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Intro

• Compelling evidence for the existence of  Dark Matter (DM) on different astrophysical scales (galactic, 
clusters of  galaxies, cosmological scale,…) 

• ~ 84% of  the matter in the Universe is DARK 

• DM candidate: stable (lifetime must be long compared to cosmological timescales), (dominantly) 
Non-relativistic,  electrically neutral and colorless. (Only?) gravitational interactions 

• What is DM? How was produced?
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FIG. 3. The mass range of allowed DM candidates, comprising both particle candidates and primordial
black holes. Mass ranges are only approximate (in order of magnitude), and meant to indicate general
considerations.

possible by mass and spin. Fig. 3 gives a compact summary of the landscape and the main tourist
spots - we will visit each below.

A brief aside on MOND. — MOdified Newtonian Dynamics (MOND) is a framework for modified
gravity on galactic scales [8], originally put forth as an alternative to dark matter. A specific
relativistic theory is needed to obtain predictions during the early universe. Assuming no additional
matter content, popular candidates such as TeVeS [9] give a notably worse fit to CMB and large
scale structure data compared to ⇤CDM [10, 11]. A recent analysis of Milky Way rotation curve
and stellar kinematics data is also in tension with MOND [12].

A Bosons vs. fermions and the WDM limit

The keV mass scale is a special scale which, roughly speaking, demarcates thermally-produced
DM (either a fermion or boson) from nonthermally-produced bosonic DM. There are two separate
arguments here: first, a fermion DM candidate must have mass greater than O(keV) in order to
be consistent with observations of galaxies, and second, DM that is thermally produced from the
SM bath must also have mass greater than O(keV) to be consistent with observations of large scale
structure.

Using observations of the kinematics of stars in galaxies, a general statement can be made about
the spin of a potential DM candidate. Galaxies reside inside dark matter halos, gravitationally
bound overdensities that extend well beyond the typical radius for the stellar component of the
galaxy. As a simple example, we can model this halo as an object that underwent gravitational
collapse and is now virialized. Except close to the baryonic component, the gravitational potential
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The basics of the model

• Starting point: A conformally invariant fermionic action of  a field  with mass  (breaking scale 
invariance) on a FRW conformally flat metric 

• Flat space Dirac equation with a time-dependent mass causing particle production 

• Next step, however a non-trivial task, is to solve the e.o.m. revealing the particle production effect
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2.1 Basics

The starting point is the Dirac equation in curved space,

(iωω→ω − M)Ψ = 0 , (2.1)

which follows from the action
∫
d4x

√
|g|Ψ̄(iωω→ω −M)Ψ, where gµν is the space-time metric,

→ is the covariant derivative and α is the local Lorentz index. The Friedmann metric in
terms of the conformal time x0 ≡ η reads

ds2 = a(x0)2 ηµνdx
µdxν . (2.2)

Using the Weyl transformation

gµν = Ω2g̃µν , Ψ = Ω→3/2Ψ̃ , eµω = Ω→1ẽµω , (2.3)

where Ω = a(x0) and eµω is the vierbein, the factor a(x0) can be eliminated from the action
apart from the mass term.1 Dropping the tilde over the transformed quantities, the resulting
Dirac equation reads

(iωµ∂µ − a(η)M)Ψ = 0 , (2.4)

which is the flat space Dirac equation with a time-dependent mass. The latter causes
particle production.

The above equation can be solved as follows. The solution space is spanned by the
orthonormal basis {U, V }, where the basis vectors characterized by the 3-momentum k and
the spin projection s have the form

Uk,s(η,x) =
eik·x

(2π)3/2

(
uA,k(η)
s uB,k(η)

)

⊗ hs(k̂) , (2.5)

where k ≡ |k|, k̂ = k/|k|, hs are the helicity 2-spinors satisfying

k̂ · &σ hs = s hs , s = ±1 , (2.6)

and &σ are the sigma matrices. uA,B are complex functions of time to be determined, depending
on a(η). In spherical coordinates, k̂ = (θ,φ) and

k̂ · &σ =
(

cos θ e→iφ sin θ

eiφ sin θ − cos θ

)

, h→1 =
(
e→iφ sin θ

2
− cos θ

2

)

, h1 =
(
e→iφ cos θ

2
sin θ

2

)

. (2.7)

In this convention, −iσ2h∗
s(k̂) = −seiφh→s(k̂) and hs(−k̂) = −h→s(k̂).

The V -vectors can be chosen as Vi = −iω2U∗
i , so that2

Vk,s(η,x) = − e→ik·x

(2π)3/2

(
−u∗

B,k(η)
s u∗

A,k(η)

)

⊗ hs(−k̂) eiφ , (2.8)

1This requires conservation of the vector current, ∇µ Ψ̄γµΨ=0.
2Note the (inconsequential) phase difference from the result in [38].
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particle production.

The above equation can be solved as follows. The solution space is spanned by the
orthonormal basis {U, V }, where the basis vectors characterized by the 3-momentum k and
the spin projection s have the form

Uk,s(η,x) =
eik·x

(2π)3/2

(
uA,k(η)
s uB,k(η)

)

⊗ hs(k̂) , (2.5)

where k ≡ |k|, k̂ = k/|k|, hs are the helicity 2-spinors satisfying

k̂ · &σ hs = s hs , s = ±1 , (2.6)

and &σ are the sigma matrices. uA,B are complex functions of time to be determined, depending
on a(η). In spherical coordinates, k̂ = (θ,φ) and

k̂ · &σ =
(

cos θ e→iφ sin θ

eiφ sin θ − cos θ

)

, h→1 =
(
e→iφ sin θ

2
− cos θ

2

)

, h1 =
(
e→iφ cos θ

2
sin θ

2

)

. (2.7)

In this convention, −iσ2h∗
s(k̂) = −seiφh→s(k̂) and hs(−k̂) = −h→s(k̂).

The V -vectors can be chosen as Vi = −iω2U∗
i , so that2

Vk,s(η,x) = − e→ik·x

(2π)3/2

(
−u∗

B,k(η)
s u∗

A,k(η)

)

⊗ hs(−k̂) eiφ , (2.8)

1This requires conservation of the vector current, ∇µ Ψ̄γµΨ=0.
2Note the (inconsequential) phase difference from the result in [38].
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2 Basics of fermion production in an expanding Universe

Let us briefly summarize basics of fermion production in curved space-time [4]. Further details
can be found in Refs. [11, 12]. Basics of gravitational particle production have been reviewed in
[17, 18].

The Dirac equation in curved space reads

(iωω→ω ↑M)! = 0 . (3)

It follows from the action
∫
d
4
x

√
|g|!̄(iωω→ω ↑M)!, where gµε is the space-time metric, → is

the covariant derivative and ε is the local Lorentz index. The Friedmann metric in terms of the
conformal time x0 ↓ ϑ is given by

ds
2 = a(x0)

2
ϑµεdx

µ
dx

ε
. (4)

With the help of the Weyl transformation

gµε = ”2
g̃µε , ! = ”→3/2!̃ , e

µ

ω = ”→1
ẽ
µ

ω , (5)

where ” = a(x0) and e
µ
ω is the vierbein, a(x0) can be eliminated from the action, apart from the

mass term. Dropping the tilde over the transformed quantities, the Dirac equation now reads

(iωµϖµ ↑ a(ϑ)M)! = 0 . (6)

It is the flat space Dirac equation with a time-dependent mass. In general, both a(ϑ) and M

can evolve in time, leading to particle production.
The solution can be written in terms of the basis functions Ui, Vi with constant coe!cients,

!(x) =
∑

i

(
aiUi + b

†
i
Vi

)
, (7)

where i denotes collectively the spin and momentum indices. In the Heisenberg picture, ai, bi are
operators with the usual time-independent anti-commutation relations, {ai, a†j} = ϱij , {bi, b†j} =
ϱij , etc. The basis functions are given by

Uk,s(ϑ,x) =
e
ik·x

(2ς)3/2

(
uA,k(ϑ)
s uB,k(ϑ)

)
↔ hs(k̂) , (8)

Vk,s(ϑ,x) = ↑
e
→ik·x

(2ς)3/2

(
↑u

↑
B,k

(ϑ)
s u

↑
A,k

(ϑ)

)
↔ hs(↑k̂) eiϑ , (9)

where k ↓ |k|, k̂ = k/|k| = (φ,↼) in spherical coordinates and hs are the helicity 2-spinors
satisfying

k̂ · ↽⇀ hs = s hs , s = ±1 , (10)

with ↽⇀ being the Pauli matrices. The gamma matrices are taken to be of the form

ω
0 =

(
I 0
0 ↑I

)
, ω

i =

(
0 ⇀

i

↑⇀
i 0

)
. (11)

The 2-spinors satisfy
h
†
s(k̂)hr(k̂) = ϱrs , (12)
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such that requiring orthonormality of the basis

(Ui, Uj) = (Vi, Vj) = ωij , (Ui, Vj) = 0 , (13)

leads to the condition
|uA|

2 + |uB|
2 = 1 . (14)

Here (f, g) =
∫
d
3
x f

†
g and the spacial part of the wave functions is described by the orthonormal

set e
ik·x

(2ω)3/2
.

