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ϕ4 model

S(ϕ) = −

∫

dx

(

1

2
τϕ(x)2 +

1

2
(
−→
▽ϕ(x))2 +

1

24
g(ϕ(x)2)2

)

O(n)-symmetri
 ϕ4 model in statisti
al physi
s des
ribes se
ondorder phase transition in:
n = 1liquid-gas system
riti
al mixing point in binary mixtures
n = 2planar Heisenberg magnettransition to the super�uid phase of liquid 4He

n = 3isotropi
 Heisenberg magnet
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ϕ4 model. Experimentally observables quantities

S(ϕ) = −

∫

dx

(

1

2
τϕ(x)2 +

1

2
(
−→
▽ϕ(x))2 +

1

24
g(ϕ(x)2)2

)For liquid-gas system near Tc the following quantities 
an be
ompared with experiment:
riti
al exponents ν, γ, αamplitude ratio B+/B−Correlation length rc and some thermodynami
 quantities showsingular behavior in the limit T → Tc

rc ∼= r0τ
−ν , τ = (T − Tc)/Tc , ν ≈ 0.63 .

CP ≃ A±|τ |
−γ , γ ≈ 1.24, CV ≃ B±|τ |

−α, α ≈ 0.1 .

ϕ4 model dis
ribes only equal-time 
orrelation fun
tions andthermodinami
al quantities
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al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.Criti
al dynami
sModels of 
riti
al dynami
s are designed to des
ribe 
riti
al slowingdown e�e
t and 
riti
al behaviour ofspeed of soundvis
ositythermal 
ondu
tivity 
oe�
ientdi�usion 
oe�
ientThe behaviour of these values near 
riti
al point 
an be measuredexperimentally, for example in experiments on light s
attering,sound propagation and so on
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riti
al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.Criti
al dynami
sModels of 
riti
al dynami
s are 
onstru
ted on basis of models like
ϕ4, but there are mu
h more models be
ause of
onservation or non-
onservation of order parameterdi�erent mode 
ouplingsA
tion for model H of 
riti
al dynami
s(liquid-gas 
riti
al point)
S(ψ,ψ′,−→v ,−→v

′
) = −λψ′∂2ψ′+ψ′

[

−∂tψ − λ∂2(∂2ψ − τψ − g1ψ
3/6) −

−vi∂iψ]−λ−1g−1
2 v ′

i ∂
2v ′

i +v ′

i

[

−a∂tvi + λ−1g−1
2 ∂2vi + ψ ∂i (∂

2ψ)
]

,

ψ � order parameter (density �u
tuations), 
oupling with velo
ity �eld�u
tuations −→v ,
ψ′ and −→v ′� auxiliary �elds, by whi
h the transition from the sto
hasti
equations to QF model is made
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al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.Criti
al dynami
sRe
ent review:Criti
al dynami
s: a �eld-theoreti
al approa
h,Reinhard Folk (Linz U.) , Hans-Guenther Moser (Salzburg U.)J.Phys. A39 (2006) R207-R313model system loops �eldsA Relaxational dynami
s 3 2sB/D Di�usive dynami
s ≡ φ4 2s / 4sC/C' Relaxational dyn. + energy 
ons. 2 4s / 6sE/E' Planar ferromagnet hz = 0 2 2s 2v / 2s 4vF Super�uid transition 4
He 2 4sPlanar ferromagnet hz 6= 0F' Super�uid transition 3

He - 4
He mixtures 2 6sG Heisenberg antiferromagnet 2 2s 2vH Liquid-Gas transition 2 2s 2vH' Liquid-Gas and Liquid-Liquid 1 4s 2vtransition in binary mixturesJ Heisenberg ferromagnet 1 2s
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riti
al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.Renormalization groupMost su

essfull method applied to this models is Renormalizationgroup method1Model ϕ4

d = 4 − 2ǫ → 5-loop order (analyti
al)2
d = 2 → 5-loop order (numeri
al)3
d = 3 → 6-loop order (numeri
al)4Criti
al dynami
s:Most models are 
al
ulated only in 2-loop order.Simplest model "A" is 
al
ulated in 3-loop order.1was �rstly applied to stati
ti
al physi
s problems by Kennet Wilson in 19712Chetyrkin K.G, Kataev A.L., Tka
hev F.V.3Orlov E. V., Sokolov A. I.4Ni
kel B., Meiron D., Baker G.
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al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.Why more loops are needed?
for more pre
ise Borel resummation (all series expansions for
riti
al exponents are asymptoti
)to distinguish 
on
urrent asymptoti
 regimesto 
larify in
onsisten
y between RG-results (d = 4 − ǫ and
d = 2) and exa
t solution for 2D Ising model
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riti
al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.Normalization point s
heme. MotivationOur approa
h has the following advantages:anomalous dimensions (γi ) and β-fun
tion are expresseddire
tly from diagrams of 1-PI renormalized Greenfun
tions, without 
al
ulation of renormalization 
onstantsfor renormalized diagrams we use representation where there isno pole terms at all. (in 
ontrast to MS s
heme where poleterms 
an
el ea
h other)
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riti
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h to numeri
al 
al
ulation of anomalous dimensions.Minimal Subtra
tion (MS) s
heme
S = −

