/antiparticles. The numerical
setup allows us to consider the couplings (t, m, ge, gm)
as mutually independent. We then recover the physical
regime of QED by enforcing gegm = 2
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are defined around each lattice site x. The sum in Eq. (3)
involves the six electric field operators on the links iden-
tified by ±µx, ±µy, ±µz. Each Ĝx commutes with the
Hamiltonian Ĥ and the gauge invariant Hilbert space
consists of physical many-body quantum states |�i sat-
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effect akin to the Schwinger mechanism. Furthermore,
we address the confinement problem by evaluating the
binding energies of charged particle pairs pinned at spec-
ified distances. Finally, we consider the scenario with a
charge imbalance into the system, i.e. at finite charge
density, and we characterize a regime where charges ac-
cumulate at the surface of our finite sample, analogously
to a classic perfect conductor.
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Hamiltonian Ĥ and the gauge invariant Hilbert space
consists of physical many-body quantum states |�i sat-
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Figure 6: (a) Representation of the gauge field in terms
of two species of Dirac modes in the sector with a total
number of fermions equal to two. b) Generic state of
the local site composed by the the matter degrees of

freedom and six half-links along the three spatial
directions. On each half-link the coefficients

kj 2 {0, 1, 2} define the fermionic modes. (c) Examples
of gauge-invariant configurations for even and odd sites.

Due to the use of staggered-fermions, the
presence/absence of a fermion in an even/odd site
represents the presence of a charge/anti-charge.

Ĝx =  ̂†
x ̂x �

1 � (�1)x

2
�

X

µ

�
1 � n̂a

x,µ � n̂b
x,µ

�
.(A8)

Taking into account this property, it is possible to con-
struct the gauge-invariant basis for the local site x, that
is composed by the lattice site and the six half-links along
the directions ±µx, ±µy, ±µz (see Fig. 6):

������

k5

k1 � k4

k2

+k6

k3

= (�1)�k1,2+�k2,2+�k3,2
|�ix (A9)

⇥ |k1ix,�µx
|k2ix,�µy

|k3ix,�µz

⇥ |k4ix,µx
|k5ix,µy

|k6ix,µz

where |�ix = ( ̂†
x)�

|0i with � = 0, 1 describes the pres-
ence or the absence of the matter/antimatter particles.
The indices kj run over {0,1,2} selecting a configura-
tion of the 3-hardcore modes for each respective half-link.
The presence of the factor (�1)�k1,2+�k2,2+�k3,2 allows us
to satisfy the anticommutation relations of the fermionic
representation recovering the correct signs of Eq. (A5).
The occupation numbers � and kj are not independent
due to the constraint imposed by the Gauss’s law

Ĝx

������

k5

k1 � k4

k2

+k6

k3

= 0. (A10)

This equation, in the new language of matter fermions
and rishons, reads

�+
6X

j=1

kj = 6 +
1 � (�1)x

2
. (A11)

where the factor 6 is indeed the coordination number
of the cubic lattice. Thus, the gauge invariant configu-
rations of the local basis are obtained by applying this
constraint, effectively reducing the ‘dressed-site’ (matter
and 6 rishon modes) dimension from 2 · 36 = 1458 to
merely 267. We encode these states as building blocks of
our computational representation for the TN algorithms.
In Fig. 6 we show some examples of gauge-invariant con-
figurations for even and odd sites.

The construction of the gauge-invariant local sites is
particularly advantageous for our numerical purposes: in
fact, it is now possible to express all the terms in the
Hamiltonian of Eq. (1) of the main text as product
of completely local operators that commute on different
sites. Let us consider the kinetic term of the Hamiltonian
and apply the representation of the gauge field in terms
of the 3-hardcore fermionic modes:

 ̂†
xÛx,µ ̂x+µ =  ̂†

x⌘̂x,µ⌘̂
†
x+µ,�µ ̂x+µ

=
⇣
⌘̂†x,µ ̂x

⌘† ⇣
⌘̂†x+µ,�µ ̂x+µ

⌘

= M (↵)†
x M↵0

x+µ (A12)

where the indices ↵ and ↵0 select the right operators de-
pending on the different directions in which the hopping
process takes place. The operators M↵

x,µ are genuinely lo-
cal (i.e. they commute with operators acting elsewhere)
as they are always quadratic in the fermionic operators
( and/or ⌘). The same argument applies to the mag-
netic (plaquette) terms in the Hamiltonian

⇤µx,µy = Ux,x+µxUx+µx,µyU †
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where the indices ↵, ↵0, ↵00, ↵000 depend on the plane of
the plaquette (in this case x � y) and the links involved
into the loop. The operators C↵

x are genuinely local and
act on the four sites at the corners of the plaquette. The
decomposition is the same for the other plaquettes in the
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Figure 8: (a) Driven optimization (in three steps: linear, quadratic, constant) of the penalty coefficient ⌫ (red) and
behavior of the energy (blue) as a function of the iterations for an exemplifying simulation. The energy is reported

as the difference with the lowest final energy that we reach. (b) Driven optimization of the penalty coefficient ⌫
(red) and global error �L (green) with respect to the link symmetry during the optimization steps. (c) Scaling of the

energy density as a function of the inverse of the bond dimension 1/�. The bond dimension � is in the range
[100, 450].

tors. During the variational optimization stage, in order
to improve the convergence, we perform the single-tensor
optimization with subspace-expansion technique, i.e., al-
lowing a dynamical increase of the local bond dimension
and adapting the symmetry sectors [85]. This scheme
has a global computational cost of the order O(�4). The
single tensor optimization is implemented in three steps:
(i) the effective Hamiltonian Heff for the tensor is ob-
tained by contracting the complete Hamiltonian of the
system with all the remaining tensors of the tree; (ii) the
local eigenvalue problem for Heff is solved by using the
Arnoldi method of the ARPACK library; (iii) the ten-
sor is updated by the eigenvector of Heff corresponding
to the lowest eigenvalue. This procedure is iterated by
sweeping through the TTN from the lowest to the highest
layers, gradually reducing the energy expectation value.
After completing the whole sweep, the procedure is it-
erated again and again, until the desidered convergence
in the energy is reached. The precision of the Arnoldi
algorithm is increased in each sweep, for gaining more
accuracy in solving the local eigenvalue problems as we
approach the final convergence.

TTN computations presented in this work are ex-
tremely challenging due to the complexity of LGTs in
the three-dimensional scenario. They were performed on
different HPC-clusters (CloudVeneto, CINECA, BwUni-
Cluster and ATOS Bull): a single simulation for the max-
imum size that we reached, a 8 ⇥ 8 ⇥ 8 lattice, can last
up to five weeks until final convergence, depending on the
different regimes of the model and the control parameters
of the algorithms.

Appendix C: Numerical Convergence

With our numerical simulations we characterize the
properties of the ground state of the system as a function
of the parameters in the Hamiltonian of Eq. (1) of the

main text. We fix the energy scale by setting the hopping
coefficient t = 1 and we access several regimes of the mass
m, the electric ge and the magnetic coupling gm. We
consider simple cubic lattices L ⇥ L ⇥ L with the linear
size L being a binary power; in particular, we simulate
the case with L = 2, 4, 8, that is, up to 512 lattice sites.

As explained in Appendix A, in order to obtain the
right representation of the electric field operators, we
have to enforce the extra link symmetry constraint
L̂x,µ = 2 at every pair of neighboring sites. For this
reason, we include in the Hamiltonian additional terms
that energetically penalise all the states with a number
of hardcore fermions per link different from two, namely:

Hpen = ⌫
X

x,µ

⇣
1 � �2,L̂x,µ

⌘
(C1)

where ⌫ > 0 is the penalty coefficient and �2,L̂x,µ
are

the projectors on the states that satisfy the extra link
constraint. In this way, the penalty terms vanish when
the link symmetry is satisfied and raise the energy of the
states violating the constraint. In principle, the link sym-
metry is rigorously satisfied for ⌫ ! 1. At numerical
level, this limit translates into choosing ⌫ much larger
than the other simulation parameters of the Hamilto-
nian, i.e., ⌫ � max {|t|, |m|, |gel|, |gm|}. However, set-
ting ⌫ too large in the first optimisation steps could lead
to local minima or non-physical states, since the varia-
tional algorithm would focus only on the penalty terms
more than the physical ones. In order to avoid this prob-
lem and reach the convergence, we adopt a driven op-
timization, by varying the penalty coefficient ⌫ in three
steps: (i) starting from a very small value of ⌫ and from
a random state of the TTN, that in general does not re-
spect the extra link symmetry, we drive the penalty term
with a linear growth of ⌫ during the first optimization
sweeps. In this stage, the optimization will focus mainly
on the physical quantities, until we notice a slight rise of
the energy: this effect signals that the global optmiza-

Local dimension 267, up to 12288 Hamiltonian operators 
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effect akin to the Schwinger mechanism. Furthermore,
we address the confinement problem by evaluating the
binding energies of charged particle pairs pinned at spec-
ified distances. Finally, we consider the scenario with a
charge imbalance into the system, i.e. at finite charge
density, and we characterize a regime where charges ac-
cumulate at the surface of our finite sample, analogously
to a classic perfect conductor.

I. THE MODEL

Hereafter, we numerically simulate, at zero tempera-
ture, the Hamiltonian of U(1) quantum electrodynamics
on a finite L⇥L⇥L three-dimensional simple cubic lattice
[16]:

Ĥ = �t
X

x,µ

⇣
 ̂†

x Ûx,µ  ̂x+µ + H.c.
⌘

(1a)

+ m
X

x

(�1)x ̂†
x ̂x +

g2
e

2

X

x,µ

Ê2
x,µ (1b)

�
g2

m

2

X

x

�
⇤µx,µy + ⇤µx,µz + ⇤µy,µz + H.c.

