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1. Introduction

➢ Uniqueness of the 𝑩𝒄 Meson:

◆ Composition: The only quarkonium in the Standard Model with two different 

heavy flavors (𝑏 and ҧ𝑐).

◆ Decay Properties:

• Cannot annihilate via strong or electromagnetic interactions.

• Decays exclusively through weak interaction (𝑏 → 𝑐 or ҧ𝑐 → ҧ𝑠).

• Provides an ideal laboratory for studying both weak decays and non-perturbative 

QCD.

◆ Experimental Prospects:

• Large production cross-section at LHCb (∼ 1 𝜇b at 𝑠 = 14 TeV).

• 𝒪 109 𝐵𝑐 mesons expected per fb⁻¹, enabling detailed studies of rare decay 

channels.

• Some weak decay channels have been successively observed by LHCb in recent 

years.

◼ F. Abe et al. (CDF), Phys. Rev. D 58, 112004 (1998).

◼ Y. N. Gao, J. He, P. Robbe, M. H. Schune, and Z. W. Yang, Chin. Phys. Lett. 27, 061302 (2010).

◼ S. Navas et al. (Particle Data Group), Phys. Rev. D 110, 030001 (2024). 3



1. Introduction

➢ Charmonium as a probe of QCD:

◆ Charmonium (𝒄ത𝒄): A perfect system for studying QCD in the non-perturbative 

regime.

◆ 𝑷-wave charmonia (𝐿 = 1):

• Spin-triplet χ𝑐𝐽(𝐽 = 0,1,2) (,3 𝑃0 ,
3 𝑃1,

3 𝑃2) and spin-singlet ℎ𝑐(𝐽 = 1) (,1 𝑃1).

• Well-established experimentally; masses and decay constants are known.

◆ 𝑫-wave charmonia (𝑳 = 𝟐):

• Spin-triplet 𝜓𝐽 (𝐽 = 1,2,3) (,3 𝐷1 ,
3𝐷2,

3𝐷3) and spin-singlet 𝜂𝑐2 (𝐽 = 2) (,1 𝐷2).

• Experimental status: (𝜓1(3770)) observed; 𝜓2 observed, 𝜓3 (X(3842)) recently 

observed by LHCb; 𝜂𝑐2 not yet firmly established.

◼ J. J. Aubert et al. (E598), Phys. Rev. Lett. 33, 1404 (1974).

◼ W. M. Tanenbaum et al., Phys. Rev. Lett. 35, 1323 (1975).

◼ J. S. Whitaker et al., Phys. Rev. Lett. 37, 1596 (1976).

◼ R. Brandelik et al. (DASP), Phys. Lett. B 76, 361 (1978).

◼ R. Partridge et al., Phys. Rev. Lett. 45, 1150 (1980).

◼ ... 4



1. Introduction

➢ Motivation and research goals:

◆ Previous work: Form factors for 𝐵𝑐 → 𝑆-wave and 𝑃-wave charmonia have been 

studied using three-point QCD sum rules.

◆ This work:

• Corrected mistakes in previous 𝑃-wave Calculations.

• Extend the systematic analysis to 𝐷-wave charmonia (𝜓1, 𝜓2, 𝜓3, 𝜂𝑐2).

◆ Primary goals:

• Calculate vector, axial-vector, and tensor form factors for 𝐵𝑐 → 𝑃-wave 

and 𝐷-wave transitions.

• Predict semileptonic decay branching ratios (𝐵𝑐 → 𝑋𝑙𝑣𝑙).

• (𝑃-wave paper) Predict nonleptonic decay branching ratios (𝐵𝑐 → 𝑋𝑃/𝑉).

• Provide theoretical guidance for future LHCb measurements.

◼ K. Azizi, H. Sundu, and M. Bayar, Phys. Rev. D 79, 116001 (2009).

◼ K. Azizi, Y. Sarac, and H. Sundu, Eur. Phys. J. C 73, 2638 (2013).

◼ B. Wu, G. L. Yu, J. Lu, and Z. G. Wang, Phys. Lett. B 859, 139118 (2024). 5



2. Theoretical approach

➢ Three-points QCD sum rules:

◆ Framework: A powerful non-perturbative method to study hadronic transition 

matrix elements.

◆ Three-point correlation function:

◆ Key steps:

• Phenomenological side: Insert complete set of hadronic states → form factors.

• QCD side: Compute using OPE (perturbative + gluon condensate) → QCD 

spectral densities.

• Matching: Perform Borel transformation and apply quark-hadron duality to 

extract form factors.

• Extrapolation: Use 𝑧-series expansion to extend results from spacelike (𝑄2

> 0) to timelike (𝑄2 < 0) region.
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2. Theoretical approach

➢ Interpolating and transition currents:

◆ 𝑩𝒄 current:

◆ Transition currents:                              

◆ 𝑷 and 𝑫-wave charmonia currents:

◼ Q. Xin and Zhi-Gang Wang, Int. J. Mod. Phys. A 41 2650052 (2026). 7



2. Theoretical approach

➢ Phenomenological side:

◆ Three-point correlation function in hadron level:

◆ Double Borel transformation:

◆ Decay constants:

8

➢ Decay constants and projection operators:



2. Theoretical approach

➢ Decay constants and projection operators:

◆ Decay constants:

◆ Projection operators:
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2. Theoretical approach

➢ Form factors:

◆ Form factors (𝑷-wave):
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2. Theoretical approach

➢ Form factors:

◆ Form factors (𝑫-wave):
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2. Theoretical approach

➢ QCD side:

◆ Wick’s theorem:

