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Topological Massive Gravity

@ (Bulk) Action
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Motivation: 1. 3D gravity with local dynamics; 2. dual CFT with gravitational anomaly,(Basu, Wen, Xu
2025) e.g. quantum Hall effect, heterotic string, Kerr/CFT; 3. chiral gravity and log gravity(Li, Song,
Strominger 2008; Maloney, Song, Strominger 2010); 4. more solution: warped AdS.

@ EOME,, =R, — %ngj — Gt %pr including the Cotton tensor(Garcia, Hehl, Heinicke, Macias
2004) C,,, = ¢,,,,V*(R’, — ;Rg° ) satisfying e***C,,, = V*C,,, = g**C,,, = 0.

@ Central charges(Li, Song, Strominger 2008)
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Chiral point i = 1 (Li, Song, Strominger 2008; Maloney, Song, Strominger 2010)
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Asymptotic Boundary Conditions and Holographic Renormalization

@ Asymptotic boundary conditions(as a part of the defination of the theory) in Poincaré coordinate

1 1
922 = 5 + (9(20), 920 = 0(_)7 Gab = z_gg(o)ab + 0<Z0) <3>

@ Holographically renormalized action with boundary terms cancelling the divergence and ensuring that
the variational problem is well-defined under Dirichlet boundary conditions
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Noether’s Theorem in Textbook

@ Noether’s theorem, or how we deal with symmetries in particle mechanics
@ Action

@ Variation of the action

ty

(6)
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t;
gqﬁ q* — L which is an on-shell conserved charge

@ Hamiltonian from Legendre transformation H =

dH d oL ., dL

a7 d . ..a_L%.
at  dtoge? 9! (7)
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Noether’s Theorem in Textbook

@ Noether’s theorem, or how we deal with symmetries in field theory(Peskin, Schroeder 1995)
@ A transformation becomes a symmetry

0 (z) = @' (z) = () + 09 (z) = *(x) + " [ (0,0,0) = 6L(p,0p) = 9, (e"K}) (8)

@ From the variation of the Lagrangian
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then the transformation of the Lagrangian can be calculated as rewriting d¢® into " f2.
If this transformation is a symmetry, then we have

oL oL oL
0p® =0, ———=|e"fP+0,| =—=¢c"fF—"KI| =0. 10
e ) | o
@ Conserved current J} := %Hﬁ} — ¢"K* and conserved charge Q..|5, := fz * J..
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Noether’s Theorem for AdS Gravity

@ Noether’s theorem with anomalies, or how we deal with asymptotic symmetries in AdS gravity
@ Variation of the TMG action S = fM L+ fr l

1 1
68 = — EM8g,,En — — / 7590 ,e® + / O — / C (11)
r PSS 9% ;—0%,

@ Transformation X, = fM d3x££gw/% with €2 = 262 1 9(23), €2 = €02 1 9(22) becomes an
asymptotic symmetry when (12 = D(0) ¢ /9 D) ¢©), 4 D), £0) _ 40 = DO) ¢0)e — g,

a

T I 8% ;—0%,
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v, is configuration-independent
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Noether’s Theorem for AdS Gravity

@ Compare these two calculations, we can get 3 claims from Noether’s theorem.

1
X 08 ~ —4—/Tab(x6 699 ;)@ +/ X -©— X.-C
TJr 55, % ;0%
1 (0)b 0 1 b
= 2— (D Tabg + Tf ) —|— 2— Ta 5 dﬂ')al (14)
TJr % ;0%

7
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K2

e = — v ab
Noether charge H, = [_ (X ®@—¢-L—F) + faz(_X€ - C+pe) = [, BY+ [T
Conservation up to the configuration-independent anomaly Hg‘z:f—z:i N Vg
Symmetry is physical(like the case of field theory) X - dEHY ~ (.
Conserved charge generates the asymptotic symmetry, or the X, - 5(]2 ® — faz C’> ~ —5H€.

wNn = o
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Conserved Charges from 3 Methods
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Conserved Charges from Noether’s Theorem and Stress Tensor

ngz/(xg-@—g-L—Eg)+/ (—X¢ - C + p)
by o0X (15>
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i.e. Noether charge = conserved charge induced by the stress tensor(Skenderis, Taylor, Rees 2009).

@ On one hand, this equality can be obtained by comparing the two calculations of Xg - 0.5, without the
need for the explicit expression of the stress tensor.

1
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@ On the other hand, this equality can also be verified with the explicit expression of the stress tensor.
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Conserved Charges from Covariant Phase Space(CPS) Formalism

1. Bulk Lagrangian only S = L @ Conserved current
2. Symplectic twins 0L = E 00 +dO, Q = .

J Jo=X,-©— (- L+E;) ~dQ, (17)
3. Symmetry(in the phase space) X, This charge is not the one in the CPS sense.