The Dirac equation with the above Ansatz reduces to

iεε

(
uA

uB

)
=

(
aM k

k →aM

) (
uA

uB

)
. (15)

It is to be solved with specific boundary conditions. The Bunch-Davies initial condition corre-
sponds to the flat space vacuum ai|0↑ = bi|0↑ = 0 [19]. This defines the in wavefunction: at
ϑ ↓ →↔, the a(ϑ)M terms become negligible and the positive frequency solution is

(
uA

uB

)in
ε→↑↓
→↓

(
1/

↗
2

1/
↗
2

)
e
↑ikε

. (16)

This determines uA,B uniquely.
Another “vacuum” can be defined in the infinite future by requiring no particles with respect

to the corresponding number operator. At ϑ ↓ ↔, the evolution matrix is diagonal and the
positive eigenvalue solution corresponds to

(
uA

uB

)out
ε→↓
→↓

(
1
0

)
e
↑i

∫
ϑ(ε)dε

, (17)

with ϖ ↓ a(ϑ)M . This asymptotic form, however, does not determine the normalization of uB.
To recover it, one expands the evolution matrix in k/(aM) and finds that the relevant eigenvector
contains k/(2aM) instead of zero in the lower entry.

The solutions with di!erent boundary conditions are related to each other linearly, with
constant coe"cients. Under the basis change,

Ũk,s = ϱk,sUk,s + ςk,sV↑k,s , (18)

where the tilde refers to the quantity in the new basis. Since !(x) remains invariant, the
basis change requires a linear redefinition of the creation and annihilation operators. Using the
orthonormality condition, one finds the Bogolyubov coe"cient

ςk,s = phase↘ (uA,kũB,k → uB,kũA,k) , (19)

where the time-independent phase is irrelevant for our purposes. Its importance lies in the
property that it measures the particle number. Identifying the tilded/un-tilded objects with
out/in quantities, one finds that |ςi|

2 corresponds to the average number of particles in the in

vacuum |0↑ with respect to the out number operator,

≃Ñk,s↑ ⇐ ≃0|ã†k,sãk,s|0↑ = |ςk,s|
2
. (20)
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Ũk,s = ϱk,sUk,s + ςk,sV↑k,s , (18)

where the tilde refers to the quantity in the new basis. Since !(x) remains invariant, the
basis change requires a linear redefinition of the creation and annihilation operators. Using the
orthonormality condition, one finds the Bogolyubov coe"cient
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Ũk,s = ϱk,sUk,s + ςk,sV↑k,s , (18)

where the tilde refers to the quantity in the new basis. Since !(x) remains invariant, the
basis change requires a linear redefinition of the creation and annihilation operators. Using the
orthonormality condition, one finds the Bogolyubov coe"cient
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where the time-independent phase is irrelevant for our purposes. Its importance lies in the
property that it measures the particle number. Identifying the tilded/un-tilded objects with
out/in quantities, one finds that |ςi|

2 corresponds to the average number of particles in the in

vacuum |0↑ with respect to the out number operator,
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The physical number density is then

n =
∑

s

∫
d
3k

(2ω)3a3
|εk,s|

2
. (21)

To compute the Bogolyubov coe!cient, one finds the in and out solutions to the EOM and uses
(19). The solutions are functions of time, while the Bogolyubov coe!cient is constant and can
be computed at any convenient point,

ε
→
k,s = 0 , (22)

where the prime stands for the ϑ→derivative. For analytical estimates, one may choose ϑ ↑ ϑe

corresponding to the end of inflation. At this point, both in and out solutions can be evaluated
reliably.

The above considerations are also valid for a time-dependent mass M = M(ϑ) as long as it
does not a"ect the ϑ ↓ ±↔ boundary conditions. In the Standard Model, the fermion mass is
determined by the average Higgs field value, which exhibits strong time dependence in the Early
Universe. In particular, it is expected to be very large during and shortly after inflation, making
fermion production much more e!cient.

3 Fermion production with a time-dependent mass: inflation fol-
lowed by radiation domination

The fermion mass in the Early Universe is determined by the environmental e"ects, e.g. the
scalar field expectation value, and hence is time-dependent. Our starting point is the Dirac
equation in curved space-time, where the mass term M(ϑ) can carry explicit time dependence
controlled by the background evolution. Denoting the time derivative ϖω by a prime, one may
reduce the system (15) to the second order di"erential equations,

u
→→
A +

[
i(Ma)→ + a

2
M

2 + k
2
]
uA = 0 , (23)

u
→→
B +

[
→i(Ma)→ + a

2
M

2 + k
2
]
uB = 0 , (24)

where k is the magnitude of the 3-momentum. Compared to the constant mass case, this system
contains an extra term proportional to M

→
a, which can have significant e"ects. For an abrupt

mass variation, this term brings in a sharp feature, e.g. a delta-function. The wavefunction uA,B

remains, however, smooth.
The solutions must have certain asymptotic behaviour corresponding to the in or out vacuum.

At a ↓ 0 or a ↓ ↔, we recover approximately the flat space results with constant M , which are
encoded in the definition of the in and out vacua. During inflation, the solutions with constant
M are the Hankel functions of ϑ, which also apply to an adiabatically changing M(ϑ). After
inflation, the situation is more complicated and requires a detailed analysis. In what follows, we
focus on “light” fermions in the sense M(ϑ) ↗ He, where He is the Hubble rate at the end of
inflation.

Our goal is to compute the Bogolyubov coe!cient at the end of inflation, ϑ ↑ ϑe, where
both the in and out solutions can be found analytically using reasonable approximations. We
also calculate the Bogolyubov coe!cient numerically, without resorting to approximations and
using a smooth transition function a(ϑ) between inflation and the radiation domination era.
Subsequently, we compute the particle density and the abundance.
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• Focus on a Radiation Dominated universe after Inflation 

• Assume 3 right-handed Dirac neutrinos. 2 responsible for neutrino masses and the lightest is the 
DM. For a time-dependent fermion mass   

• The standard Higgs field  with quartic coupling  takes on a large value in the Early Universe

M ≡ M(η)

h λh

A. A. Starobinsky and J. Yokoyama, 
Phys. Rev. D 50, 6357-6368 (1994)
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5

⟨h2⟩ ∼ 0.1
H2

λh
→ h̄ = ⟨h2⟩ ≈ He M(η) ∼ 𝒴R⟨h⟩ + m

Figure 1: Hubble rate evolution assumed in this work. Inflation ends at a → ae and is followed
by the radiation or matter domination epochs.

3.2 Radiation dominated era

Suppose that inflation is followed by the epoch, in which the equation of state of the Universe
can be approximated by that of radiation. This can happen due to fast reheating or the inflaton
potential being locally ω

4, as in Higgs inflation. The scale factor a(ε) is chosen such that it
describes a smooth transition from inflation at early times to radiation domination [11],

a(ε) =

{(
1

aeHe

↑ ε

)→1

H
→1
e for ε ↓ 0 , a

2
eHe

(
ε +

1

aeHe

)
for ε > 0

}
, (31)

H(ε) =
{
He for ε ↓ 0 , He (ae/a)

2 for ε > 0
}

, (32)

where ae and He are the scale factor and the Hubble rate at the end of inflation, respectively;
H(ε) = a

↑
/a

2 in terms of the conformal time. At ε ↔
1

aeHe
, a simple scaling holds,

ε ↗ a ,

which simplifies the EOM. In our numerical analysis, we use the full a(ε) dependence as above.
The Higgs condensate and the fermion mass stay constant until the Hubble rate reduces to

the level of the Higgs e!ective mass,

H ↘

√
3ϑh≃h⇐ . (33)

At this stage, the condensate starts oscillating in a quartic potential and scaling down in a
radiation-like manner. The oscillations produce gauge bosons and other SM states, leading to
fast condensate decay, within O(10) oscillations [25]. We denote the corresponding scale factor
by a0 and parametrize the results in terms of

a0/ae ⇒ N → O(few) . (34)

At this stage, the fermion mass starts changing fast, possibly dropping substantially. In our
numerical analysis, we typically take N = 6 to account for both the Hubble rate reduction (33)
and finite decay time of the condensate, although this only gives a ballpark estimate.

In what follows, we consider two possibilities for the M(ε) dependence. The simplest option
is to use the step-function approximation, which corresponds to fast condensate decay and no
other significant mass contributions. The second option is motivated by thermal e!ects, in which
case the mass term decays more slowly, as a power law in a.

