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Outline

KNO scaling in QCD jets within the DLA framework

Multiplicity probability distributions and KNO scaling in quark and gluon jets

X.-P. Duan, L. Chen, G.-L. Ma, C. A. Salgado, and B. Wu, PRD 112, 094022 (2025)

Multiplicity distributions in QCD jets within the MDLA framework

Modified DLA (MDLA) = DLA + energy conservation

X.-P. Duan, L. Chen, G.-L. Ma, C. A. Salgado, and B. Wu, arXiv:2509.06158

Large-radius jet suppression with substructure dependence at the LHC

LO + DLA + BDMPS-Z

X.-P. Duan, L. Chen, G.-L. Ma, C. A. Salgado, and B. Wu, work in progress
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Koba-Nielsen-Olesen (KNO) scaling
KNO scaling describes the universal behavior of multiplicity distributions:

n̄P (n, s) = Ψ(n/n̄)

n̄: mean multiplicity
P (n, s): probability to produce n final-state particles in a collision at

√
s

Ψ(x): universal function with
∫
dxΨ(x) = 1 and x = n/n̄
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Koba, Nielsen, Olesen, NPB 40, 317 (1972)

https://doi.org/10.1016/0550-3213(72)90551-2


KNO scaling in QCD jets
KNO scaling support:

e+e− collisions, Deep Inelastic Scattering (DIS)
KNO scaling violation:

pp collisions

KNO scaling in QCD jets
QCD jets with pT andR

P(1) P(3)P(2)
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Generating functions and evolution equation in QCD jets within DLA

GF for a jet initiated by a parton a at scale Q is defined as

Za(u,Q) ≡
∞∑
n=0

unPa(n,Q), with Za(1, Q) = 1

In DLA, the splitting function suffices:

P̂a→ga(z) ≈ 2Ca/z

Evolution equation in DLA:

∂

∂ lnQ
Za(u,Q) = Za(u,Q)ca

∫
dz

z
γ20 [Zg(u, zQ)− 1]

with the anomalous dimension γ0 =
√

2Ncαs
π

The initial jet scaleQ = pTR
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Ellis, Stirling, and Webber, 2 (2011)
Dremin and Gary, Phys. Rept. 349, 301 (2001)

https://doi.org/10.1017/CBO9780511628788
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Multiplicity probability distributions in quark and gluon jets within DLA
Restricting to DLA phase space in zQ = k0θ > k⊥ > Q0, GF is given by:

Za(u, y) = u exp
{
ca

∫ y

0
dȳ (y − ȳ)γ20 [Zg(u, ȳ)− 1]

}
with y ≡ ln(Q/Q0) and ȳ ≡ ln(k⊥/Q0)

By solving this equation:

Pa(n,Q) =
1

n!

∂n

∂un
Za(u,Q)

∣∣∣∣
u=0

Multiplicity probability distributions in DLA:

Pa(1, Q) = exp
{
−ca

∫ y

0
dȳ (y − ȳ)γ20

}
,

Pa(n+ 1, Q) =

n∑
k=1

k

n
Pa(n+ 1− k,Q)× ca

∫ y

0
dȳ (y − ȳ)γ20Pg(k, ȳ)

The normalization condition:
∑∞

n=0 Pa(n,Q) = 1
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Dokshitzer, Khoze, Mueller, and Troian, (1991)

https://www.lpthe.jussieu.fr/~yuri/BPQCD/cover.html


Mean multiplicity in quark and gluon jets within DLA

Mean multiplicity from the first derivative of the GF at u = 1:

n̄a(Q) = 1 + ca

∫ y

0
dȳ (y − ȳ)γ20 n̄g(ȳ)

Relation between quark and gluon jets in DLA:

n̄q(Q)− 1 = cq[n̄g(Q)− 1]

Mean multiplicity for gluon jets (from the second-order ODE):

n̄g =

{
cosh(γ0y) for fixed coupling
z1 {I1[z1]K0[z2] +K1[z1]I0[z2]} for running coupling (1)

