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Solution of Loop Integrals using Modern Summation Methods

Outline of talk

1. Symbolic summation techniques

2. Application to massive 3-loop integrals
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2-loop example Solution of Loop Integrals using Modern Summation Methods

A warm up example

GIVEN F(n ZZ €+1

( T(k+1) TEIA-HIG+1- LG +1+ 5k +j+1+n)

F(k+2+n) FG+1-5)TG+2+n)l(k+j+2)

D(k+1) D(=5TA+5)T +14+elG+1-5)0(k+j+1+5+n)

L(k+24n) rG+0rG+2+5+n)lk+j5j+2+5) '
f(n’k;7])

Arose in the context of
I. Bierenbaum, J. Blimlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006
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2-loop example Solution of Loop Integrals using Modern Summation Methods

A warm up example

GIVEN F(n ZZ €+1

( T(k+1) TEIA-HIG+1- LG +1+ 5k +j+1+n)

C(k+2+n) TG+1-STG+2+n)(k+j+2)

D(k+1) D(=5TA+5)T +14+elG+1-5)0(k+j+1+5+n)

L(k+24n) rG+0rG+2+5+n)lk+j5j+2+5) '
f(n’k;7])

FIND the first coefficients of the e-expansion

F(n) = F()(n) + €F1(n) +

Arose in the context of
I. Bierenbaum, J. Blimlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006
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2-loop example Solution of Loop Integrals using Modern Summation Methods

A warm up example

GIVEN F(n ZZ €+1

( T(k+1) TEIA-HIG+1- LG +1+ 5k +j+1+n)

C(k+2+n) TG+1-STG+2+n)(k+j+2)

D(k+1) D(=5TA+5)T +14+elG+1-5)0(k+j+1+5+n)

L(k+24n) rG+0rG+2+5+n)lk+j5j+2+5) '
f(n’k;7])

Step 1: Compute the first coefficients of the e-expansion

f(n,k,j) = fo(n, k. j) + efiln, k,j) +

Arose in the context of
|. Bierenbaum, J. Blimlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006

RISC, J. Kepler University Linz Carsten Schneider



2-loop example Solution of Loop Integrals using Modern Summation Methods

A warm up example

GIVEN F(n ZZ €+1

( T(k+1) TEIA-HIG+1- LG +1+ 5k +j+1+n)

C(k+2+n) TG+1-STG+2+n)(k+j+2)
D(k+1) D(=5TA+5)T +14+elG+1-5)0(k+j+1+5+n)
L(k+24n) rG+0rG+2+5+n)lk+j5j+2+5) '
f(n’k;7])

Step 2: Simplify the sums in

Zz.f(nak7j):ZZfO(nvka])+5ZZf1(nvkaj)+
k=0 j=0 k=0 j=0 k=0 j=0
Arose in the context of

|. Bierenbaum, J. Blimlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006
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2-loop example Solution of Loop Integrals using Modern Summation Methods

Simplify

(2) + k +n+ 27! + k +n)!
;)jgo((j+k+ DG +n+1)G+k+1)1G+n+1D)(k+n+1)
+j!k!(j +k4+n)! (=51(j) + S1(j+ k) +S1(j+n) —Si1(j + k+n)) )

GHeE+DG+n+DI(k+n+1)!
fG)

where
n

Sﬂn)zZi

=1
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2-loop example Solution of Loop Integrals using Modern Summation Methods

Simplify

(2) + k +n+ 27! + k +n)!
g;(mm DG +n+1)G+k+1)1G+n+1D)(k+n+1)
+j!k!(j +k4+n)! (=51(j) + S1(j+ k) +S1(j+n) —Si1(j + k+n)) )

GHeE+DG+n+DI(k+n+1)!
fG)

FIND ¢(j):

FG)=9G+1) —g(j)]
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2-loop example Solution of Loop Integrals using Modern Summation Methods

Simplify

(2] + k +n + 2)51K1(j + k + n)!
g;(mm DG +n+1)G+k+1)1G+n+1D)(k+n+1)
+j!k!(j +k4+n)! (=51(j) + S1(j+ k) +S1(j+n) —Si1(j + k+n)) )

GHeE+DG+n+DI(k+n+1)!

f()
FIND ¢(j):
1£G) =G +1) — g(j)]
1 summation package Sigma
R Gt DR G k) (1) —S1 (k) —S1 () +51 (j4+k+n))
g(j) = EnGET DGt DIk s1)!