8
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• Two possibilities 1) Step-function mass and 2) Smoothed from thermal effects       

• 3 mechanisms for SN production: i) Gravitational production, ii) Higgs condensate decay, iii) Freeze-in 

M ∝ T ∝ 1/a

The setup

ae a

H

a0ae a1 a

M

inflation

1

2

D. Da Silva, F.K., 
O. Lebedev, S. Pokorski a0/ae ≡ N ∼ 6 − 10



14

Step-function mass3.2.1 Step-function mass term

To account for a fast drop in the fermion mass, let us take the mass function of the form
M ω(ε0 → ε) +m ω(ε → ε0) with M ↑ m. That is,

→↓ < ε < ε0 : M(ε) = M (35)
ε0 < ε < ↓ : M(ε) = m , (36)

where ε0 corresponds to the scale factor a0 in (34). For this mass function, the inflationary in

solution retains the standard form, while the out solution must be recalculated. In what follows,
we focus on the out wavefunction and drop the superscript out for convenience, while restoring
it when necessary.

out wavefunction, ε > ε0. At ε > ε0, the EOM for uA is

u
→→
A +

(
k
2 + ima

2
eHe + ε

2
m

2
a
4
eH

2
e

)
uA = 0 , (37)

while the EOM for uB is obtained by replacing m ↔ →m. The boundary condition is
(
uA

uB

)
ω↑↓
→↔

(
1
k

2am

)
e
↔i

∫
ε(ω)dω

, (38)

with ϑ ↔ a(ε)m. The solution is a parabolic cylinder function Dϑ(z). Defining

C =
k
2

2ma2eHe

, (39)

we find

uA(ε) = e
↔ω

4CD↔iC

(
e
iϖ/4

√
2m

H(ε)

)
↗ phase , (40)

where the time-dependent phase is universal for uA and uB, and thus irrelevant for our purposes.3
The uB part of the wavefunction is

uB(ε) =
↘

C e
↔ω

4C+ iω

4 D↔1↔iC

(
e
iϖ/4

√
2m

H(ε)

)
↗ phase , (41)

where the “phase” is the same as that in uA.

out wavefunction, ε ≃ ε0. The EOM is obtained from (40) by the replacement m ↔ M with
the addition of the delta-function term at ε0. The delta function can be traded for a derivative
jump in the boundary conditions, which can also be obtained directly from (15),

u
→
A

∣∣∣
↔
= u

→
A

∣∣∣
+
→ ia0(M →m)uA(ε0) , (42)

where “-” and “+” refer to the limits from below and above ε0, respectively. An analogous relation
applies to uB up to m,M ↔ →m,M . Although the solution can be expressed as a combination

3
This phase is suppressed by ln ω/ω2

at large ω.
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= 𝒴R⟨h⟩

In-wavefunction

the evolution is di!erent for uA and uB, while for large momenta it is universal. The non-
universality is important for the Bogolyubov coe"cient, which measures the degree of misalign-
ment between the in and out vectors, hence it is only significant below the critical momentum
value. In the regime k

2
→ Ma

2
eHe, we obtain (up to a phase)

uA(0) ↑ e
→ωC/42→iC/2

√
cosh

ωC

2
↓

(
1 + i

N
2

2

M

He

+O

(
k

aeHe

))
,

uB(0) ↑ e
→ωC/42→iC/2

√
sinh

ωC

2
↓

(
1↔ i

N
2

2

M

He

+O

(
k

aeHe

))
, (53)

where the universal O

(
k

aeHe

)
terms cancel in the Bogolyubov coe"cient. The C-dependent

prefactors correspond to uA,B based on mass m and the net result of the mass change at ε0

amounts to the rotation of uA and uB by opposite phases of order N
2 M

He
.

At large k, the EOM and the derivative jump are dominated by the universal k2 term, such
that the non-universal phase is suppressed by M/k. The resulting Bogolyubov coe"cient would
also be suppressed.

in wavefunction. During inflation, the mass term variation is determined by the relaxation
time of the Higgs field, (

↗
ϑhH)→1, which gives a contribution to the EOM suppressed by

↗
ϑh → 1. Hence, the mass term changes adiabatically and the EOM can be approximated

by

ε
2
u
↑↑
A +

(
k
2
ε
2 +

[
iM

He

+
M

2

H2
e

])
uA = 0 , (54)

where M is taken to be constant at the later stages of inflation and determined by the terminal
value of the Higgs field ↘h≃. This is an adequate approximation for computing the Bogolyubov
coe"cient at ε ⇐ εe. The EOM for uB is obtained by replacing M ⇒ ↔M .

At ε ⇒ ↔⇑, the mass term plays no role and we have the usual Bunch-Davies boundary
condition (

uA

uB

)in
ε↓→↔
↔⇒

(
1/
↗
2

1/
↗
2

)
e
→ikε

. (55)

The solution is given by the Hankel functions,

u
in

A (a) =

√
ωk

4aHe

e
i
ω

2 (1→iM/He)H
(1)
1/2→iM/He

(
k

aHe

)
, (56)

u
in

B (a) =

√
ωk

4aHe

e
i
ω

2 (1+iM/He)H
(1)
1/2+iM/He

(
k

aHe

)
. (57)

We are interested in the momentum range k

aeHe
→ 1, which can potentially give significant

occupation numbers. Hence, we may use the small argument expansion

H
(1)
ϑ (x) ↑ ↔

i2ϑ!(ϖ)

ω
x
→ϑ

. (58)

At the end of inflation (a ↑ ae), we thus find

uA ↑
1
↗
2
↓ e

i
M

He
ln k

aeHe ,

uB ↑
1
↗
2
↓ e

→i
M

He
ln k

aeHe , (59)
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For  e.o.m. 
just set 
uB

M → − M

BC
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k
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≪ 1

the evolution is di!erent for uA and uB, while for large momenta it is universal. The non-
universality is important for the Bogolyubov coe"cient, which measures the degree of misalign-
ment between the in and out vectors, hence it is only significant below the critical momentum
value. In the regime k

2
→ Ma

2
eHe, we obtain (up to a phase)

uA(0) ↑ e
→ωC/42→iC/2

√
cosh

ωC

2
↓

(
1 + i

N
2

2

M

He

+O

(
k

aeHe

))
,

uB(0) ↑ e
→ωC/42→iC/2

√
sinh

ωC

2
↓

(
1↔ i

N
2

2

M

He

+O

(
k

aeHe

))
, (53)

where the universal O

(
k

aeHe

)
terms cancel in the Bogolyubov coe"cient. The C-dependent

prefactors correspond to uA,B based on mass m and the net result of the mass change at ε0

amounts to the rotation of uA and uB by opposite phases of order N
2 M

He
.

At large k, the EOM and the derivative jump are dominated by the universal k2 term, such
that the non-universal phase is suppressed by M/k. The resulting Bogolyubov coe"cient would
also be suppressed.

in wavefunction. During inflation, the mass term variation is determined by the relaxation
time of the Higgs field, (

↗
ϑhH)→1, which gives a contribution to the EOM suppressed by

↗
ϑh → 1. Hence, the mass term changes adiabatically and the EOM can be approximated

by

ε
2
u
↑↑
A +

(
k
2
ε
2 +

[
iM

He

+
M

2

H2
e

])
uA = 0 , (54)

where M is taken to be constant at the later stages of inflation and determined by the terminal
value of the Higgs field ↘h≃. This is an adequate approximation for computing the Bogolyubov
coe"cient at ε ⇐ εe. The EOM for uB is obtained by replacing M ⇒ ↔M .

At ε ⇒ ↔⇑, the mass term plays no role and we have the usual Bunch-Davies boundary
condition (

uA

uB

)in
ε↓→↔
↔⇒

(
1/
↗
2

1/
↗
2

)
e
→ikε

. (55)

The solution is given by the Hankel functions,

u
in

A (a) =

√
ωk

4aHe

e
i
ω

2 (1→iM/He)H
(1)
1/2→iM/He

(
k

aHe

)
, (56)

u
in

B (a) =

√
ωk

4aHe

e
i
ω

2 (1+iM/He)H
(1)
1/2+iM/He

(
k

aHe

)
. (57)

We are interested in the momentum range k

aeHe
→ 1, which can potentially give significant

occupation numbers. Hence, we may use the small argument expansion

H
(1)
ϑ (x) ↑ ↔

i2ϑ!(ϖ)

ω
x
→ϑ

. (58)

At the end of inflation (a ↑ ae), we thus find

uA ↑
1
↗
2
↓ e

i
M

He
ln k

aeHe ,

uB ↑
1
↗
2
↓ e

→i
M

He
ln k

aeHe , (59)

11

where we have neglected terms of order M/He not enhanced by any additional factors.

Particle number. The Bogolyubov coe!cient |ωk| = |u
in

A,k
u
out

B,k
→ u

in

B,k
u
out

A,k
| , can be evaluated

at ε ↑ εe, where our in and out solutions give a good approximation to the true wavefunctions.
Using (53) and (59), we find that at C ↓ 1, the out wavefunction is proportional to (1, 0)T , while
the in wavefunction has the form (1/

↔
2, 1/

↔
2)T up to small corrections. Hence, the Bogolyubov

coe!cient is close to 1/
↔
2. For larger momenta, C > 1, but still below

√
Ma2eHe, both in and

out wavefunctions are close to (1/
↔
2, 1/

↔
2)T , yet the cancellation in the Bogolyubov coe!cient

is incomplete and the leading order result is

|ωk| ↗
1

2

M

He

∣∣∣∣N
2
→ 2 ln

k

aeHe

∣∣∣∣ . (60)

For N ↑ 6, the ln k term can be neglected and |ωk| is approximately constant in this momentum
window. At yet larger k ↭

√
Ma2eHe, the constant term disappears and |ωk| drops further,

approaching zero at very large momenta.
Our results are summarized as:

k ↓ k→ : |ωk| ↗
1
↔
2
,

k→ ↫ k ↓ k̃→ : |ωk| ↗
1

2
N

2 M

He

,

k̃→ ↫ k : |ωk| ↗ 0 , (61)

with
k→ =

√
2ma2eHe , k̃→ =

√
2Ma2eHe , (62)

where we have defined k̃→ with a factor of
↔
2 for uniformity of notation. Fig. 2 shows repre-

sentative results of our numerical analysis, which does not resort to the approximations made
above. One clearly sees the step-like features in |ωk|

2 with the appropriate momentum cuto"s,
as expected from our analytical estimates.

