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1. Introduction

* Topological susceptibility



Topological susceptibility

Topological charge density

Xiop = =1 [ 2OTQ@ROI0) |2 gy g o

Actively studied using lattice QCD simulations at T

* Kanamori et al. / JLQCD (2026)
Physical-point Ny = 2 + 1domain-wall study

e U(1)axial anomaly YRR _ _ _
Discretization and fermion-action effects in yop (T)

 Hadron mass * Kotov, Lombardo, Trunin (2025)
Wi V . Iati (YM) Physical Nf = 2+ 1+ 1 Wilson twisted-mass fermions
- . H
(e.g., Witten-Veneziano relation: m’?’ XtOp ) 0-dependence, and DIGA behavior in high- T

. Chiral b i d * Brandt et al. (2024)
Chiral symmetry breaking and vacuum structure Physical Ny = 2 + 1stout-improved staggered quarks

— QCD phase structure at finite T and pg Strong magnetic field effects on xop(T)

* Aokietal./JLQCD (2024)
Ny = 2 + 1M0bius domain-wall fermions
Dirac spectrum, U(1) 4 susceptibility, and ytop
* Athenodorou et al. (2022)
High-temperature XtopUsing staggered spectral projectors.

e Axion physics

:+ (Many other studies in lattice QCD and other approaches)



Topological susceptibility

Topological charge density
o

Xiop = i [ d2(0TQ@)QO0 [Q (g 647) G, G

pr~"p

v Xtop = 0 in chiral limit
v' Prove of U(1), symmetry restoration
v’ Closely related to SU(2) chiral symmetry

Capture features of y;qpfrom
simple low-energy perspectives.

In this talk...
we investigate these points using effective model approaches.



Topological susceptibility

Topological charge density
nv =~ po

Xiop = i [ d2(0TQ@)QO0 [Q (g 647) G, G

v Xtop = 0 in chiral limit

Important for understanding yiop
in terms of hadronic degrees of freedom.



1. Introduction

e Ward-Takahashi identities



Connection with U(1), anomaly

Xtop:—i/d4x(O\TQ(:IJ)Q(O)!0> - :Relatedto U(1) aX|aIanomaIy E

|
|
|
I a V Qa
T szG“ +H0Q;
 Consider the two-flavor case. l
* Introduce 8-parameter. : U(1), transformation
 Quarks have m;. |
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Ward—Takahashi identities

1 { 1
— 7G G +6Q

-

U(1), transformation

———————————————————

1
_ Z@GQe GQHve

4 H

52T
. 4 QCD
Atop = / O S0(2)50(0) .

Meson susceptibilities

Yo = / 242{0|T (i) () i95) (0) [0}
X )

L5 = / 042 {0|T (i 734) () (i 240) (0) 0




Ward—Takahashi identities and chiral limit

Xtop = —1 / d*3(0|TQ(z)Q(0)[0) (! | Related to U(l) axial anomaly

_ ZGZVGW a _|_ gQu

———I

|

I

|

|

|
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| .
: U(1), transformation
I

|

|
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|

' Xtop is proportional to my.
! — In the chiral limit, ytop =

(6-parameter becomes redundant.




Xtop IN 2 flavor Linear Sigma Model (LSM)

Let’s look at typical results from LSM analyses.

* Chiral field: ® = (S*+iPY)T* (a=0,1,2,3)

LSM is constructed b _
Y { VEVof @ : & =~ a3 15,

___________________________________________________ 1

: U(1), anomaly is described by det ® term: U(1) axial anomaly: |
) . |
Lo =B(etddetoh = (my part) — 2iNpB (det & — det &),

Introduce 6-parameter
£@roM) — peifdet d + e~det d)

int

In the chiral limit, Yo, # 0...



Xtop IN 2 flavor Linear Sigma Model (LSM)

Let’s look at typical results from LSM analyses.