RISC, J. Kepler University Linz Carsten Schneider



2-loop example Solution of Loop Integrals using Modern Summation Methods

Simplify

(2] + k +n + 2)51K1(j + k + n)!
g;(mm DG +n+1)G+k+1)1G+n+1D)(k+n+1)
+j!k!(j +k4+n)! (=51(j) + S1(j+ k) +S1(j+n) —Si1(j + k+n)) )

GHeE+DG+n+DI(k+n+1)!
fG)

FIND ¢(j):

1£G) =G +1) — g(j)]

Summing the telescoping equation over j from 0 to a gives

Zf(nvkvj) :g(a+ 1) _9(0)

J=0
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2-loop example Solution of Loop Integrals using Modern Summation Methods
Simplify
o0 oo

(25 +k+n+2)jk!(j+k+n)
;;((wrwr DG+n+D)G+k+D1G +n+D(k+n+ 1)
+j!k!(j +k+n)(=S1() + S1(j + k) + S1(j +n) — S1(j + k +n)) )

GHeE+DG+n+DI(k+n+1)!
fG)

FIND ¢(j):

1£G) =G +1) — g(j)]

Summing the telescoping equation over j from 0 to a gives

> fn,k,5) = gla+1) — g(0)
=0
(a+1)!(k—1)!(a+k+n+1)!(S1(a)—S1 (a+k)—S1(a+n)+S1(a+k+n))
n(a+k+1)!(a+n+1)!(k+n+1)!
+ S1(k)+S1(n)—S1(k+n) + (2a+k+n+2)alk!(a+k+n)!
kn(k+n+1)n! (a+k+1)(a+n+1)(a+k+1)!(a+n+1)!(k+n+1)!
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2-loop example Solution of Loop Integrals using Modern Summation Methods

&mpmy
(2 + k+n+2)5k(j + k +n)!
;%;% GHE+DG+n+D)G+E+DG+n+ D!k +n+1)!
ARG LA CHG) 456 LR 456 1) G k)
G+E+DG+n+Dk+n+1)

f(5)
> 1 Sl(k)+Sl(n)—Sl(k:+n)
%;fnk] n! kn(k+n+ 1)
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2-loop example Solution of Loop Integrals using Modern Summation Methods

Simplify
(2 + k+n+2)5k(j + k +n)!
AZOJZO GHE+DG+n+D)G+E+DG+n+ D!k +n+1)!
ARG LA CHG) 456 LR 456 1) G k)
G+E+DG+n+Dk+n+1)

f@)

51 +S1 ) Sl(k}—i—n)
sznkj 'Z kn(k+n+ 1)

k=1 j=0
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2-loop example Solution of Loop Integrals using Modern Summation Methods

Telescoping
GIVEN B Z )+ S1(n) — Si(k + n)
= k:n(k: +n+1) '
= f(n7 k)
FIND g(n, k):

lg(nk+1) = g(n,k) |= | f(n. ) |

forall0 <k <mnandalln>0.

no solution @

RISC, J. Kepler University Linz Carsten Schneider



2-loop example Solution of Loop Integrals using Modern Summation Methods

Zeilberger's creative telescoping paradigm

GIVEN _ x~ Si(k) + Si(n) = Si(k +n)
Aln) = ,; kn(k+n+1) '
= f\(rn7k)

FIND g(n, k) and co(n), ci(n):

L9k +1) —g(n. k) | = [co(n) f(n,k) + e1(n) f(n + 1K) |

forall0 <k <mnandalln>0.
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2-loop example Solution of Loop Integrals using Modern Summation Methods

Zeilberger's creative telescoping paradigm

GIVEN _ x~ Si(k) + Si(n) = Si(k +n)
Aln) = kz:; kn(k+n+1) '
= f\(rn7k)

FIND g(n, k) and co(n), ci(n):

L9k +1) —g(n. k) | = [co(n) f(n,k) + e1(n) f(n + 1K) |

forall0 <k <mnandalln>0.

