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 从量子力学角度看：多夸克态非常自然 



Outline 

• Motivation 

• Theoretical framework 

    -Scattering theory 

    -Complex scattering method 

• eeee, μμee, μμμμ, ppμμ  

• ssss, Tcs(2900), X(6900), X(7100) 

• Summary 



隐粲五夸克分子态 



We predicted a very shallow DD* molecule, confirmed by LHCb in July 2021  



• We predicted Pcs around 4457MeV with ChEFT 

• Later, LHCb reported evidence of Pcs(4459) in 2020, Pcs(4338) in 2022 

 



• LHCb first reported Tcc width to be (410±163) keV 

• Within the molecular framework, we employed the 
couple-channel effective field theory and calculated the 
decay widths of Tcc  

• In the isospin symmetry limit, we obtained its total decay 
width to be (46.7 +2.7 

-2.9 )keV 

• One month later, the LHCb collaboration adopted the 
unitarized Breit-Wigner distribution and extracted the 
total width to be (47.8±1.9) keV, which further supports 
the molecular picture 



New hadron states: where are we now? 
• 实验发现了一大批新强子态,国内高能实验与理论团队作出了重要贡献 
• 强子层次相互作用预言的多个近阈强子分子态如Pc、Tcc、Pcs相继被实验证实 
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2006年老问题 
• 2006年双清论坛，我应邀作新强子态综述报告 
• 邝老师和吴岳良追问：“能否在同一个理论框架内统一

描述这么多新强子态？ ” 
• 我当时回答：“这些新强子态内部的相互作用机制千差

万别，由于目前色禁闭问题还没有解决，可能很难找到
统一的描写方法” 

• 一态一法，缺少统一框架这问题一直困扰着我 
• 课题组用过理论工具（QSR、QM、LS方程、AGS方程、

OBE、RGM、EFT、ChPT、CHEFT）均有局限性 
 

• 原子分子物理、核物理跨学科的启发: 找到了一大批
新强子态的统一描写方法  : 复标度变换+夸克模型  
 



QED  vs  QCD 

• QED: 包含库伦势的哈密顿量可以统一描述： 
 自由电子、自由质子 

 电子与质子散射 

 电子与质子形成氢原子 

 两个氢原子通过共价键形成氢分子… 

• QCD：应该能够统一描写： 
正反粲夸克形成J/psi 

 J/psi J/psi散射 

 J/psi J/psi形成X(6900)共振态 

夸克强子对偶性要求：夸克胶子层次上的统一
描述能够再现强子层次上的各种奇特强子态 
 

 



束缚态、共振态和虚态 
(根据极点在复平面上位置分类) 



 
散射波函数在无穷远处渐近形式 

 



求解多夸克态传统方法的缺陷 
• 利用高斯波函数（或其它束缚态波函数）构建多体波函数，

通过变分法或把哈密顿量对角化求解本征值 
• 多体哈密顿量是厄密算符，本征值为实数，本征波函数完

备集为束缚态或散射态 
• 多夸克态计算中，只能选有限个高斯基波函数(N～10)。

有限个束缚态波函数的线性叠加仍然是束缚态波函数 
• 传统方法求解得到的本征态都是离散的束缚态，更糟糕的

是散射态被错误处理成束缚态，相应的能量连续谱被处理
成离散谱 

• 传统理论框架给出的解包含了大量非物理的态（散射态冒
充束缚态） 

• 大部分多夸克态是共振态，其能量本征值包含虚部，波函
数不是平方可积的 

• 需要寻找新的理论框架处理多夸克态体系 

 

 
 



为何这问题以前没出现？ 

• ρ(770)是π π的P波共振态，ψ(3770)是DDbar的P波共振态，
Delta(1230)是N π  P波共振态 

• 为何之前夸克模型处理ρ, ψ(3770), Delta(1230)没碰到问题？ 

• ρ(770)和ψ (3770)实质上是qqbar态， Delta是qqq态，颜色结
构唯一。色禁闭保证它们都是束缚态 

• 对于多夸克态，颜色结构不唯一。对于X(6900)，有3*3, 

6*6 (或1*1, 8*8)两种颜色组态 

• J/ ψ J/ ψ  X(6900)散射过程、X(6900)J/ ψ J/ ψ 衰变过程粒子数守恒
（非相对论近似下） 

• pipirho散射过程、 rho  pipi衰变过程涉及轻夸克对湮灭、产生，粒
子数变化（非相对论夸克模型） 

 

