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Introduction
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o The N-loop n-point loop integrals are expressed in
GKZ(Geltand-Zelevinsky-Karpanov) hypergeometric functions.

=Hypergeometric functions will be useful!

o GKZ hypergeometric funcs. too general to calculate

o We interested in that 1-loop, 2-loop, 3-loop, ... integrals are
corresponding to what subclass of GKZ.

o Analytical properties?

o How to calculate?
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o Classes of hypergeometric function
¢ Gauss’ hypergeometric function F' (1 variable)

¢ Generalized hypergeometric function ,F, (1 variable)

S

Appell’s function F; F>.. (2 variables)
¢ Lauricella’s function Fp (n variables)

< Aomoto, Gelfand, ..., etc

e

o A rich identity of these functions are known from the
power series expansion, integral representation,
differential equation.
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Introduction
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o Representation with hypergeometric functions
> Regge(1969.a class of generalized hypergeometric equations)
.» Tarasov et al., Davydychev, Kalmykov,...(1-, 2-loop, ...)
- Duplancic and Nizi¢, Kurihara, (1-loop, for massless QCD)

o This work

The one loop n-point functions are exactly expressed in terms
of some set of hypergeometric functions.
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Introduction
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o We want to know the general expressions for one loop integrals.

%

%

%

E

Dimensions are treated as the parameter

Masses of the propagators are expressed arbitrary
Momenta of external legs are also arbitrary
N-point and tensor integrals can be treated

o What 1s the analytical properties of one loop?

o We also want to know how to treat these function by analytical
or numerical method.
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One-loop integrals
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o Consider the (n+1)-point function

+ Denominator of the loop integral 1s

Z[(l + ;)% — = (l + Zr] ) S {—1 Z(rj — r%)°z;T8 + |2 Zm?a:j}

J Jrk g}

I:loop momentum, r:external momenta

e i pdpagators Loop momentum shift and integrate

o One-loop functions is expressed

In_|_1(8) — d-x sz

AN
B L f e E Az, + g Biz; + C = A:L‘ ,x)+ (B,x)+C
zg 1
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Bernstein theorem
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o This theorem say that P and b functions are existed for
arbitrary polynominal function

P(s)f*+: = b(s)f°

operator polynominal

o For one-loop integral case

s (+1)1 :

=
P-operator ~fr 2En AT

|
where E.=3(A"'B,B)-C

¥ = 1D; i
|

b-functions
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Formulation for calculation
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o Integral I(s) 1s related to different dimension I(s+1) by
using Bernstein theorem

1
Lhy1(s) = ST SR DT
Cd e /A 2
1 (s+n/2+1) 1
= I (s) — T 1
2(s =1 E, () (s+1) ( En) +1(s +1)
T : Repeat again :
* m times operations
= s+n/2+1)j' 1y S e ea
X TN e R e T R s

ACAT, Beijing, May 16 - May 21 N.Watanabe(KEK) One loop integral with hypergeometrzc series 8



Cont.

o The surface term F

Fo(s) ;:/A A"z Za{ —19D,,),; Det!)

T Z h I n,J Where In,j = / DZ_'_l([Uj = O) d?]j
An;j

The coefficients h are determined by only kinematics

o The n+1-pt func. can be related to infinite sum of the n-pt func.

i 3—|—n/2—|—1) et el |
I =33, (-z)  Shuduss+i+)
]:

E
]—I—l n iy

(s+n/24+ 1),
(s+1)

1 m
(—E ) In+1(s +m) |m—>oo

Integratlon part vanishes
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Cont.

o Iterating operations, n+1-pt func. can be reduced to 1-pt func.

kinematical factor

IO-'I’L ( ) En Z Z Z D Un7kn7kn 19000 7k )) hdn,knhp(an;k:n),kn_l "'hp(on;k;n ..... k2),k1 J

Oknlo k1=

—

s —— , :
8+1 .7n+1 (8+jn +2)]n—1+1 (S+]n+.+-]2+n).71+1

Jn—ojn Tiss =0 jl =)

(_D(p(an;kn,kn1,...,k1))>j”+1 (_D(p(an;kn,kn1,...,k1)))j”‘1+1 o5 (_D(p(an;kn,kn1,...,k1)))j]
2)

Eo'n EP(O'n;kn) Ep(an§kn ----- k

\

Hypergeometric function

o The n-point func. 1s denoted by a linear combination of
n! these hypergeometric functions.
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Another approach
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o In another approach, we can prove this method.