‘Sigma computes: ‘ co(n) =—n, ¢1(n) = (n+2) and

kS1(k) 4 (—n —1)S1(n) — kSi1(k+n) —2

9(n k) = TS CESIE
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2-loop example Solution of Loop Integrals using Modern Summation Methods

Zeilberger's creative telescoping paradigm

GIVEN _ x— Sik) + Si(n) = Si(k +n)
Aln) = kz:; kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), ci(n):

L9k +1) —g(n. k) | = [co(n) f(n,k) + e1(n) f(n + 1K) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

a

[9(n,a+1) =g, ) |=| 3 [eoln) £(n.K) + 1) fn+1,1)]

k=1
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2-loop example Solution of Loop Integrals using Modern Summation Methods

Zeilberger's creative telescoping paradigm

GIVEN _ x— Sik) + Si(n) = Si(k +n)
Aln) = kz:; kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), ci(n):

L9k +1) —g(n. k) | = [co(n) f(n,k) + e1(n) f(n + 1K) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

a a

90 +1) —g(n,1) | = | eo(n) fn. k) + D er(n) fln+1,k)
k=1 k=1
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2-loop example Solution of Loop Integrals using Modern Summation Methods

Zeilberger's creative telescoping paradigm

GIVEN _ x— Sik) + Si(n) = Si(k +n)
Aln) = kz:; kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), ci(n):

L9k +1) —g(n. k) | = [co(n) f(n,k) + e1(n) f(n + 1K) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

a

[9(n,a+1) —g(n,1) |= |eo(n) D~ f(n k) +ex(n) 3 fln+1,k)
k=1 k=1
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2-loop example Solution of Loop Integrals using Modern Summation Methods

Zeilberger's creative telescoping paradigm

GIVEN _ x~ Si(k) + Si(n) = Si(k +n)
AM%_%;\ kn(k+n+1) '
= f\(rn7k)

FIND g(n, k) and co(n), ci(n):

L9k +1) —g(n. k) | = [co(n) f(n,k) + e1(n) f(n + 1K) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

Lg(n,a+1) = g(n, 1) | =[co(n) A(n) + c1(n) A(n + 1)
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2-loop example Solution of Loop Integrals using Modern Summation Methods

Zeilberger's creative telescoping paradigm

GIVEN _ x— Sik) + Si(n) = Si(k +n)
AM%_%;\ kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), ci(n):

L9k +1) —g(n. k) | = [co(n) f(n,k) + e1(n) f(n + 1K) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

Lg(n,a+1) = g(n, 1) | =[co(n) A(n) + c1(n) A(n + 1)

S Si(n)-S
GRS —nAG) + @2+ AR+ )

+ a(a+1)
(n+1)3(a+n+1)(a+n+2)
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2-loop example Solution of Loop Integrals using Modern Summation Methods

(n+1)Si(n) +1

(n+2)A(n+1) —nA(n) = nt1)

recurrence finder

A%: § Su(k) + Si(n) = Sk + )

— kn(k +n+1)
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2-loop example Solution of Loop Integrals using Modern Summation Methods

(n+1)S1(n)+1

(n+2)A(n+1) —nA(n) = CFSE

recurrence solver

— 1
A( :Z Sl<k>+sl(n)—51(k+n) {CX— /

€ n(n+1)
" kn(k+n+1) +Sl(n)2 + Sy(n) ceR
2n(n +1) .
where
"1 "1
=1 =1

RISC, J. Kepler University Linz Carsten Schneider



2-loop example Solution of Loop Integrals using Modern Summation Methods

(n+1)S1(n)+1

(n+2)A(n+1) —nA(n) = CFSE

Summation package Sigma
(based on difference field algorithms/theory
see, e.g., Karr 1981, Bronstein 2000, Schneider 2001/2004 /2005a—c/2007/2008,/2010a—c)

1
A% Zsl )+ Silm) = Silkem) | _ | 0x oo

kn k+n+ 1) Sl(n)Q + SQ(TL)
2n(n+1)
where
"1 "1
=27  S=m=> 3
i=1 i=1

RISC, J. Kepler University Linz Carsten Schneider



2-loop example Solution of Loop Integrals using Modern Summation Methods

Simplify
(2 + k+n+2)5k(j + k +n)!
;%;% GHE+DG+n+D)G+E+DG+n+ D!k +n+1)!
ARG LA CHG) 456 LR 456 1) G k)
G+E+DG+n+Dk+n+1)

f()
& Sl + Sl Sl(l{? + n)
f(n, k. j) =
; ; n! Z kn(k —l— n+1)
! 2n(n +1)
where
"1 "1
i=1 i = i=1 i
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2-loop example Solution of Loop Integrals using Modern Summation Methods

