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Why Modular Flavor Model
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Modular Symmetry J_ — ﬁx@x@x@

« Avoid some difficulties relatd to ordinary flavor symmetry.

« Modular flavor symmetries are interesting approaches to tackle the origin
of fermion mass hierarchies and mixing angles.

« The modular symmetry is a geometrical symmetry of TA2 and TA2/Z 2, and
corresponds to the change of their cycle basis.

« Matter modes transform non-trivially under the modular symmetry. That is,
the modular symmetry is a flavor symmetry.

« The modular flavor symmetry can also control higher dimensional
operators in unbroken SUSY limit.
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Lattice left invariant by modular transformations



Modular Symmetry

(T

he group T is generated by S and T \
modular inbF = SL(2,Z2) ('in ;ct on the upper half plane =1 . (STVP=1
T:T’_}m'—l—d’ for’}*E(C d)ESL(?,Z), Im(7) > 0. . 0 1 - 11
" ; -1 0 g 1
inhomogeneous modular group is I' =T'/{I, —TI} 1
S:t—> —— s T T |
principal congruence subgroup K B /
. a b i I'(N) for N > 2
(N )= . 4] € SL(Z,Z) (mod N) T(N) = -
inhomogeneous finite modular group I'y =& T'/T(N LPN)/AL, —1} for N =2 77
FQES?”F32A4,F4254a.ndF52A5 ﬂ
: . 2 T E. corresponds to T’
4 Modular forms of weight & and level N I /]

holomorphic functions f(7) transforming under the action of T'(

N)
filyr) = (e +d)* p()ijfi(7), v €T

€4
p(7):; is a unitary matrix under I'y

]

corresponds to S

KModular forms of weight 2k and level N form a linear space Mop(I'(N)) finite dimcllsion/




MOdUIar F|aVOI‘ MOdE' Modular flavor symmetry can

Modular invariant action in SUSY case combine with GUT models:

S = /d"lﬂrdgﬁdzfg K(®,®) + ]fﬁ‘ljrfﬂgﬂ w(®) + h.c. 1. Explain the origin of Gauge
& flavor structure together.

the supermultiplets p!) transform in representation p” of a quotient group I'y 2. Few input parameters-very
predictive.

at + b X ..
T — . String origin?
cT+d ) 3. String orig
0D — (e1 + d) % pD (7)) y an element of I'y
oo 1 For example:
= g e . ”"({D) g “"((‘D) Xiao Kang Du, Fei Wang,
The invariance of the action S requires e R — JHEP01(2023)036;
K (tI)? (I’) —F ((-b: (-D) g f(q’) .= f(@) modular A 4+flipped SU(5)
invariance of the Kahler potential Xiao Kang Du, Fei Wang
o = . o . " JHEP02(2021)221;
K(®,®) = —hlog(—itT +iT) + Z(—?,T + iT) ‘“|p(”|2 modular S_3+SU(5)

invariance of the superpotential w(®) under the modular group
WD) = ZYL lE) gt

the functions Y7, ;, (7) modular forms of weight ky (n) transforming in the representation p of I'y

. . i I __!rn . i = . ; =
ky(n) =kp + ... + k; The product p x p'* X ... X p'* contains an invariant singlet

TE



Symmetric Points

®ic0
. 2 7
No value of T which preserves the full modular symmetry.
. . . . . . . . D
Specific residual symmetries remain at certain symmetric points 3/2
® Tyum = 1, invariant under S, preserving Z;’ (note that 54— R); _
4 - H
o ; _ - = 1} oz
® Toym = 400, Invariant under 7', preserving Zi, X Zé‘}'; and = V32 ¥ i :
® Toym = w = exp(2mi/3) (the “left cusp”), invariant under ST', preserving 757 x Z¥. 1/2
At the fixed point 7

Yr(k)(ﬂ)) = Y;(k)(%’fo) = (00’7"0 + do)kpr(’Yo)Y,«(k)(To) ) 0 5 —f/z 0 1)2
Re
= or(70)Ye(10) = J (70, T0) Ye(70)

The fundamental domain

Modular multiplets Y. (m) at the fixed point is actually of the modular group

the eigenvector of the representation matrix p. (7o)
with eigenvalue . *(vo, ) -



Near the Symmetric Points

Hierarchical fermion mass matrices can Feruglio argues that universality
arise solely due to the proximity of the behavior emerges near the self-
modulus 7to a symmetric point. dual symmetric point 7 =

For example, in the vicinity of w, the degree of suppression

with | =0, 1, 2. the theory, such as the finite
o Ve A () — K e\ 1, A modular group acting on the
M) = M{yr) sierrd ety VTl lepton multiplets, the weights
, , of the matter multiplets and
More generally, the suppression determined by the even the form of the kinetic
representations of the residual symmetry group. terms, which are not required
to be neither minimal nor
flavour blind.