 

 



X(6900)包含J/ψ J/ψ 成分，不是颜色空间的禁

闭态，是共振态 





为何CSM方法能够求解共振态？ 

•束缚态、共振态不随转角变化 
•束缚态在负实轴上，共振态在下半平面 
•连续态随转角变化，分布在Arg(k)=theta直线上 
•非常方便辨认区分束缚态、共振态与散射态 
•同一框架同时描写束缚态、共振态与散射态 

为何之前高能同事们不采用CSM？2003年之前，高能实验发现强子包括大量
共振态，在夸克胶子层次上都是束缚态，完全用不着利用CSM处理。这些共
振态通过真空产生轻夸克对来强衰变（非相对论夸克模型，粒子数目变化） 



Three- and four-lepton bound and resonant states

Charged leptonic systems


• primarily governed by QED, simplicity


• Share similarities with tetraquark states——QED counterpart of tetraquark state


- 4-lepton and tetraquark systems: 2 particles, 2 antiparticles


- Heavy tetraquark systems: dominated by color-electric Coulomb interaction


• Experiment


- Di-positronium ( ) has been observed by experiment


- 3- and 4-lepton states with muon may be detectable by future experiments


• Previous works 


- Mainly focus on bound states


- Resonant states studied: , , 


- To be explored: , , , , ,……

Ps2

e+e+e− e+e+e−e− e+e+μ−

μ+e+e− μ+μ+e− μ+e+μ− μ+μ+e−e− μ+e+μ−e−

Introduction
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Ho:1979zz, ho1989resonant, liverts2013three
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Three- and four-lepton bound and resonant states

Hamiltonian

4

Hamiltonian of an -body system


       


QED Coulomb potential


                          

n

H = ∑n
i (mi +

p2
i

2mi ) + ∑n
i<j=1 Vij

Vij(r) =
QiQj

rij

Without including spin-dependent interaction
 No coupling between spin channels
 Spin and C-parity degenerate
 Threshold degenerate

⇒
⇒
⇒



Three- and four-lepton bound and resonant states

Wave function construction

5

• Spatial wave function:

Only S-wave is considered.
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Three- and four-lepton bound and resonant states

3-lepton system

8

• 1 bound state


• 3 resonant states


• Only S=1/2 system have 

bound and resonant states. 

e+e+e−
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Three- and four-lepton bound and resonant states

4-lepton system

11

• 4-lepton systems with bound state or resonant state solutions

e+e+e−e−
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Three- and four-lepton bound and resonant states

4-lepton system

12

• 4-lepton systems with bound state or resonant state solutions

e+e+e−e−

 spin configuration 

 S-wave in spatial wave function 

 lower energy

[(e+e+)0(e−e−)0]S=0

⇒
⇒

even distribution

zhu
矩形



Three- and four-lepton bound and resonant states

4-lepton system

13

• S=2 system: pure  component, higher wave, higher energy, more difficult to form bound 
states and resonant states.

[(μ+μ+)1(e−e−)1]S=2
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• 4-lepton systems with bound state or resonant state solutions
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Three- and four-lepton bound and resonant states

4-lepton system

14

μ+μ+e−e−

: spin anti-aligned[s12, s34]S
= [0,0]0

 or : 


at least one spin anti-aligned pair
[s12, s34]S

= [0,1]1 [s12, s34]S
= [1,0]1

Structure: covalent bond like 
hydrogen molecule, electron 
pairs shared by two muons
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Introduction

3

• Multiquark states were predicted at the birth of quark model 


• Quark potential model——a useful theoretical tool to describe the interaction between quarks
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Motivation

8

The BaBar Collaboration first reported the observation of strangenium-like state  in 
 in 2006.

Y(2175)
e+e− → ϕ(1020)f0(980) BaBar:2006gsq

Later it was confirmed by Belle in the  and  processes. It was also observed 
by BESII/BESIII in the  process.

e+e− → ϕπ+π− e+e− → ϕf0(980)
J/ψ → ηϕf0(980) Belle:2008kuo, BES:2007sqy, BESIII:2014ybv, BESIII:2017qkh

As an analogy of the  system, there might exist  states.Tccc̄c̄ Tsss̄s̄

, , , , ,……X(2060) X(2239) X(2500) f0(2200) f2(2340) BESIII:2016qzq, BESIII:2018ldc, BESIII:2018zbm

Recently, the LHCb Collaboration discovered a fully charmed tetraquark candidate , and confirmed 
by CMS and ATLAS.