1

2
(m2Z1 + k2Z2 + δm2)ϕ2 −

1

24
gµεZ3ϕ

4 .

d = 4 − ǫ, Eu
lidean spa
e
Z1 = Zm2Z 2

ϕ, Z2 = Z 2
ϕ, Z3 = ZgZ 4

ϕ.

ΓR
i = RΓi = (1 − K )R ′Γi

R ′ - in
omplete R-operation (eliminating divergen
es in subgraphs)
K - subtra
tion operationRenomalization group equations (MS s
heme)

(µ∂µ + β∂g − γm2m2∂m2)ΓR
n = nγϕΓR

n .

β =
−ε g

1 + g∂g lnZg

, γi =
−ε g∂g lnZi

1 + g∂g lnZg

.At �xed point g∗ RG-equations turn into equations of 
riti
als
aling with exponents γi(g∗)
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h to numeri
al 
al
ulation of anomalous dimensions.Normalization point (NP) s
hemeWe use renormalization s
heme where RG-equations keep the simple form(like in MS s
heme)
(µ∂µ + β∂g − γm2m2∂m2)ΓR

n = nγϕΓR
n .RG-fun
tions depend only on 
oupling 
onstant g (as in MS-s
heme)In NP s
heme anomalous dimensions 
an be expressed throughrenormalized 1-PI Green fun
tions

γi =
2fi

1 + f2
, i = 2, 4where

fi = −R m2∂m2 Γ̄i |p=0,µ=m, Γ̄2 = −∂p2Γ2, Γ̄4 = −
Γ4

gµε
.Subtra
tion operation for this s
heme is de�ned by followingnormalization 
onditions

Γ̄R
2 |p=0,µ=m = 1, Γ̄R

2 |p=0,m=0 = 0, Γ̄R
4 |p=0,µ=m = 1
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riti
al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.Normalization point (NP) s
hemeThis s
heme is in some sense intermediate between minimalsubtra
tion(MS) s
heme and subtra
tion at zero momenta (ZM)RG-fun
tions do not depend on mass, this results in simpleRG-equations as in MS s
heme (RG-equations in ZM s
heme havemore 
omplex form)Ea
h diagram of renormalized Green fun
tion 
an be expressed asuniform integral without 
an
ellation of pole terms and large � largesubtra
tions (di�
ult in MS s
heme)Subtra
tions in ZM and NP s
heme 
an be expressed as remainder ofTaylor expansion
(1 − K )F (k) = F (k) −

∑n

m=0
km

m! F
(m)|k=0 = 1

n!

∫ 1

0 da(1 − a)n∂n+1
a F (ak).This leads to the following representation for R-operation

RΓ =
∏

i

1

ni !

∫ 1

0

dai (1 − ai)
ni∂ni+1

ai
Γ({a}),
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riti
al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.Normalization point s
heme. Summary
γi =

2fi
1 + f2

, i = 2, 4where
fi = −R m2∂m2 Γ̄i |p=0,µ=m, Γ̄2 = −∂p2Γ2, Γ̄4 = −

Γ4

gµε
.

RΓ =
∏

i

1

ni !

∫ 1

0
dai(1 − ai )