How to stabilize the modulus field near
symmetric points?

P. P Novichkov; J. T. Penedo b; S. T. Petcov, Ferruccio Feruglio,
arXiv: 2102.07488 arXiv: 2211.00659



Modulus Stabilization

» Important task in string theory:
v moduli must be massive otherwise mediating unobserved long-range fifth forces
v Couplings etc of 4D theory depending on moduli

Type |IB string theory, flux-induced superpotential to fix the complex structure and dilaton moduli. The Kaher
moduli remain not stabilized. Giddings-Kachru-Polchinski (GKP)

1. KKLT: fixed Kahler moduli with Kahler moduli dependent superpotential induced by non-perturbative effects-
gaugino condensation etc. & add uplifting potential by anti-D branes.

2. Large Volume Scenario:

Multiple modulus.

The o' and non-perturbative corrections compete and Tasks:
Fix all the modulus field and obtain dS type

determine the structure of the scalar potential ) )
vacua with tiny vacuum energy?

» Modular flavor model
1. Modulus VEV fixed the fitting parameter. Explain the origion of flavor violation.
2. Trigger CP breaking.

3. Avoid new long-range forces.



Modulus Stabilization K(r,7) = —Af log(2 Im7),

H
. W) = Ny o
It was conjected that: 1
all extrema of V(1) would correspond
to CP-conserving values of T, lie o015
1. either on the boundary of the |
fundamental domain D S
2. or on the imaginary axis. E |
=
In fact, stabilized value of T can lie 0.005
within the fundamental domain.
Not possible'fort.he point ico because U°(-)UU(; 4 9 % T x J a ﬁ a 7 '
scalar potential diverges there.
‘ T
i n | o e Deviation of the minimum of V,;, (7, 7) from the left cusp 7 = w

P. P. Novichkov, J. T. Penedo, S. T. Petcov,
12 * arXiv: 2201.02020

~i/3 ) 12 — 051 —0.50 —049 048  —0.47
) Re 7 Re 7




By applying superconformal approach

1 ity af fixi |
Jordan frame supergravity symmetrios in the superconformal algebra

The scalar-gravity part of the NV = 1, d = 4 supergravity in a generic Jordan frame with frame

function ®(z, z), a Kahler potential KC(z, Z) independent on the frame function, and superpotential

W(z) is,

alar—grav 1 ]. (DQ(I)_ ~ ~ ol
i BEEE o [(I) (—ER(QJ) +Az(z, Z)) + <§¢)ga5 sl 5) (%zaauzﬁ _ VJ] :
Here
_ 0 _ _ 0 N e
@a = @(D(Z,Z), ¢IB — 8ZB¢(Z,Z) = ¢/37
FK(2,2) _ .
908 = Grapzp = eBl® )

and A, is the purely bosonic part of the on-shell value of the auxiliary field A,. On shell it depends

on scalar fields as follows:

i . e _
) = « aq) . p~18 07(1) .
Au(2,2) = — o5 (8,,7; Oa® = 0,270 ) See 1008.2942 by Ferrara et al



Einstein frame

The frame function and the Kahler potential have the following relation:

K(®(z,2)) = —3log(—3®(z, 7)), (0’ = —10(z, 2)

/Origin from superconformal approach to supergravity after gauge fixing D-gauge N = QI)(z,Z),\

U(1)-gauge y=19,

W=

K(z,Z) = —31In [— Z1(2)G; (2, Z)ZJ(Z)} = —3log (—1 (I)(Z’Z)) :

3Y(z,2)

Y(2,2) =y(2,2)y(2,Z) takes unity value.

Kéahler metric  g,53 = 0,95K(z, 2) .
Einstein frame potential

Vi =VE +VE = & (—3WW + VaWg?V5W) + (Re f) " 4P P, Py



Modular invariant frame function

a(r,7) = 3 |i(r — AP [HH()] exp {¢ |H) + HT)| | -

Note that:

1. On must ensure that the Kahler metric is positive definite. Very stringent constraints.
2. This is not the most general possibility.
For example, additional non-holomorphic Eisenstein series.