The particle number depends on the momentum cuto" cubed. Thus, for a large hierarchy
between m and M , the main contribution to the particle density comes from the momentum
range between k→ and k̃→, even though the corresponding average occupation number is small.
In this case, we may approximate the particle density produced via inflation by

n ↑ 4↘

∫
d
3k

(2ϑ)3a3
ϖ(k̃→ → k) |ωk|

2
, (63)

where |ωk| corresponds to the momentum range k→ < k < k̃→ and the factor of 4 comes from the
spin d.o.f. of a Dirac field. Thus,

n ↑
2

3ϑ2
k̃
3
→
1

a3
|ωk|

2 =

↔
2

3ϑ2
N

4 M
7/2

H
1/2
e

a
3
e

a3
. (64)

This result is dominated by the high momentum modes up to k̃→, which have a low average
occupation number of order N

4
M

2
/H

2
e . Note that this quantity can be expressed as M

2
/H

2
0 ,

where H0 is the Hubble rate at the time of the condensate decay.
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Step-function mass

Out-wavefunction: η > η0

3.2.1 Step-function mass term

To account for a fast drop in the fermion mass, let us take the mass function of the form
M ω(ε0 → ε) +m ω(ε → ε0) with M ↑ m. That is,

→↓ < ε < ε0 : M(ε) = M (35)
ε0 < ε < ↓ : M(ε) = m , (36)

where ε0 corresponds to the scale factor a0 in (34). For this mass function, the inflationary in

solution retains the standard form, while the out solution must be recalculated. In what follows,
we focus on the out wavefunction and drop the superscript out for convenience, while restoring
it when necessary.

out wavefunction, ε > ε0. At ε > ε0, the EOM for uA is

u
→→
A +

(
k
2 + ima

2
eHe + ε

2
m

2
a
4
eH

2
e

)
uA = 0 , (37)

while the EOM for uB is obtained by replacing m ↔ →m. The boundary condition is
(
uA

uB

)
ω↑↓
→↔

(
1
k

2am

)
e
↔i

∫
ε(ω)dω

, (38)

with ϑ ↔ a(ε)m. The solution is a parabolic cylinder function Dϑ(z). Defining

C =
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2ma2eHe
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∣∣∣
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3
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at large ω.
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where we have neglected terms of order M/He not enhanced by any additional factors.

Particle number. The Bogolyubov coe!cient |ωk| = |u
in

A,k
u
out

B,k
→ u

in

B,k
u
out

A,k
| , can be evaluated

at ε ↑ εe, where our in and out solutions give a good approximation to the true wavefunctions.
Using (53) and (59), we find that at C ↓ 1, the out wavefunction is proportional to (1, 0)T , while
the in wavefunction has the form (1/

↔
2, 1/

↔
2)T up to small corrections. Hence, the Bogolyubov

coe!cient is close to 1/
↔
2. For larger momenta, C > 1, but still below

√
Ma2eHe, both in and

out wavefunctions are close to (1/
↔
2, 1/

↔
2)T , yet the cancellation in the Bogolyubov coe!cient

is incomplete and the leading order result is

|ωk| ↗
1

2

M

He

∣∣∣∣N
2
→ 2 ln

k

aeHe

∣∣∣∣ . (60)

For N ↑ 6, the ln k term can be neglected and |ωk| is approximately constant in this momentum
window. At yet larger k ↭

√
Ma2eHe, the constant term disappears and |ωk| drops further,

approaching zero at very large momenta.
Our results are summarized as:

k ↓ k→ : |ωk| ↗
1
↔
2
,

k→ ↫ k ↓ k̃→ : |ωk| ↗
1

2
N

2 M

He

,

k̃→ ↫ k : |ωk| ↗ 0 , (61)

with
k→ =

√
2ma2eHe , k̃→ =

√
2Ma2eHe , (62)

where we have defined k̃→ with a factor of
↔
2 for uniformity of notation. Fig. 2 shows repre-

sentative results of our numerical analysis, which does not resort to the approximations made
above. One clearly sees the step-like features in |ωk|

2 with the appropriate momentum cuto"s,
as expected from our analytical estimates.

The particle number depends on the momentum cuto" cubed. Thus, for a large hierarchy
between m and M , the main contribution to the particle density comes from the momentum
range between k→ and k̃→, even though the corresponding average occupation number is small.
In this case, we may approximate the particle density produced via inflation by

n ↑ 4↘

∫
d
3k

(2ϑ)3a3
ϖ(k̃→ → k) |ωk|

2
, (63)

where |ωk| corresponds to the momentum range k→ < k < k̃→ and the factor of 4 comes from the
spin d.o.f. of a Dirac field. Thus,

n ↑
2

3ϑ2
k̃
3
→
1

a3
|ωk|

2 =

↔
2

3ϑ2
N

4 M
7/2

H
1/2
e

a
3
e

a3
. (64)

This result is dominated by the high momentum modes up to k̃→, which have a low average
occupation number of order N

4
M

2
/H

2
e . Note that this quantity can be expressed as M

2
/H

2
0 ,

where H0 is the Hubble rate at the time of the condensate decay.
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the evolution is di!erent for uA and uB, while for large momenta it is universal. The non-
universality is important for the Bogolyubov coe"cient, which measures the degree of misalign-
ment between the in and out vectors, hence it is only significant below the critical momentum
value. In the regime k

2
→ Ma

2
eHe, we obtain (up to a phase)

uA(0) ↑ e
→ωC/42→iC/2

√
cosh

ωC

2
↓

(
1 + i

N
2

2

M

He

+O

(
k

aeHe

))
,

uB(0) ↑ e
→ωC/42→iC/2

√
sinh

ωC

2
↓

(
1↔ i

N
2

2

M

He

+O

(
k

aeHe

))
, (53)

where the universal O

(
k

aeHe

)
terms cancel in the Bogolyubov coe"cient. The C-dependent

prefactors correspond to uA,B based on mass m and the net result of the mass change at ε0

amounts to the rotation of uA and uB by opposite phases of order N
2 M

He
.

At large k, the EOM and the derivative jump are dominated by the universal k2 term, such
that the non-universal phase is suppressed by M/k. The resulting Bogolyubov coe"cient would
also be suppressed.

in wavefunction. During inflation, the mass term variation is determined by the relaxation
time of the Higgs field, (

↗
ϑhH)→1, which gives a contribution to the EOM suppressed by

↗
ϑh → 1. Hence, the mass term changes adiabatically and the EOM can be approximated

by

ε
2
u
↑↑
A +

(
k
2
ε
2 +

[
iM

He

+
M

2

H2
e

])
uA = 0 , (54)

where M is taken to be constant at the later stages of inflation and determined by the terminal
value of the Higgs field ↘h≃. This is an adequate approximation for computing the Bogolyubov
coe"cient at ε ⇐ εe. The EOM for uB is obtained by replacing M ⇒ ↔M .

At ε ⇒ ↔⇑, the mass term plays no role and we have the usual Bunch-Davies boundary
condition (

uA

uB

)in
ε↓→↔
↔⇒

(
1/
↗
2

1/
↗
2

)
e
→ikε

. (55)

The solution is given by the Hankel functions,

u
in

A (a) =

√
ωk

4aHe

e
i
ω

2 (1→iM/He)H
(1)
1/2→iM/He

(
k

aHe

)
, (56)

u
in

B (a) =

√
ωk

4aHe

e
i
ω

2 (1+iM/He)H
(1)
1/2+iM/He

(
k

aHe

)
. (57)

We are interested in the momentum range k

aeHe
→ 1, which can potentially give significant

occupation numbers. Hence, we may use the small argument expansion

H
(1)
ϑ (x) ↑ ↔

i2ϑ!(ϖ)

ω
x
→ϑ

. (58)

At the end of inflation (a ↑ ae), we thus find

uA ↑
1
↗
2
↓ e

i
M

He
ln k

aeHe ,

uB ↑
1
↗
2
↓ e

→i
M

He
ln k

aeHe , (59)

11

m → M

where we have neglected terms of order M/He not enhanced by any additional factors.

Particle number. The Bogolyubov coe!cient |ωk| = |u
in

A,k
u
out

B,k
→ u

in

B,k
u
out

A,k
| , can be evaluated

at ε ↑ εe, where our in and out solutions give a good approximation to the true wavefunctions.
Using (53) and (59), we find that at C ↓ 1, the out wavefunction is proportional to (1, 0)T , while
the in wavefunction has the form (1/

↔
2, 1/

↔
2)T up to small corrections. Hence, the Bogolyubov

coe!cient is close to 1/
↔
2. For larger momenta, C > 1, but still below

√
Ma2eHe, both in and

out wavefunctions are close to (1/
↔
2, 1/

↔
2)T , yet the cancellation in the Bogolyubov coe!cient

is incomplete and the leading order result is

|ωk| ↗
1

2

M

He

∣∣∣∣N
2
→ 2 ln

k

aeHe

∣∣∣∣ . (60)

For N ↑ 6, the ln k term can be neglected and |ωk| is approximately constant in this momentum
window. At yet larger k ↭

√
Ma2eHe, the constant term disappears and |ωk| drops further,

approaching zero at very large momenta.
Our results are summarized as:

k ↓ k→ : |ωk| ↗
1
↔
2
,

k→ ↫ k ↓ k̃→ : |ωk| ↗
1

2
N

2 M

He

,

k̃→ ↫ k : |ωk| ↗ 0 , (61)

with
k→ =

√
2ma2eHe , k̃→ =

√
2Ma2eHe , (62)

where we have defined k̃→ with a factor of
↔
2 for uniformity of notation. Fig. 2 shows repre-

sentative results of our numerical analysis, which does not resort to the approximations made
above. One clearly sees the step-like features in |ωk|

2 with the appropriate momentum cuto"s,
as expected from our analytical estimates.