GIVEN
i i e ( Fk+1) TEITA-§TG+1-5)G+1+§T(k+j+1+n)
o= TEe+D\T(k+2+n) PG+1—-5)0G+2+n)T(k+j+2)
Tk+1) T(=5TA+5TG+1+a)lG+1-5)Tk+5i+1+5 +n)>
C(k+2+mn) TG+DLG+2+5+n)0(k+5+2+ %) ’

= >3 foln, k, ) +
k=0j=0

Sigma produces
S + 3S52(n
S b gy = S 350
— 2n(n +1)!

7=0
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2-loop example Solution of Loop Integrals using Modern Summation Methods

GIVEN
ii e e ( Pk+1) DHTA-5PG+1-5PG+1+ 5T(k+5+1+n)
i=oi=o e+ D\ Ik +2+n) PG+1-)TG+2+n)T(k+35+2)

P(k+1) D(—§)P1+ 5TG+1+a0G+1 - HIk+5+1+§ +n>>

L(k+2+n) FG+rG+2+5+nTk+5i+2+5)
= > 3 fotn ki) +e > > filnk,j) +
k=0j=0 k=0j=0

Sigma produces

e . Sl n 2 332 n
>3 i) = S

i i f1(n k ]) — _Sl(n>3 - 352(”)51<7l) — 853(70'

!
purr 6n(n+1)!
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2-loop example Solution of Loop Integrals using Modern Summation Methods

GIVEN
ii em ( T(k+1) DT - §TG+1- HTG+1+ 5Tk +4+1+n)
k=0 ;=0 o Te+ 1) \T(k+2+n) F(j+1——)F(J+2+n)F(k+g+2)

I(k+1) D50+ G +1+PG+1-§N(k+j+1+ 5 +n)>

I'(k+2+n) TG+DTG+2+§+n)T(k+5+2+5)
=3 S foln k) +e > S fln k) +e2 >0 D filn ko) +
k=0j=0 k=03j=0 k=0j=0

Sigma produces

S5 folnkd) L (Su(n)* (126 + 54S5(n)) 1 (n)?

k=0 j=0 (n + 1)
+10455(n)S1(n) — 48851 (n)S1(n) + 5192 (n)? + 36¢252(n)
+ 12654(”) — 48S3’1(7L) — 9651,112(”))
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2-loop example Solution of Loop Integrals using Modern Summation Methods

ifﬁ e ( D(k+1) T(5IA-IG+1— 5TG+1+ HI(k+i+1+n)
o TE+ ) \T(k+2+n) PG+1—5)0G+2+n)(k+j+2)

g)r<j+1+s>r(j+1—%)F(k+a‘+1+%+n)>

D(k+1) D(-5)TQA+
C(k+2+n)

TG+ DIG+2+ 5 +m)(k+5+2+5)

=3 3 foln k) +e > S Al k) 230N frna k) +€2 >0 > fin,kad)
k=03=0 k=03j=0 k=0 ;=0 k=0 3j=0

Sigma produces

S5 k) = o (51

== 960n(n + 1)
(40C3 + 38053(n))S1 (n)? +

+ (202 + 13082(n))S1(n)*+

(13552( )2 + 60(252(71) + 51054(71)) 51 (n)
— 240855 1( )Sl (TL) — 24081 1 Q(TL)Sl (TL) -+ 160C25‘3(n) + 52(71)(120(3
+ 38053(n)) + 62455 (n) + (—12051(n)* — 12052(n)) S2,1(n)

— 24054’1(11) — 24051’173(11) + 240527271(71))
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2-loop example Solution of Loop Integrals using Modern Summation Methods

Toolbox 1: Symbolic summation
algorithms

RISC, J. Kepler University Linz Carsten Schneider



Sigma summation spiral Solution of Loop Integrals using Modern Summation Methods

].. Creative te|esc0pi ng (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n: extra parameter

n
S(n) = Z f(n’ ]{;); f(n,k): indefinite nested product-sum in k;
k=0

FIND a recurrence for S(n)

RISC, J. Kepler University Linz Carsten Schneider



Sigma summation spiral Solution of Loop Integrals using Modern Summation Methods

].. Creative te|eSCOpi ng (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n: extra parameter

n
S(n) = Z f(n’ ]{;); f(n,k): indefinite nested product-sum in k;
k=0

FIND a recurrence for S(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)S(n) + -+ aq(n)S(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, in preparation)

RISC, J. Kepler University Linz Carsten Schneider



1.