ni∂ni +1
ai

Γ({a}),RG-fun
tion 
an be 
al
ulated dire
tly from diagrams withoutdivergen
esthere is no need for pole extra
tion.
ǫ-expansion for these diagrams 
an be obtained by simpleTaylor expansion of integrandthis representation 
an also be used for renormalization groupin "real spa
e"(d = 2, d = 3)
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riti
al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.We developed fully automated software that allows to 
al
ulateanomalous dimensions in wide range of models (e.g. φ3, φ4 models andmodels of 
riti
al dynami
s)This software in
ludesgraph generationgeneri
 algorithm for �nding UV and IR subgraphsgeneration of integrand in momentum/Feynman representationse
tor de
omposition (strategy S with symmetries)numeri
al evaluation of integrals (using external programs)
ombining �nal result for RG-fun
tion(NEW!) Using this approa
h we 
al
ulated RG-fun
tions for φ3 model upto 4-loop order 5These 
al
ulations 
an be performed without any tri
ks dire
tly inmomentum representation or using Feynman parameters.5Adzhemyan L. Ts., Kompaniets M. V., Theor. and Math. Phys., 169(1):1450�1459 (2011)
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riti
al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.For 5-loops and higher Se
tor De
omposition is required. But in our
ase Se
tor de
omposition is mu
h more simplier than that for MSs
heme, be
ause we don't need to extra
t pole residues.
O(N)-symmetri
 φ4 model (d = 4 − ǫ) in 5-loop orderResults agree within 10−6 with analiti
al results6
O(N)-symmetri
 φ4 model (d = 2) in 5-loop orderResults agree within 10−6 with results obtained by Orlov andSokolov.7NEW! Preliminary results for O(N)-symmetri
 φ4 model(d = 2) in 6-loop orderNEW! Preliminary result for model A of 
riti
al dynami
s in4-loop order6Chetyrkin K.G, Kataev A.L., Tka
hev F.V., Phys.Lett., B99, 147 (1981); B101,457(E) (1981)Kleinert H., Neu J., Shulte-Frohlinde V., Chetyrkin K.G., Larin S.A., Phys.Lett., B272,39 (1991);Erratum: B319, 545 (1993)7Orlov E. V., Sokolov A. I., Physi
s of the Solid State vol. 42 issue 11 November 2000. p. 2151-2158
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h to numeri
al 
al
ulation of anomalous dimensions.Remarks on φ4 model in d = 4 − ǫEa
h diagram 
al
ulated in Normalization Point s
heme 
an besimply re
al
ulated to that in Minimal Subtra
tion s
heme.We also perform diagram by diagram veri�
ation of analiti
alresults in 5-loop order.8
8This is �rst fully independent 
ross
he
k of these results
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al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.Remarks on φ4 model in d = 4 − ǫEa
h diagram 
al
ulated in Normalization Point s
heme 
an besimply re
al
ulated to that in Minimal Subtra
tion s
heme.We also perform diagram by diagram veri�
ation of analiti
alresults in 5-loop order.8IN PROGRESS: 6-loop order (in 
ollaboration with K.G.Chetyrkin)loops total fa
torized primitive 4-loop 4-loopredu
ible irredu
ible
Γ2 50 0 0 48 2
Γ4 627 124 10 481 128This is �rst fully independent 
ross
he
k of these results
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riti
al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.Se
tor de
omposition and graph symmetries
If we are going to apply Se
tor De
omposition to 6-7 loop integralsone of the problems that arises is a huge9 number of se
torsnew strategies?any additional information about integrand stru
ture?

9for 6-loop graphs with strategy S, number of se
tors > 10
5
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x1 x3

x2

x5

x4 x6

Graph is fully symmetri

I =

∫ 1

0
dx1 . . .

∫ 1

0
dx6 f (x1, x2, x3, x4, x5, x6)where

f (x1, x2, x3, x4, x5, x6) = δ(1 −
∑6

i=1 xi )(x1x2x4 + x1x2x5 +
x1x2x6 + x1x3x4 + x1x3x5 + x1x3x6 + x1x4x6 + x1x5x6)

(−2+ǫ)Integrand has the same symmetries as graph e.g. (x2, x4) → (x3, x5)
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al 
al
ulation of anomalous dimensions.Integrand symmetries
x1 x3

x2

x5

x4 x6

Graph is fully symmetri

I =

∫ 1

0
dx1 . . .

∫ 1

0
dx6 f (x1, x2, x3, x4, x5, x6)where

f (x1, x2, x3, x4, x5, x6) = δ(1 −
∑6

i=1 xi )(x1x2x4 + x1x2x5 +
x1x2x6 + x1x3x4 + x1x3x5 + x1x3x6 + x1x4x6 + x1x5x6)

(−2+ǫ)Integrand has the same symmetries as graph e.g. (x2, x4) → (x3, x5)We 
an use graph symmetries to �nd integrand symmetries
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al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.Integrand symmetries
x1 x3

x2

x5

x4 x6

Graph is fully symmetri

I =

∫ 1

0
dx1 . . .