The modular invariant holomorphic
function H() is given by

H(T)mn = (§(r) —1728)2 j(7)5P (§(7)),
_ (Ge(r) \" [ Ga(r) \" .
— AN P - 7
<[77(T)]12> ([n(f)]H) ()

We can parameterize the general modular
invariant form of frame function as

F[GO(Tv %): H(T)a H(T)L

Go(7,7) = —i(r — T)n” (7)n*(7)

The Dedekind n-function is a modular form with modular weight 1/2 under modular trans-
formation up to a phase. Its transformation under ~ is given by

n(y7) = en(V)(cr +d)2n(r) , ¥yeT, (A.1)

where €, () depends on « (but not on 7) and can be expressed as

e T
677(7) = exp {Ew(avba ) d) - ZZ:| ’ (Az)
that satisfies €,(v)?* = 1 [83]. Here
a+d
w(a,b,c,d) = +12s(—d,c) |, (A.3)
c

is an integer and s(—d, ¢) is a Dedekind sum.



Constraints on modular invariant frame function:

-

\_

The scaling of the metric

with positive Q? constrains ®(7,7) to be real negative. Rule out many choices of frame function

We can change into the Einstein frame by the previous reparameterization with

VT =2,
Ry; =0 (Rg+60gnQ —6¢%"0,(In0Q)d, (InQ))

1 v
\/—7938“ (vV—9r9E 0, InQ?),

HelnQ =

Relation between the Jordan and
Eeinstein frame potential is

2
1 Vi oA 3 P
— gRE - gaﬁg% 8HZO‘8V53 — Vg Vy = ?VE

The Lagrangian in the Einstein frame

L
—JE




Modulus Stabilization in Einstein Frame

The modular invariant Kahler potential

K = -3 {ln {—Z'(T — ’7_')772(7')772—(’7')] + In [WH(T)} + & [H(T) + H(T)} } .

The modular invariant superpotential can take the form
W = APH(r) = @M, (j(r) — 1728)™2 j(r)"*P (j(7))
with the most general form of P(j(7)) given by

N
PG(r) = e i)
k=0
After the scaling with gfy — ) gl{y, the kinetic term of 7, in addition to contributions from

A?, is no-longer canonical with Yukawa couplings with

r M 1 1 canonical matter and
E P i _ = 4 o : ;
D) R+ Kr7¢% 0,70, T + =1V ay%e (D, + —w,an[v*, 7)) ¥ 4 Higgs fields no longer
vV—9E 2 B 3 SN need any scale factor.
1 1 - 1
+ 02 {(DuH)T(DuH)] - @YIFEXB(T)‘I'AH\PB - @Vscalar .

We do not need the normalized modulus field because the modular forms depend on t



Scalar Potential in Supergravity

The supergravity scalar potential in the Einstein frame is given by

2 2
— K/M?2 K_fl KT . |W‘
Vi = e P[” oW+ IEW| =30 |
P 5 2 e 2
A® [K;l H'(7) + Ci(r, 7)H(7)| = 3|1 (7)) }

J(7)

it~ P )| [HOHED)] e {3¢ [HE) + T}

Obviously, e «x ® 3. From the Kahler potential, we have
Ky = Cyp(7,7)

3 i (rPT) + 20t — Tl (PO e

[i(r = Py2(r)P ()|

and K7 = 1/K,- is given via

o

77(7_) — q1/24 Z (_l)nqn(3n71)/2’

n=—oo

1+ i(_l)n (qn(3n71)/2 +qn(3n+1)/2>:| ,
n=1

:q1/24[1—q—q2+q5+q7—q12—-~~], g = e

— g/

3653 Gy(7)3 [ 72 (n'(T))’r
T2 [p()t L72nS(r) \n3(7) ’
A T44 + ¢! +196884q + 21493760¢% + 8642999704 + O(q?) ,

Additional terms in the
denominator can change
the asympotic behavior of
scalar potential near i D

o

- 3£H,(T) )

Note: The Kahler metric is not changed
in this case.



Vacuum Structure of the Scalar Potential

The minimum conditions of the scalar potential To determine if a local extremum is a minimum,
we need to assess the positive definiteness of the
s, 0 Hessian matrix
_VE(T77__) = __VE<T7 f) =0 82‘/
o g Hy)ij = f 4 7(\ )
T T (Hp)ij 920, or z; = R7, Y7

Given the form of the frame function, the derivative V. can be calculated to be

- (2] -2
o7 {K%l VW[ = 308 | A (7)| ] 81 {K;l VW[ = 309 |F(7)| 1 o,
+

VE;T — q)g (I)4 )

|H(7)|? can be factored out from V., for H(7) # 0.

with

o, = {Z _ G;(:) (r— f)] @ +3 [i(r — AP0 [HOH (7)] exp {¢ [H(n) + HT)] } . The point iee can be

13 [i(T . %)n2(7)n2(7)] [H(T)H(T)] exp {g [H(r) +W]}gﬂ’(r) , the local extrema.