* Chiral field: ® = (S*+iPY)T* (a=0,1,2,3)

LSM is constructed b _
Y { VEVof @ : & =~ a3 15,

___________________________________________________ 1

: U(1), anomaly is described by det ® term: U(1) axial anomaly: |
| Ll(silom) B(det ® + det ) 0,j4 = (my part) — 2iN;B(det ® — det CIDT):

Introduce 6-parameter and perform U(1), transformation (¢ — e'* @)
clanem 4 BB - B(det ® + det CIDT) + cmltr[e‘w/zd) + eie/ZCDJr]

int int




Flavor-singlet nature and flavor dependence

o 1 At low- energy Fi)r_z_fl_a\_/o_r _______
| im? | | CfPmEl1 1)
1 Xtop 4 (Xn - Xn) | | Xtop =7 m2 mZ) |
L _¢_ ________________________ =_ - |
. I
! I
1 I
. \ 2N i,
| | This holds for any Nf | For 2+1 flavor, n — " mixing |
""""""" ' makes it somewhat complicated. ;
I*Consequence of flavor-singlet nature of yi,p.

o = / a4z (01T Q(x)Q(0)[0)



lml (X — xn) really work?

* 3flavor NJL: yiop = i ()(n Xy) = 0.025/fm*

— o —— ] Chuan-Xin Cui, Jin-Yang Li, Shmya Matsuzaki,

I im? l M.K., Akio Tomiya, PRD 105 (2022) 11, 114031

' — |

I Xtop 4 (XT[ Xn) ! ,

TATTTTTTTTTTT 3 flavor ChPT: xyop = —L ( ) = 0.0224/fm*
: Xeop = —, n = 0.0224/fm

1
1
I S. Borsanyi et al., Nature 539, no. 7627, 69 (2016).
1

| Th|s holds for any Nf 2
-------------- * 3flavor LSM: Yiop = - (Xx ) = 0.0263/fm’

M. K., S. Matsuzaki and A. Tomlya PRD 103 (2021) 054034.

_ | g 2+1+1 flavor lattice QCD: yiop, = 0.0245/fm*
= T top
Atop ’ / d ZB<O| Q(ZE)Q(O) |O> S. Borsanyi et al., Nature 539, no. 7627, 69 (2016).



Does Xtop = lml (Xr — )(T,) really work?

: Xtop = e ()(n _ Xn) | This expression is useful in effective models.

: _ fnzm;‘%( 1 1 ) . Topological properties characterized by Q
R e LV : are reflected in meson properties.



1. Introduction

* Indicator of symmetry breaking



Xtop @and symmetry breaking/restoration

Xiop = i [ d2(0TQ@)QO0 [Q (g 647) G, G

v’ Xtop = 0'in chiral limit

| e |
v’ Prove of U(1), symmetry restoration ﬁ | Xtop = % =)

Topological charge density
nv =~ po

v’ Closely related to SU(2) chiral symmetry R e
o 1
E I Quark-Gluon Plasma
@ + deconfined quarks and gluons
g. -restoration of the chiral symmetry

Hadronic Phase
‘quark confiment N\
*spontaneous chiral > Se————

symmetry breaking r’ﬁhomogen coud Color
/" Phase? | Superconductors

Density Us

* How does xi, behave at finite T and up?
* IS Xtop related to SU(2) chiral restoration?



Xtop/meson and symmetry breaking

Xtop = T(X7r —xy) € Xtop IS written by meson susceptibilities.

o = / d42{0|T (i) () (ip510) (0)0)
X )

L5 = / A4 (0T (i 7340) () (i 240) (00

Meson susceptibilities are transformed into each other o
under SU(2), y SU(2)pand U(1) ,transformation: Am 2 X

SU(2) At the vacuum,
Xm < > Xo chiral SU(2) and U(1)4are broken: Y # Xg # Xao # Xn

U(1)a

Xoo < SU(2) > Xn Xmeson IS Sensitive probe of symmetry breaking.