2.

3.

Sigma summation spiral Solution of Loop Integrals using Modern Summation Methods

Creative te|eSCOpi ng (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n: extra parameter

n
S(n) = Z f(n’ ]{;); f(n,k): indefinite nested product-sum in k;
k=0

FIND a recurrence for S(n)

Recurrence solving

GIVEN a recurrence ao(n),...,aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)S(n) + -+ aq(n)S(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, in preparation)

Find a “closed form”

S(n)=combined solutions in terms of indefinite nested sums.

RISC, J. Kepler University Linz Carsten Schneider



Sigma summation spiral Solution of Loop Integrals using Modern Summation Methods

nl]:= << Sigma.m
Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

A

n2l:= mySum = Z
k=1

S1(k) +S1(n) — S1(k + n).
kn(k +n + 1) ’

RISC, J. Kepler University Linz Carsten Schneider



Sigma summation spiral

n[l]:= << Sigma.m

Solution of Loop Integrals using Modern Summation Methods

Sigma - A summation package by Carsten Schneider (©) RISC-Linz
A
Inf2l:= mySum = Z S1(k) + S1(n) — Sk + n);
= knk+n+1)
Compute a recurrence

In[3]:= rec = GenerateRecurrence[mySum, n][[1]]

Outlsl=nSUM[n] + (1) (2+m)SUM[n+1] == L e L et e e

Inf4]:= rec = LimitRec[rec, SUM[n], {n}, A]

oufal= —nSUMm] + (1 +n)(2 +n)SUM[n + 1] == %

RISC, J. Kepler University Linz Carsten Schneider




Sigma summation spiral Solution of Loop Integrals using Modern Summation Methods

n[l]:= << Sigma.m
Sigma - A summation package by Carsten Schneider (© RISC-Linz

A
n2}:= mySum = > S1(k) +81(n) —Sa(k+ n);
k=1 kn(k +n+1)
Compute a recurrence
In[3]:= rec = GenerateRecurrence[mySum, n][[1]]

Outf3]=nSUM(n] + (14n)(2+n)SUMn+ 1] == (AFDELLL I S fedm)

a(a+1)
(n+1)3(ad+n+1)(a+n+2)n!

Inf4]:= rec = LimitRec[rec, SUM[n], {n}, A]
ould- —nSUMn] + (1 1 n)(2 + n)SUMIn 4 1] == (BT DSt 1
(m+1)°

Solve a recurrence

In5]:= recSol = SolveRecurrence[rec, SUM|n]]
1

1 S1(n)? + > iz
Out[5]= {{07 n(n T 1) }7{ ) 2n(n+ 1) }}

RISC, J. Kepler University Linz Carsten Schneider



Sigma summation spiral Solution of Loop Integrals using Modern Summation Methods

n[l]:= << Sigma.m
Sigma - A summation package by Carsten Schneider (© RISC-Linz

A S1(k) 4+ S1(n) — S1(k+n)
2 kn(k +n + 1) ’

n2l:= mySum =
k=1

Compute a recurrence

In[3]:= rec = GenerateRecurrence[mySum, n][[1]]

Out[3]=nSUM[n] + (14 n)(2+n)SUM[n+1] = (Hl)((s,fﬂ));(iliz)u)si(QM)) + (,,L+1)3(affit;gwnﬁ)n!