The particle number depends on the momentum cuto" cubed. Thus, for a large hierarchy
between m and M , the main contribution to the particle density comes from the momentum
range between k→ and k̃→, even though the corresponding average occupation number is small.
In this case, we may approximate the particle density produced via inflation by

n ↑ 4↘

∫
d
3k

(2ϑ)3a3
ϖ(k̃→ → k) |ωk|

2
, (63)

where |ωk| corresponds to the momentum range k→ < k < k̃→ and the factor of 4 comes from the
spin d.o.f. of a Dirac field. Thus,

n ↑
2

3ϑ2
k̃
3
→
1

a3
|ωk|

2 =

↔
2

3ϑ2
N

4 M
7/2

H
1/2
e

a
3
e

a3
. (64)

This result is dominated by the high momentum modes up to k̃→, which have a low average
occupation number of order N

4
M

2
/H

2
e . Note that this quantity can be expressed as M

2
/H

2
0 ,

where H0 is the Hubble rate at the time of the condensate decay.

12

where we have neglected terms of order M/He not enhanced by any additional factors.

Particle number. The Bogolyubov coe!cient |ωk| = |u
in

A,k
u
out

B,k
→ u

in

B,k
u
out

A,k
| , can be evaluated

at ε ↑ εe, where our in and out solutions give a good approximation to the true wavefunctions.
Using (53) and (59), we find that at C ↓ 1, the out wavefunction is proportional to (1, 0)T , while
the in wavefunction has the form (1/

↔
2, 1/

↔
2)T up to small corrections. Hence, the Bogolyubov

coe!cient is close to 1/
↔
2. For larger momenta, C > 1, but still below

√
Ma2eHe, both in and

out wavefunctions are close to (1/
↔
2, 1/

↔
2)T , yet the cancellation in the Bogolyubov coe!cient

is incomplete and the leading order result is

|ωk| ↗
1

2

M

He

∣∣∣∣N
2
→ 2 ln

k

aeHe

∣∣∣∣ . (60)

For N ↑ 6, the ln k term can be neglected and |ωk| is approximately constant in this momentum
window. At yet larger k ↭

√
Ma2eHe, the constant term disappears and |ωk| drops further,

approaching zero at very large momenta.
Our results are summarized as:

k ↓ k→ : |ωk| ↗
1
↔
2
,

k→ ↫ k ↓ k̃→ : |ωk| ↗
1

2
N

2 M

He

,

k̃→ ↫ k : |ωk| ↗ 0 , (61)

with
k→ =

√
2ma2eHe , k̃→ =

√
2Ma2eHe , (62)

where we have defined k̃→ with a factor of
↔
2 for uniformity of notation. Fig. 2 shows repre-

sentative results of our numerical analysis, which does not resort to the approximations made
above. One clearly sees the step-like features in |ωk|

2 with the appropriate momentum cuto"s,
as expected from our analytical estimates.

The particle number depends on the momentum cuto" cubed. Thus, for a large hierarchy
between m and M , the main contribution to the particle density comes from the momentum
range between k→ and k̃→, even though the corresponding average occupation number is small.
In this case, we may approximate the particle density produced via inflation by

n ↑ 4↘

∫
d
3k

(2ϑ)3a3
ϖ(k̃→ → k) |ωk|

2
, (63)

where |ωk| corresponds to the momentum range k→ < k < k̃→ and the factor of 4 comes from the
spin d.o.f. of a Dirac field. Thus,

n ↑
2

3ϑ2
k̃
3
→
1

a3
|ωk|

2 =

↔
2

3ϑ2
N

4 M
7/2

H
1/2
e

a
3
e

a3
. (64)

This result is dominated by the high momentum modes up to k̃→, which have a low average
occupation number of order N

4
M

2
/H

2
e . Note that this quantity can be expressed as M

2
/H

2
0 ,

where H0 is the Hubble rate at the time of the condensate decay.

12



16

Step-function mass

Particle number

where we have neglected terms of order M/He not enhanced by any additional factors.

Particle number. The Bogolyubov coe!cient |ωk| = |u
in

A,k
u
out

B,k
→ u

in

B,k
u
out

A,k
| , can be evaluated

at ε ↑ εe, where our in and out solutions give a good approximation to the true wavefunctions.
Using (53) and (59), we find that at C ↓ 1, the out wavefunction is proportional to (1, 0)T , while
the in wavefunction has the form (1/

↔
2, 1/

↔
2)T up to small corrections. Hence, the Bogolyubov

coe!cient is close to 1/
↔
2. For larger momenta, C > 1, but still below

√
Ma2eHe, both in and

out wavefunctions are close to (1/
↔
2, 1/

↔
2)T , yet the cancellation in the Bogolyubov coe!cient

is incomplete and the leading order result is

|ωk| ↗
1

2

M

He

∣∣∣∣N
2
→ 2 ln

k

aeHe

∣∣∣∣ . (60)

For N ↑ 6, the ln k term can be neglected and |ωk| is approximately constant in this momentum
window. At yet larger k ↭

√
Ma2eHe, the constant term disappears and |ωk| drops further,

approaching zero at very large momenta.
Our results are summarized as:

k ↓ k→ : |ωk| ↗
1
↔
2
,

k→ ↫ k ↓ k̃→ : |ωk| ↗
1

2
N

2 M

He

,

k̃→ ↫ k : |ωk| ↗ 0 , (61)

with
k→ =

√
2ma2eHe , k̃→ =

√
2Ma2eHe , (62)

where we have defined k̃→ with a factor of
↔
2 for uniformity of notation. Fig. 2 shows repre-

sentative results of our numerical analysis, which does not resort to the approximations made
above. One clearly sees the step-like features in |ωk|

2 with the appropriate momentum cuto"s,
as expected from our analytical estimates.

The particle number depends on the momentum cuto" cubed. Thus, for a large hierarchy
between m and M , the main contribution to the particle density comes from the momentum
range between k→ and k̃→, even though the corresponding average occupation number is small.
In this case, we may approximate the particle density produced via inflation by

n ↑ 4↘

∫
d
3k

(2ϑ)3a3
ϖ(k̃→ → k) |ωk|

2
, (63)

where |ωk| corresponds to the momentum range k→ < k < k̃→ and the factor of 4 comes from the
spin d.o.f. of a Dirac field. Thus,

n ↑
2

3ϑ2
k̃
3
→
1

a3
|ωk|

2 =

↔
2

3ϑ2
N

4 M
7/2

H
1/2
e

a
3
e

a3
. (64)

This result is dominated by the high momentum modes up to k̃→, which have a low average
occupation number of order N

4
M

2
/H

2
e . Note that this quantity can be expressed as M

2
/H

2
0 ,

where H0 is the Hubble rate at the time of the condensate decay.

12

where we have neglected terms of order M/He not enhanced by any additional factors.

Particle number. The Bogolyubov coe!cient |ωk| = |u
in

A,k
u
out

B,k
→ u

in

B,k
u
out

A,k
| , can be evaluated

at ε ↑ εe, where our in and out solutions give a good approximation to the true wavefunctions.
Using (53) and (59), we find that at C ↓ 1, the out wavefunction is proportional to (1, 0)T , while
the in wavefunction has the form (1/

↔
2, 1/

↔
2)T up to small corrections. Hence, the Bogolyubov

coe!cient is close to 1/
↔
2. For larger momenta, C > 1, but still below

√
Ma2eHe, both in and

out wavefunctions are close to (1/
↔
2, 1/

↔
2)T , yet the cancellation in the Bogolyubov coe!cient

is incomplete and the leading order result is

|ωk| ↗
1

2

M

He

∣∣∣∣N
2
→ 2 ln

k

aeHe

∣∣∣∣ . (60)

For N ↑ 6, the ln k term can be neglected and |ωk| is approximately constant in this momentum
window. At yet larger k ↭

√
Ma2eHe, the constant term disappears and |ωk| drops further,

approaching zero at very large momenta.
Our results are summarized as:

k ↓ k→ : |ωk| ↗
1
↔
2
,

k→ ↫ k ↓ k̃→ : |ωk| ↗
1

2
N

2 M

He

,

k̃→ ↫ k : |ωk| ↗ 0 , (61)

with
k→ =

√
2ma2eHe , k̃→ =

√
2Ma2eHe , (62)

where we have defined k̃→ with a factor of
↔
2 for uniformity of notation. Fig. 2 shows repre-

sentative results of our numerical analysis, which does not resort to the approximations made
above. One clearly sees the step-like features in |ωk|

2 with the appropriate momentum cuto"s,
as expected from our analytical estimates.