Indicator of symmetry breaking/restoration

------ Xtop IS written by meson susceptibilities.

e e e e e e e ' X = /d4;c(0|T(z'@M5@b)(x)(i@z%lb)(o)|0>
N )

L5 = / A4 (0T (i 7340) () (i 240) (00

Xz = Xo — Chiral SU(2) symmetry is restored.

If QCD system undergoes... ‘l; Xo = Xn ™ U(1)A symmetry is restored.

At finite T and ug chiral restoration occurs. Xtop IS indicator for measuring
— Is U(1), symmetry also restored? effective restoration of U(1), symmetry.



Symmetry restoration probed by Yoy

. Xtop IS indicator for measuring
S ' effective restoration of U(1), symmetry.

* How does xtop behave at finite T and pp?
Is Xtop related to SU(2) chiral restoration?

: Which symmetry is restored first: |
| chiral SU(2) symmetry or U(1),symmetry? |

* Hot QCD matter

Let’s move onto hot and dense systems.
Y { * Dense QC,D matter



2. Topological susceptibility under extreme conditions

* Finite temperature
* Finite density
* Other situation



| |

' In hot QCD matter ' 1 Indense QC,D matter :
[ I _ . o I
: s | oot e s W |
80 L [ ] Petrecz);(ly?:al continuum ext. I I 7 1.50F I

| Ry | Gis o—o JLp> i i } :
' Z L - o Y ! :
| § | | 0.1 T8 -] 3 1. B ;LOO- % # } t |
I s 40 I | 1 I ” /1 ] = o) :
l Sl : I 005 = ~os0r ¢ * I
: L b | | - e 0.25} |
I 00.5 T0 15 2025 30 35 40 I I 0 02 04 06 08 1 |1|2| 1|4I 1|6 00065 0.1 0.2 0.3 0.4 |
: /Ty : | ' ' ' Winps ' ' ' ua |
- C. Bonati et al, JHEP 11, 170 (2018), 1807.07954. l ' |

: - S. Borsanyi et al., Nature 539, no. 7627, 69 (2016). I : Itou et al. JHEP01(2020)181 Eégsigzk?zaon;;‘;\; e(;;‘éll'sm |
I - P. Petreczky et al, Phys. Lett. B 762, 498-505 (2016) | : ’ :
: : ' |
| Xtop becomes smaller at high T. | | up does not affect yiqp. Xtop IS suppressed. |
: L o o |
| ) ° | | |
| : | Fate of yiop at high density :
. | . . |

| Suppression of U(1), anomaly ! | is controversial ... !
| |



Lattice observations (T') and effective model

In hot QCD matter NJL model (linear sigma model)

sol e L= Q(i’?’uﬁu —l};_fl}q + £4f —|—£|£_}_{_1\/£'I}
% 60 - 8
= s 4 . a
£ Lo = % > [(@x*a)* + (givsAq)’]
= 20 - a=0
of . LxMT = gD [dejt qi(1 4+ 7v5)q; + h.c]
0.5 1.0 1.5 2.QT/TPCZ.5 3.0 3.5 4.0 ?”

- S. Borsanyi et al., Nature 539, no. 7627, 69 (2016). mean-field approximation. to provide physical meson masses.
- P. Petreczky et al, Phys. Lett. B 762, 498-505 (2016)

e Reproduce the WT identity of underlying QCD.

Xtop be€COMes smaller at high T. T
* Evaluate meson susceptibilities.