Inf4]:= rec = LimitRec[rec, SUM[n], {n}, A]
(n+1)S1(n) +1

outl4)= —nSUM([n] + (1 +1n)(2 +n)SUMn + 1] == EYEE

Solve a recurrence
In5]:= recSol = SolveRecurrence[rec, SUM|n]]
1 S1(n)? + > %2 N

outsl={{0, n(n+1) b AL 2n(n+1)

Combine the solutions
In[6]:= FindLinearCombination[recSol, {1,{1/2},n, 2]
S1(m)* + 30
2n(n+1)

RISC, J. Kepler University Linz Carsten Schneider

Out[6]=



Sigma summation spiral Solution of Loop Integrals using Modern Summation Methods

lterative application from inside to outside
transforms

definite sums

!

indefinite sums

RISC, J. Kepler University Linz




Sigma summation spiral Solution of Loop Integrals using Modern Summation Methods

n—2j+1n—j+s-2 1)r+s (J“rl) (_j+”+T_2)(—j +n—2)r!

ZZ Z n:s)(s+f)(—j+n+r)!

7j=0r=0 s=0

RISC, J. Kepler University Linz Carsten Schneider



Sigma summation spiral Solution of Loop Integrals using Modern Summation Methods

ST () () () 2

s (n—s)(s+1)(—=j+n+r)!

n—2j+1|n—j+s—2 (_1)r+s (j+1) (—j+n+r—2) (_] +n— 2)]7-1

ZZ Z (n—rs)(s—i-f)(—j—l—n—i-r)!
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Sigma summation spiral Solution of Loop Integrals using Modern Summation Methods

n—2j+1n—j+s-2 (=1)r+s (j+1) (—j+n+7"—2) (—j +mn—2)lr!

ZZ Z (n—rs)(s+f)(—j+n+r)!

j=0r=0 s=0
|

n—2j+1|n—j+s—2 (71)7"4—5 (j+1) (fj+n+rf2) (—j+n—2)lr!

ZZ Z (n—rs)(s—kf)(—j—i-n—i-r)!
I

i+ 1 (—1)"(—j +n — 2)l7!

( r >((n+1)(—j+n+r—1)(—j+n+r)!+
(=)™ "G+ D= +n—2)(=j+n—1)r! )
(n=Dn(n+1)(=j+n+r)(=j—1).(2-n);
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n—2j+1n—j+s-2 (=1)r+s (j+1) (—j+n+7"—2) (—j +mn—2)lr!

ZZ Z (n—rs)(s—l—f)(—j+n+r)!

j=0r=0 s=0

1
Jj+1 . " .
j+1 (=D)"(=j+n—2)r!
= ;( r )<(n+1)(—j+n—|—r—1)(—j+n+’r’)!+
=0 (=)™ +DU=j+n—2)/(=j+n— 1) )
(n—Dn(n+1)(=j +n+r)=j—1):(2—n);
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n—2j+1n—j+s-2 (=1)r+s (j+1) (—j+n+7"—2) (—j +mn—2)lr!

ZZ Z (n—rs)(s+f)(—j+n+r)!

j=0r=0 s=0

1
Jj+1 . " .
j+1 (=D)"(=j+n—2)r!
— g( r ><(n+1)(—j+n+7’—1)(—j+n+'r’)!+
=0 (D" G+ DU=j+n—=2)(=j +n—1)! )
(n—Dn(n+1)(=j+n+7r)(—j—1)(2—n),

[\

B

J (2 —n);

<(n TR i D2 -n); | mtDE-n);

_l’_

(=1 (—j = 2)(=i+n -2\ . 1
(G—n+1)(n+1)2n! >(‘]+1)!_(n+1)2(—j+n—1)
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n—2j+1n—j+s-2 (=1)r+s (j+1) (—j+n+7"—2) (—j +mn—2)lr!

2.0 2 TP

j=0r=0  s=0 (n—s)(s+1)(=j+n+r)

4 (2—mn)
n—2 n2—mn+1 ; (—i+n—1)20G+1)!
Z <((n— 1)?n2(n+1)(2 —n); * (n+1)(2—n);

J=0

(1P (=2 =2 1
(j—n+1)(n+1)2n! >(‘7+1)!_ (n+1)2(—j+n—1)>
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n—2j+1n—j+s-2 (=1)r+s (j+1) (—j+n+7"—2) (—j +mn—2)lr!