�
(1c)

with x ⌘ (i, j, k) for 0  i, j, k  L � 1
labelling the sites of the lattice and ⇤µ↵,µ� =

Ûx,µ↵Ûx+µ↵,µ� Û†
x+µ� ,µ↵

Û†
x,µ�

. Here we adopted the
Kogut-Susskind formulation [16], representing fermionic
degrees of freedom with a staggered spinless fermion
field { ̂x,  ̂†

x0} = �x,x0 on lattice sites. Their bare mass
mx = (�1)xm is staggered, as tracked by the site parity

(�1)x = (�1)i+j+k, so that fermions on even sites rep-
resent particles with positive electric charge +q, while
holes on odd sites represent anti-particles with negative
charge �q, as shown in Fig. 1. Charge Q̂ conservation is
thus expressed as global fermion number N̂ conservation,
since Q̂ =

P
x

⇣
 ̂†

x ̂x �
1�(�1)x

2

⌘
= N̂ � L3/2.

The links of the 3D lattice are uniquely identified by
the couple of parameters (x, µ) where x is any site, µ is
one of the three positive lattice unit vectors µx ⌘ (1, 0, 0),
µy ⌘ (0, 1, 0), µz ⌘ (0, 0, 1). The gauge fields are defined
on lattice links through the pair of operators Êx,µ (elec-
tric field) and Ûx,µ (unitary comparator) that satisfy the
commutation relation

[Êx,µ, Ûx0,µ0 ] = �x,x0�µ,µ0Ûx,µ. (2)
For comfort of notation, we can extend the definition to
negative lattice unit vectors via Êx+µ,�µ = �Êx,µ and
Ûx+µ,�µ = Û†

x,µ.
The Hamiltonian of Eq. (1) consists of four terms: the

parallel transporter (1a) describes creation and annihi-
lation of a particle-antiparticle pair, shifting the gauge
field in-between to preserve local gauge symmetries. The
staggered mass and the electric energy density (1b) are
completely local. Finally, the plaquette terms (1c) cap-
ture the magnetic energy density, and are related to the
smallest Wilson loops along the closed plaquettes along
the three planes x � y, x � z, y � z of the lattice. In
dimensionless units (~ = c = 1), the couplings in Eq. (1)
are not independent: They can be expressed as t = 1/a,
m = m0, g2

e = g2/a, g2
m = 8/(g2a), where a is the lattice

spacing, g is the coupling constant of QED and m0 is
the bare mass of particles/antiparticles. The numerical
setup allows us to consider the couplings (t, m, ge, gm)
as mutually independent. We then recover the physical
regime of QED by enforcing gegm = 2

p
2t. We also fix

the energy scale by setting t = 1.
The local U(1) gauge symmetry of the theory is en-

coded in Gauss’s law, whose generators

Ĝx =  ̂†
x ̂x �

1 � (�1)x

2
�

X

µ

Êx,µ, (3)

are defined around each lattice site x. The sum in Eq. (3)
involves the six electric field operators on the links iden-
tified by ±µx, ±µy, ±µz. Each Ĝx commutes with the
Hamiltonian Ĥ and the gauge invariant Hilbert space
consists of physical many-body quantum states |�i sat-
isfying Ĝx |�i = 0 at every site x.

As stressed in the standard Wilson’s formulation of
lattice QED [11], faithful representations of the (Ê, Û)
algebra are infinite-dimensional. A truncation to a fi-
nite dimension becomes therefore necessary for numeri-
cal simulations with TN methods, which require a finite
effective Hilbert dimension at each lattice site. We use
the quantum link model (QLM) approach in which the
gauge field algebra is replaced by SU(2) spin algebra, i.e.
Êx,µ ⌘ Ŝz

x,µ and Ûx,µ ⌘ Ŝ+
x,µ/s for a spin-s representa-

tion. This substitution keeps the electric field operator
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effect akin to the Schwinger mechanism. Furthermore,
we address the confinement problem by evaluating the
binding energies of charged particle pairs pinned at spec-
ified distances. Finally, we consider the scenario with a
charge imbalance into the system, i.e. at finite charge
density, and we characterize a regime where charges ac-
cumulate at the surface of our finite sample, analogously
to a classic perfect conductor.
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labelling the sites of the lattice and ⇤µ↵,µ� =
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Û†
x,µ�

. Here we adopted the
Kogut-Susskind formulation [16], representing fermionic
degrees of freedom with a staggered spinless fermion
field { ̂x,  ̂†

x0} = �x,x0 on lattice sites. Their bare mass
mx = (�1)xm is staggered, as tracked by the site parity
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one of the three positive lattice unit vectors µx ⌘ (1, 0, 0),
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on lattice links through the pair of operators Êx,µ (elec-
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For comfort of notation, we can extend the definition to
negative lattice unit vectors via Êx+µ,�µ = �Êx,µ and
Ûx+µ,�µ = Û†
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The Hamiltonian of Eq. (1) consists of four terms: the

parallel transporter (1a) describes creation and annihi-
lation of a particle-antiparticle pair, shifting the gauge
field in-between to preserve local gauge symmetries. The
staggered mass and the electric energy density (1b) are
completely local. Finally, the plaquette terms (1c) cap-
ture the magnetic energy density, and are related to the
smallest Wilson loops along the closed plaquettes along
the three planes x � y, x � z, y � z of the lattice. In
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are not independent: They can be expressed as t = 1/a,
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the bare mass of particles/antiparticles. The numerical
setup allows us to consider the couplings (t, m, ge, gm)
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tified by ±µx, ±µy, ±µz. Each Ĝx commutes with the
Hamiltonian Ĥ and the gauge invariant Hilbert space
consists of physical many-body quantum states |�i sat-
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algebra are infinite-dimensional. A truncation to a fi-
nite dimension becomes therefore necessary for numeri-
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x,µ/s for a spin-s representa-

tion. This substitution keeps the electric field operator

2

(�1)i+j = + 1 : {
(�1)i+j = � 1 : {

i

j

1 2 3

1

2

3

Matter Field

= q

= � q
= �

= �

Gauge Field

Ex,�x
=

= | � �
= |��
= | � �

(�1)i+j+k = �1

i

j

k

(�1)i+j+k = +1

Figure 1: Scheme of the three-dimensional LGT with
three electric field levels (spin-1 compact

representation). Fermionic degrees of freedom are
represented by staggered fermions on sites with different
parity: on the even (odd) sites, a full red (blue) circle
corresponds to a particle (antiparticle) with positive
(negative) charge. As an illustrative example, it is

shown a gauge-invariant configuration of matter and
gauge fields with one particle and one antiparticle in the

sector of zero total charge.

effect akin to the Schwinger mechanism. Furthermore,
we address the confinement problem by evaluating the
binding energies of charged particle pairs pinned at spec-
ified distances. Finally, we consider the scenario with a
charge imbalance into the system, i.e. at finite charge
density, and we characterize a regime where charges ac-
cumulate at the surface of our finite sample, analogously
to a classic perfect conductor.
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tric field) and Ûx,µ (unitary comparator) that satisfy the
commutation relation
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Figure 6: (a) Representation of the gauge field in terms
of two species of Dirac modes in the sector with a total
number of fermions equal to two. b) Generic state of
the local site composed by the the matter degrees of

freedom and six half-links along the three spatial
directions. On each half-link the coefficients

kj 2 {0, 1, 2} define the fermionic modes. (c) Examples
of gauge-invariant configurations for even and odd sites.

Due to the use of staggered-fermions, the
presence/absence of a fermion in an even/odd site
represents the presence of a charge/anti-charge.

Ĝx =  ̂†
x ̂x �

1 � (�1)x

2
�

X

µ

�
1 � n̂a

x,µ � n̂b
x,µ

�
.(A8)

Taking into account this property, it is possible to con-
struct the gauge-invariant basis for the local site x, that
is composed by the lattice site and the six half-links along
the directions ±µx, ±µy, ±µz (see Fig. 6):

������

k5

k1 � k4

k2

+k6

k3

= (�1)�k1,2+�k2,2+�k3,2
|�ix (A9)

⇥ |k1ix,�µx
|k2ix,�µy

|k3ix,�µz

⇥ |k4ix,µx
|k5ix,µy

|k6ix,µz

where |�ix = ( ̂†
x)�

|0i with � = 0, 1 describes the pres-
ence or the absence of the matter/antimatter particles.
The indices kj run over {0,1,2} selecting a configura-
tion of the 3-hardcore modes for each respective half-link.
The presence of the factor (�1)�k1,2+�k2,2+�k3,2 allows us
to satisfy the anticommutation relations of the fermionic
representation recovering the correct signs of Eq. (A5).
The occupation numbers � and kj are not independent
due to the constraint imposed by the Gauss’s law

Ĝx

������

k5

k1 � k4

k2

+k6

k3

= 0. (A10)

This equation, in the new language of matter fermions
and rishons, reads

�+
6X

j=1

kj = 6 +
1 � (�1)x

2
. (A11)

where the factor 6 is indeed the coordination number
of the cubic lattice. Thus, the gauge invariant configu-
rations of the local basis are obtained by applying this
constraint, effectively reducing the ‘dressed-site’ (matter
and 6 rishon modes) dimension from 2 · 36 = 1458 to
merely 267. We encode these states as building blocks of
our computational representation for the TN algorithms.
In Fig. 6 we show some examples of gauge-invariant con-
figurations for even and odd sites.