I |
I I
I I
I |
I |
I I
I |
I I
I |
I I
I I
| :
: - C. Bonati et al, JHEP 11, 170 (2018), 1807.07954. : *perform analysis within  *Model parameters are fixed
I
I I
I |
I I
I I
I |
I |
I I
I |
. |
: Suppression of U(1), anomaly |
I



Model results and lattice observations

LSM (CJT approach) w/ Xtop = T(Xw —|/n|)

B I: —...-—NJL
700k 1 ceess CIT
[ ] VLK, 5. Matsuzaki, A. Tomiya,
. L ey | PRD 103 (2021) 5, 054034L
';‘ 1
= g, : 1 .9
& - NJL field hw/ xeop = 3 (i — )
/ mean-field approach w/ Xop = =~ (xx = Xa
o Lattice / - Chuan-Xin Cui, Jin-Yang Li, Shinya Matsuzaki,
,(Borsanyietal), . © % VLK., Akio Tomiya, PRD 105 (2022) 11, 114031




Model results and lattice observations

Model results are in good agreement with lattice observations.

LSM (CJT approach) w/ Xtop = T(Xw —|/n|)

M.K., S. Matsuzaki, A. Tomiya,
PRD 103 (2021) 5, 054034L

2
NJL mean-field approach w/ Xtop = %(Xw — X

:

LattiFe " Chuan-Xin Cui, Jin-Yang Li, Shinya Matsuzaki,
. (Bor§anwet a ) _ _ M.K., Akio Tomiya, PRD 105 (2022) 11, 114031

Xz contribution dominates T dependence: y, > xy.

! imlz m; -i Suppression of yi.y, is linked
v (qq) = —imyxg | ' Xtop = g Am = _T(qcn i with chiral restoration.

e oo e e e e e e e e e e — e e o o o EE Em o e EE EE EE e Em uJ



Xtop and chiral

restoration at T’

T
—e—NJL
wundpers CIT

X Borsanyi et al
3 DICA

B Petreczky,et al continuum ext.
¢ Bonati,et al continuum ext.

= = seemingly-cutoff (T=1.6 Tp.) ||

. lattice

(Borsanyi etal)! R

\

1
0 05 1 15 2 25 3 35
T/Tpe

v U(1),is effectively restored.

Model results are in good agreement with lattice observations.

LSM (CJT approach) w/ Xtop = T(XW —|/n|)

M.K., S. Matsuzaki, A. Tomiya,
PRD 103 (2021) 5, 054034L

. imj
NJL mean-field approach w/ Xtop = =~ (Xx — X»)

Chuan-Xin Cui, Jin-Yang Li, Shinya Matsuzaki,
M.K., Akio Tomiya, PRD 105 (2022) 11, 114031

Xz contribution dominates T dependence: y, > xy.

v’ Related to chiral restoration.

| N 2 omy, ! Suppression of Y.y, is linked
Xtop =~ Xn = —T(CICI) i with chiral restoration.



Side remark: symmetry restoration in ¥meson

T. Bhattacharya et al.,

Chiral partner: —
P An — Xo PRL 113 (2014) 8, 082001

U(1), partner: X7 — Xao

200 ; : . ————— 250 . ——
o mx ~ 200 MeV, (XM — xM8) /12 —5— 2 my = 200 MeV, (xMS — xMS)/1? —8—
o | M 2200 MeV, (O3S — x38)/77 = | 200 | mx ~ 135 MeV, (NS — x)5)/T? —— |1
my % 135 MeV, (X3 — x}5) /72 —e— o
S 135 M V, MS _ , MS T2 R — 150
100 o SNl =% . SU(2) 0
X Xo 100 | =
@
U(1)a U(1)a 50 f D
Xao oo X o e )
(2) 130 140 150 160 170 200
T (MeV
Xn —Xo=0atT = 170 MeV Xn— Xs=0atT = 195 MeV

Meson susceptibilities provide...

Chiral symmetry is restored faster than U(1), symmetry.