2.0 2 DG

j=07=0  s=0 (n—s)(s+1)(=j+n+r)

4 (2—mn)
n—2 n2—mn+1 ; (—i+n—1)20G+1)!
jzo <((n— 1)?n2(n+1)(2 —n); * (n+1)(2—n);

(- 2)(j -2 i
(j—n+1)(n+1)2n! >(‘7+1)!_ (n+1)2(—j+n—1)>

—n?—-n-—1 N (-1)" (n*+n+1) _ 25.5(n) S1(n) Sa(n)
n?(n+1)3 n?(n+1)3 n+1 (n+1)2 —-n-1

Note: So(n) = S, 5820’ 4 ¢ 7\ {0}.

,L|a|
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Sigma summation spiral Solution of Loop Integrals using Modern Summation Methods

Toolbox 2: Special function algorithms
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Algorithms for special functions Solution of Loop Integrals using Modern Summation Methods

Computer algebra and special functions:
Harmonic sums (Vermaseren, Remmiddi, Bliimlein; Hoffman, Broadhurst,. . .)

Saalm) = Y- 5 32
i=1" j=1
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Algorithms for special functions Solution of Loop Integrals using Modern Summation Methods

Computer algebra and special functions:
Harmonic sums (Vermaseren, Remmiddi, Bliimlein; Hoffman, Broadhurst,. . .)

G A

St =y 4y
i1 " =Y

Integral representation:

/0 961_;(/ Wty —<<2>>d“” <) ::iw

i=1
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Algorithms for special functions Solution of Loop Integrals using Modern Summation Methods

Computer algebra and special functions:
Harmonic sums (Vermaseren, Remmiddi, Bliimlein; Hoffman, Broadhurst,. . .)

G A

St =y 4y
i1 " =Y

Integral representation:

i=1

Asymptotic expansion:

(L e
“\30n®  6n® 202 n

_1oén5_$+3é23_m_7+2«3) (lng))‘

limit computations numerical evaluation
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Algorithms for special functions Solution of Loop Integrals using Modern Summation Methods

Computer algebra and special functions:
Generalization to cyclotomic harmonic sums

[\

—~ (—=D* |
Z:: k+1|

k=1

Integral representation:

1 2n —1)"
e [ e B0
0

z2+1 2n + 1 4
Asymptotic expansion:

=(=n" (_643;15 o 16%n4 - 163 3 % + ﬁ) i1+ O(#)

limit computations numerical evaluation

(J. Ablinger, J. Bliimlein, CS; J. Math. Phys. 2011 [arXiv:1105.6063 [math-ph

RISC, J. Kepler University Linz Carsten Schneider




Algorithms for special functions Solution of Loop Integrals using Modern Summation Methods

1
nZ*z

= asymptotic expansion?
(21-%—1)2 yme P

i=1

In[1]:= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger © RISC-Linz

in[2:= SExpansion[S[{{2, 1, 2}, {1, 0, 2}}, n], n, 10]
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pecial functions Solution of Loop Integrals using Modern Summation Methods

1
nZ*Q

(20 +1)2

Algorithms for s

= asymptotic expansion?
i=1

In[1]:= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger © RISC-Linz

in[2:= SExpansion[S[{{2, 1, 2}, {1, 0, 2}}, n], n, 10]

o 16In22 3 367 N 7 221 N 5 127 N 1 11
t[2]= — — _ V- ——— 4+ — - ——
w2 3 128010  5760n° | 96m®  2016n’ | 24n®  360m5 | 2n%  18n3
2 2 1936 ) 32In22 3 367 7 221
— - (7r e - + -
302 3n 15 )4 3 64nl®  2880n° = 48n8  1008n’
5 127 N 1 11 N 4 4 3872 1( 5 968 1( 2
_ R L T S SR L T S A e SRR Y S
12n8 180n®  nt 9n3 = 3n? 3n 45 4 45 4
38721 In2¢  16In22 125891 10259
=== (m — 4)° + 8lidhalf + — — + 7In2 z3 + -
107520001  80640n?
92257 5507 2837 509 161 31 19 2 968

645120n8 20160n7 5760n° 720n°% 192n*  36n8 24n? 3n 45
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Algorithms for special functions Solution of Loop Integrals using Modern Summation Methods

More involved massive 3-loop diagrams

Emergence of new nested sums :

Z (2z1> (_Q)i Z <;j>51,2 (%, —1§j)
J
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Algorithms for special functions Solution of Loop Integrals using Modern Summation Methods

More involved massive 3-loop diagrams

Emergence of new nested sums :

