Applications of fiber bundles
N gauge field theory

Qitong Fan ,1120231647

1. Fiber bundle theory

2. Yang-Mills gauge field(QCD)

3. Description of gauge field in fiber bundle
4. Differential form of gauge field and gluon



Fiber bundle

Principle Fiber bundle (P,M,G) G LAY
P: bundle manifold ,dimm + n gf_—"f’g
M: base manifold ,dim m N L
G: structure group(Lie group ),dim n, right acts R : PxG->P

m. P->M, projective mapping ,reversible,m "1 [x]called fiber

o (x):U in M ->P , section (if U= M, it is global) B

Rignt acts: R : PxG->P, can be written as :R;:P —» P ,or R(p):G — P
It don't influent x =1t (p)



Fiber bundle

Lie algebra on G (especially SU(3) ) C 2 5 p
exponential mapping: Exp: Ve->G, exp~'(g") =y T,* €V, P B S
For Lie algebra of SU(n) (dim SU(n) = nA2-1), L
. O A :
We represent g = exp(y T,;*) = exp (L%) = gl0aT"
SU(n) = {U € U(m)|detU = 1} i,«;
M
: 5 i ; x=nr(p)
LieAlgebra SU(n) ={A € U(n),trA = 0}
AT = —A {m xm antihermit matrices}
0 1 0\ 0 —i 0 1 0 0
M=l100), NM=|i 00|, XN=|0 -10|]|,
00 ()/ 0o 00 0 00
Lie braket ([T%, T?] = ifPCT, , f*Cis structure constant 001 (00 —i) 000
M=|looo]|, X=|oo0o o], NM=|0o0 1|,
1 0 ) i 0 0 Kn 1 0

When m=3,A can be represented as these A



Fiber bundle

fiber bundle associated to P(M,G) : (Q,M,F)
Qq€Qq=p - f=pg-g°'f

M: base manifold ,dim m

F: type fiber , a manifold left-invariant by g in G
. Q->M, projective mapping ,reversible

6 :Uin M ->P  section (if U= M, it is global)

Tangent space Tp :
Vertical subspace V,:={ X € T,P | m.(X) =0 }
Horiziotal subspace Hp, < T,,P,
(b)R, * |Hy| = Hyy, VP €E P,g€ G, ()T,P =V, ®H,,

(c) H, of p are smooth

Connection in Principle fiber bundle :3 equivalent definition:

Horizontal space
a 1-form field:w € Lie Algebra of G Seq iy, i €
Later will show in part 3

(a)wp(A4;) = A, VAegG,peP,

G n''lx]1 P

VpeEP,

(b)@pg(Rgu X) = Adg—1@,(X), Vpe P,ge G, X € T,P.

b= D3




Yang-Mills gauge field(QCD)

Y1
quack ‘s quantum field : spinor field with 3 color b=
it is a inner space with transition U in SU(3) s
3

It's Lagrangian density : Lo = ("0, — m)y,

If © is not relevant with x: 4, = 0is correct(global gauge invarience
Local gauge invariance:0(x): introduce field translation A4, = A,

Ly= E(iﬁ.“]_)“ -m)y, D,=0,+iqA,,

A,is gauge potential.(gauge field of SU(3), electromagnetic field of U(1)
In order to keep the Invariance of the Lagrangian:

l/J, — Uw — eieaTa¢
A, =A0T,

Aa’=Aa_fabchAc_la HazAa_lDabe
u u u q u u q u



Description of gauge field in fiber bundle

Into fiber bundle theory :
Fiber bundle :M = Minkowski space

G = SU(3)

F=Ve=C3,letp(9):G - G,p(g) =exp™* (9)
G is the representation group of G
transition between cross sections:

o' >0: d'(x)=0(x)g ' (x),,
P EG, () =p(g®))p(),
f'(x) = p(g())f(x)

There is an invariance :

Px) =o(x) fx), ex) =p-fEQ,

®(x) is a section of Q

In tangent bundle :

v(x) = (x,,(x)) - = e, () fH(x)
Is covariant.
So we use ®(x) to represent quack field ,a(x) represent gauge choice



Description of gauge field in fiber bundle

We use ®(x) to represent quack field , o(x) represent gauge choice.

How about connection?

Connection definition 3:

Viocal trival Ty:n U] > UXG and Ty:n V] >V xG, (UNV #@) ,with gyy:T, = Ty
Given a 1-form field wy € Lie Algebra of G , fit:

wy(Y) = Ady,, (- wp(Y)+ L7L  guve(Y), YzeUNV, YeT.M

guvi(x)®

~

Wheno - o', w » w':0*® - ¢ ®,
For gauge potential :
1
a’! _ a _ _nabpb

q
WhereAd = A} dx*e®, can be correctly fit defination3:

So we knew that kA Is the connection w



Description of gauge field in fiber bundle

Further more ,the 2-form F is correctly the
Cartan’s second structure equation:
— A 1%
R; =dw; + w} A w)
can be related with F = dA + A? (which will be proved later )
So we knew :F can be the curvature of fiber bundle



Differential form of gauge field and gluon

Proof of F = dA + A*
A = A dx*e?, gauge transform: U, UUT =1,
A' =UAU* +UdU* ,(dU* = 0,U*dx* ,1 — form),
dA' = UdAU* + dUAUY — UAdU* +dUdU™
A'? = UA?U* + UAdU* + UdUYUAU™ + UdUtUAU,

Since the Lagrangian of the field needs to be integrated over the entire space, total
differentials can be added to the equation without affecting the result.
A2 = UA?U* + UAdU — dUAUY — dUdU
F = A% + dA,where F' = A2 + dA' = U(dA + A%)U™, covarience
When described in component form, the result is:
E. =4, 4,] + 9,4, — 0,4,



Differential form of gauge field and gluon

When we write the Lagrangian of gauge fields, we obtain two terms: the self - energy term
and the term interacting with quarks.

According to the QCD Feynman diagram rules, the gauge field's carrier particles are named
as gluon:

(today we don't have to introduce the ghost field)
Ly = —>F% F{Vtr(T°T?)
L = —gyy* A,