The particle number depends on the momentum cuto" cubed. Thus, for a large hierarchy
between m and M , the main contribution to the particle density comes from the momentum
range between k→ and k̃→, even though the corresponding average occupation number is small.
In this case, we may approximate the particle density produced via inflation by

n ↑ 4↘

∫
d
3k

(2ϑ)3a3
ϖ(k̃→ → k) |ωk|

2
, (63)

where |ωk| corresponds to the momentum range k→ < k < k̃→ and the factor of 4 comes from the
spin d.o.f. of a Dirac field. Thus,

n ↑
2

3ϑ2
k̃
3
→
1

a3
|ωk|

2 =

↔
2

3ϑ2
N

4 M
7/2

H
1/2
e

a
3
e

a3
. (64)

This result is dominated by the high momentum modes up to k̃→, which have a low average
occupation number of order N

4
M

2
/H

2
e . Note that this quantity can be expressed as M

2
/H

2
0 ,

where H0 is the Hubble rate at the time of the condensate decay.

12

��-� ����� ����� �����
�����

�����

�����

�����

�����

�����

�

where we have neglected terms of order M/He not enhanced by any additional factors.

Particle number. The Bogolyubov coe!cient |ωk| = |u
in

A,k
u
out

B,k
→ u

in

B,k
u
out

A,k
| , can be evaluated

at ε ↑ εe, where our in and out solutions give a good approximation to the true wavefunctions.
Using (53) and (59), we find that at C ↓ 1, the out wavefunction is proportional to (1, 0)T , while
the in wavefunction has the form (1/

↔
2, 1/

↔
2)T up to small corrections. Hence, the Bogolyubov

coe!cient is close to 1/
↔
2. For larger momenta, C > 1, but still below

√
Ma2eHe, both in and

out wavefunctions are close to (1/
↔
2, 1/

↔
2)T , yet the cancellation in the Bogolyubov coe!cient

is incomplete and the leading order result is

|ωk| ↗
1

2

M

He

∣∣∣∣N
2
→ 2 ln

k

aeHe

∣∣∣∣ . (60)

For N ↑ 6, the ln k term can be neglected and |ωk| is approximately constant in this momentum
window. At yet larger k ↭

√
Ma2eHe, the constant term disappears and |ωk| drops further,

approaching zero at very large momenta.
Our results are summarized as:

k ↓ k→ : |ωk| ↗
1
↔
2
,

k→ ↫ k ↓ k̃→ : |ωk| ↗
1

2
N

2 M

He

,

k̃→ ↫ k : |ωk| ↗ 0 , (61)

with
k→ =

√
2ma2eHe , k̃→ =

√
2Ma2eHe , (62)

where we have defined k̃→ with a factor of
↔
2 for uniformity of notation. Fig. 2 shows repre-

sentative results of our numerical analysis, which does not resort to the approximations made
above. One clearly sees the step-like features in |ωk|

2 with the appropriate momentum cuto"s,
as expected from our analytical estimates.

The particle number depends on the momentum cuto" cubed. Thus, for a large hierarchy
between m and M , the main contribution to the particle density comes from the momentum
range between k→ and k̃→, even though the corresponding average occupation number is small.
In this case, we may approximate the particle density produced via inflation by

n ↑ 4↘

∫
d
3k

(2ϑ)3a3
ϖ(k̃→ → k) |ωk|

2
, (63)

where |ωk| corresponds to the momentum range k→ < k < k̃→ and the factor of 4 comes from the
spin d.o.f. of a Dirac field. Thus,

n ↑
2

3ϑ2
k̃
3
→
1

a3
|ωk|

2 =

↔
2

3ϑ2
N

4 M
7/2

H
1/2
e

a
3
e

a3
. (64)

This result is dominated by the high momentum modes up to k̃→, which have a low average
occupation number of order N

4
M

2
/H

2
e . Note that this quantity can be expressed as M

2
/H

2
0 ,

where H0 is the Hubble rate at the time of the condensate decay.

12

where we have neglected terms of order M/He not enhanced by any additional factors.

Particle number. The Bogolyubov coe!cient |ωk| = |u
in

A,k
u
out

B,k
→ u

in

B,k
u
out

A,k
| , can be evaluated

at ε ↑ εe, where our in and out solutions give a good approximation to the true wavefunctions.
Using (53) and (59), we find that at C ↓ 1, the out wavefunction is proportional to (1, 0)T , while
the in wavefunction has the form (1/

↔
2, 1/

↔
2)T up to small corrections. Hence, the Bogolyubov

coe!cient is close to 1/
↔
2. For larger momenta, C > 1, but still below

√
Ma2eHe, both in and

out wavefunctions are close to (1/
↔
2, 1/

↔
2)T , yet the cancellation in the Bogolyubov coe!cient

is incomplete and the leading order result is

|ωk| ↗
1

2

M

He

∣∣∣∣N
2
→ 2 ln

k

aeHe

∣∣∣∣ . (60)

For N ↑ 6, the ln k term can be neglected and |ωk| is approximately constant in this momentum
window. At yet larger k ↭

√
Ma2eHe, the constant term disappears and |ωk| drops further,

approaching zero at very large momenta.
Our results are summarized as:

k ↓ k→ : |ωk| ↗
1
↔
2
,

k→ ↫ k ↓ k̃→ : |ωk| ↗
1

2
N

2 M

He

,

k̃→ ↫ k : |ωk| ↗ 0 , (61)

with
k→ =

√
2ma2eHe , k̃→ =

√
2Ma2eHe , (62)

where we have defined k̃→ with a factor of
↔
2 for uniformity of notation. Fig. 2 shows repre-

sentative results of our numerical analysis, which does not resort to the approximations made
above. One clearly sees the step-like features in |ωk|

2 with the appropriate momentum cuto"s,
as expected from our analytical estimates.

The particle number depends on the momentum cuto" cubed. Thus, for a large hierarchy
between m and M , the main contribution to the particle density comes from the momentum
range between k→ and k̃→, even though the corresponding average occupation number is small.
In this case, we may approximate the particle density produced via inflation by

n ↑ 4↘

∫
d
3k

(2ϑ)3a3
ϖ(k̃→ → k) |ωk|

2
, (63)

where |ωk| corresponds to the momentum range k→ < k < k̃→ and the factor of 4 comes from the
spin d.o.f. of a Dirac field. Thus,

n ↑
2

3ϑ2
k̃
3
→
1

a3
|ωk|

2 =

↔
2

3ϑ2
N

4 M
7/2

H
1/2
e

a
3
e

a3
. (64)

This result is dominated by the high momentum modes up to k̃→, which have a low average
occupation number of order N

4
M

2
/H

2
e . Note that this quantity can be expressed as M

2
/H

2
0 ,

where H0 is the Hubble rate at the time of the condensate decay.

12

Cut-offs 

At  
Only particles with physical 3-momenta 

 are created 
Non-relativistic

H(aM) = M → k̃* = aMM

k̃/a < M

m = 10−5He, M = 10−2He, N = 6

⟨h⟩ = 0

⟨h⟩ ∼ He
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Particle abudnance

Figure 2: Bogolyubov coe!cient squared for a constant fermion mass (blue) and piece-wise
constant mass (grey). Radiation domination after inflation is assumed and m = 10→5

He , M =
10→2

He , N = 6 .

The particle abundance is computed according to

Y =
n

sSM
, sSM =

2ω2
g↑

45
T
3
, (65)

where sSM is the entropy density of the SM thermal bath with temperature T and g↑ is the
e"ective number of degrees of freedom in the SM bath. This is a meaningful quantity if the
particle number is conserved after the production process has completed. In our case, particle
production is independent of m and occurs at the early postinflationary stage, not far from
the condensate decay time, hence Y is conserved after that. The result is independent of the
reheating temperature as long as the Universe is radiation-like, which could be due to the inflaton
oscillations in the ε

4 potential. We find

Y → 10→3
↑N

4 M
7/2

M
3/2
Pl H2

e

. (66)

This gives the abundance of gravitationally produced particles in the regime m ↓ M ↓ He in
the case of a short-lived condensate, N2

M/He ↓ 1, which decays abruptly. Here N ↔ 1 controls
the lifetime of the scalar condensate and for the Higgs field one expects N → O(few).

In the case of the Higgs-induced masses, one may rewrite this result in a more palatable form.
For instantaneous condensate decay at a = a0, we have He/N

2 = H0 →
↗
3ϑh↘h≃ ⇐

↗
3ϑhHe.

Since M → YfHe, the fermion abundance can be estimated by

Y
SM

→ 10→3
↑

Y
7/2
f

ϑh

(
He

MPl

)3/2

, (67)

up to the color multiplicity factor. For large He, this result is enhanced by many orders of
magnitude compared to the naive estimate based on the electroweak fermion masses, Y

SM
→

10→26
Y

3/2
f

. In particular, with He → 1013 GeV, our result is larger by a factor of 1019 Y 2
f

.
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Ystep
νR

=

J
H
E
P
0
4
(
2
0
2
4
)
0
2
7

Inserting the step function ω(k→ → k) in the integral (2.40), we get [38]

n(a) ∼ 4 × 1
2π2 × 1

2
M3

3

(
aM
a

)3
, (2.48)

where 4 comes from the d.o.f. of the Dirac field and 1/2 from |βk|2 of the excited momentum
modes. This formula implies that particle production stops when H = M and after that the
total particle number is conserved. The density is proportional to the conformal symmetry
breaking parameter M and consistent with thermal interpretation of the de Sitter space:
indeed n ∼ M3 is expected at T ∼ HM = M .