7 = ioo is a solution of Vg, =0 when £ > 0. T = 100 is also a solution of V., = 0 for

m n 1 m n ~
It can be proven that the 4<5+§+N)_§_2<5+§+N>20

VE(ioco) vanished there. when § = 0, . )
assuming that P(j(7)) and P(j(7)) are degree N and N polynomials in j(7).



V(@)

Vacuum Structure of the Scalar Potential

ImT
1. there is a run-away type local minimum at 7 = io¢ for some input parameter choices, where

the residual Zx symmetry is unbroken.

2. We anticipate that quantum gravity effects may change the asymptotic behavior of the
scalar potential, which can possibly stabilize the modulus field at certain point near ioco
(for example, (1) = iTy with large real 7).

3. Degenerate with other vacuums that satisfy H(t)=0 when the superpotential
is nontrivial.

4, Additional SUSY breaking effects can possibly lift various Minkowski vacua to
de Sitter vacua.

5. Itis possible to stabilize the modulus fields within the fundamental domain to
trigger both the modular symmetry breaking and CP breaking.

6. Possibly play a role in modulus fields driven inflation model.



Extreme Conditions

; .
K3 |V.W|? - 31 ‘H(T)’ } (3.6)

= (K7)_ V:WVW + K7 (V. W)V W + K7 (V.W)(V.W) — 3A°H'(7)H(7) .

Note that
Local extrema needs (VWY = 8 [H' () + Cun D)) (3.7)
vanishing H,H'and H" = A® [ﬁ”('r)+[Cl('rr?)]fﬁ(f)+01(T,'F)PI’(T)] ;
when H=0. (or other and
values when H#0) iy ) _
(V-W)(VWY = A* |H'(7) + Cu(r, A H(D)] [Gi(r.P)| H(r), (3.8)
H'(i) = —z71'(12)’2 G ( ) P(1728), m=1
0, m# 1
et _%( 12)'3)71/2 [ff&%*]) P(O)« n=1 See:
Hw) = { 0, ' n#1 (B-6) H.Fan, Fei Wang, Y.K.Zhang,
and Phys. Rev. D 112, 115040
= | E 42 p(1728)(12)"3 12)2P'(1728)] , m=0 (2025) . . .
- 0‘[”"” ANl RS LR ] 1 for detailed discussions.
H"(i) = [U z)}% [E4(i)]*(12)"P(1728) , m=2
0, m > 2
o _J o, ) n # 2
= {—%—[ﬁ&‘ﬁ’&:(—m)mo> , n=2 7




Numerical Results e Trivial superpotential, which amounts to H(T)=1

Parameter: m=0, n=0, /=0, 1=0, {=0.1 Parameter: m=1, n=0, =0, 7=0, £&=0.1 Parameter: m=2, n=0, m=0, 7=0, £{=0.1 Parameter: m=2,
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Figure 1. The values of V (7, 7*) within the fundamental domain for different choices of (m,n) in
H(7) with m = n = 0 in the scenarios £ = 0.1 (left panels) and £ = 0 (right panels), respectively
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umerical Results

Parameter: m=0, n=1, m=0, ii=1, {&=0.1
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Figure 2.
same form
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as H(7) in the scenarios £ = 0.1 (left panels) and £ = 0 (right panels), respectively.



N § | merlcal Resu Its e General choice of H(7) and H(r), which adopts different choice of (i, 7) and (m,n)

)
(assuming P(j(7)) = P(j(7)) = 1).

Parameter: m=0, n=2, in=1, fi=1, £=0.1

Parameter: m=0, n=0, /=1, ii=1, ¢=0.1 Parameter: m=1, n=0, =1, ii=1, £=0.1
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Figure 3. The values of V (7, 7*) within the fundamental domain for the case H(7) taking different
form from H(7) in the scenarios & = 0.1 (left panels) and £ = 0 (right panels), respectively. Other

settings are the same as that of the previous figures.