∫ 1

0
dx6 f (x1, x2, x3, x4, x5, x6)where

f (x1, x2, x3, x4, x5, x6) = δ(1 −
∑6

i=1 xi )(x1x2x4 + x1x2x5 +
x1x2x6 + x1x3x4 + x1x3x5 + x1x3x6 + x1x4x6 + x1x5x6)

(−2+ǫ)Integrand has the same symmetries as graph e.g. (x2, x4) → (x3, x5)We 
an use graph symmetries to �nd integrand symmetriesIntegrand symmetries allows us to �nd equal se
tors
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riti
al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.Primary se
tors, msn-notationStrategy S6 primary se
tors: (def: x1 > x2, x3 ≡ θ(x1 − x2)θ(x1 − x3) )
x1 > x2, x3, x4, x5, x6; x2 > x1, x3, x4, x5, x6; x3 > x1, x2, x4, x5, x6;
x4 > x1, x2, x3, x5, x6; x5 > x1, x2, x3, x4, x5; x6 > x1, x2, x3, x4, x5;Lets mark graph lines with indexes m, s and n

10for se
tor x1 > x2, x3, x4, x5, x6 x1 → m, x2, x3, x4, x5, x6 → s

x1 x3
x2

x5

x4 x6

m, s,
s,

s,

s, s,In further de
ompositions ea
h se
tor will be asso
iated with graph withsu
h multi-indexes on lines10indexes 
orrespond to role of variable in 
urrent de
omposition:
m - main variable
s � se
ondary variable
n � neutral (variable are not in
luded in 
urrent de
omposition subspa
e)
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h to numeri
al 
al
ulation of anomalous dimensions.Primary Se
tors strategy S6 primary se
tors:
x1 > x2, x3, x4, x5, x6; x2 > x1, x3, x4, x5, x6; x3 > x1, x2, x4, x5, x6;

x4 > x1, x2, x3, x5, x6; x5 > x1, x2, x3, x4, x5; x6 > x1, x2, x3, x4, x5;

x1 x3
x2

x5

x4 x6

= m s
s

s
s s

+ s s
m

s
s s

+ s m
s

s
s s

+

s s
s

s
m s

+ s s
s

m
s s

+ s s
s

s
s m
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h to numeri
al 
al
ulation of anomalous dimensions.Primary Se
tors strategy S6 primary se
tors:
x1 > x2, x3, x4, x5, x6; x2 > x1, x3, x4, x5, x6; x3 > x1, x2, x4, x5, x6;

x4 > x1, x2, x3, x5, x6; x5 > x1, x2, x3, x4, x5; x6 > x1, x2, x3, x4, x5;

x1 x3
x2

x5

x4 x6

= m s
s

s
s s

+ s s
m

s
s s

+ s m
s

s
s s

+

s s
s

s
m s

+ s s
s

m
s s

+ s s
s

s
s m

= 6 × m s
s

s
s s
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h to numeri
al 
al
ulation of anomalous dimensions.Se
ond de
omposition
x1 x3

x2

x5

x4 x6

= 6 × m s
s

s

s sDe
omposition spa
e is (x2, x3, x4, x5, x6)

m s
s

s

s
s

= m,n s,s
s,m

s,s

s,s
s,s

+ m,n s,m
s,s

s,s

s,s
s,s

+ m,n s,s
s,s

s,s

s,m
s,s

+

m,n s,s
s,s

s,m

s,s
s,s

+ m,n s,s
s,s

s,s

s,s
s,m
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h to numeri
al 
al
ulation of anomalous dimensions.Se
ond de
omposition
x1 x3

x2

x5

x4 x6

= 6 × m s
s

s

s sDe
omposition spa
e is (x2, x3, x4, x5, x6)

m s
s

s

s
s

= m,n s,s
s,m

s,s

s,s
s,s

+ m,n s,m
s,s

s,s

s,s
s,s

+ m,n s,s
s,s

s,s

s,m
s,s

+

m,n s,s
s,s

s,m

s,s
s,s

+ m,n s,s
s,s

s,s

s,s
s,m

= 4 × m,n s,s
s,m

s,s

s,s
s,s

+ m,n s,s
s,s

s,s

s,s
s,m
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ulation of anomalous dimensions.Se
ond de
omposition
x1 x3

x2

x5

x4 x6

= 6 × m s
s

s

s s

= 24 × m,n s,s
s,m

s,s

s,s
s,s

+ 6 × m,n s,s
s,s

s,s

s,s
s,mDe
omposition spa
e is (x2, x3, x4, x5, x6)

m s
s

s

s
s

= m,n s,s
s,m

s,s

s,s
s,s

+ m,n s,m
s,s

s,s

s,s
s,s

+ m,n s,s
s,s

s,s

s,m
s,s

+

m,n s,s
s,s

s,m

s,s
s,s

+ m,n s,s
s,s

s,s

s,s
s,m
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h to numeri
al 
al
ulation of anomalous dimensions.Third de
omposition
x1 x3