The construction of the gauge-invariant local sites is
particularly advantageous for our numerical purposes: in
fact, it is now possible to express all the terms in the
Hamiltonian of Eq. (1) of the main text as product
of completely local operators that commute on different
sites. Let us consider the kinetic term of the Hamiltonian
and apply the representation of the gauge field in terms
of the 3-hardcore fermionic modes:

 ̂†
xÛx,µ ̂x+µ =  ̂†

x⌘̂x,µ⌘̂
†
x+µ,�µ ̂x+µ

=
⇣
⌘̂†x,µ ̂x

⌘† ⇣
⌘̂†x+µ,�µ ̂x+µ

⌘

= M (↵)†
x M↵0

x+µ (A12)

where the indices ↵ and ↵0 select the right operators de-
pending on the different directions in which the hopping
process takes place. The operators M↵

x,µ are genuinely lo-
cal (i.e. they commute with operators acting elsewhere)
as they are always quadratic in the fermionic operators
( and/or ⌘). The same argument applies to the mag-
netic (plaquette) terms in the Hamiltonian

⇤µx,µy = Ux,x+µxUx+µx,µyU †
x+µy,µx

U †
x,µy

=

= ⌘x,µx⌘
†
x+µx,�µx

⌘x+µx,µy⌘
†
x+µx+µy,�µy

⇥

⇣
⌘x+µy,µx⌘

†
x+µx+µy,�µx

⌘† ⇣
⌘x,µy⌘

†
x+µy,�µy

⌘†

= �

⇣
⌘†x,µy

⌘x,µx

⌘ ⇣
⌘†x+µx,�µx

⌘x+µx,µy

⌘

⇥

⇣
⌘†x+µx+µy,�µy

⌘x+µx+µy,�µx

⌘ ⇣
⌘†x+µy,µx

⌘x+µy,�µy

⌘

⌘ �C(↵)
x C(↵0)

x+µx
C(↵00)

x+µx+µy
C(↵000)

x+µy
, (A13)

where the indices ↵, ↵0, ↵00, ↵000 depend on the plane of
the plaquette (in this case x � y) and the links involved
into the loop. The operators C↵

x are genuinely local and
act on the four sites at the corners of the plaquette. The
decomposition is the same for the other plaquettes in the
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Figure 8: (a) Driven optimization (in three steps: linear, quadratic, constant) of the penalty coefficient ⌫ (red) and
behavior of the energy (blue) as a function of the iterations for an exemplifying simulation. The energy is reported

as the difference with the lowest final energy that we reach. (b) Driven optimization of the penalty coefficient ⌫
(red) and global error �L (green) with respect to the link symmetry during the optimization steps. (c) Scaling of the

energy density as a function of the inverse of the bond dimension 1/�. The bond dimension � is in the range
[100, 450].

tors. During the variational optimization stage, in order
to improve the convergence, we perform the single-tensor
optimization with subspace-expansion technique, i.e., al-
lowing a dynamical increase of the local bond dimension
and adapting the symmetry sectors [85]. This scheme
has a global computational cost of the order O(�4). The
single tensor optimization is implemented in three steps:
(i) the effective Hamiltonian Heff for the tensor is ob-
tained by contracting the complete Hamiltonian of the
system with all the remaining tensors of the tree; (ii) the
local eigenvalue problem for Heff is solved by using the
Arnoldi method of the ARPACK library; (iii) the ten-
sor is updated by the eigenvector of Heff corresponding
to the lowest eigenvalue. This procedure is iterated by
sweeping through the TTN from the lowest to the highest
layers, gradually reducing the energy expectation value.
After completing the whole sweep, the procedure is it-
erated again and again, until the desidered convergence
in the energy is reached. The precision of the Arnoldi
algorithm is increased in each sweep, for gaining more
accuracy in solving the local eigenvalue problems as we
approach the final convergence.

TTN computations presented in this work are ex-
tremely challenging due to the complexity of LGTs in
the three-dimensional scenario. They were performed on
different HPC-clusters (CloudVeneto, CINECA, BwUni-
Cluster and ATOS Bull): a single simulation for the max-
imum size that we reached, a 8 ⇥ 8 ⇥ 8 lattice, can last
up to five weeks until final convergence, depending on the
different regimes of the model and the control parameters
of the algorithms.

Appendix C: Numerical Convergence

With our numerical simulations we characterize the
properties of the ground state of the system as a function
of the parameters in the Hamiltonian of Eq. (1) of the

main text. We fix the energy scale by setting the hopping
coefficient t = 1 and we access several regimes of the mass
m, the electric ge and the magnetic coupling gm. We
consider simple cubic lattices L ⇥ L ⇥ L with the linear
size L being a binary power; in particular, we simulate
the case with L = 2, 4, 8, that is, up to 512 lattice sites.

As explained in Appendix A, in order to obtain the
right representation of the electric field operators, we
have to enforce the extra link symmetry constraint
L̂x,µ = 2 at every pair of neighboring sites. For this
reason, we include in the Hamiltonian additional terms
that energetically penalise all the states with a number
of hardcore fermions per link different from two, namely:

Hpen = ⌫
X

x,µ

⇣
1 � �2,L̂x,µ

⌘
(C1)

where ⌫ > 0 is the penalty coefficient and �2,L̂x,µ
are

the projectors on the states that satisfy the extra link
constraint. In this way, the penalty terms vanish when
the link symmetry is satisfied and raise the energy of the
states violating the constraint. In principle, the link sym-
metry is rigorously satisfied for ⌫ ! 1. At numerical
level, this limit translates into choosing ⌫ much larger
than the other simulation parameters of the Hamilto-
nian, i.e., ⌫ � max {|t|, |m|, |gel|, |gm|}. However, set-
ting ⌫ too large in the first optimisation steps could lead
to local minima or non-physical states, since the varia-
tional algorithm would focus only on the penalty terms
more than the physical ones. In order to avoid this prob-
lem and reach the convergence, we adopt a driven op-
timization, by varying the penalty coefficient ⌫ in three
steps: (i) starting from a very small value of ⌫ and from
a random state of the TTN, that in general does not re-
spect the extra link symmetry, we drive the penalty term
with a linear growth of ⌫ during the first optimization
sweeps. In this stage, the optimization will focus mainly
on the physical quantities, until we notice a slight rise of
the energy: this effect signals that the global optmiza-

Up to 5 weeks x 64 cores of computational time

Local dimension 267, up to 12288 Hamiltonian operators 
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Figure 1: Scheme of the three-dimensional LGT with
three electric field levels (spin-1 compact

representation). Fermionic degrees of freedom are
represented by staggered fermions on sites with different
parity: on the even (odd) sites, a full red (blue) circle
corresponds to a particle (antiparticle) with positive
(negative) charge. As an illustrative example, it is
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gauge fields with one particle and one antiparticle in the

sector of zero total charge.

effect akin to the Schwinger mechanism. Furthermore,
we address the confinement problem by evaluating the
binding energies of charged particle pairs pinned at spec-
ified distances. Finally, we consider the scenario with a
charge imbalance into the system, i.e. at finite charge
density, and we characterize a regime where charges ac-
cumulate at the surface of our finite sample, analogously
to a classic perfect conductor.

I. THE MODEL

Hereafter, we numerically simulate, at zero tempera-
ture, the Hamiltonian of U(1) quantum electrodynamics
on a finite L⇥L⇥L three-dimensional simple cubic lattice
[16]:

Ĥ = �t
X

x,µ

⇣
 ̂†

x Ûx,µ  ̂x+µ + H.c.
⌘

(1a)

+ m
X

x

(�1)x ̂†
x ̂x +

g2
e

2

X

x,µ

Ê2
x,µ (1b)

�
g2

m

2

X

x

�
⇤µx,µy + ⇤µx,µz + ⇤µy,µz + H.c.

�
(1c)

with x ⌘ (i, j, k) for 0  i, j, k  L � 1
labelling the sites of the lattice and ⇤µ↵,µ� =

Ûx,µ↵Ûx+µ↵,µ� Û†
x+µ� ,µ↵

Û†
x,µ�

. Here we adopted the
Kogut-Susskind formulation [16], representing fermionic
degrees of freedom with a staggered spinless fermion
field { ̂x,  ̂†

x0} = �x,x0 on lattice sites. Their bare mass
mx = (�1)xm is staggered, as tracked by the site parity

(�1)x = (�1)i+j+k, so that fermions on even sites rep-
resent particles with positive electric charge +q, while
holes on odd sites represent anti-particles with negative
charge �q, as shown in Fig. 1. Charge Q̂ conservation is
thus expressed as global fermion number N̂ conservation,
since Q̂ =

P
x

⇣
 ̂†

x ̂x �
1�(�1)x

2

⌘
= N̂ � L3/2.

The links of the 3D lattice are uniquely identified by
the couple of parameters (x, µ) where x is any site, µ is
one of the three positive lattice unit vectors µx ⌘ (1, 0, 0),
µy ⌘ (0, 1, 0), µz ⌘ (0, 0, 1). The gauge fields are defined
on lattice links through the pair of operators Êx,µ (elec-
tric field) and Ûx,µ (unitary comparator) that satisfy the
commutation relation

[Êx,µ, Ûx0,µ0 ] = �x,x0�µ,µ0Ûx,µ. (2)
For comfort of notation, we can extend the definition to
negative lattice unit vectors via Êx+µ,�µ = �Êx,µ and
Ûx+µ,�µ = Û†

x,µ.
The Hamiltonian of Eq. (1) consists of four terms: the

parallel transporter (1a) describes creation and annihi-
lation of a particle-antiparticle pair, shifting the gauge
field in-between to preserve local gauge symmetries. The
staggered mass and the electric energy density (1b) are
completely local. Finally, the plaquette terms (1c) cap-
ture the magnetic energy density, and are related to the
smallest Wilson loops along the closed plaquettes along
the three planes x � y, x � z, y � z of the lattice. In
dimensionless units (~ = c = 1), the couplings in Eq. (1)
are not independent: They can be expressed as t = 1/a,
m = m0, g2

e = g2/a, g2
m = 8/(g2a), where a is the lattice

spacing, g is the coupling constant of QED and m0 is
the bare mass of particles/antiparticles. The numerical
setup allows us to consider the couplings (t, m, ge, gm)
as mutually independent. We then recover the physical
regime of QED by enforcing gegm = 2

p
2t. We also fix

the energy scale by setting t = 1.
The local U(1) gauge symmetry of the theory is en-

coded in Gauss’s law, whose generators

Ĝx =  ̂†
x ̂x �

1 � (�1)x

2
�

X

µ

Êx,µ, (3)

are defined around each lattice site x. The sum in Eq. (3)
involves the six electric field operators on the links iden-
tified by ±µx, ±µy, ±µz. Each Ĝx commutes with the
Hamiltonian Ĥ and the gauge invariant Hilbert space
consists of physical many-body quantum states |�i sat-
isfying Ĝx |�i = 0 at every site x.