From multiplicity probability distributions:

n̄a(Q) =

∞∑
n=1

nPa(n,Q) (2)

Here, the agreement of these two approaches has been verified in our calculations
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KNO scaling in quark and gluon jets within DLA

n = 1000, pT range: 0.1− 2.5 TeV, R = 0.4, Q0 = 0.5 GeV
Running coupling αs and fixed coupling αs = 0.2

Our DLA results are consistent with the asymptotic DLA (Q → ∞)
The universal KNO scaling in quark and gluon jets
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Multiplicity distributions in inclusive jets
Multiplicity distributions in inclusive jets expressed as:

P (n) = rqPq(n) + rgPg(n)

n̄ = rqn̄q + rgn̄g

ra ≡ dσa/dpT
dσq/dpT + dσg/dpT

Leading-order (LO) differential cross section in pQCD:

dσ
dpT

= 2pT
∑
a,b,c,d

∫
dycdydxafa/p(xa, µ2)xbfb/p(xb, µ

2)
dσ̂ab→cd

dt̂

KNO scaling for inclusive jets:

n̄P (n) = n̄[rqPq(n) + rgPg(n)] = rq
n̄

n̄q
Ψq(xn̄/n̄q) + rg

n̄

n̄g
Ψg(xn̄/n̄g)

with the relation n = xn̄ = xqn̄q = xgn̄g
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KNO functions in inclusive jets: ATLAS vs. PYTHIA vs. DLA

No universal KNO scaling in inclusive jets
across a wide pT range

Low pT : gluon jets and High pT : quark jets
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Evolution equations in QCD jets within MDLA

Modified DLA (MDLA) = DLA + energy conservation:
∂

∂ lnQ
Za(u,Q) = ca

∫
dz

z
γ20 [Zg(u, zQ)Za(u, (1− z)Q)− Za(u,Q)]

By equaling the following two expansions

Φa(β) ≡
∫ ∞

0
dx Ψa(x)e

−βx =

∞∑
k=0

(−β)k

k!

∫ ∞

0
dx xkΨa(x) =

∞∑
k=0

(−β)k

k!
f (k)
a

Φa(β) = lim
Q→∞

∞∑
k=0

(e
− β

n̄a(Q) − 1)k

k!
n(k)
a (Q) =

∞∑
k=0

(−β)k

k!
lim

Q→∞

n
(k)
a (Q)

[n̄a(Q)]k

where the second expression corresponds to the expansion of Za at u = 1:

Za(u,Q) =

∞∑
k=0

(u− 1)k

k!
n(k)
a (Q)
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KNO functions in QCD jets within MDLA

The evolution equations at u = 1:

f (m)
g =

γ0m

m2 − 1

m−1∑
k=1

m!

k!(m− k)!

Γ(γ0k)Γ(γ0(m− k) + 1)

Γ(γ0m+ 1)
f (k)
g f (m−k)

g

f (m)
q =

c1−m
q

m2
f (m)
g + γ0

m−1∑
k=1

(m− 1)!

k!(m− k)!

Γ(γ0k)Γ(γ0(m− k) + 1)

Γ(γ0m+ 1)
c1−k
q f (k)

g f (m−k)
q

with f (0)
a = f

(1)
a = 1 form ≥ 2

PYTHIA samples are generated with A14 tune

MDLA uses two parameters:
γ0 = 0.43

cq = 0.8
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Mean charged-particle multiplicities: ATLAS vs. DLA vs. N3LO

ATLAS: two leading jets (anti-kt, R = 0.4), |η| < 2.1, and pleadT /psubleadT < 1.5

DLA: n̄ch = KLPHD × n̄parton, withKLPHD = 0.8 (fit for running αs)
N3LO: normalization constantK = 0.0353
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KNO functions in inclusive jets: ATLAS vs. MDLA

MDLA + LO + N3LO
Our KNO functions show excellent agreement with ATLAS data
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Jet quenching
Jet quenching: energy loss and transverse-momentum broadening

Energy loss: elastic scattering and inelastic processes via medium-induced radiation