%Zv—lpu, B,71:2) = (y—1)2""2F(1,8,v—1;2)  differential eq.

A='9D,,,8D,,)

55 (
S R A B
Pl A5 L E 28,

n

! P 3 3 g
D> Ol(A710Dn)f(2)] = =2 [(1 A = 5] f(z)  kinematical relation

k

1 n D |
J9e BaeATTD: D8+1F(1 SR 2-——")

—— e e e o — e ——— - — e

o Denominators of integrand are written in a total differential
v
Same formulae are obtained
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G function
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o Definition of G function

e — — = = = E——— — SE——-—

| Fhi(er) il =02 B 5, o
| ey Z Z Z N5, b [Teea O K Be) 7 i [Li- 132'7;1:['7;

lh J—0-Jn—1=0 EN— 0
l ’ 5

.- If these functions are evaluable, all one loop 1ntegrations
are calculable in any physical parameters

-» These functions have information of not only physical
meaning but also numerical stabilities.

—=What are these functions?
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G function
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o lIdentities for G functions can be constructed
¢ Integration form —Qne kind of Aomoto-Gelfand hypergeometric
T'(7) s s s e Ty Gl
Gn(a’ﬁ;%x):ng’:lF( 5T (7 S r) / d"u Hu (1—2@7) H<1—2$3u3>

=l =1

SR

. ; linear equations
¢ Recursion relations :

‘€

I'(v)
['(aq)T(y

Differential

a mn
—Gn(a, B;%;2) = Y el Gn(a+ e, B+ ep; v+ 1;7)
i oy R

B0 )=

1
)/ dw w* L (1—w)" "M Y (1—zyw)~ 2= PG, 1 (o, B9 ')

&6

Differential equations —information of singularities

S
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G function
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o Tensor integrals are covered in these functions.

E— - SE——-— —

| n

| ey TOLTE= 5 5
| Gnla, Biviz) = H?:1F(@j)£g’z)— 22210%)/ d"u I_Iua"c 1( —Z%)ﬁy = 1H(1;xjuj> c

\\ ] L
l‘

1
‘ ; -

Tensor integral 1s appear from differentiating by masses

2t
z;Dp = —— = — D7
S m’;
additional x appear 25 J

RSl ) e (], 1)

Scalar integral <= Tensor integral
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Example: 2- pomt functlon
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o 2-point function 1s expressed 1in G; function

= et 32
Gl +3/255 4 2a0) =3 )j(i+2>j/ ; j
=0

a = 1 Scalar integral
a # 1 Tensor integral =5 F(Oé S + 3/2' G azk)

a can be reduced to 1 by using some identities of hypergeometric func.

+ Gy functions can be expand around € by multiple polylogarithm(MPL)

Tk

BRSSO st D) — (1 — @)= (1 2)F(1, —5;5+ 2;2) - * " 2—apr2/izas
~--9» 1dentity g — —60 d—=4—_9¢

1.e.
F(1,€,2—e,z):1_|_6(z_( 1ilog(1—z))

+€2<2(z — DLiza(2,1) + (2 — 1) + Lia(2) + 22 + 2(—log(1 — 2)) + log(1 — z)) +O(€3)

z
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Example: 2—p0int function
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o Scalar 1ntegra1 case

thGl 1+s—|—3/2 s+ 1, xx)

s
o . op=PTE B =gt~ 9’ (md + md) + (m —m3)?
2
= (m3)°F1(1,—s,—s;2;1 /x4, 1/ _
( 2
using identities: i.e. =
Fi(1, 51,052,231, 22) = —F<1 P1,2 — P2 >
1 — [y g L2

o R S R s e (zz — 1)
i +1—52 T9 (1 —=21)" (1~ z2)" F(l P 52733(1_1))}

Result 1s consistent with direct analytical calculation g, = / S
Our method seems Working well :

B e Lt PRSI S e ST
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Example: 2-point function
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o Massless limit | m2 - 0-» 2 — 0,24 — 1]

g SHE Yo 1P i R e et ] G TR I Ripesech
Ir(s) = 3—|—1(m1) F(l,—s,s—I—Z, E)+ g (m7) ( S F(l’_8’8+2’1—x+>
' not ;‘;H defined
1 2 2 P2
= iy SF( ]-7_ 3 27 )
3—|—1(m2 i) S + s,8 + ey

-

transformation of 2nd term, then massless limit can be taken

= (—p’)°B(s+ 1,5+ 1)

o We can select the good representation by using some identities.
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Example: 3—point function ;

P1

L s 2 o
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o The 3-point function can be written in a linear combination of
G2 functions.