As stressed in the standard Wilson’s formulation of
lattice QED [11], faithful representations of the (Ê, Û)
algebra are infinite-dimensional. A truncation to a fi-
nite dimension becomes therefore necessary for numeri-
cal simulations with TN methods, which require a finite
effective Hilbert dimension at each lattice site. We use
the quantum link model (QLM) approach in which the
gauge field algebra is replaced by SU(2) spin algebra, i.e.
Êx,µ ⌘ Ŝz

x,µ and Ûx,µ ⌘ Ŝ+
x,µ/s for a spin-s representa-

tion. This substitution keeps the electric field operator
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effect akin to the Schwinger mechanism. Furthermore,
we address the confinement problem by evaluating the
binding energies of charged particle pairs pinned at spec-
ified distances. Finally, we consider the scenario with a
charge imbalance into the system, i.e. at finite charge
density, and we characterize a regime where charges ac-
cumulate at the surface of our finite sample, analogously
to a classic perfect conductor.
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on a finite L⇥L⇥L three-dimensional simple cubic lattice
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with x ⌘ (i, j, k) for 0  i, j, k  L � 1
labelling the sites of the lattice and ⇤µ↵,µ� =

Ûx,µ↵Ûx+µ↵,µ� Û†
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Û†
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. Here we adopted the
Kogut-Susskind formulation [16], representing fermionic
degrees of freedom with a staggered spinless fermion
field { ̂x,  ̂†

x0} = �x,x0 on lattice sites. Their bare mass
mx = (�1)xm is staggered, as tracked by the site parity

(�1)x = (�1)i+j+k, so that fermions on even sites rep-
resent particles with positive electric charge +q, while
holes on odd sites represent anti-particles with negative
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thus expressed as global fermion number N̂ conservation,
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the couple of parameters (x, µ) where x is any site, µ is
one of the three positive lattice unit vectors µx ⌘ (1, 0, 0),
µy ⌘ (0, 1, 0), µz ⌘ (0, 0, 1). The gauge fields are defined
on lattice links through the pair of operators Êx,µ (elec-
tric field) and Ûx,µ (unitary comparator) that satisfy the
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For comfort of notation, we can extend the definition to
negative lattice unit vectors via Êx+µ,�µ = �Êx,µ and
Ûx+µ,�µ = Û†

x,µ.
The Hamiltonian of Eq. (1) consists of four terms: the

parallel transporter (1a) describes creation and annihi-
lation of a particle-antiparticle pair, shifting the gauge
field in-between to preserve local gauge symmetries. The
staggered mass and the electric energy density (1b) are
completely local. Finally, the plaquette terms (1c) cap-
ture the magnetic energy density, and are related to the
smallest Wilson loops along the closed plaquettes along
the three planes x � y, x � z, y � z of the lattice. In
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are not independent: They can be expressed as t = 1/a,
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m = 8/(g2a), where a is the lattice

spacing, g is the coupling constant of QED and m0 is
the bare mass of particles/antiparticles. The numerical
setup allows us to consider the couplings (t, m, ge, gm)
as mutually independent. We then recover the physical
regime of QED by enforcing gegm = 2
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are defined around each lattice site x. The sum in Eq. (3)
involves the six electric field operators on the links iden-
tified by ±µx, ±µy, ±µz. Each Ĝx commutes with the
Hamiltonian Ĥ and the gauge invariant Hilbert space
consists of physical many-body quantum states |�i sat-
isfying Ĝx |�i = 0 at every site x.

As stressed in the standard Wilson’s formulation of
lattice QED [11], faithful representations of the (Ê, Û)
algebra are infinite-dimensional. A truncation to a fi-
nite dimension becomes therefore necessary for numeri-
cal simulations with TN methods, which require a finite
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the quantum link model (QLM) approach in which the
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effect akin to the Schwinger mechanism. Furthermore,
we address the confinement problem by evaluating the
binding energies of charged particle pairs pinned at spec-
ified distances. Finally, we consider the scenario with a
charge imbalance into the system, i.e. at finite charge
density, and we characterize a regime where charges ac-
cumulate at the surface of our finite sample, analogously
to a classic perfect conductor.
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Ĥ = �t
X

x,µ

⇣
 ̂†
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Figure 6: (a) Representation of the gauge field in terms
of two species of Dirac modes in the sector with a total
number of fermions equal to two. b) Generic state of
the local site composed by the the matter degrees of

freedom and six half-links along the three spatial
directions. On each half-link the coefficients

kj 2 {0, 1, 2} define the fermionic modes. (c) Examples
of gauge-invariant configurations for even and odd sites.

Due to the use of staggered-fermions, the
presence/absence of a fermion in an even/odd site
represents the presence of a charge/anti-charge.

Ĝx =  ̂†
x ̂x �

1 � (�1)x

2
�

X

µ

�
1 � n̂a

x,µ � n̂b
x,µ

�
.(A8)

Taking into account this property, it is possible to con-
struct the gauge-invariant basis for the local site x, that
is composed by the lattice site and the six half-links along
the directions ±µx, ±µy, ±µz (see Fig. 6):

������

k5

k1 � k4

k2

+k6

k3

= (�1)�k1,2+�k2,2+�k3,2
|�ix (A9)

⇥ |k1ix,�µx
|k2ix,�µy

|k3ix,�µz

⇥ |k4ix,µx
|k5ix,µy

|k6ix,µz

where |�ix = ( ̂†
x)�

|0i with � = 0, 1 describes the pres-
ence or the absence of the matter/antimatter particles.
The indices kj run over {0,1,2} selecting a configura-
tion of the 3-hardcore modes for each respective half-link.
The presence of the factor (�1)�k1,2+�k2,2+�k3,2 allows us
to satisfy the anticommutation relations of the fermionic
representation recovering the correct signs of Eq. (A5).
The occupation numbers � and kj are not independent
due to the constraint imposed by the Gauss’s law

Ĝx

������

k5

k1 � k4

k2

+k6

k3

= 0. (A10)

This equation, in the new language of matter fermions
and rishons, reads

�+
6X

j=1

kj = 6 +
1 � (�1)x

2
. (A11)

where the factor 6 is indeed the coordination number
of the cubic lattice. Thus, the gauge invariant configu-
rations of the local basis are obtained by applying this
constraint, effectively reducing the ‘dressed-site’ (matter
and 6 rishon modes) dimension from 2 · 36 = 1458 to
merely 267. We encode these states as building blocks of
our computational representation for the TN algorithms.
In Fig. 6 we show some examples of gauge-invariant con-
figurations for even and odd sites.

The construction of the gauge-invariant local sites is
particularly advantageous for our numerical purposes: in
fact, it is now possible to express all the terms in the
Hamiltonian of Eq. (1) of the main text as product
of completely local operators that commute on different
sites. Let us consider the kinetic term of the Hamiltonian
and apply the representation of the gauge field in terms
of the 3-hardcore fermionic modes:

 ̂†
xÛx,µ ̂x+µ =  ̂†

x⌘̂x,µ⌘̂
†
x+µ,�µ ̂x+µ

=
⇣
⌘̂†x,µ ̂x

⌘† ⇣
⌘̂†x+µ,�µ ̂x+µ

⌘

= M (↵)†
x M↵0

x+µ (A12)

where the indices ↵ and ↵0 select the right operators de-
pending on the different directions in which the hopping
process takes place. The operators M↵

x,µ are genuinely lo-
cal (i.e. they commute with operators acting elsewhere)
as they are always quadratic in the fermionic operators
( and/or ⌘). The same argument applies to the mag-
netic (plaquette) terms in the Hamiltonian

⇤µx,µy = Ux,x+µxUx+µx,µyU †
x+µy,µx

U †
x,µy

=

= ⌘x,µx⌘
†
x+µx,�µx

⌘x+µx,µy⌘
†
x+µx+µy,�µy

⇥

⇣
⌘x+µy,µx⌘

†
x+µx+µy,�µx

⌘† ⇣
⌘x,µy⌘

†
x+µy,�µy

⌘†

= �

⇣
⌘†x,µy

⌘x,µx

⌘ ⇣
⌘†x+µx,�µx

⌘x+µx,µy

⌘

⇥

⇣
⌘†x+µx+µy,�µy

⌘x+µx+µy,�µx

⌘ ⇣
⌘†x+µy,µx

⌘x+µy,�µy

⌘

⌘ �C(↵)
x C(↵0)

x+µx
C(↵00)

x+µx+µy
C(↵000)

x+µy
, (A13)

where the indices ↵, ↵0, ↵00, ↵000 depend on the plane of
the plaquette (in this case x � y) and the links involved
into the loop. The operators C↵

x are genuinely local and
act on the four sites at the corners of the plaquette. The
decomposition is the same for the other plaquettes in the
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Figure 8: (a) Driven optimization (in three steps: linear, quadratic, constant) of the penalty coefficient ⌫ (red) and
behavior of the energy (blue) as a function of the iterations for an exemplifying simulation. The energy is reported

as the difference with the lowest final energy that we reach. (b) Driven optimization of the penalty coefficient ⌫
(red) and global error �L (green) with respect to the link symmetry during the optimization steps. (c) Scaling of the

energy density as a function of the inverse of the bond dimension 1/�. The bond dimension � is in the range
[100, 450].

tors. During the variational optimization stage, in order
to improve the convergence, we perform the single-tensor
optimization with subspace-expansion technique, i.e., al-
lowing a dynamical increase of the local bond dimension
and adapting the symmetry sectors [85]. This scheme
has a global computational cost of the order O(�4). The
single tensor optimization is implemented in three steps:
(i) the effective Hamiltonian Heff for the tensor is ob-
tained by contracting the complete Hamiltonian of the
system with all the remaining tensors of the tree; (ii) the
local eigenvalue problem for Heff is solved by using the
Arnoldi method of the ARPACK library; (iii) the ten-
sor is updated by the eigenvector of Heff corresponding
to the lowest eigenvalue. This procedure is iterated by
sweeping through the TTN from the lowest to the highest
layers, gradually reducing the energy expectation value.
After completing the whole sweep, the procedure is it-
erated again and again, until the desidered convergence
in the energy is reached. The precision of the Arnoldi
algorithm is increased in each sweep, for gaining more
accuracy in solving the local eigenvalue problems as we
approach the final convergence.