Parameter: m=2, n=2, m=1, a=1, £=0.1
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N umerical Resu Its e Most general choices of JEI(T) and H (1) with non-trivial P(j(7)) and f:’(j(f)).

m|n|m|n| ¢ P(j(1)) P(j(1)) Tmin Vinin /M5,
0|1/0]1]01 [5(7) — 7(24)]2 1 0.448 + 1.223i 0.0
10|00 O 1 [5(7) — 5(24)]? —0.497 + 0.8747 | —1.103 x 107°
121 [2]01][()—501+2)]2 | [i(r)—7(0.1+2i)]3 | 0.1743 + 1.143i 0.0

Table 1. The minimums of the scalar potential for some benchmark points with the most general
choices of H(1) and H (1), adopting non-trivial P(j(7)) and P(j(7)).

When H(7) = 0 and at the same time H(7) # 0, from the extrema condition of the
scalar potential in (3.4), it is obvious that H”(7) = H'(7) = 0 are sufficient conditions for
Ve = 0. We have the following discussions on such conditions (see our previous work

for some relevant details) H.Fan, Fei Wang

Y.Zhang,
Phys. Rev. D 112,
115040 (2025)

The condition H”(7) =0 can be satisfied for
P'(j(%;)) = P"(j(%;)) =0, which requires 7= 7;
being a root of P(j(z)) with multiplicity three or
greater. Therefore, the most general form of P(j(7))

should be . _ . o with k; > 3 and ¢(j(z)) an arbitrary positive poly-
P(j(r)) = ig(j(f))H(J(T) - j@)k, ki €N, nomial function of j(7).
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Factoriabl Multiple Modular

2 ajTy+b
finite modular transformations ~q,..., Ya In I‘ X Iy, X - P‘w Ny Ty = YTy = JTJ J |
cyTy +dj

Gi(T1,. - s Ta) = GilMaT1y ooy TMTM)

= I (cums+d))™7 &K pr,,(v)di(r1,72, ... Tar)
J=1,..,.M J=1,..,.M
}/{IYI ----- IYU)(TJ.?"-?TR-{) — }/{I}-'l Wy u}( SEBEREES H.F""ifTT'L-I)
— (csrs+ ffJ ® f)h (67 0 o T W1 | A 7
J=1,..,M

o Py — — = — 5@1

K(Gi,®i;T1, oy TMy TLy ooy TM) = — Z hjlog(—ity +1T;) + Z skt —
J=1,...M p H (—i17 + ﬁ_g)zk”
Wi, oma) =Y > Yy han®i--0i);» See King&Y.LZhou, 1906.02208
n {irye in) Du& F.Wang, JHEP01(2023)036 \./

Can be broken into single modulus case via Higgs mechanism or by boundary conditions 2



Factoriabl Multiple Modulus Scenarios

For multiple modular scenarios, the modular invariant frame function can be written

as
O(74, ) = —3 ﬁ [ W7 — T)n (Tk)UQ(Tk)] ﬁexp {—MU(TZ)F - ﬂE(TZ,SZ)}
k=1 =1 3 3
" 2t
HeXP{fm m+H })Hm’
m=1
with non-holomoprhic Eisenstein serie It is @ Maass form that satisfies
Ers)= 3 Wf‘ffnp s> ALE(T,s) = y20,0-E(r, s) = s(s — 1)E(r, )
(m,n)(0,0)
. N . ) = 2 B
[ Leading to Positive definite Kahler metric ] N

The modular-invariant function H(7) in the superpotential should be replaced by
general form H(7;) with

n

H(ry,- -5 7) = ZPl(H(ﬁ)) - Pi(H(7)) - Po(H(70)).



Factoriabl Multiple Modulus Scenarios

We choose
~ n n )\
(7k, T) = H [ Tk — Tk)7 Tk)WQ(Tk)]HeXp{__U( )|2+€m[ Hpy + Hp, }}
k=1 =1
and obtain K=-3) In [_i(Tk - ﬁc)ﬁz(Tk)W} + > Auli(m)?
I B Y =1
by the relations  &(7;,7;) = _3M]%€ aarg K (7)
The superpotential is _ Clz H(7)

The scalar potential can be caIcuIated to be

3

=1

i
V(7 = o [ [(237) 2 lntr) |- 2esliOF [Z(Zl(gf’mgwij'm)?) Dif? -

3
with D, = H' (1) + (Z H(Tm)> (— ; — — miFy(7;) + /\j;ij/(Ti)m)

T, — T4
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(jenusy0d JejedS) A

Scalar Potential Vvs r
(Fixed au, = (0.0, 1.0), auz=(0.0,1.0), N=10000 points)

A slice of the
scalar potential

V(t1,t2,t3)



THE END

Thanks