° In general, G; function is expressed as Appell’s F3.

R 7 o oo | ©)
(1) (02)i(s +5/2) k(s + 2k 5
‘ 1/2, 542 = 1
| Gaol(an, a2), (1/2, 542), 5+43; 21, 22) z::];) S—|—3 j+kz(3—|‘5/2)k]']€' e
T |
= (1 —x1)" " F;5 (041, as,1/2,8 + 2,5+ 3; —1175’72)
m —
b 7o 1 )
.» A rich 1dentity for F’;3 can be used.
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Example: 3—point function ;
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o The scalar 3-point functions are written as

Qs) T kZMZlhkl k2 G (1, 1), (1/2,5 + 2); 8 + 3, £(1. ks ka)> T (2,01 k2))
I 1 2

kinematical factor

0 Usmg some 1dentities, G2 can be expanded by MPL.
GQ((l, 1), (1/2, S—|—2), 8-|—3; 1, 5132)

3 i gl ®)
= F(l,s e R L )
e e e R
1+ 2 22 352
o F (17_ _172 171717 37 3 9 9 )
T s (s+ 1) S b e
— const. {’w1 R <S+2, —s—1,1,s+4+ 3, i,wl)

new variables are related
to original ones x;, x2

—Wsy F1<8—|—2,—S—1,1,S—|—3,1+LZ,’U)2)}

expanded by MPL
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Example: 4-point function | .=
2
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o The 4—point functions are denoted by

51 £} ﬁ2 rE ﬁ3)j1+j2+j3 (62 g7 63)9'24-]'3 (63)j3 (al)jl (a2)j2 (043) = 5 e 2
ARG S‘ S‘ Y (i (B 02 -+ 03) 55155 (B2 8a) 5. 71 123! le x‘; xé

go—lioe=0 =0

o Construct many relation for G3 (Integral form, recursion, ...etc)

o In the scalar case s=—2—cmhpd=14—2¢

| 254
ekl 6:(5,5,34——), R L R S s

Integration form

1 ) 5 ['(s+4)
G T 15l = - 4, = 3 iy e st+1
3({ ) }7{272a8+ 2}73+ ,$1,$2,$3> F(S-l—l) /ASdU(l Uy U2 U3)

X(l o U1)1/2(1 D U2)1/2(1 i ) ’LL3)S+5/2
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Example: 4-point function | "
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o The 4-point functions are denoted by
Gala, 8;7; ) = /01 dw(s +3)(1 — w)* (1 — way) ~*72
G>((1,1),(1/2,5+5/2) ,$+3,( 1—9[;1:;2’ 1—931)53)
)) (1—26,1,1,2— 1+\/_1_\f)

:/1 dwe(l—w)—e(l—wxl)e—% <1 w(x, — T2

1—$2 2

1—$2

V(e —1)xsT(1 —€) ( T ) :1:3—371)
+(Q?2—1)\/1—£E3F(%— )Fl 1’172,2, 332—175133—1
o (General expressions are difficult, we can calculate up to order €
R CE L e 2 e e e "2 (a0, w3)) -+ )+ Ofe)

2y/m(e — 1)zST(1 — €)

+(x2 —1) ( o1 e 1) VI—xT (1 —¢) log|(z1, 22, 73)]
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e o Re[Hypergeometric] i i | e e Re[Hypergeometric]
— Re[LoopTools] ) — Re[LoopTools]
e e |Im[Hypergeometric] : ; e o |m[Hypergeometric]
— Im[LoopTools] Y ol . — Im[LoopTools]

® e Re[Hypergeometric]| i I i o ® e Re[Hypergeometric]
— Re[LoopTools] — Re[LoopTools]

e e |Im[Hypergeometric] . e e Im[Hypergeometric]|
— Im[LoopTools] B o — Im[LoopTools]




Summary and Outlook
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o The general one loop integral with any physical parameter are
written 1n a linear combination of Aomoto-Gelfand
hypergeometric functions

.» Original integrand 1s quadratic eq. = product of linear eq.
o Many 1dentities of hypergeometric funcs. are developed

o Our method is consistent with well-known results.

Outlook

o The general expressions for nz4-point functions are constructed

o Extend this method for massless QCD loop with IR singularity.
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Thank you !