TTN computations presented in this work are ex-
tremely challenging due to the complexity of LGTs in
the three-dimensional scenario. They were performed on
different HPC-clusters (CloudVeneto, CINECA, BwUni-
Cluster and ATOS Bull): a single simulation for the max-
imum size that we reached, a 8 ⇥ 8 ⇥ 8 lattice, can last
up to five weeks until final convergence, depending on the
different regimes of the model and the control parameters
of the algorithms.

Appendix C: Numerical Convergence

With our numerical simulations we characterize the
properties of the ground state of the system as a function
of the parameters in the Hamiltonian of Eq. (1) of the

main text. We fix the energy scale by setting the hopping
coefficient t = 1 and we access several regimes of the mass
m, the electric ge and the magnetic coupling gm. We
consider simple cubic lattices L ⇥ L ⇥ L with the linear
size L being a binary power; in particular, we simulate
the case with L = 2, 4, 8, that is, up to 512 lattice sites.

As explained in Appendix A, in order to obtain the
right representation of the electric field operators, we
have to enforce the extra link symmetry constraint
L̂x,µ = 2 at every pair of neighboring sites. For this
reason, we include in the Hamiltonian additional terms
that energetically penalise all the states with a number
of hardcore fermions per link different from two, namely:

Hpen = ⌫
X

x,µ

⇣
1 � �2,L̂x,µ

⌘
(C1)

where ⌫ > 0 is the penalty coefficient and �2,L̂x,µ
are

the projectors on the states that satisfy the extra link
constraint. In this way, the penalty terms vanish when
the link symmetry is satisfied and raise the energy of the
states violating the constraint. In principle, the link sym-
metry is rigorously satisfied for ⌫ ! 1. At numerical
level, this limit translates into choosing ⌫ much larger
than the other simulation parameters of the Hamilto-
nian, i.e., ⌫ � max {|t|, |m|, |gel|, |gm|}. However, set-
ting ⌫ too large in the first optimisation steps could lead
to local minima or non-physical states, since the varia-
tional algorithm would focus only on the penalty terms
more than the physical ones. In order to avoid this prob-
lem and reach the convergence, we adopt a driven op-
timization, by varying the penalty coefficient ⌫ in three
steps: (i) starting from a very small value of ⌫ and from
a random state of the TTN, that in general does not re-
spect the extra link symmetry, we drive the penalty term
with a linear growth of ⌫ during the first optimization
sweeps. In this stage, the optimization will focus mainly
on the physical quantities, until we notice a slight rise of
the energy: this effect signals that the global optmiza-
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tors. During the variational optimization stage, in order
to improve the convergence, we perform the single-tensor
optimization with subspace-expansion technique, i.e., al-
lowing a dynamical increase of the local bond dimension
and adapting the symmetry sectors [85]. This scheme
has a global computational cost of the order O(�4). The
single tensor optimization is implemented in three steps:
(i) the effective Hamiltonian Heff for the tensor is ob-
tained by contracting the complete Hamiltonian of the
system with all the remaining tensors of the tree; (ii) the
local eigenvalue problem for Heff is solved by using the
Arnoldi method of the ARPACK library; (iii) the ten-
sor is updated by the eigenvector of Heff corresponding
to the lowest eigenvalue. This procedure is iterated by
sweeping through the TTN from the lowest to the highest
layers, gradually reducing the energy expectation value.
After completing the whole sweep, the procedure is it-
erated again and again, until the desidered convergence
in the energy is reached. The precision of the Arnoldi
algorithm is increased in each sweep, for gaining more
accuracy in solving the local eigenvalue problems as we
approach the final convergence.

TTN computations presented in this work are ex-
tremely challenging due to the complexity of LGTs in
the three-dimensional scenario. They were performed on
different HPC-clusters (CloudVeneto, CINECA, BwUni-
Cluster and ATOS Bull): a single simulation for the max-
imum size that we reached, a 8 ⇥ 8 ⇥ 8 lattice, can last
up to five weeks until final convergence, depending on the
different regimes of the model and the control parameters
of the algorithms.

Appendix C: Numerical Convergence

With our numerical simulations we characterize the
properties of the ground state of the system as a function
of the parameters in the Hamiltonian of Eq. (1) of the

main text. We fix the energy scale by setting the hopping
coefficient t = 1 and we access several regimes of the mass
m, the electric ge and the magnetic coupling gm. We
consider simple cubic lattices L ⇥ L ⇥ L with the linear
size L being a binary power; in particular, we simulate
the case with L = 2, 4, 8, that is, up to 512 lattice sites.

As explained in Appendix A, in order to obtain the
right representation of the electric field operators, we
have to enforce the extra link symmetry constraint
L̂x,µ = 2 at every pair of neighboring sites. For this
reason, we include in the Hamiltonian additional terms
that energetically penalise all the states with a number
of hardcore fermions per link different from two, namely:

Hpen = ⌫
X

x,µ

⇣
1 � �2,L̂x,µ

⌘
(C1)

where ⌫ > 0 is the penalty coefficient and �2,L̂x,µ
are

the projectors on the states that satisfy the extra link
constraint. In this way, the penalty terms vanish when
the link symmetry is satisfied and raise the energy of the
states violating the constraint. In principle, the link sym-
metry is rigorously satisfied for ⌫ ! 1. At numerical
level, this limit translates into choosing ⌫ much larger
than the other simulation parameters of the Hamilto-
nian, i.e., ⌫ � max {|t|, |m|, |gel|, |gm|}. However, set-
ting ⌫ too large in the first optimisation steps could lead
to local minima or non-physical states, since the varia-
tional algorithm would focus only on the penalty terms
more than the physical ones. In order to avoid this prob-
lem and reach the convergence, we adopt a driven op-
timization, by varying the penalty coefficient ⌫ in three
steps: (i) starting from a very small value of ⌫ and from
a random state of the TTN, that in general does not re-
spect the extra link symmetry, we drive the penalty term
with a linear growth of ⌫ during the first optimization
sweeps. In this stage, the optimization will focus mainly
on the physical quantities, until we notice a slight rise of
the energy: this effect signals that the global optmiza-
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Figure 2: Ground state charge occupation and electric field on links for m = �3.0 (a) and m = 3.0 (c) and g2
m = 0.

(b) Particle density as a function of m, for different system size L and g2
m = 0. Ground state charge occupation and

electric field on links for m = �3.0 (d) and m = 3.0 (f) in the presence of magnetic interactions with g2
m = 8/g2

e = 4.
(e) Particle density as a function of m, for different system size L and g2

m = 8/g2
e = 4.

hermitian and preserves Eq. (2), but Û is no longer uni-
tary. Throughout this work, we will select s = 1, the
smallest representation ensuring a nontrivial contribution
of all the terms in the Hamiltonian (see also Fig. 1). This
truncation introduces a local energy cutoff based on g2

e ,
which in turn requires larger spin s to accurately repre-
sent weaker coupling regimes, still potentially accessible
via TNs [24].

II. TRANSITION AT ZERO CHARGE

We focus on the zero charge sector, i.e.
P

x  
†
x x = L3

2 ,
and Periodic Boundary Conditions (PBC). As shown in
Fig. 2 (upper panel), for g2

m = 0 the system under-
goes a transition between two regimes, analogously to
the (1+1)D and (2+1)D cases [22, 25, 32]: for large pos-
itive masses, the system approaches the bare vacuum,
while for large negative masses, the system is arranged
into a crystal of charges, a highly degenerate state in the
semiclassical limit (t ! 0) due to the exponential num-
ber of electric field configurations allowed. We track this
transition by monitoring the average matter density ⇢ =
1

L3

P
x hGS| n̂x |GSi where n̂x = 1+(�1)x

2 � (�1)x †
x x

is the matter occupation operator and the many-body
ground state |GSi has been computed by TTN algorithm

(see Appendices A, B, C for details). Fig. 2(b) displays
the result for different sizes L (and g2

e/2 = t = 1), por-
traying the transition. Panels (a) and (c) display local
configurations of matter hn̂xi and gauge sites hÊx,µi for
m = �3.0 and m = +3.0 respectively. In the former
regime, the algorithm seems to favor a single allowed con-
figuration of gauge fields rather than a superposition of
many configuations: This is due to the fact that, when
g2

m = 0, the matrix element that rearranges the configu-
rations occurs at very high perturbative order in |t/m|,
and is numerically neglected. A finite-size scaling analy-
sis of the transition (see Appendix D) yields results com-
patible with a II-order phase transition, with the critical
point occurying at negative bare masses m.

The same transition appears to be more interesting
when we ‘activate’ the magnetic coupling, by setting
g2

m = 8t2/g2
e = 4 (physical line). The phase at large

negative m now appears to be a genuine superposition
of many configurations of the electric field, as they are
coupled by matrix elements of the order ⇠ g2

m, kept as
numerically relevant by the algorithm. Moreover, the
transition is still compatible with a II-order phase tran-
sition, and the critical point is shifted to larger m values.
This can lead to a critical bare mass mc that is positive
(as we observed mc ⇡ +0.22 for the case g2

e/2 = t = 1),
ultimately making the transition physically relevant.
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hermitian and preserves Eq. (2), but Û is no longer uni-
tary. Throughout this work, we will select s = 1, the
smallest representation ensuring a nontrivial contribution
of all the terms in the Hamiltonian (see also Fig. 1). This
truncation introduces a local energy cutoff based on g2

e ,
which in turn requires larger spin s to accurately repre-
sent weaker coupling regimes, still potentially accessible
via TNs [24].
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and Periodic Boundary Conditions (PBC). As shown in
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m = 0 the system under-
goes a transition between two regimes, analogously to
the (1+1)D and (2+1)D cases [22, 25, 32]: for large pos-
itive masses, the system approaches the bare vacuum,
while for large negative masses, the system is arranged
into a crystal of charges, a highly degenerate state in the
semiclassical limit (t ! 0) due to the exponential num-
ber of electric field configurations allowed. We track this
transition by monitoring the average matter density ⇢ =
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is the matter occupation operator and the many-body
ground state |GSi has been computed by TTN algorithm

(see Appendices A, B, C for details). Fig. 2(b) displays
the result for different sizes L (and g2

e/2 = t = 1), por-
traying the transition. Panels (a) and (c) display local
configurations of matter hn̂xi and gauge sites hÊx,µi for
m = �3.0 and m = +3.0 respectively. In the former
regime, the algorithm seems to favor a single allowed con-
figuration of gauge fields rather than a superposition of
many configuations: This is due to the fact that, when
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m = 0, the matrix element that rearranges the configu-
rations occurs at very high perturbative order in |t/m|,
and is numerically neglected. A finite-size scaling analy-
sis of the transition (see Appendix D) yields results com-
patible with a II-order phase transition, with the critical
point occurying at negative bare masses m.