X(6900)
LHCb:2020bwg, CMS:2023owd, ATLAS:2023bft
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Quark potential model

9

• AL1 model


p = 1

Semay:1994ht, Silvestre-Brac:1996myf 
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Tetraquark wave function construction

10

 Ψ = 𝒜 (χf ⊗ χc ⊗ χs ⊗ ψ)
: antisymmetrization𝒜

Spatial wave function: Color wave function:

Spin wave function:Only S-wave is considered.
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Numerical results
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 “normal” C-parity  “exotic” C-parity

The “exotic” C-parity systems refer to the ones that cannot be composed 
of two S-wave ground mesons.
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Background

Recently, more and more hadrons composed of at least four quarks were observed

𝑐𝑐𝑢#𝑑̅
𝑇!! 3875 "

[𝑐𝑐𝑐̅𝑐̅]
𝑋 6900

[𝑐𝑠𝑐̅𝑢#]
𝑍!# 3985
𝑍!# 4000

[𝑐𝑠𝑢#𝑑̅]
𝑇!#$ 2900
𝑇!#% 2900

LHCb:2021vvq
LHCb:2021auc

BESIII:2020qkh
LHCb:2021uow

LHCb:2020bwg
ATLAS:2023bft

LHCb:2020bls
LHCb:2020pxc

[𝑐𝑠̅𝑢𝑑̅][𝑐𝑠̅𝑢#𝑑]
𝑇!#̅% 2900 ""

𝑇!#̅%	 2900 %

LHCb:2022sfr
LHCb:2022lzp

Theoretical interpretations: molecular VS compact state
Unified description
Dynamic calculations that treat the molecular and compact state equally
Constituent quark model + 4-body Schrödinger equation

In this report, we focus on Tcs0(2900) state in B+ → (D+K−)D+ [LHCb:2020pxc]:

M = 2866± 7± 2MeV, Γ = 57± 12± 4MeV

Yan-Ke Chen (陈炎柯) Qsn̄n̄ in quark potential model 2024.05.29 西安 4 / 21
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Formalism

Model

AL1 quark potential model [Silvestre-Brac:1996myf]:

H =

4∑
j=1

p2
j

2mj
− Tc.m. +

4∑
i<j=1

Vij +
∑

j
mj

Vij = − 3

16
λc

i · λc
j

(
− κ

rij
+ λrij − Λ +

2πκ′

3mimj

exp
(
−r2ij/r20

)
π3/2r30

σi · σj

)

One-gluon-exchange + Linear confinement
Parameters were fitted by the meson spectrum (We do not introduce any
additional free parameters)

Mesons ?⇒ tetraquark states, not trivial
richer color-structure:
3 ⊗ 3̄ = 1 + 8, 3 ⊗ 3 ⊗ 3̄ ⊗ 3̄ = 2(1) + 4(8) + 10 + 1̄0 + 27
interactions and color confinement mechanism are not well understood
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Formalism

Solving 4-body Schrödinger equation
Gaussian Expansion Method (GEM) [Hiyama:2003cu]
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(b) dimeson II
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(c) diquark-antidiquark

ψ =
∑
α

3∑
β=1

nmax∑
n1=1

nmax∑
n1=2

nmax∑
n3=1

Cα,β,nβχ
(α)
sc exp[−νn1,βr2β − νn2,βλ

2
β − νn3,βρ

2
β ]

Include both meson-meson and diquark-antidiquark correlations
Embed both long-range and short-range correlations
Treat the molecular and compact state
104 × 104 non-Hermitian matrices
By now, we only focus on S-wave states, JP = (0, 1, 2)+
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Results and predictions

(csn̄n̄) with I(JP) = 0(0+)

2500 3000 3500
-150

-100

-50

0

50

2340 2350 2360 2370 2380

-5

0

5

1

States M − iΓ/2 ∆M rrms
cq̄ rrms

sq̄ rrms
cs rrms

q̄q̄ Type
DK̄ 2353 0.61 0.59 S.
D∗K̄∗ 2920 0.70 0.81 S.
0(0+) 2350 −3 0.61 0.59 2.45 2.52 M.

