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Bound state formation in non-relativistic physics

Softer energy-momentum dispersion (larger n) favors bound state 
formation

Ψ  𝑝 = 𝑔 
𝑑3𝑘

2𝜋 3

𝑉 𝑘 −  𝑝

𝑎|𝑘|𝑛 + Δ
Ψ 𝑘 , 𝐸 = −Δ < 0

Δ → 0,  
𝑑3𝑘

2𝜋 3

1

|𝑘|2
converges in  IR  → critical coupling 𝑔𝑐𝑟 > 0

critical coupling is absent for softer dispersion n≥3, i.e., 𝑔𝑐𝑟 = 0
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Magnetic catalysis of gap generation

(2+1)-dimensional NJL model, gap equation

𝑚 = 4𝑖𝐺  
𝑑ω𝑑2𝑘

2𝜋 3

𝑚

ω2−𝑘2−𝑚2+𝑖ϵ
,      𝐺𝑐𝑟 =

4π3/2

Λ

In a magnetic field, gap equation in LLL approximation

𝑚 = 4𝑖𝐺  
𝑑ω𝑑2𝑘

2𝜋 3

𝑚𝑒−𝑘
2/(𝑒𝐵)

ω2−𝑚2+𝑖ϵ
,           solution m=

𝐺|𝑒𝐵|

2π
exists for any G,

𝐺𝑐𝑟=0 – magnetic catalysis 

Key feature: dispersionless Landau levels (i.e., flat bands) 𝐸𝑛 = 𝑚2 + 2|𝑒𝐵|𝑛,  
n=0,1,2,… 

6

G. Jona-Lasinio, F.M. Marchetti, On 
the pairing structure of the vacuum 
induced by a magnetic field in 2+1 –
dimensional Dirac theory, Phys. 
Lett. B 459 (1999) 208



Graphene – 2D Dirac material
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Reduced QED framework: 
Dirac fermions propagate in a 
plane, electromagnetic fields 

propagate in (3+1) dimensions



Hexagonal lattice, band structure, Dirac quasiparticles at low energy

– translation vectors
А, В – sublattices

gap equation

conduction 
band

Band structure
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– 2D Dirac fermions

Δ=
𝑖α𝑔

2
 
𝑑ω𝑑2𝑘

2𝜋 3

Δ

ω2−𝑣𝐹
2𝑘2−Δ2+𝑖ϵ

, α𝑔,𝑐𝑟 is not zero
G.W. Semenoff, Condensed-matter simulation 

of a three-dimensional anomaly, Phys. Rev. 
Lett. 53 (1984) 2449

valence 
band



Flat band 

quenched kinetic energy (constant energy dispersion)

H = K + V(r-r’)

Kinetic energy K>0

ordinary quasiparticles

H = K + V(r-r’)
K=const – flat band

V(r-r’) plays crucial role, bound state 
formation for arbitrary weak attraction

Superconductivity,
strong correlations

Zero critical coupling for 
gap generation in c.m. 
systems with flat band?

graphene in a 
magnetic field 

∆~𝑣𝐹 𝑒𝐵 /𝑐



Dice lattice

• 3 sublattices: A, B, C

• Hopping parameter t

• All distances are the same
 𝑎1 =  𝑎2 =  𝑎3

A

B
C
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B. Sutherland, Phys. Rev. B 34, 5208 (1986)

Equations of motion:



Energy spectrum

,  𝜆 = ±1, 0

• 𝜆 = ±1 – dispersive bands
• 𝜆 = 0 – completely flat band
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𝐻Ψ = 𝜀Ψ

Near K, 𝐊´ points



Low-energy effective Hamiltonian
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• Linearization       

• , 

• Effective low-energy Hamiltonian (Ө=
π

4
) 

Energy dispersion:
E(k)=±𝑣𝐹 − Dirac cones,

E(k)= 0 − flat band



Intravalley gap

• 𝐻𝑔 =
𝑚 0 0
0 𝑚2 0
0 0 −𝑚

- intravalley gaps 
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a) 

b) 

c)

𝑚2 = 0.35 𝑚

𝑚2 = 𝑚

𝑚2 = 4𝑚

critical local  four -
fermion coupling

𝑈𝑐𝑟 = 8.9
𝑣𝐹
2

Λ

E.V.G., V.P. Gusynin, D.O. Oriekhov, 
Gap generation and flat band 
catalysis in dice model with local 
interaction, Phys. Rev. B 103, 
155155 (2021)



Intervalley gap

Inverse Green function 𝐺−1 ω, 𝒌 =
ω− 𝐻𝐾 𝐹

𝐹+ ω+ 𝐻𝐾′

Intervalley gap   𝐹 = 𝑑𝑖𝑎𝑔 ∆, ∆2, ∆

Gap equation in flat band approximation (the same form as in a 
magnetic field)
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Δ=
𝑖𝑈

π𝑣𝐹
2  

𝑑ω𝑑2𝑘

2𝜋 3

Δ

ω2−Δ2+𝑖ϵ
,          ∆2= 0

∆=
𝑈Λ2

8π2𝑣𝐹
2

𝑈𝑐𝑟 = 0 – zero critical coupling as in magnetic catalysis



Free energy density
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Dimensionless free energy density as a function of dimenionless
coupling constant for intravalley Ω𝑖𝑛𝑡𝑟𝑎 and intervalley  Ω𝑖𝑣 gaps

Solution with intervalley
gap always has lower 

energy



Conclusion and Outlook

• In the absence of a magnetic field, flat band systems provide
a platform which realizes the main characteristics of
magnetic catalysis

• Condensed matter systems with flat bands like magic angle
twisted bilayer graphene form one of the most natural
classes of physical systems with the strong interaction
dominance and rich phase diagram
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Thank you for attention!