Side remark: symmetry restoration in ¥meson

NJL model Soft-wall holographic QCD model

3 T T T T
107 m; = 5.5 [MeV]; my = 138 [MeV] 250F
. 250f
—— Xn—s(chiral 1) .
— xr_s(axial 1 —— hQCD, m=7.5 MeV — hQCD, m;=7.5 MeV
102 )iﬂ 6( 2 ) 200F%, . Wi =7.5 MeV 2001 !
= AXtop/ My »m=7.5 Me ] ~-.-.- hQCD, m=13 MeV
\ — -X‘,r_U(ChiI'a]. 2) ----- - hQCD, m=13 MeV | © 1 i é © LQCD, m,=135MeV ]
- =Xy_o(axial 2) 5| 150 ] ] K 50
| 1 Xn—o | >I< % © LQCD, m,=135MeV A ) = LQCD, m,=200 MeV
&k 0 gl [, = LQCD, m,=200 MeV | Sl b T 2
Rl <I100p g 1 100}
XN S~ TN
10°¢ sof e , ] s00 )
g .
o ) ) . ; A A 0 e o R . s ey mens
107 013 014 015 016 017 0.18 019 0.20 013 014 015 016 017 018 019 0.20
T (GeV) - T (GeV)
10-2 L L L L . .
1 12 14 16 18 2 H. A. Ahmed, D. Li, M. Kawaguchi and M. Huang,
T/Tpe arXivi2603.12911 [hep-ph]

C. X. Cui, J. Y. Li, S. Matsuzaki, M. Kawaguchi and
A. Tomiya, Particles 7 (2024) no.1, 237-263

Also in other approaches

Chiral symmetry is restored faster than U(1), symmetry.



2. Topological susceptibility under extreme conditions

* Finite temperature
* Finite density



Lattice observations ()

Xtop in dense QC,D lattice simulations

PRD 102 (2020) 7, 074507 Effective model analysis

provides useful benchmark.
up does not affect yiqp- Xtop iS suppressed.

r-r-r——=—=—=—=—=7—=—7=7=97=7—==-=-=-=-"=-=-"=-"=-=-="="=-"===== I
: 02 Haclironiclz |IB1|5C|| | B(|SSI I||211rt|ifalct 0 500 7’13(/)[5\/ 102000 : Fate Of Xtop at h|gh denS|ty
' [ [P ' iR ' is controversial
| 0I5 . 1_25_{{H§ } :
| i 1 3 1.00} t iﬂi |
(ol Ry 1 1 o ot } t I
[ I :‘ ”“ I I ] i ; 0.75
: 0.05 0 oy : ] =050} i } I
0.25F I
I 0 D -0-6 s c 1l 11 , X X , . I
I 0 02 04 06 08 1 12 14 L6 B (Y B O R R ¥ I
| Wmpg " |
: Itou et al. JHEPO1(2020)181 N. Astrakhantsev et al. :
| |
| |
| |
| |
| |



Unique feature of dense QC,D

— T i Baryon superfluid phase transition
' | 2-color QCD :
= = =
I Baryon is formed from two quarks. E 001" % _
| I >
: : i 12 ’I/I -
| | <q@>=A(H-Hy) Pai
I I /i
= QIO = oo0s|- % -
| E ’/I‘/ Lattice
: ! - | ChPT| §2 1 K. lida, E. Itou and T. G. Lee,
| “Bosonic baryon” | | |nepo1,181(2020)
: ! 0.4 0.5 0.6
-------------------------------- l'l/mps
This feature can be described by ...
0 ~B'+iB TR gb gt . .

L 1| B-iB 0 0 —in oo Linear sigma model:

9 _o—m-i\-/a5 —im _a'_ —|—(7):7'r._0 0 ~B'+iB ‘CLSM — tr[DMZTD“E] _ VO _ ‘/Sp _ Vanom

—a+—|—z’7r+ _og—wm—a +im’ B/—iB 0

V2



Transition to baryon superfluid phase

Linear sigma model: Can describe phase transition

Lisym = tr[DMETD“E] — Vo — Vap — Vanom from hadron phase to baryon superfluid phase.
500 1 : Z:zzzz) /,/’
— m*=1.5m}*: o 7 ’,
Sigma meson: i, e
g, = (o) ~(qq) \ - /;;,’, Chiral condensate scales with
v —9
P05|t|ve parity baryon: / 00 ~ g
= (B) ~ (qq) /
; J
O:O 0:2 014 0:6 0:8 1:0 1:2

T



Xtop in superfluid phase

_ LSM result:
zm?