x2

x5

x4 x6

= 24 × m,n s,s
s,m

s,s

s,s
s,s

+ 6 × m,n s,s
s,s

s,s

s,s
s,m1. De
omposition spa
e (x4, x5, x6)

m,n s,s
s,m

s,s

s,s
s,s

= m,n,n s,s,n
s,m,n

s,s,m

s,s,s
s,s,s

+ m,n,n s,s,n
s,m,n

s,s,s

s,s,m
s,s,s

+ m,n,n s,s,n
s,m,n

s,s,s

s,s,s
s,s,m
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al
ulation of anomalous dimensions.Third de
omposition
x1 x3

x2

x5

x4 x6

= 24 × m,n s,s
s,m

s,s

s,s
s,s

+ 6 × m,n s,s
s,s

s,s

s,s
s,m1. De
omposition spa
e (x4, x5, x6)

m,n s,s
s,m

s,s

s,s
s,s

= m,n,n s,s,n
s,m,n

s,s,m

s,s,s
s,s,s

+ m,n,n s,s,n
s,m,n

s,s,s

s,s,m
s,s,s

+ m,n,n s,s,n
s,m,n

s,s,s

s,s,s
s,s,m2. De
omposition spa
e (x2, x3, x4, x5)

m,n s,s
s,s

s,s

s,s
s,m

= m,n,n s,s,s
s,s,m

s,s,s

s,s,s
s,m,n

+ m,n,n s,s,m
s,s,s

s,s,s

s,s,s
s,m,n

+ m,n,n s,s,s
s,s,s

s,s,s

s,s,m
s,m,n

+ m,n,n s,s,s
s,s,s

s,s,m

s,s,s
s,m,n
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omposition
x1 x3

x2

x5

x4 x6

= 24 × m,n s,s
s,m

s,s

s,s
s,s

+ 6 × m,n s,s
s,s

s,s

s,s
s,m1. De
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m,n s,s
s,m

s,s

s,s
s,s

= m,n,n s,s,n
s,m,n

s,s,m

s,s,s
s,s,s

+ m,n,n s,s,n
s,m,n

s,s,s

s,s,m
s,s,s

+ m,n,n s,s,n
s,m,n

s,s,s

s,s,s
s,s,m2. De
omposition spa
e (x2, x3, x4, x5)

m,n s,s
s,s

s,s

s,s
s,m

= 4 ×m,n,n s,s,s
s,s,m

s,s,s

s,s,s
s,m,n
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omposition result
x1 x3

x2

x5

x4
x6

= 24 ×

(

m,n,n s,s,n
s,m,n

s,s,m

s,s,s
s,s,s

+ m,n,n s,s,n
s,m,n

s,s,s

s,s,m
s,s,s

+

+ m,n,n s,s,n
s,m,n

s,s,s

s,s,s
s,s,m

+ m,n,n s,s,s
s,s,m

s,s,s

s,s,s
s,m,n

)

we need to 
al
ulate only 4 se
torsoriginal strategy: 96 se
torsprimary se
tors equivalen
e11: 16 se
torsSe
tors we need to 
al
ulate 
an be easily re
onstru
ted frommsn-notation11Se
De
, FIESTA
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h to numeri
al 
al
ulation of anomalous dimensions.More examples
A1 orig. 215 8851 fail 78 7529 8854 7126uniq. 12 2208 28 3215 2603 4264B/C1 orig. 96 1080 14520 48 1080 1080 960uniq. 4 135 1452 12 270 135 480X1 orig. 96 1170 15350 48 1304 1114 986uniq. 8 287 2182 12 324 215 584S2 orig. 96 1080 14520 16 180 216 210uniq. 4 135 1452 4 45 27 1051modi�ed se
tor_de
omposition 
ode from C.Bogner and S. Weinzierl2original implementation
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riti
al phenomena: new approa
h to numeri
al 
al
ulation of anomalous dimensions.How to �nd isomorphi
 graphs? graph_state libraryoriginal algorithm12 used by B. Ni
kel et al. for graph identi�
ationgeneralized algorithmdire
ted and undire
ted graphsdi�erent types of edgesmulti-index labels
an be used forgraph identi�
ation
al
ulating symmetry fa
tors�nding graph automorphisms
omplexity of algorithm is 
lose to O(N) (N � number of verti
ies)written on Python (Win/Lin/Ma
)available at http://
ode.google.
om/p/rg-graph/downloads12Ni
kel B., Meiron D., Baker G. - University of Guelf Report,1977J.F.Nagle, J. Math. Phys. 7, 1588 (1966)
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Thank you for attention!