Vacuum-like emissions andMedium-induced radiation

q
q
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particle
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hadrons
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Nuclear modification factor RAA

The differential cross section in AA collisions:

dσAA

dpT
=

∫
d2r⃗ TA(r⃗ + b⃗/2)TB(r⃗ − b⃗/2)

dϕ
2π

×
∑
i=q,g

∫
dϵDi(ϵ)

dσpp
i

dp′T

∣∣∣∣
p′T=pT+ϵ

The (2+1)-D viscous hydrodynamic model
In BDMPS-Z formalism, the probability distribution for total medium-induced energy loss ϵ:

D(ϵ) =
∞∑
n=0

1

n!

[
n∏

k=1

∫
dωk

dI(ωk)

dω

]
δ

(
ϵ−

n∑
k=1

ωk

)
exp
[
−
∫ ∞

0
dω

dI
dω

]
Nuclear modification factor:

RAA =
1

⟨TAA⟩
dσAA/dpT
dσpp/dpT

Jet energy loss is treated as color coherence
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A new framework

Vacuum-like emissions andMedium-induced radiation

R

Q = pTR Q0 ΛQCD
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A new framework: LO + DLA + BDMPS-Z

A new framework in C++: LO + DLA + BDMPS-Z

dσAA

dpT
=

∫
d2r⃗ TA(r⃗ + b⃗/2)TB(r⃗ − b⃗/2)

dϕ
2π

×

[ ∑
i=q,g

Pi(1, p
′
TR)

∫
dϵ1Di(ϵ1)

dσpp
i

dp′T

∣∣∣∣
p′T=pT+ϵ1

+

N∑
n=2

∑
i=q,g

Pi(n, p
′
TR)

∫
dϵ1Di(ϵ1)

(
n∏

m=2

∫
dϵmDg(ϵm)

)
dσpp

i

dp′T

∣∣∣∣
p′T=pT+

∑n
k=1 ϵk

]

The first term corresponds to the energy loss of a single parton

The second term corresponds to the energy loss of multiple partons

Jet energy loss is treated as color decoherence
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Large-radius jet suppression

Large-radius jet for R = 1.0 and also for R = 0.2

The two-dimensional χ2/d.o.f. distribution

Q0 = 35 GeV and q̂0 = 6.4 GeV2/fm
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Jet suppression with cone-size dependence
Our theoretical results show good agreement with the ATLAS data
The RAA distributions exhibit an approximately flat behavior at high transverse momentum
Large-radius jets are more strongly suppressed than narrow jets
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Large-radius jet suppression with substructure dependence

Our theoretical predictions agree well with the ATLAS data

Single subjet exhibits the weakest suppression

Multiple subjets show significantly stronger suppression
Xiang-Pan Duan (Fudan University) Multiplicity distributions and Large-radius jet suppression JAQ 2026 21 / 22

Single subjet:

RAA,S =
1

⟨TAA⟩

∑
i=q,g Pi(1, p

′
TR)

dσAA
i

dp′T

∣∣∣
p′T=pT+ϵ1∑

i=q,g Pi(1, pTR)
dσpp

i
dpT

Multiple subjets:

RAA,M =
1

⟨TAA⟩

∑N
n=2

∑
i=q,g Pi(n, p

′
TR)

dσAA
i

dp′T

∣∣∣
p′T=pT+

∑n
k=1 ϵk∑N

n=2

∑
i=q,g Pi(n, pTR)

dσpp
i

dpT
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Summary
KNO scaling in QCD jets within the DLA framework

Multiplicity probability distributions in quark and gluon jets
KNO scaling in quark and gluon jets
No universal KNO scaling in inclusive jets

Multiplicity distributions in QCD jets within the MDLA framework
MDLA = DLA + energy conservation
Mean charged-particle multiplicities: N3LO
MDLA + LO + N3LO

Large-radius jet suppression with substructure dependence at the LHC
A new framework: LO + DLA + BDMPS-Z
Large-radius jet suppression
Jet substructure: single subjet and multiple subjets
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Thank You!Thank You!
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