2906− 10i −14 0.74 0.86 1.12 1.26 M.
3419− 7i 0.91 1.09 0.87 1.22 C.

mass and width: MT = 2906 MeV, ΓT = 20 MeV
type: D∗K̄∗ molecular quasi-bound(−14 MeV) state (Feshbach resonance)
good candidate for the experimental Tcs0(2900) in B+ → (D+K−)D+

cross-verification channel [Chen:2020eyu]: B+ → (D+K−)π+
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Results and predictions

(csn̄n̄) with I(JP) = 0(0+)

2500 3000 3500
-150

-100

-50
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50

2340 2350 2360 2370 2380

-5

0

5

1

States M − iΓ/2 ∆M rrms
cq̄ rrms

sq̄ rrms
cs rrms

q̄q̄ Type
DK̄ 2353 0.61 0.59 S.
D∗K̄∗ 2920 0.70 0.81 S.
0(0+) 2350 −3 0.61 0.59 2.45 2.52 M.

2906− 10i −14 0.74 0.86 1.12 1.26 M.
3419− 7i 0.91 1.09 0.87 1.22 C.

mass: MT = 2350 MeV.
type: DK̄ molecular bound(−3 MeV) state
below the DK̄ threshold and can only decay weakly
possible channel [Yu:2017pmn]: B+ → TcsD+ with Tcs → K−K−π+π+
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Introduction Theoretical Framework Doubly heavy tetraquark states Summary

Introduction

Experimentally,
• The first doubly charmed tetraquark

Tcc(3875)+ discovered in the D0D0π+

channel [LHCb:2021vvq]
• mT+

cc
− (mD∗+ + mD0) ∼ −300 keV

• Γ ∼ 400 keV
• X(3872) → XYZ states

Tcc(3875)+ → doubly heavy exotic states?

Theoretically,
• T+

cc (3875): natural interpretation as the
D∗+D0 molecular state

• Other doubly heavy tetraquarks: compact
tetraquark / hadronic molecule

Quark Model + Effective Few-Body Methods:

A possible framework for unified descriptions

Wei-Lin Wu (吴伟霖) Doubly heavy tetraquark in QM 3 / 18



Introduction Theoretical Framework Doubly heavy tetraquark states Summary

Bound states

System I(JP) M ∆E χ3̄c⊗3c
χ6c⊗6̄c

rrms
Q1q̄1

rrms
Q2q̄2

rrms
Q1q̄2

rrms
Q2q̄1

rrms
Q1Q2

rrms
q̄1q̄2

Configuration
ccq̄q̄ 0(1+) 3864 −14 58% 42% 0.71 0.64 1.13 1.16 1.02 1.22 M. (D∗D)
bbq̄q̄ 0(1+) 10642 −1 33% 67% 0.66 0.63 2.06 2.07 1.98 2.15 M. (B̄∗B̄)
bcq̄q̄ 0(2+) 7363 −3 27% 73% 0.66 0.70 1.95 1.97 1.86 2.05 M. (B̄∗D∗)
bcq̄q̄ 0(0+) 7129 −26 48% 52% 0.64 0.64 0.91 0.95 0.76 1.03 C.E.

0(1+) 7185 −27 60% 40% 0.67 0.66 0.88 0.93 0.71 1.00 C.E.
bbq̄q̄ 0(1+) 10491 −153 97% 3% 0.68 0.67 0.70 0.71 0.33 0.78 C.DC.
bbs̄q̄ 1

2 (1
+) 10647 −64 91% 9% 0.56 0.67 0.71 0.61 0.36 0.76 C.DC.

• D∗D molecule with ∆E = −14 MeV as candidate for Tcc(3875)+

• Bound states with various configurations

• Molecular (M.) shallow bound state

• Compact even tetraquark (C.E.)

• Compact diquark-centered tetraquark (C.DC.) deeply bound state

• No isovector bound state → importance of “good” antidiquark
(q̄q̄)S=0,I=0

3c

Wei-Lin Wu (吴伟霖) Doubly heavy tetraquark in QM 10 / 18
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Resonant states: isoscalar QQq̄q̄

3900 4100 4300 4500
-80

-40

0

10500 10700 10900 11100 11300

Im
(E

) 
[M

e
V

]

Re(E) [MeV]

10650 10680 10710

-8

-4

0

Re(E) [MeV]

• Lowest resonant states near
the D∗D∗ and B̄∗B̄∗ thresholds

• First Tbb resonance as B̄∗B̄∗

molecule

M − iΓ/2 χ3̄c⊗3c
χ6c⊗6̄c

rrms
Q1q̄1

rrms
Q2q̄2

rrms
Q1q̄2

rrms
Q2q̄1

rrms
Q1Q2

rrms
q̄1q̄2

Config.
10491 97% 3% 0.68 0.67 0.70 0.71 0.33 0.78 C.DC.
10642 33% 67% 0.66 0.63 2.06 2.07 1.98 2.15 M. (B̄∗B̄)

