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Background1
PART



Hadron properties are difficult to derive directly from QCD

Particle Data Group, Phys. Rev. D 110, 030001 (2024)

High energy: asymptotic freedom

Low energy: non-perturbative become important

Hadron properties difficult to derive from QCD 

Methods: Lattice QCD, Quark Model, Effective field theory et al.
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Traditional hadronic states

meson baryon 

Exotic hadronic states  

compact picture molecule picture

hybrid state glueball

Hadronic structure
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Short lifetime of ���

SELEX, Phys. Rev. Lett. 89,112001 (2002) 

SELEX, Phys. Lett. B 628 (2005)

FOCUS, 
Nucl. Phys. B Proc. Suppl. 115, 33 (2003)
BaBar, Phys. Rev. D 74, 011103 (2006)
Belle, Phys. Rev. Lett. 97, 162001 (2006)

not confirm
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Longer lifetime of ���

LHCb, Phys. Rev. Lett. 119, 112001 (2017)
LHCb, Phys. Rev. Lett. 121, 052002 (2018)
LHCb, JHEP 02 (2020) 049
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Isospin partner of ���
+   

 LHCb, S. Y. Han,  Moriond EM (2026)

��
+�−�+

 参考袁熙昊老师报告   
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  A unitarised three body Breit-Wigner  function 
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LHCb, Nature Commun. 13, 3351 (2022) 

 Breit-Wigner parameterization    
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LHCb, Nature Phys18, 751-754  (2022)



                                                           
10

  Theoretical explanations

 Review
• H. X. Chen, W. Chen, X. Liu, and S. L. Zhu, Phys. Rept. 639, 1 (2016)
• H. X. Chen, W. Chen, X. Liu, Y.R. Liu, and S.L. Zhu, Rept.Prog. Phys. 80, 076201 (2017)
• F. K. Guo, C. Hanhart, U.-G. Meißner, Q. Wang, Q. Zhao, and B.-S. Zou,  Rev. Mod. Phys. 90, 015004 

(2018)
• Y. R. Liu, H. X. Chen, W. Chen, X. Liu, and S. L. Zhu,  Prog. Part. Nucl. Phys. 107, 237 (2019)
• N. Brambilla, S. Eidelman, C. Hanhart, A. Nefediev, C.-P. Shen,C. E. Thomas, A. Vairo, and C.-Z. Yuan, 

Phys. Rept. 873, 1 (2020)
• H. X. Chen, W. Chen, X. Liu, Y. R. Liu, and S. L. Zhu,Rept. Prog. Phys. 86, 026201 (2023)
• M. Z. Liu, Y. W. Pan, Z. W. Liu, T. W. Wu, J. X. Lu,  and L. S. Geng, Phys. Rept. 1108,1 (2025) 
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Application of the B-O Approximation in Doubly Heavy Hadrons

 QCD-based approaches:  the calculate potential using lattice QCD and BOEFT

 Potential models: 

K. J. Juge, J. Kuti, and C. J. Morningstar, Phys. Rev. Lett. 82, 4400 (1999)
E. Braaten, C. Langmack, and D. H. Smith,  Phys. Rev. D 90, 014044 (2014)
P. Bicudo, J. Scheunert, and M. Wagner, Phys. Rev. D 95, 034502 (2017)
M. Berwein, N. Brambilla, A. Mohapatra, and A. Vairo, Phys. Rev. D  110, 094040 (2024)
E. Braaten and R. Bruschini, Phys. Lett. B 863, 139386 (2025).

L. Maiani, A. D. Polosa, and V. Riquer, Phys. Rev. D 100, 014002 (2019)
B. Grinstein, L. Maiani, and A. D. Polosa, Phys. Rev. D 109, 074009 (2024)
L. Liu, Y. Xiao, and T. Guo,  Phys. Rev. D 112, 054021 (2025)
D. Germani, B. Grinstein, and A. D. Polosa,  JHEP 04, (2025) 004
B. Kang, X. Xia, and T. Guo, Phys. Rev. D 111,  114016 (2025)
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Motivation for Applying the B-O Approximation to Hadrons 

 

 �� ≫ ��

  How reliable is the BOA in potential models for doubly heavy 
hadrons?

 ��/��~1836   ��/��~5

  Which basis functions are more suitable for describing hadronic 
systems:Slater-Type Functions (STFs) or Gaussian-Type 
Functions (GTFs)?

 STFs: �−��       GTFs:�−��2

 Does the confinement term and the attractive interaction 
between two heavy  quarks modify the applicability of the BOA 
in hadrons?

�(���) =−
2��

3���
+

1
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The BOA Hamiltonian

General Hamiltonian

BOA Hamiltonian for baryon

�� ��

���
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Double heavy systems BOA

BOA Hamiltonian for tetraquark

GTFs:STFs:

The choice of basis functions

��1 ��2

��2
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Gaussian Expansion Method as a Benchmark for the BOA

Jacobian coordinates

E. Hiyama, Y. Kino, and M. Kamimura, Prog. Part. Nucl. Phys. 51, 223  (2003).

S.-Q. Luo and X. Liu, Phys. Rev. D 108, 034002 (2023)
H. Zhou, S.-Q. Luo, and X. Liu, Phys. Rev. D 112, 074007 (2025)
Z.-L. Zhang and S.-Q. Luo, Phys. Rev. D 112, 074020 (2025)
S.-Q. Luo and X. Liu, Phys. Rev. D 112,  014047 (2025)
H.-T. An, S.-Q. Luo, and X. Liu, Phys. Rev. D 112, 054041 (2025)
Y.-X. Peng, S.-Q. Luo, and X. Liu, Phys. Rev. D 110, 074034  (2024) 

GEM provides highly reliable solutions to the full 
multi-body  Schrodinger equation without 
assuming a separation of scales



Results doubly heavy systems 3
PART
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Hydrogen molecular ion and hydrogen molecule

Hydrogen molecular ion

Hydrogen molecule

The reliability of the B-O approximation is governed by the 
mass ratio between the heavy and light constituent.
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���

Small heavy-quark masses： 

   GEM～BOA-STFs～BOA-GTFs

 Large heavy-quark masses:   

   BOA-STFs>GEM>BOA-GTFs

GEM>BOA
The underestimation in the BOA-GTFs  results primarily originates 
from the neglect of non-adiabatic contributions.

T. K. Das, H. T. Coelho, and V. P. Brito, Phys. Rev. C 48, 2201 (1993)
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Doubly heavy baryon 
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���� :푸푸 in color � 

GTFs perform better than STFs, while simplified STFs tend to overestimate the 
binding energy due to their poor description of the long-range confining 
potential.

Small heavy-quark masses： 

   GEM～BOA-STFs～BOA-GTFs

 Large heavy-quark masses:   

   BOA-STFs>GEM>BOA-GTFs
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Doubly heavy tetraquark



Summary  

Thank you for your attention !   

  How reliable is the BOA in potential models for doubly heavy hadrons?

  Which basis functions are more suitable for describing hadronic systems: STFs or GTFs?

 Does the confinement term and the attractive interaction between two heavy  quarks modify the 
applicability of the BOA in hadrons?

    

For doubly heavy systems with charm quarks, BOA can provide reasonable estimates at the 
qualitative level.

GTFs perform better than STFs, mainly because that STFs are not well suited to describe the 
long-range behavior induced by the confining interaction.

The confinement term and the attractive interaction between two heavy  quarks lead to 
similar binding energies when the heavy-quark mass is small.