The same transition appears to be more interesting
when we ‘activate’ the magnetic coupling, by setting
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e = 4 (physical line). The phase at large

negative m now appears to be a genuine superposition
of many configurations of the electric field, as they are
coupled by matrix elements of the order ⇠ g2
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numerically relevant by the algorithm. Moreover, the
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sition, and the critical point is shifted to larger m values.
This can lead to a critical bare mass mc that is positive
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ultimately making the transition physically relevant.

3

�3 �2 �1 0 1 2 3
m

0.0

0.2

0.4

0.6

0.8

1.0

�

L = 2

L = 4

L = 8

x
1

2
3

4

y

1
2

3
4

z

1

2

3

4

0

1

n
x
�

even

0 1nx�odd

x
1

2
3

4

y

1
2

3
4

z

1

2

3

4

0

1

n
x
�

even

0 1nx�odd

(b)(a) (c)

⇢

m

x
1

2
3

4

y

1
2

3
4

z

1

2

3

4

0

1

n
x
�

even

0 1nx�odd

x
1

2
3

4

y

1
2

3
4

z

1

2

3

4

0

1

n
x
�

even

0 1nx�odd

(f)(d) (e)

�3 �2 �1 0 1 2 3
m

0.0

0.2

0.4

0.6

0.8

1.0

�

L = 2

L = 4

L = 8

m

g2
m = 0

g2
m = 4

⇢

Figure 2: Ground state charge occupation and electric field on links for m = �3.0 (a) and m = 3.0 (c) and g2
m = 0.

(b) Particle density as a function of m, for different system size L and g2
m = 0. Ground state charge occupation and

electric field on links for m = �3.0 (d) and m = 3.0 (f) in the presence of magnetic interactions with g2
m = 8/g2

e = 4.
(e) Particle density as a function of m, for different system size L and g2

m = 8/g2
e = 4.

hermitian and preserves Eq. (2), but Û is no longer uni-
tary. Throughout this work, we will select s = 1, the
smallest representation ensuring a nontrivial contribution
of all the terms in the Hamiltonian (see also Fig. 1). This
truncation introduces a local energy cutoff based on g2

e ,
which in turn requires larger spin s to accurately repre-
sent weaker coupling regimes, still potentially accessible
via TNs [24].
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We focus on the zero charge sector, i.e.
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m = 0 the system under-
goes a transition between two regimes, analogously to
the (1+1)D and (2+1)D cases [22, 25, 32]: for large pos-
itive masses, the system approaches the bare vacuum,
while for large negative masses, the system is arranged
into a crystal of charges, a highly degenerate state in the
semiclassical limit (t ! 0) due to the exponential num-
ber of electric field configurations allowed. We track this
transition by monitoring the average matter density ⇢ =
1

L3

P
x hGS| n̂x |GSi where n̂x = 1+(�1)x

2 � (�1)x †
x x

is the matter occupation operator and the many-body
ground state |GSi has been computed by TTN algorithm

(see Appendices A, B, C for details). Fig. 2(b) displays
the result for different sizes L (and g2

e/2 = t = 1), por-
traying the transition. Panels (a) and (c) display local
configurations of matter hn̂xi and gauge sites hÊx,µi for
m = �3.0 and m = +3.0 respectively. In the former
regime, the algorithm seems to favor a single allowed con-
figuration of gauge fields rather than a superposition of
many configuations: This is due to the fact that, when
g2

m = 0, the matrix element that rearranges the configu-
rations occurs at very high perturbative order in |t/m|,
and is numerically neglected. A finite-size scaling analy-
sis of the transition (see Appendix D) yields results com-
patible with a II-order phase transition, with the critical
point occurying at negative bare masses m.

The same transition appears to be more interesting
when we ‘activate’ the magnetic coupling, by setting
g2

m = 8t2/g2
e = 4 (physical line). The phase at large

negative m now appears to be a genuine superposition
of many configurations of the electric field, as they are
coupled by matrix elements of the order ⇠ g2

m, kept as
numerically relevant by the algorithm. Moreover, the
transition is still compatible with a II-order phase tran-
sition, and the critical point is shifted to larger m values.
This can lead to a critical bare mass mc that is positive
(as we observed mc ⇡ +0.22 for the case g2

e/2 = t = 1),
ultimately making the transition physically relevant.
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(b) Particle density as a function of m, for different system size L and g2
m = 0. Ground state charge occupation and

electric field on links for m = �3.0 (d) and m = 3.0 (f) in the presence of magnetic interactions with g2
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(e) Particle density as a function of m, for different system size L and g2
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hermitian and preserves Eq. (2), but Û is no longer uni-
tary. Throughout this work, we will select s = 1, the
smallest representation ensuring a nontrivial contribution
of all the terms in the Hamiltonian (see also Fig. 1). This
truncation introduces a local energy cutoff based on g2

e ,
which in turn requires larger spin s to accurately repre-
sent weaker coupling regimes, still potentially accessible
via TNs [24].

II. TRANSITION AT ZERO CHARGE

We focus on the zero charge sector, i.e.
P

x  
†
x x = L3

2 ,
and Periodic Boundary Conditions (PBC). As shown in
Fig. 2 (upper panel), for g2

m = 0 the system under-
goes a transition between two regimes, analogously to
the (1+1)D and (2+1)D cases [22, 25, 32]: for large pos-
itive masses, the system approaches the bare vacuum,
while for large negative masses, the system is arranged
into a crystal of charges, a highly degenerate state in the
semiclassical limit (t ! 0) due to the exponential num-
ber of electric field configurations allowed. We track this
transition by monitoring the average matter density ⇢ =
1

L3

P
x hGS| n̂x |GSi where n̂x = 1+(�1)x

2 � (�1)x †
x x

is the matter occupation operator and the many-body
ground state |GSi has been computed by TTN algorithm

(see Appendices A, B, C for details). Fig. 2(b) displays
the result for different sizes L (and g2

e/2 = t = 1), por-
traying the transition. Panels (a) and (c) display local
configurations of matter hn̂xi and gauge sites hÊx,µi for
m = �3.0 and m = +3.0 respectively. In the former
regime, the algorithm seems to favor a single allowed con-
figuration of gauge fields rather than a superposition of
many configuations: This is due to the fact that, when
g2

m = 0, the matrix element that rearranges the configu-
rations occurs at very high perturbative order in |t/m|,
and is numerically neglected. A finite-size scaling analy-
sis of the transition (see Appendix D) yields results com-
patible with a II-order phase transition, with the critical
point occurying at negative bare masses m.

The same transition appears to be more interesting
when we ‘activate’ the magnetic coupling, by setting
g2

m = 8t2/g2
e = 4 (physical line). The phase at large

negative m now appears to be a genuine superposition
of many configurations of the electric field, as they are
coupled by matrix elements of the order ⇠ g2

m, kept as
numerically relevant by the algorithm. Moreover, the
transition is still compatible with a II-order phase tran-
sition, and the critical point is shifted to larger m values.
This can lead to a critical bare mass mc that is positive
(as we observed mc ⇡ +0.22 for the case g2

e/2 = t = 1),
ultimately making the transition physically relevant.
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hermitian and preserves Eq. (2), but Û is no longer uni-
tary. Throughout this work, we will select s = 1, the
smallest representation ensuring a nontrivial contribution
of all the terms in the Hamiltonian (see also Fig. 1). This
truncation introduces a local energy cutoff based on g2

e ,
which in turn requires larger spin s to accurately repre-
sent weaker coupling regimes, still potentially accessible
via TNs [24].

II. TRANSITION AT ZERO CHARGE

We focus on the zero charge sector, i.e.
P

x  
†
x x = L3

2 ,
and Periodic Boundary Conditions (PBC). As shown in
Fig. 2 (upper panel), for g2

m = 0 the system under-
goes a transition between two regimes, analogously to
the (1+1)D and (2+1)D cases [22, 25, 32]: for large pos-
itive masses, the system approaches the bare vacuum,
while for large negative masses, the system is arranged
into a crystal of charges, a highly degenerate state in the
semiclassical limit (t ! 0) due to the exponential num-
ber of electric field configurations allowed. We track this
transition by monitoring the average matter density ⇢ =
1

L3

P
x hGS| n̂x |GSi where n̂x = 1+(�1)x

2 � (�1)x †
x x

is the matter occupation operator and the many-body
ground state |GSi has been computed by TTN algorithm

(see Appendices A, B, C for details). Fig. 2(b) displays
the result for different sizes L (and g2

e/2 = t = 1), por-
traying the transition. Panels (a) and (c) display local
configurations of matter hn̂xi and gauge sites hÊx,µi for
m = �3.0 and m = +3.0 respectively. In the former
regime, the algorithm seems to favor a single allowed con-
figuration of gauge fields rather than a superposition of
many configuations: This is due to the fact that, when
g2

m = 0, the matrix element that rearranges the configu-
rations occurs at very high perturbative order in |t/m|,
and is numerically neglected. A finite-size scaling analy-
sis of the transition (see Appendix D) yields results com-
patible with a II-order phase transition, with the critical
point occurying at negative bare masses m.