Niop — T(X” — Xn) Xtop 1S suppressed in superfluid phase.

used in LSM analysis

0.030

vac vac
my*° = 1.5m)

0.025 1

0.020

VaC)4

£0.015 1

x/(m

0.010

0.005 1

0.000

M. K., D. Suenaga JHEP 08 (2023) 189



Xtop in superfluid phase

. LSM result:
’Lle

Xtop = T(X” — Xn) Xtop IS suppressed in superfluid phase.

used in LSM analysis Lattice observations

1, MeV

M. K., D. Suenaga JHEP 08 (2023) 189

| |
I I
I
|

| 02 Hadronic |[BEC| BCS | artifact 0 500 1000 1500 2000 ,
I ol L A R N : - 08 e I

0.030 . ol
mye =1.5my* I o5 o—o <[L|> 1 120 { H& } I
[ sl g e ¥} |
0.025 | : - ] IR | |

O 100

0.1 . 1 f e # t

0.020 I “ RN /1| % omsf H ; :
= I 005 i ” - Toar » I

= 10.015 I .|
\S/ I = o 1 o, 1 4 1 . I
R0.010 | ; . 00 0204 0608 I 1214 16 B (R (O I
. Wm, pa |

* I PS
] |
e . l Itou et al. JHEP01(2020)181 N. Astrakhantsev et al. |
N, e |

aioa | == e i — : PRD 102 (2020) 7, 074507 |
00 02 04 06 08 10 12 | '
Hqlmy™ | :
i |
| pp does not affect yiqp. Xtop Is suppressed.



Xtop and chiral restoration at finite up

VaC)4

xl(m

0.030

0.025 1

0.020

£0.015 1

0.010

0.005 1

0.000

-2
1M
Xtop — Tl(Xw - Xn)

used in LSM analysis

M. K., D. Suenaga JHEP 08 (2023) 189

u scaling coincides with chiral condensate.

Xtop (f2)?( 2 —2
(myacyd ~ T 12 Hq 90 ~|Hg

At finite ug..

v U(1),is effectively restored.
v’ Related to chiral restoration.



Xtop and chiral restoration

Topological charge density
o

Xiop = i [ d2(0TQ@)QO0 [Q (g 647) G, G

pr~"p

Indicator/prove

v’ Xtop = 0 in chiral limit T :

v’ Prove of U(1), symmetry restoration ﬁ ' Xtop = Hmy (e = ) :

v’ Closely related to SU(2) chiral symmetry RSP TG .
E At finite T/ug..

v/ U(1),is effectively restored. A T

v’ Related to chiral restoration. | Xtop = _T(CICI) :



2. Topological susceptibility under extreme conditions

e Other situation



Xtop iN other environments

What happens in other environments? ! im? I
-  Xtop ZT(Xn_Xn) I
* External magnetic field effect b s T s
Lattice simulation in Brandt et al. JHEP 12 (2025), 228
* Rotational effect
M. K. and K. Mameda, JHEP 11 (2025), 170

Also works in rotating systems.

There are...
— ’\ - Rotational effect
1|7 I=Te 2R=0 - Boundary effect.

—= T=Ty, QR=0.5
| =— T=15T,, QR=0

= 7=15Ty, QR=05 * These effects further decrease yiop.
* Similar behavior to (gq)