4. Hamiltonian § H; = — | X, - Q, brackets, ...
> 0Je = =X, -Q+d(£-©+3;) (18)
@ ADM mass & Black Hole entropy(Lee, Wald

1990; Wald 1993; lyer, Wald 1994; 1995; Wald, But of course, CPS has its own remedial measures.
Zoupas 2000; Harlow, Wu 2020
P ) (5d(Q§—Cé) = —Xg-ﬂ (19)

with 5C’é = { - O + 3. (Tachikawa 2007; Cheng,
Hung, Liu, Zhou 2016; Jiang 2019)

@ Inshort, CPS can only obtain variations of charges.
The trouble is that there are configuration-inde-
pendent parts in the TMG charge and stress
tensor.
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Conserved Charges from Covariant Phase Space(CPS) Formalism

1. Bulk Lagrangian only S = L @ Conserved current
2. Symplectic twins 0L = E 00 +dO, Q = .

J Jo=X,-©— (- L+E;) ~dQ, (17)
3. Symmetry(in the phase space) X, This charge is not the one in the CPS sense.

4. Hamiltonian § H; = — | X, - Q, brackets, ...
> 0Je = =X, -Q+d(£-©+3;) (18)

@ ADM mass & Black Hole entropy(Lee, Wald
1990; Wald 1993; lyer, Wald 1994; 1995; Wald, But of course, CPS has its own remedial measures.

Z 2000; Harlow, Wu 2020
oupas arlow, Wu ) §d(Q; — Cf) ~ —X, - Q (19)

Two obvious advantages of Noether’s theorem

compared to CPS Formalism with 5C’é = § - © + 3. (Tachikawa 2007; Cheng,

Hung, Liu, Zhou 2016; Jiang 2019)
© Take the boundary effect into account cor-| o |n short, CPS can only obtain variations of charges.

rectly by holographic renormalization. The trouble is that there are configuration-inde-
@ Obtain the complete and closed expression pendent parts in the TMG charge and stress
for the conserved charge directly. tensor.
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Anomalies from 2 Methods
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Gang of Six: Weyl, Gravitational, Diffeomorphism & Lorentz, Covariant & Consistent

Anomalies
/
Weyl/Conformal Anomaly v/ \
Gravitational Anomaly(Castro, Mihlmann 2020)
tr’T + 0 (20) _
Diffeomorphism Anomaly Lorentz Anomaly
DiT,; #0 (21) Tz #0 (22)
Covariant Anomaly Consistent Anomaly v/

@ Covariant Anomaly: DjTij is covariant under diffeomorphism, but does not satisfy Wess-Zumino
consistency condition, and can’t be derived from variation of any effective action.

@ Consistent Anomaly: DjTij satisfies W-Z consistency condition, but is not covariant under diffeomor-
phism, and can be derived from variation of some effective action. (Skenderis, Taylor, Rees 2009)
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Anomalies from Noether’s Theorem and Stress Tensor

16Gu 03
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from which the left and right central charge c;, and cp can be read out.

@ On one hand, these anomalies can be obtained by comparing the two calculations of X - 0S5, without
the need for the explicit expression of the stress tensor.(Kraus, Larsen 2006)

X 08D — ObT ,&@a 4 TEW=) 0

27 (

r

@ On the other hand, these anomalies can also be verified with the explicit expression of the stress
tensor.(Solodukhin 2006; Skenderis, Taylor, Rees 2009)

(24)
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Mixed Anomalies

@ Since the Noether theorem provides a method for reading anomalies and avoids calculating the
explicit expression of the stress tensor, one can attempt to change the form of the anomalies by adding
boundary counterterms to the action.

® By adding the local counterterm £ oc g'%  T'@¢, ;g% . dz* A dz®, the anomalies can be trans-
formed into ¢(9T , = —R©)/(8G), DO®T , = ..., that is, the gravitational Chern-Simons term
only contribute to the gravitational anomaly but do not contribute to the Weyl anomaly.

@ There might be suitable local counterterm that would make the gravitational Chern-Simons term
contribute only to the Weyl anomaly but not to the gravitational anomaly. However, obtaining such
local counterterm is extremely difficult due to the complexity of the diffeomorphism of the affine
connection I'%¢_, .

@ Furthermore, the local counterterm can only convert gravitational anomalies and Weyl anomalies into
each other, but it cannot eliminate both at the same time. This is similar to the standard story of mixed
anomalies in the field theory.
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