The same transition appears to be more interesting
when we ‘activate’ the magnetic coupling, by setting
g2

m = 8t2/g2
e = 4 (physical line). The phase at large

negative m now appears to be a genuine superposition
of many configurations of the electric field, as they are
coupled by matrix elements of the order ⇠ g2

m, kept as
numerically relevant by the algorithm. Moreover, the
transition is still compatible with a II-order phase tran-
sition, and the critical point is shifted to larger m values.
This can lead to a critical bare mass mc that is positive
(as we observed mc ⇡ +0.22 for the case g2

e/2 = t = 1),
ultimately making the transition physically relevant.
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hermitian and preserves Eq. (2), but Û is no longer uni-
tary. Throughout this work, we will select s = 1, the
smallest representation ensuring a nontrivial contribution
of all the terms in the Hamiltonian (see also Fig. 1). This
truncation introduces a local energy cutoff based on g2

e ,
which in turn requires larger spin s to accurately repre-
sent weaker coupling regimes, still potentially accessible
via TNs [24].

II. TRANSITION AT ZERO CHARGE

We focus on the zero charge sector, i.e.
P

x  
†
x x = L3

2 ,
and Periodic Boundary Conditions (PBC). As shown in
Fig. 2 (upper panel), for g2

m = 0 the system under-
goes a transition between two regimes, analogously to
the (1+1)D and (2+1)D cases [22, 25, 32]: for large pos-
itive masses, the system approaches the bare vacuum,
while for large negative masses, the system is arranged
into a crystal of charges, a highly degenerate state in the
semiclassical limit (t ! 0) due to the exponential num-
ber of electric field configurations allowed. We track this
transition by monitoring the average matter density ⇢ =
1

L3

P
x hGS| n̂x |GSi where n̂x = 1+(�1)x

2 � (�1)x †
x x

is the matter occupation operator and the many-body
ground state |GSi has been computed by TTN algorithm

(see Appendices A, B, C for details). Fig. 2(b) displays
the result for different sizes L (and g2

e/2 = t = 1), por-
traying the transition. Panels (a) and (c) display local
configurations of matter hn̂xi and gauge sites hÊx,µi for
m = �3.0 and m = +3.0 respectively. In the former
regime, the algorithm seems to favor a single allowed con-
figuration of gauge fields rather than a superposition of
many configuations: This is due to the fact that, when
g2

m = 0, the matrix element that rearranges the configu-
rations occurs at very high perturbative order in |t/m|,
and is numerically neglected. A finite-size scaling analy-
sis of the transition (see Appendix D) yields results com-
patible with a II-order phase transition, with the critical
point occurying at negative bare masses m.

The same transition appears to be more interesting
when we ‘activate’ the magnetic coupling, by setting
g2

m = 8t2/g2
e = 4 (physical line). The phase at large

negative m now appears to be a genuine superposition
of many configurations of the electric field, as they are
coupled by matrix elements of the order ⇠ g2

m, kept as
numerically relevant by the algorithm. Moreover, the
transition is still compatible with a II-order phase tran-
sition, and the critical point is shifted to larger m values.
This can lead to a critical bare mass mc that is positive
(as we observed mc ⇡ +0.22 for the case g2

e/2 = t = 1),
ultimately making the transition physically relevant.
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Figure 3: (a) Ground state configuration of the quantum capacitor for m = 3.0. (b) Mean charge density on the
sites along the transverse direction for different values of m. (c) Mean value of the electric field on the transverse

links for different values of m. (d) Ground state configuration of the quantum capacitor for m = �3.0. (e)
Illustration of the creation of a particle-antiparticle pair along the transverse direction, starting from the initial

electric field string generated by the boundary charges. (f) Particle density as a function of m, with a comparison to
the case with no boundary charges.

III. QUANTUM CAPACITOR

To investigate field-screening and equilibrium string-
breaking properties, we analyze the scenario where two
charged plates (an electric capacitor) are placed at the
opposite faces of a volume, with open boundary condi-
tions (OBC). In our simulations, we achieve this regime
by setting large local chemical potentials on the two
boundaries. We expect that for small positive masses m,
the vacuum inside the plates will spontaneously polarize
to an effective dielectric, by creating particle and antipar-
ticle pairs to screen the electric field from the plates, into
an energetically-favorable configuration.

We observe this phenomenon by monitoring the charge
density function along the direction µx orthogonal to the
plates qc(d) = 2

L2

PL
j,k=1 hGS| (�1)x ̂†

(d,j,k) ̂(d,j,k) |GSi

as well as the electric field amplitude along µx,
Ec

x,x+µx
(d) = 2

L2

PL
j,k=1 hGS| Ê(d,j,k),(d+1,j,k) |GSi, as

presented in Fig. 3.
A transition from a vacuum regime to a string-breaking

dielectric regime is observed, when driving m from neg-
ative to positive. However, here the critical point occurs
at positive masses (mc > 0) even at zero magnetic cou-

pling g2
m = 0, analogously to the (1+1)D case [22]. In

conclusion, the charged capacitor can make the phase
transition physical even when g can not be tuned.

The observed behaviour can be interpreted as an equi-
librium counterpart to the Schwinger mechanism, a real-
time dynamical phenomenon in which the spontaneous
creation of electron-positron pairs out of the vacuum is
stimulated by a strong external electric field [43]. This
could either be potentially verified in experiments or
quantum simulations, by means of adiabatic quenches,
ramping up the capacitor voltage.

IV. CONFINEMENT PROPERTIES

The (3+1)-dimensional pure compact lattice QED pre-
dicts a confining phase at large coupling g [11, 44–47].
This phase, where the magnetic coupling is negligible, is
characterized by the presence of a linear potential be-
tween static test charges, and is expected to survive at
the continuum limit. By decreasing g, the system under-
goes a phase transition to the Coulomb phase where the
magnetic terms are not negligible and the static charges
interact through the 1/r Coulomb potential at distance r
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[48]. When the gauge field is coupled to dynamical mat-
ter (t 6= 0 and finite m), new possible scenarios emerge,
such as the string-breaking mechanism. Nevertheless, the
transition between confined and deconfined phases is still
expected to occur [49].

We can investigate this specific scenario with our TN
method: we consider a 16 ⇥ 4 ⇥ 4 lattice and pin two
opposite charges via large local chemical potentials at
distance r along direction µx. The energy E(r) =
V (r)�V (1)+2✏1+E0 of this ground state comprises: the
work V (r) � V (1) needed to bring two charges from in-
finity to distance r, plus twice the excitation energy ✏1 of
an isolated pinned charge, on top of the dressed-vacuum
energy E0. Therefore we can estimate the interaction
potential as V (r) = E(r) � E0 + ⇠ where the additive
constant ⇠ does not scale with the volume (while E(r)
and E0 separately do).

The presence of dynamical matter heavily impacts the
strong-coupling picture (g2

m ⇠ 0), as it can be extrapo-
lated in the semiclassical limit (t ⇠ 0). Here, a particle-
antiparticle pair at distance r with, a field-string between
them, has an energy

E(r) � E0 = 2m +
g2

2
r. (4)

that scales linearly with r. On the contrary, two mesons
(neighboring particle-antiparticle pairs) have a flat en-
ergy profile

Epairs � E0 = 4m + g2. (5)

Thus, for any mass m, there is critical distance r0 above
which the string is broken, and formation of two mesons
is energetically favorable.

We observe this transition at finite t, as shown in Fig.
4 (bottom panel, g2 = 4). The crossover from the short-
range to long-range behavior is still relatively sharp, and
the distance rc at which it occurs strongly depends on the
bare mass m. This is in contrast to the weak-coupling
regime (top panel, g2 = 1/4), where the potential profile
V (r) (i) is smoothly increasing with r, (ii) it is roughly
independent from m, and (iii) its slope at short distances
disagrees with the string tension ansatz rg2/2 + const..
Thus our simulations highlight visibly different features
between confined and deconfined regimes, even with dy-
namical matter.

V. FINITE DENSITY

One of the most important features of our numerical
approach is the possibility to tackle finite charge-density
regimes. In fact, by exploiting the global U(1) fermion-
number symmetry, implemented in our TTN algorithms,
we can inject any desired charge imbalance into the sys-
tem, while working under OBC. Fig. 5 shows the results
for charge density ⇢ = Q/L3 = 1/4. In the vacuum phase
(m � g2

e/2 ⇡ t), we obtain configurations as displayed in
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Figure 4: Interaction potential V (r) between two
charges of opposite sign as a function of their distance r
in the (upper panel) weak coupling regime g ⌧ 1 and

(lower panel) strong coupling regime g � 1.

panel (a), where the charges are expelled from the bulk,
and stick to the boundaries to minimize the electric field
energy of the outcoming fields. To quantify this effect,
which can also be interpreted as a field-screening phe-
nomenon, we introduce the surface charge density

�(l) =
1

A(l)

X

x2A(l)

⌦
 †

x x

↵
(6)

where A(l) contains only sites sitting at lattice dis-
tance l from the closest boundary. The deeper we are
in the vacuum phase, the faster the surface charge de-
cays to zero away from the boundary (l = 1). By con-
trast, close to the transition, the spontaneous creation of
charge-anticharge pairs determines a finite charge den-
sity of the bulk. Finally, for large negative m, the charge
distribution is roughly uniform.

VI. OUTLOOK

We have shown that TN methods can simulate LGT
in three spatial dimensions, in the presence of matter
and charge imbalance, ultimately exploring those regimes
where other known numerical strategies struggle. We
have investigated collective phenomena of lattice QED
which stand at the forefront of the current research ef-
forts, including quantum phase diagrams, confinement is-
sues, and the string breaking mechanism at equilibrium.
We envision the possibility of including more sophisti-
cated diagnostic tools, such as the ’t Hooft operators [50]
which nicely fit TNs designs, to provide more quantita-
tively precise answers to the aforementioned open prob-
lems.
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[48]. When the gauge field is coupled to dynamical mat-
ter (t 6= 0 and finite m), new possible scenarios emerge,
such as the string-breaking mechanism. Nevertheless, the
transition between confined and deconfined phases is still
expected to occur [49].

