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• Critical point  ≡
• Higher cumulants scale with higher powers of 

• non-Gaussian fluctuations (specially       ) are most sensitive to CEP                          

• Contribution to particle correlators

Fluctuations of the order parameter (baryon density fluctuations)
The fluctuations of the net proton number (cumulants)
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QGP droplet

trajectory 

• Experiment measures net-proton cumulants:

Non-monotonic behavior

of the cumulants:

Theory needs dynamical evolution + acceptance mapping
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• initial state Fluctuations   à 𝑣!
• Sampling at freeze-out à additional event-by-event fluctuations 

• The main assumption: correlation functions are assumed to be in equilibrium.

what happens near CEP?
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4. Dynamical fluctuations

In the expensing QGP, 
diffusion rate    competes with plasma expansion rate:

q Near CEP,                      à fluctuations may fall out of equilibrium.
q Fluctuations of  ~𝑘∗ are out of equilibrium:

• separates equilibrated / non-equilibrated modes.

• Wigner function for                 evolves locally:

The goal is to derive evolution equations for 𝑾𝒏(𝒕, 𝒙; 𝒒).

• Evolution of 𝑊! in a Bjorken flow

• Evolution of 𝑊! in relativistic hydro with a critical point
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5. Deterministic 𝑊! from stochastic dynamics

In the diffusion theory, response is instantaneous: 

with the white noise:

Evolution equations:

Hierarchy: 𝑊# drives 𝑊$, and (𝑊# , 𝑊$) drive 𝑊% via nonlinear coupling.

• In a realistic scenario, near a CEP, we should account for 
1. the slow mode
2. the background flow
3. the thermodynamic critical effects

• Even without these, we can account for memory effect: 
• Near CEP, transport becomes slow
• FDT: there must be a colored noise (frequency dependent).

This motivates going beyond white noise. 
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7. Noise in RTA diffusion

• Integrating RTA gives a resummed theory of diffusion

• FDT:

noise is colored

• Previous work: Markovian (no-memory) assumption. 

• RTA à memory kernel à colored noise: non-Markovian

we use the “Markovian embedding technique”
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8. Markovian embedding

non-Markovian                                                                          Morkovian

• is colored.

• is chosen to be white. 

• Integrating out                  à the original non-Markovian dynamics:

• Demanding                     à 𝑛 is a function 𝑔à we need a representation of that function:

The goal is to approximately solve 𝒈𝒌(𝝁, 𝒕)



9. Hierarchy of Markovian embeddings

• The key point is:

• The projected equation onto ℓ

• Hierarchy of the equations 

Truncation at                    gives a finite Markovian system.
• Evolution equation for W2 (truncated at               )
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diffusion vs. RTA truncated at ℓ𝒎𝒂𝒙 = 𝟏, 𝟐, 𝟒, 𝟔

• Memory à lower equilibration of high q-modes

• 𝑊# rises more slowly à suppressed 𝐶#
• Stable for ℓ'() ≳ 4 à baseline benchmark for 𝐶$ and 𝐶%

“𝐶' suppression from memory”



11. Numerical results: 𝑪𝟑 and 𝑪𝟒
• Currently shown for ℓ"#$ = 1

• 𝐶%: the same trend as 𝐶!
• 𝐶&: ordering changes with Δ

à 𝐶& is more sensitive to nonlinear source terms

colored-noise memory effects can change
the magnitude and also the shape of higher cumulants
à Important for quantitative comparisons to data



12. Conclusion and outlook

1. Memory isn’t a small detail!
• it’s required by FDT once relaxation is finite.
• It mainly affects high-𝑘,
• so it shows up first at small rapidity windows.

2. We have done a microscopic derivation of the colored noise, tied to a transport model.

3. We developed a concrete, computable scheme for 𝑊! hieracrchy.

3. The next step is to couple the equations to a expanding background and critical EoS.

4. Final goal: a fully fluctuating RTA  + expanding background + critical EoS + slow mode



Thank you for your attention!