The above result conforms to our expectations: massless particles (or highly relativistic
ones) are not produced at all since the system becomes scale-invariant in this case. Note also
that production of superheavy particles, M > Hinfl, would be suppressed, although this is
not immediately clear in our approximation M $ He in the Hankel functions.

The abundance Y of created particles can be estimated at a = aM , after which it remains
constant. It is defined by

Y = n

sSM
, sSM = 2π2

45 g→T
3 , (2.49)

where sSM is the entropy density of the SM thermal bath at temperature T and g→ is the
e!ective number of degrees of freedom contributing to the entropy.

Radiation domination after inflation can correspond either to inflaton oscillations in
a φ4 potential followed by reheating or instant reheating in an arbitrary potential, both
of which lead to the same scaling a(η) and the same relic abundance of Ψ. The reheating
temperature TR is found via

3H2
RM

2
Pl =

g→(TR)π2

30 T 4
R , (2.50)

and He/HR = (aR/ae)2. Since aR/aM = (M/HR)1/2 and sSM(aM ) = (aR/aM )3 sSM(aR),
we have

Y % 4.5 × 10−3
(

M

MPl

)3/2
, (2.51)

with no dependence on the Hubble rate (!) nor reheating temperature as long as M $ He.
The observational constraint on dark matter

Y ≤ 4.4 × 10−10 GeV
M

(2.52)

then requires

M ! 2 × 108GeV , (2.53)

if the fermion Ψ is stable or very long-lived. This is independent of the Hubble rate during
inflation as long as it is larger than the fermion mass, which we find quite remarkable. The
above result implies that the abundance of lighter fermions (M $ 108GeV) is negligible
and there are no useful constraints.
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Relic abundance. The result (2.48) applies also in the matter dominated case, although
the expression for aM changes. It implies that particle production stops at H → M , as
before. Our matter domination assumption means that reheating occurs after particle
production terminates,

HM = M > HR . (2.59)

The relic abundance is computed at reheating, after which it remains constant. n(aR) is
obtained from (2.48) using the scaling

(
aM
aR

)3
= const × T 4

R
M2M2

Pl
, where the const depends

on the number of d.o.f. One then finds for a Dirac fermion,

Y = 8 × 10→3 M TR

M2
Pl

, (2.60)

where g∗ → 107 has been assumed. This is smaller than the radiation dominated result (2.51)
due to the constraint M > HR, which implies (M/MPl)1/2 > 1.8TR/MPl. For a Majorana
fermion, the above Y is to be divided by two.

Requiring the abundance of the fermion to be below that of dark matter, we get
the constraint

M ! 5 × 1014
√

GeV
TR

GeV , (2.61)

which is weaker than the corresponding radiation domination bound. Combining it with
the constraint M > HR, one finds that TR must be below 1013GeV for the above analysis
to apply. The limiting value of TR yields (2.53).

We find therefore that, in the matter dominated case, the bounds on the abundance and
the fermion mass are weaker than those in the radiation domination scenario.

Our conclusion is that sterile neutrino production during inflation is insignificant unless it
is very heavy, M → 108GeV. We next consider fermion production is the postinflationary era.

3 Fermion production in the inflaton oscillation epoch

After inflation completes, the inflaton field starts oscillating around its local minimum. This
creates a classical time-dependent background which naturally leads to particle production.
Such particle production takes place even in the absence of direct renormalizable couplings
between the inflaton and other fields. Indeed, gravity, both classical and quantum, induces
gauge invariant Planck-suppressed operators among various fields. Since the inflaton field
value as well as the energy scale of the system after inflation is below the Planck scale, one
may use the e!ective field theory (EFT) approach and expand the Lagrangian in terms of
operators of increasing dimension. The leading Planck-suppressed operator containing the
inflaton ω and the fermion Ψ has dimension 5,

C
MPl

ω2 Ψ̄Ψ , (3.1)

where C is a dimensionless Wilson coefficient. To be conservative, here we assume approximate
ω → −ω symmetry such that operators with odd powers of ω, e.g. ωΨ̄Ψ, can be omitted.
We also assume conserved parity which forbids the coupling ω2Ψ̄γ5Ψ, although this would
not bring additional non-trivial e!ects.
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value as well as the energy scale of the system after inflation is below the Planck scale, one
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The value of C is a free parameter in the EFT description and can only be computed
given a complete quantum gravity theory. In particular, it can be calculated in string
theory via an n-point function, where higher dimensional operators play an important role
in phenomenology [39]. Generally, such couplings have a very di!erent structure compared
to those generated by graviton exchange [40, 41], e.g. they are not related to the energy-
momentum tensor nor to lower order couplings such as ωΨ̄Ψ.

It is important to note that the above operator is not conformally invariant. Quantum
gravity e!ects generally break conformal invariance as manifested by the existence of the
Planck scale itself. Classical gravity also breaks this symmetry, while the breaking is
proportional to the fermion mass M . In particular, the above operator is induced classically
by the oscillating scale factor after inflation [42, 43] with C → M . However, at the quantum
gravity level, there is no relation between M and C.

The operator at hand cannot be suppressed by requiring inflaton shift invariance, which
is often invoked during inflation. At small field values around the minimum of the inflaton
potential, this symmetry is completely broken. We find no general arguments which would
lead to natural suppression of C. In what follows, we will treat C as a free parameter bounded
roughly by one, in order for the EFT description to apply.

At dimension 6, there is an additional operator

C6
M2

Pl
ω2 Ψ̄i "∇Ψ, (3.2)

which reduces to the above operator on-shell, i "∇Ψ = MΨ, such that C = C6
M
MPl

. Therefore,
we will not consider it separately. Finally, an operator of the form ω∂µω Ψ̄γµΨ does not bring
anything new since it is a total derivative as long as the vector current is conserved.

3.1 Fermion production rate

During preheating, we can expand the oscillating inflaton field as

ω2(t) =
→∑

n=−→
ζne

−inωt , (3.3)

where ω is the oscillation frequency and the coefficients ζn are slow functions of time. An
oscillating background generally entails particle production.

The amplitude M for the Dirac fermion-antifermion pair production from the “vacuum”
due to the dim-5 operator is

−i
∫ →

−→
dt〈f |V (t)|i〉 = −i

C
MPl

(2π)4δ(p+ q)
→∑

n=1
ζn δ(Ep + Eq − nω) ūv , (3.4)

where V (t) is the interaction term; p, q are the 4-momenta of the created particles and u, v

are the relevant Dirac spinors with given momenta. For a fixed n and neglecting the final
state particle masses, we get

∑

spin
|Mn|2 =

C2

M2
Pl

2(nω)2 |ζn|2 . (3.5)
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The reaction rate per unit volume is obtained by integrating over the phase space Π and
summing the contributions for di!erent n,

Γ =
→∑

n=1
Γn =

→∑

n=1

∫ 


∑

spin
|Mn|2



 dΠ = C2

4ωM2
Pl

ω2
→∑

n=1
n2 |ζn|2 . (3.6)

In the Majorana fermion case, there are two identical particles in the final state. Hence,
the correct amplitude can be obtained with 2 di!erent contractions, MMaj = 2M. On
the other hand, the phase space integral receives the factor of 1/2 due to the identical
particles. Thus,

ΓMaj = 2Γ = C2

2ωM2
Pl

ω2
→∑

n=1
n2 |ζn|2 . (3.7)

3.2 Relic abundance
Unless C is large, particle production proceeds in a rather mild manner such that backreaction
of the produced fermions can be neglected. Then, the particle density for Dirac fermions
is found via the Boltzmann equation,

ṅ+ 3Hn = 2Γ , (3.8)

where the dot denotes di!erentiation with respect to coordinate time t (ds2 = dt2 → a(t)2dx2)
and the factor of 2 comes from two particles produced in each reaction. The l.h.s. can be
written as a−3 d

dt(na3). To compute the integral, it is convenient to switch to variable a,
dt = da/(aH), such that

na3 =
∫

da a2
2Γ
H

. (3.9)

At this stage, we need to choose the local inflaton potential. Let us start with the
quadratic potential and generalize the result to the quartic potential later. We take

V = 1
2m

2
ωφ2 , φ(t) = φ0

a3/2
cosmωt , (3.10)

where φ0 is the initial inflaton amplitude at a = 1. In this case, ω = 2mω , ζ1 = 1
4

ω2
0

a3 .

Thus, for Dirac fermions,

Γ =
C2m2

ω

16ωM2
Pl

φ4
0

a6
, (3.11)

while Hubble rate is

H = mωφ0√
6MPl a3/2

. (3.12)

The integral is dominated by the initial moments after inflation and soon thereafter the
number density becomes

n(t) = C2mω

2
√
6ωMPl

φ3
0

a3
, (3.13)

meaning that the total particle number is conserved.
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dt(na3). To compute the integral, it is convenient to switch to variable a,
dt = da/(aH), such that

na3 =
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da a2
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. (3.9)

At this stage, we need to choose the local inflaton potential. Let us start with the
quadratic potential and generalize the result to the quartic potential later. We take

V = 1
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2
ωφ2 , φ(t) = φ0

a3/2
cosmωt , (3.10)

where φ0 is the initial inflaton amplitude at a = 1. In this case, ω = 2mω , ζ1 = 1
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Thus, for Dirac fermions,

Γ =
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The integral is dominated by the initial moments after inflation and soon thereafter the
number density becomes
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meaning that the total particle number is conserved.
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The relic abundance generally depends on how quickly reheating occurs. The matter-
dominated (or non-relativistic) expansion period is characterized by

∆NR =
(
He

HR

)1/2
= a3/4R , (3.14)

where He and HR are the Hubble rates at the end of inflation and reheating, respectively.
Here we have defined ae = 1 at the end of inflation. ∆NR → 1 represents the “dilution” factor:
since the produced fermions are relativistic, the matter-dominated expansion period dilutes
their energy density. It can also be written as the ratio of the reheating temperature in case
of instant reheating over the actual reheating temperature, ∆NR " T inst

R /TR.
Solving for TR, we find the relic abundance

Y = 10→1 C2 H3/2
e M1/2

Pl
∆NR m2

ω

(3.15)

for g∗ = 107, which makes the diluting e!ect of the matter-dominating era explicit.