We can investigate this specific scenario with our TN
method: we consider a 16 ⇥ 4 ⇥ 4 lattice and pin two
opposite charges via large local chemical potentials at
distance r along direction µx. The energy E(r) =
V (r)�V (1)+2✏1+E0 of this ground state comprises: the
work V (r) � V (1) needed to bring two charges from in-
finity to distance r, plus twice the excitation energy ✏1 of
an isolated pinned charge, on top of the dressed-vacuum
energy E0. Therefore we can estimate the interaction
potential as V (r) = E(r) � E0 + ⇠ where the additive
constant ⇠ does not scale with the volume (while E(r)
and E0 separately do).

The presence of dynamical matter heavily impacts the
strong-coupling picture (g2

m ⇠ 0), as it can be extrapo-
lated in the semiclassical limit (t ⇠ 0). Here, a particle-
antiparticle pair at distance r with, a field-string between
them, has an energy

E(r) � E0 = 2m +
g2

2
r. (4)

that scales linearly with r. On the contrary, two mesons
(neighboring particle-antiparticle pairs) have a flat en-
ergy profile

Epairs � E0 = 4m + g2. (5)

Thus, for any mass m, there is critical distance r0 above
which the string is broken, and formation of two mesons
is energetically favorable.

We observe this transition at finite t, as shown in Fig.
4 (bottom panel, g2 = 4). The crossover from the short-
range to long-range behavior is still relatively sharp, and
the distance rc at which it occurs strongly depends on the
bare mass m. This is in contrast to the weak-coupling
regime (top panel, g2 = 1/4), where the potential profile
V (r) is smoothly increasing with r, and its slope at short
distances disagrees with the string tension ansatz rg2/2+
const.. Thus our simulations highlight visibly different
features between confined and deconfined regimes, even
with dynamical matter.

V. FINITE DENSITY

One of the most important features of our numerical
approach is the possibility to tackle finite charge-density
regimes. In fact, by exploiting the global U(1) fermion-
number symmetry, implemented in our TTN algorithms,
we can inject any desired charge imbalance into the sys-
tem, while working under OBC. Fig. 5 shows the results
for charge density ⇢ = Q/L3 = 1/4. In the vacuum phase
(m � g2

e/2 ⇡ t), we obtain configurations as displayed in
panel (a), where the charges are expelled from the bulk,
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Figure 4: Interaction potential V (r) between two
charges of opposite sign as a function of their distance r
in the (upper panel) weak coupling regime g ⌧ 1 and

(lower panel) strong coupling regime g � 1.

and stick to the boundaries to minimize the electric field
energy of the outcoming fields. To quantify this effect,
which can also be interpreted as a field-screening phe-
nomenon, we introduce the surface charge density

�(l) =
1

A(l)

X

x2A(l)

⌦
 †

x x

↵
(6)

where A(l) contains only sites sitting at lattice dis-
tance l from the closest boundary. The deeper we are
in the vacuum phase, the faster the surface charge de-
cays to zero away from the boundary (l = 1). By con-
trast, close to the transition, the spontaneous creation of
charge-anticharge pairs determines a finite charge den-
sity of the bulk. Finally, for large negative m, the charge
distribution is roughly uniform.

VI. OUTLOOK

We have shown that TN methods can simulate LGT
in three spatial dimensions, in the presence of matter
and charge imbalance, ultimately exploring those regimes
where other known numerical strategies struggle. We
have investigated collective phenomena of lattice QED
which stand at the forefront of the current research ef-
forts, including quantum phase diagrams, confinement is-
sues, and the string breaking mechanism at equilibrium.
We envision the possibility of including more sophisti-
cated diagnostic tools, such as the ’t Hooft operators [50]
which nicely fit TNs designs, to provide more quantita-
tively precise answers to the aforementioned open prob-
lems.
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nomenon, we introduce the surface charge density
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where A(l) contains only sites sitting at lattice dis-
tance l from the closest boundary. The deeper we are
in the vacuum phase, the faster the surface charge de-
cays to zero away from the boundary (l = 1). By con-
trast, close to the transition, the spontaneous creation of
charge-anticharge pairs determines a finite charge den-
sity of the bulk. Finally, for large negative m, the charge
distribution is roughly uniform.
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We have shown that TN methods can simulate LGT
in three spatial dimensions, in the presence of matter
and charge imbalance, ultimately exploring those regimes
where other known numerical strategies struggle. We
have investigated collective phenomena of lattice QED
which stand at the forefront of the current research ef-
forts, including quantum phase diagrams, confinement is-
sues, and the string breaking mechanism at equilibrium.
We envision the possibility of including more sophisti-
cated diagnostic tools, such as the ’t Hooft operators [50]
which nicely fit TNs designs, to provide more quantita-
tively precise answers to the aforementioned open prob-
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Figure 1: Scheme of the three-dimensional LGT with
three electric field levels (spin-1 compact

representation). Fermionic degrees of freedom are
represented by staggered fermions on sites with different
parity: on the even (odd) sites, a full red (blue) circle
corresponds to a particle (antiparticle) with positive
(negative) charge. As an illustrative example, it is

shown a gauge-invariant configuration of matter and
gauge fields with one particle and one antiparticle in the

sector of zero total charge.

we address the confinement problem by evaluating the
binding energies of charged particle pairs pinned at spec-
ified distances. Finally, we consider the scenario with a
charge imbalance into the system, i.e. at finite charge
density, and we characterize a regime where charges ac-
cumulate at the surface of our finite sample, analogously
to a classic perfect conductor.

I. THE MODEL

Hereafter, we numerically simulate, at zero tempera-
ture, the Hamiltonian of U(1) quantum electrodynamics
on a finite L⇥L⇥L three-dimensional simple cubic lattice
[16]:

Ĥ = �t
X

x,µ

⇣
 ̂†

x Ûx,µ  ̂x+µ + H.c.
⌘

(1a)

+ m
X

x

(�1)x ̂†
x ̂x +

g2
e

2

X

x,µ

Ê2
x,µ (1b)

�
g2

m

2

X

x

�
⇤µx,µy + ⇤µx,µz + ⇤µy,µz + H.c.

�
(1c)

with x ⌘ (i, j, k) for 0  i, j, k  L � 1
labelling the sites of the lattice and ⇤µ↵,µ� =

Ûx,µ↵Ûx+µ↵,µ� Û†
x+µ� ,µ↵

Û†
x,µ�

. Here we adopted the
Kogut-Susskind formulation [16], representing fermionic
degrees of freedom with a staggered spinless fermion
field { ̂x,  ̂†

x0} = �x,x0 on lattice sites. Their bare mass
mx = (�1)xm is staggered, as tracked by the site parity
(�1)x = (�1)i+j+k, so that fermions on even sites rep-
resent particles with positive electric charge +q, while

holes on odd sites represent anti-particles with negative
charge �q, as shown in Fig. 1. Charge Q̂ conservation is
thus expressed as global fermion number N̂ conservation,
since Q̂ =

P
x

⇣
 ̂†

x ̂x �
1�(�1)x

2

⌘
= N̂ � L3/2.

The links of the 3D lattice are uniquely identified by
the couple of parameters (x, µ) where x is any site, µ is
one of the three positive lattice unit vectors µx ⌘ (1, 0, 0),
µy ⌘ (0, 1, 0), µz ⌘ (0, 0, 1). The gauge fields are defined
on lattice links through the pair of operators Êx,µ (elec-
tric field) and Ûx,µ (unitary comparator) that satisfy the
commutation relation

[Êx,µ, Ûx0,µ0 ] = �x,x0�µ,µ0Ûx,µ. (2)

For comfort of notation, we can extend the definition to
negative lattice unit vectors via Êx+µ,�µ = �Êx,µ and
Ûx+µ,�µ = Û†

x,µ.
The Hamiltonian of Eq. (1) consists of four terms: the

parallel transporter (1a) describes creation and annihi-
lation of a particle-antiparticle pair, shifting the gauge
field in-between to preserve local gauge symmetries. The
staggered mass and the electric energy density (1b) are
completely local. Finally, the plaquette terms (1c) cap-
ture the magnetic energy density, and are related to the
smallest Wilson loops along the closed plaquettes along
the three planes x � y, x � z, y � z of the lattice. In
dimensionless units (~ = c = 1), the couplings in Eq. (1)
are not independent: They can be expressed as t = 1/a,
m = m0, g2

e = g2/a, g2
m = 8/(g2a), where a is the lattice

spacing, g is the coupling constant of QED and m0 is
the bare mass of particles/antiparticles. The numerical
setup allows us to consider the couplings (t, m, ge, gm)
as mutually independent. We then recover the physical
regime of QED by enforcing gegm = 2

p
2t. We also fix

the energy scale by setting t = 1.
The local U(1) gauge symmetry of the theory is en-

coded in Gauss’s law, whose generators

Ĝx =  ̂†
x ̂x �

1 � (�1)x

2
�

X

µ

Êx,µ, (3)

are defined around each lattice site x. The sum in Eq. (3)
involves the six electric field operators on the links iden-
tified by ±µx, ±µy, ±µz. Each Ĝx commutes with the
Hamiltonian Ĥ and the gauge invariant Hilbert space
consists of physical many-body quantum states |�i sat-
isfying Ĝx |�i = 0 at every site x.

As stressed in the standard Wilson’s formulation of
lattice QED [11], faithful representations of the (Ê, Û)
algebra are infinite-dimensional. A truncation to a fi-
nite dimension becomes therefore necessary for numeri-
cal simulations with TN methods, which require a finite
effective Hilbert dimension at each lattice site. We use
the quantum link model (QLM) approach in which the
gauge field algebra is replaced by SU(2) spin algebra, i.e.
Êx,µ ⌘ Ŝz

x,µ and Ûx,µ ⌘ Ŝ+
x,µ/s for a spin-s representa-

tion. This substitution keeps the electric field operator
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TAKE HOME MESSAGES

➤ Tensor network algorithms can be used to benchmark, verify, 
support and guide quantum simulations/computations 

➤ High-dimensional tensor network simulations are becoming 
increasingly efficient and able to investigate interesting physics  

➤ Entanglement of mixed many-body states can be quantified   

➤ Scalability to full HPC will be necessary to produce 
quantitative results 

➤ Interesting developments also in other directions (classical 
optimisers/annealers) 

➤ Tensor network machine learning is competitive with DNN
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