◆ Full propagator and Feynman diagrams:
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2. Theoretical approach

➢ QCD sum rules:

◆ Quark-hadron duality and QCD sum rules for form factors:                             

• The threshold parameters s0 and u0 are determined by the calculations of two-

point QCD sum rules.
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2. Theoretical approach

➢ The Coulomb-like correction (P-wave):

◆ QCD sum rules beyond leading order:

• Coulomb correction (𝛼𝑠/𝑣) increases form factors by a factor of 2-3, 

highlighting the need for rigorous NLO calculations.
14



2. Theoretical approach

➢ The semileptonic and noleptonic decays:

◆ Effective Hamiltonian:

◆ Transition matrix:
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3. Numerical results

➢ Numerical Inputs:

◆ Masses of 𝒃 and 𝒄 quarks:

◆ Energy scale: 𝜇 = 2 GeV, determined from NLO two-point sum rules for 𝐵𝑐.

◼ V. A. Novikov, L. B. Okun, M. A. Shifman et al, Phys. Rept. 41, 1 (1978).

◼ T. M. Aliev, K. Azizi, and M. Savci, Phys. Lett. B 690, 164 (2010).

◼ Z. G. Wang, Chin. Phys. C 48, 103104 (2024).

◼ Q. Xin and Zhi-Gang Wang, Int. J. Mod. Phys. A 41 2650052 (2026). 16



3. Numerical results

➢ Borel platform selection:

◆ Criteria:

• Pole dominance: Pole > 40-50%

• OPE convergence (gluon condensate contribution small)

◆ Example: 𝐵𝑐 → 𝜓1 form factor 𝑔 at 𝑄2 = 1 GeV²

• Borel platform: 𝑇2 = 19 − 21 GeV²

• Pole contribution: ~40%

• Gluon condensate contribution: < 1%
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3. Numerical results

➢ z-series expansion:

◆ Method: 𝑧-series expansion to extrapolate from spacelike (𝑄2 > 0) to timelike (𝑄2

< 0) region.

◆ Fitting Parameters (𝑫-wave results):
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3. Numerical results

➢ Form factors at 𝑸𝟐 = 𝟎:

◆ 𝑷-wave results and compared with other collaborations:

[9] K. Azizi, H. Sundu, and M. Bayar, 

Phys. Rev. D 79, 116001 (2009). 

(QCDSR)

[10] K. Azizi, Y. Sarac, and H. Sundu, 

Eur. Phys. J. C 73, 2638 (2013). 

(QCDSR)

[25] X. X. Wang, W. Wang, and C. D. 

Lu, Phys. Rev. D 79, 114018 (2009). 

(LFQM)

[26] Z. Q. Zhang, Z. J. Sun, Y. C. 

Zhao, Y. Y. Yang, and Z. Y. Zhang, 

Eur. Phys. J. C 83, 477 (2023). 

(LFQM)

[27] X. J. Li, Y. S. Li, F. L. Wang, and 

X. Liu, Eur. Phys. J.  C 83, 1080 

(2023). (LFQM)

[28] A. Hazra, T. M. S., N. Sharma, 

and R. Dhir, Eur. Phys.  J. C 84, 944 

(2024). (RQM)

[31] R. Zhu, Nucl. Phys. B 931, 359 

(2018). (NRQCD)
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3. Numerical results

➢ The semileptonic decay widths and branching ratios:

◆ 𝑷-wave results and compared with other collaborations:

20



3. Numerical results

➢ The semileptonic decay widths and branching ratios:

◆ 𝑫-wave results:

• The branching ratios for 𝜓1, 𝜓2 𝜂𝑐2 𝑎𝑛𝑑 𝜓3 channels can reach the order of 

magnitude 10−3, 10−4 and 10−5, respectively, which can provide a valuable 

reference for future experimental measurements for 𝐵𝑐 meson by LHCb 

collaboration.
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3. Numerical results

➢ The nonleptonic decay widths and branching ratios:

◆ Only 𝑷-wave results:

• The theoretical results of different collaborations are not consistent well with

each other.
[22] D. Ebert, R. N. Faustov, and V. O. Galkin, Phys. Rev. D 82, 034019 (2010). (RQM)

[23] E. Hernandez, J. Nieves, and J. M. Verde-Velasco, Phys. Rev. D 74, 074008 (2006). (NRQM) 22



3. Numerical results

➢ The nonleptonic decay widths and branching ratios:

◆ The recent LHCb results for 𝑩𝒄 → χ𝑱π:

• Our prediction for the central value of this ratio is 0.16, which is consistent with 

the experimental result.

◼ R. Aaij et al. (LHCb Collaboration), JHEP 02 (2024) 173 . 23



4. Summary 

➢ Conclusions and Outlook

◆ Conclusions:

• This work provides the first systematic analysis of 𝐵𝑐 → 𝐷-wave charmonia

form factors using three-point QCD sum rules.

• Together with previous studies on 𝑆-wave and 𝑃-wave, a complete picture 

of 𝐵𝑐 transitions to low-lying charmonia is emerging.

• Predicted branching ratios offer valuable guidance for experimental searches at 

LHCb.

◆ Outlook:

 Theory:

• Perform rigorous NLO QCD corrections to give more precise prediction.

• Study non-leptonic decays using more advanced factorization methods.

• Extend to higher orbital excitations and radial excitations.

 Experiment:

• Search for more 𝐵𝑐 decays to 𝑃 and 𝐷-wave charmonia states at LHCb.

• Use precise branching ratio measurements to test and refine theoretical models.
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Thanks for your listening！
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