3.3 Constraints and implications
It is more convenient to trade mω for ω0, which allows us to derive a universal result which
is also valid for the quartic inflaton potential. Requiring Y not to exceed that of dark
matter, we get

C ! 10→4 ∆1/2
NR

M3/4
Pl H1/4

e

ω0

√
GeV
M

, (3.16)

as long the fermion e!ective mass is below the inflaton mass. This result applies to the quartic
inflaton potential V = 1

4λωω4 as well. In this case, ω " 0.85
√

λωω0/a and ζ1 " 0.25ω2
0/a

2,
leading to Y " 1.2 × 10→2 C2 ω2

0
M

3/2
Pl H

1/2
e

. Then, the above constraint applies irrespective
of the reheating temperature and

∆NR " 1 (3.17)

in the quartic case. The Dirac and Majorana fermion bounds on C are very similar and
only di!er by a square root of 2.

To understand the strength of the above bound, let us take the typical large-field inflation
values ω0 ∼ MPl and He ∼ 10→5MPl. Then,

C ≤ 10→5 ∆1/2
NR

√
GeV
M

. (3.18)

Therefore, unless the dilution factor is very large, the Wilson coefficient has to be very small,
C & 1, for GeV or above GeV scale fermion masses. Otherwise, the Universe would be too
dark. The constraint on C is weaker than the corresponding bound on the Wilson coefficient
of the dim-6 operator ω4s2/M2

Pl for a scalar dark relic s [24], as expected.
This result implies that the constraints on the Wilson coefficients of higher dimensional

operators,
1

M3
Pl

ω4Ψ̄Ψ ,
1

M5
Pl

ω6Ψ̄Ψ , . . . (3.19)
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dark. The constraint on C is weaker than the corresponding bound on the Wilson coefficient
of the dim-6 operator ω4s2/M2

Pl for a scalar dark relic s [24], as expected.
This result implies that the constraints on the Wilson coefficients of higher dimensional

operators,
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M3
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ω4Ψ̄Ψ ,
1

M5
Pl

ω6Ψ̄Ψ , . . . (3.19)
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The relic abundance generally depends on how quickly reheating occurs. The matter-
dominated (or non-relativistic) expansion period is characterized by

∆NR =
(
He

HR

)1/2
= a3/4R , (3.14)

where He and HR are the Hubble rates at the end of inflation and reheating, respectively.
Here we have defined ae = 1 at the end of inflation. ∆NR → 1 represents the “dilution” factor:
since the produced fermions are relativistic, the matter-dominated expansion period dilutes
their energy density. It can also be written as the ratio of the reheating temperature in case
of instant reheating over the actual reheating temperature, ∆NR " T inst

R /TR.
Solving for TR, we find the relic abundance

Y = 10→1 C2 H3/2
e M1/2

Pl
∆NR m2

ω

(3.15)

for g∗ = 107, which makes the diluting e!ect of the matter-dominating era explicit.

3.3 Constraints and implications
It is more convenient to trade mω for ω0, which allows us to derive a universal result which
is also valid for the quartic inflaton potential. Requiring Y not to exceed that of dark
matter, we get

C ! 10→4 ∆1/2
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Pl H1/4
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ω0

√
GeV
M

, (3.16)

as long the fermion e!ective mass is below the inflaton mass. This result applies to the quartic
inflaton potential V = 1

4λωω4 as well. In this case, ω " 0.85
√

λωω0/a and ζ1 " 0.25ω2
0/a

2,
leading to Y " 1.2 × 10→2 C2 ω2

0
M

3/2
Pl H

1/2
e

. Then, the above constraint applies irrespective
of the reheating temperature and

∆NR " 1 (3.17)

in the quartic case. The Dirac and Majorana fermion bounds on C are very similar and
only di!er by a square root of 2.
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dark. The constraint on C is weaker than the corresponding bound on the Wilson coefficient
of the dim-6 operator ω4s2/M2
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No dependence on reheating temperature!!! (or )≡ ΔNR = 1
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Results

• For both cases  

• SN are cold DM in contrast to the Dodelson-Widrow mechanism (  related to ) 

• The gravitational production mechanism is operative irrespective of  the active-sterile mixing 
angle 

EνR
TSM

Θ

The QG dim-5 operator with a small Wilson coefficient can generate all of  the dark 
matter even in the  regimekeV
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are also non-trivial for GeV masses or above. They are weaker roughly by the factor (MPl/ω0)p,
where 2p+ 2 is the power of the inflaton field in the corresponding operator. As long as ω0
is not far below the Planck scale, the constrains are significant. Therefore, full control over
these operators is necessary in order to make reliable predictions.

The fermion-inflaton coupling creates an e!ective fermion mass during inflation, which
may suppress inflationary particle production. For example, if one blindly extrapolates the
coupling Cω2Ψ̄Ψ/MPl to large inflaton field values (where the expansion in ω/MPl breaks
down), the e!ective mass would be of order Cω2/MPl. This could be larger than the inflationary
Hubble rate H, in which case particle production via inflation would be suppressed. This
issue is model-dependent and since inflationary particle production is not the leading e!ect
in any case, it is insignificant for our purposes.

An important conclusion we make from the above bound is that the quantum-gravity
generated operator ω2Ψ̄Ψ/MPl with a small Wilson coefficient can generate all of the dark
matter. In particular, keV scale sterile neutrinos can play the role of dark matter for

C(M → keV) " 10→2 − 10→1 , (3.20)

when ∆NR → 1. This follows from (3.16) with He → 10→5MPl and ω0 ≤ 0.1MPl. Such
an initial inflaton value is required to avoid kinematic suppression of the inflaton decay.
Indeed, the e!ective neutrino mass during the inflaton oscillation epoch is Cω2, which should
be below the inflaton mass for efficient particle production. Assuming a locally quadratic
inflaton potential, the inflaton mass is constrained by the Hubble rate at the end of inflation,
mω =

√
6HeMPl/ω0. Combining this with the kinematic constraint, one obtains ω0 ≤ 0.1MPl

and the C-range (3.20) when the sterile neutrino mass is varied between 1 and 5 keV.
Such neutrinos, and even much lighter ones, would constitute cold dark matter. This can

be seen as follows [44]: their initial energy EΨ is of order meff
ω , which is mω for the quadratic

and
√

λωω0 for the quartic inflaton potential. On the other hand, the SM bath temperature
T is determined by the scale of the inflaton potential V 1/4(ω). Since

EΨ → meff
ω & V 1/4 → T (3.21)

as long as mω & ω0 and λω & 1, the typical neutrino energy in the relativistic regime is
far below the SM bath temperature. In the quadratic case, there is a further suppression
factor due to the redshifting of the relativistic neutrino energy relative to V 1/4. As a result,
sterile neutrinos become non-relativistic at T ≃ M and thus are “cold” at the stage of
structure formation. In contrast, νR produced via the Dodelson-Widrow mechanism have
the energy related to the temperature of the thermal bath and hence are “warm”, which
makes this scenario disfavored.

Decaying sterile neutrinos can produce a range of signatures, in particular, monochromatic
photons. The latter could fall in the X-ray range as in the Dodelson-Widrow model, although
this possibility is not theoretically favored over the others. Heavier decaying neutrinos
would lead to di!use gamma ray emission, which provides us with another avenue to probe
sterile neutrino dark matter.
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SN become non-relativistic at  and are cold at the stage of  structure formationTSM ≫ M

EνR
∼ mϕ ≪ V1/4 ∼ TSM

νR → νae−e+
νR → νaγ X-ray and gamma ray emission as well as 

CMB distortion
Signatures of  decaying dark matter as 

monochromatic photons
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• Connection with GUTs: Sorry for that but not explicitly 

• DM in the form of  SN is produced only gravitationally via Inflaton during and after Inflation 

• During Inflation the relic density of  the produced (cold) Dirac SN, even though enhanced due to 
the Higgs condensate, is extremely suppressed for  

• At the post-inflationary regime quantum gravity operators break conformal invariance and 
couple the SN with the Inflaton. At leading order a dim-5 operator with a relatively small Wilson 
coefficient can generate all of  the dark matter of  the Universe even in the  regime with 
observable signatures 

• Future plans: Connection with baryogenesis via leptogenesis, further investigation of  majorana SN 
production under the presence of  a spectator scalar field and extension to vector field case among 
others

M ≪ 6 × 109 GeV

keV

Conclusions

THANK YOU!!!