10700 − 1i 44% 56% 0.67 0.67 1.96 1.96 1.88 2.02 M. (B̄∗B̄∗)
11025 − 1i 98% 2% 1.08 1.07 1.08 1.08 0.33 0.83 C.DC.
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• Second Tbb resonance as
radial excitation of the deeply
bound Tbb state

• More resonant states in higher
energy region and bcq̄q̄ system

M − iΓ/2 χ3̄c⊗3c
χ6c⊗6̄c

rrms
Q1q̄1

rrms
Q2q̄2

rrms
Q1q̄2

rrms
Q2q̄1

rrms
Q1Q2

rrms
q̄1q̄2

Config.
10491 97% 3% 0.68 0.67 0.70 0.71 0.33 0.78 C.DC.
10642 33% 67% 0.66 0.63 2.06 2.07 1.98 2.15 M. (B̄∗B̄)

10700 − 1i 44% 56% 0.67 0.67 1.96 1.96 1.88 2.02 M. (B̄∗B̄∗)
11025 − 1i 98% 2% 1.08 1.07 1.08 1.08 0.33 0.83 C.DC.
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三种常用夸克模型结果大体一致 



黑点对应转角为零、被误认为离散态的散射态 



All fully charmed tetraquark states are compact 

zhu
矩形

zhu
文本框
没有看到6600/6400共振态
6800 MeV没有看到共振态







还有未来吗？ 
A theorist’s wish list（谦卑愿望）： 
• 澄清X(6600/6400)是否存在？ 

• X(6900)与X(7100)的JPC测量，共振态参数与质量谱的精细结构
有助于研究禁闭机制 

• J/ψ ϒ末态寻找13.3GeV 共振态 

• ϒ ϒ 末态寻找19.8GeV 共振态 

• ϕ ϕ 末态寻找2.7GeV共振态 

• 两个Zcs(4000)各种衰变模式是否同一个态 

• 多个Zc(4200/4430/4475)态精细测量分子态、紧致态？ 

• 确认4GeV 的1++ χc1  对粲偶素谱定标 

• 确定Pc态量子数，寻找多重态伙伴 

• 寻找并确立Pcs多重态 

• 寻找重味混杂态 

• … 
 

 
 



理论家能鼓捣点啥？ 
A theorist’s ambition/hope 

把目前框架推广到 

宇称为负奇特四夸克态体系 

粒子数N=5、6多夸克体系，回答是否存在紧致隐粲
五夸克态… 

需要克服106*106非厄密稀疏矩阵求本征值问题，北
大超算中心存储资源不够 

 CSM+耦合道分析涉及粒子数目变化体系如X3872，
LHCb电磁衰变分枝比的测量与4GeV 1++态 

正常量子数的四夸克态体系 

多夸克体系强、电磁衰变 

… 

 
 
 



Endless Frontier: 
New horizon and landscape 

 紧致重味四夸克态体系提供了深入研究色禁闭机制的独特机会 
• 强子分子态大多松散，由强子层次上的相互作用主导（各种介子交换相互作用） 

• 核子中的禁闭势（胶子场、色流管）就存在争议：格点QCD、（最近QGP分
析？）倾向于Y型三体力，可惜两体和Y型禁闭势导致的普通重子谱的数值差
异不大 

• 激发态粲偶素谱对禁闭势具体形式敏感，问题是4GeV以上的粲偶素非常混乱
（实验、理论） 

• X(6900)似乎是唯一确立的紧致四夸克态，内部颜色结构复杂，禁闭相互作用
是两体力、Y型三体力、更复杂的K型结构？实验测量结合可靠理论计算，筛
选理论模型，确定禁闭势形式？ 

 紧致重味四夸克态体系提供了研究低能三胶子规范相互作用导致的三
体力的平台 

• 传统夸克模型中各种精细、超精细相互作用（自旋轨道耦合、自旋自旋相互作
用）起源于单胶子交换等两体相互作用 

• QCD颜色SU(3)规范相互作用，包含三胶子、四胶子顶角，它们对普通介子和
重子没有贡献 

• X(6900)中任意三个粲夸克处于颜色三维表示，三胶子顶角导致的三体力不为
零。 

 … 
 
 





Zc (1+1+-)在哪？ 
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