——
==
—
—
~~~~
~—
-~
-~
—
-~

0.2 0.4 0.6 . .
r/R l




Summary

We have investigated yqp using effective models based on Ward—Takahashi identities.

WTidentity ———- -

_ES__
(@)
o)
1
~
NS
N
<
3
>
N

= / 242(0|TQ(2)Q(0)0)

At low- energy Xeop =~ 5 |2
y[A

famg (1 1
= 2 for 2 flavor

At finite T/up - _ﬁ< N v'U(1),is effectively restored.
(rotating effect) Xtop = =74 7\4q v’ Related to chiral restoration.

For quantitative studies and higher-T' /u regions, Schwinger—Dyson and FRG analyses
other approaches are needed. will be important.



Thank you



Back up



Xtop IN 2 flavor Linear Sigma Model (LSM)

___________________________________________________ 1

: U(1), anomaly is described by det ® term: U(1) axial anomaly: |
| L™ = B(det ® + det d1) d,j% = (m, part) — 2iN;B(det ® — det ®1),

Introduce G-parameter
clanem) B(e¥det @ + e~Pdet 1)

Iint

— e , In the chiral limit
= ( VeV)3 : B (O_vev)?) _ f? 2 XYM
A sNe | 3\/6 0 2N top

i o Witten--Veneziano relation
In the chiral limit, Yo, # 0...

Why?

Xtop = X%iouon) + Xi(;g;ark) = 0 in the chiral limit :

2
YM _ _ (gluon) (quark) fﬁ 2
Xtop - Xtop - Xtop 2Nf n’

|
|
|
It corresponds to YM yop, :
|
|

|
l
|
not the full yiqp. |



Dynamical quark mass (~{(0|gq|0))

r-dependence of dynamical quark mass

_ A _I
1.0 — /\ 2 Look | Quark
— = y = / — o o m—
0581 { === T=Tps, QR=0 /
== T=Ty, QR=05 /
806 | — T=15Tp, QR=0
T | e T=1.5T,, QR=0.5 _
P | R =30[A""]
"N T
o 0 =05/R
02 -
0.0

0.0 0.2 0.4 ; 7 1.0

* M remains constant up to approximately boundary.
e M is suppressed at finite T.
 Rotational effect further decreases M.

* This effect is enhanced near boundary.



Validity check of our analysis

r-dependence of dynamical quark mass Validity check of local density approximation

3.0 ;

1.0 - — T=0, QR=0
— T=0, QR=0 l\ 25 | — T=Tpc, QR=0
0.8 { = T=Tp, QR=0 == T=Tp, QR=0.5
== T=Tp, QR=0.5 20 | = T=1.5Tpc, QR=0
806 | — =157 QR=0 Ng == T=15T), QR=0.5
§ T | == T=1.5Ty, QR=0.5 Sl,s-
=041 Riaa e T—— e
02 o 05
0.0 1 , , ; , | 0.0 . . . :
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0
r/R r/R
: : VIR ) Unreliable region
* M remains constant up to approximately boundary. iﬁrf_\ﬂ < M~
e M is suppressed at finite T. It is satisfied for r < 0.9R:
* Rotational effect further decreases M. Forr < 0.9R, our result is reliable.

* This effect is enhanced near boundary.



Effective model of QC,D at low energy

Linear sigma model:
Lism = tr[D,ETD*S] — Vo — Vip — Vanom

Vo = mgtr[ETE] 4+ A1 (tr[E75])? + Aotr[(BTE)?] Reproduce symmetry structure of QCD:

Vanom = —c(detz + det ET) ° U(l)A anomaly
Vop = —Etr[CSTpE + 2T e Chiral symmetry breaking.
. . o—1 +a,0—z'7r0 + s+
( 0 B’ +1iB "ﬁ a. Z,T('. O\
s_1| B —iB 0 S Baryon is boson,
2 | —esinbe it g~ i 0 B +iB which is embedded into X.
\ —at pint _otmmerin’ g g 0o )

DY =0,% —iugdu0(JE + XJY)  LSM gets ug dependence.



Baryon superfluid and mixing

Baryon condensation (A # 0)

happens at largey. System undergoes baryon superfluid phase transition.

Condensates Mass mixing among n meson and baryons
6 vac vac 6 vac vac
— mrxlfac=m’\;ac: 60 ,, m,"=m, m,? = 15mﬂ
R I -7 s{— " s{— 1 #
n g1 ,/ s —— B ¢1 — B
— m*=1.5m'*: o , - - -
400 1 n P ,/ o | oS B’ g | 2o B
== m*=15m3 A 7" 9 Q9 b
g ” >R >R 2
300 e s ‘ b < ‘
PAd »3 T =31
< 8 | o7 8 | T
200 1 = 5 I =5 | s
~. S~.
\.\. B s \_’V
100 1 ) . 1 )
¢3
0 J 0 0l . . . . . .
00 02 04 06 08 10 12 00 02 04 06 08 10 12 00 02 04 06 08 10 12
Hqlmy Hqlmy Hqlmy



Possibility of being constant

J should be set to zero
In lattice simulations, diquark source field is introduce at final step of calculation.

to evaluate diguark condensate:

————————————————————————

mass 1 v :
’CEQCQD) = —myaht) —=,7 :(-—§¢TC”>’5TQTJ%¢ + h. C«)

————————————————————————

However...

J would remain sizable: artificial effect.

J contribution explicitly appears.

w/i _ o ixo Does j contribution significantly

° 5 o . ol el
Xtop = Xtop +,_>f‘j_13' affect topological susceptibility?



Source effect on topological susceptibility

——————

——————
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M. K., D. Suenaga JHEP 08 (2023) 189



Source effect on topological susceptibility

w/j £27"7 . Source field contaminates
------ ’ the fate of topological susceptibility.

Even small j make significant contribution.



Source effect on topological susceptibility

. ’ ----- \
/] _ I 1
Xtop Xtop +: Xtopl
0.0200
0.0175{
001501 NN e
<«
g 0.0125 ]
> R ~.
£ 0.0100 ~ Tr——
— mYac = 1 .5mvac LI
800075 7 7 .
N — j/ml=0
0.0025 { =" Jim .
..... =4, j=0
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Even small j make significant contribution.

Source field contaminates
the fate of topological susceptibility.

Constant behavior may be provided by ;.

Hadronic |BEC| BCS | artifact
0.2 I I | I | I | I | 1 | I | 1 | I |
o—o <|L|>
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0.05 | ltou et al.
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Our model results

We have investigated the topological susceptibility

. . M. K., D. Suenaga JHEP 08 (2023) 189
based on linear sigma model.

LSM: Xtop —

Pzt (1 1)

Jj=0

_ N. Astrakhantsev et al.
Xtop 1S suppressed. PRD 102 (2020) 7, 074507
J#0 ltou et al.
Suppression is contaminated. JHEP01(2020)181




SU(2) pseudo-real property

Pseudo-real property: 2 = 2

* Fundamental representation: Y = 2

* Complex conjugate multiplet: i = 2 TS (TG . o= e e
Weyl representation: 7y~ = , Y =

1 0 —0j 0
Pseudo-real representation Grassmann property: uguR =0
T 2.2 % T 2.2 % 2 = 2 means “fundamental representation”
R=0 T L —0 T . ” . Y
4 YR ¥ YL and “Pseudo-real representations” should satisfy UEUR =0,
URr

Using fundamental and U — %R _ dp ’ ”

Pseudo-real representations... Uy, ur, NERN EEM MRS S ) STmAnGRT

~

dr,



Spontaneous symmetry breaking (SSB)

UR
Using fundamental and U — %R _ dp ” ”
Pseudo-real representations... (¢L ur Theory can have "SU(4) symmetry”.
dr,

U — gW € SU(4
g 1 < ) Under SU(4) transformation, quark condensate is not invariant.

(pp) = —§<\I’T02TC2E\IJ> +h #£0  SSBhappens:SU(4) - 2.

Suppose that there is a subgroup h which is not broken.

U —hy (U r?Ev) — (Uo?r2 (WP ER)Y)  hW'Eh=FE
= (\IJTJQTCQE\M h € Sp(4)

* Symmetry breaking pattern: SU(4) — Sp(4).