> (%) 3 —Asia bt
=1 =1 <2J>

J

1 n
" —1 x * *
- /O de x—1 \/; [Hw17»*170(m) - 2Hw1s,*170($)]
G2 /1 (—z)" -1 x " * /1 (=8x)" — 1 id
52 d H — 2H d
L e Vel e e S Rl N N (e

with the constant

(4h?
= E S s,—1
c3 = 12 7] i)

and the letters
1

— S S =1 =1 .
w2 = s BT aiovetoa)’ W= ey U8 T Giayva(sre)
(J. Ablinger, J. Biimlein, J. Raab, C. Schneider 2013.)
For more details see: Johannes Bliimlein's talk (Saturday, 16:10)

RISC, J. Kepler University Linz Carsten Schneider



Algorithms for special functions
The full machinery:

In[1]:= << Sigma.m
‘ Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

In[2l:= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger (© RISC-Linz ‘

3= << EvaluateMultiSums.m
‘ EvaluateMultiSums by Carsten Schneider © RISC-Linz ‘

In[4]:= EvaluateMultiSum|
e—5Y <F(k+1)1"(%)1"(1—%)F(H-l—%)F(J'+1+%)F(k+j+1+n) +
T(e+D) T(kt2+m)L GF1—5)T G2+ T (kHiF2)
F(k+1>r(—%)r(1+%)r0+1+s)r(j+1—g)r(k+j+1+%+n))
T(kF2Fm)TGFDTGF2+ 5 Fo)T (kFi+2+5)

{{j, 0, 0}, {k, 0, 00}}, {n}, {1}, ExpandIn — {¢, 0, 2}]
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Algorithms for special functions
The full machinery:

In[1]:= << Sigma.m
‘ Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

In[2l:= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger (© RISC-Linz ‘

3= << EvaluateMultiSums.m
‘ EvaluateMultiSums by Carsten Schneider © RISC-Linz ‘

In[4]:= EvaluateMultiSum|
e—5Y <F(k+1)1"(%)1"(1—%)F(H-l—%)F(J'+1+%)F(k+j+1+n) +
T(e+D) T(kt2+m)L GF1—5)T G2+ T (kHiF2)
F(k+1>r(—%)r(1+%)r0+1+s)r(j+1—g)r(k+j+1+%+n))
T(kF2Fm)TGFDTGF2+ 5 Fo)T (kFi+2+5)

{{j, 0, 0}, {k, 0, 00}}, {n}, {1}, ExpandIn — {¢, 0, 2}]
Si(n)? + 3S2(n)

ourfal= { on(n+1)
—S1(n)® — 3S2(n)S1(n) — 8S3(n)
6n(n+ 1)! ’

m (S1(n)4 + (12¢> + 5482 (Il))S1(n)2 + 104S3(n)S1(n)
— 48S3,1(n)S1(n) + 518, (n)2 + 36(2S2(n) + 126S4(n) — 48S3,1(n) — 9631,1,2(11))}
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Example 1: 3-loop ladder graphs Solution of Loop Integrals using Modern Summation Methods

Example 1: 3-Loop Ladder Graphs

Joint work with J. Ablinger (RISC), J. Blimlein (DESY),
A. Hasselhuhn (DESY), S. Klein (RWTH), F. Wissbrock (DESY)
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Example 1: 3-loop ladder graphs Solution of Loop Integrals using Modern Summation Methods

m@m(massive 3—loop ladder graph with operator insertion)
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Example 1: 3-loop ladder graphs Solution of Loop Integrals using Modern Summation Methods

J. Bliimlein
A. Hasselhuhn Cs > in+2 n+2 i l
(n + 1)(n + 2) m=0n=0 [=2 ! Jj=2 j
j I—k
zj: (j Z lik)(—l l+j+k+,,«B(k,m+l+%)l—‘(k+r+m+n+%) B(r+i-1,n+1+5) B(k+m—5.,r+1+n-
D (5 ) D(mA+ DD (n+ DL (k+r+5) (n+3-7) (ktr+itmtn—e
k=1 r=0
i
52 oyt Bt s § B(unt §) b forsn=)
. r F(m+1)F(n+l)F(j+7‘+%) (j+r+1+m+n—e)(n+3—3)
—
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Example 1: 3-loop ladder graphs Solution of Loop Integrals using Modern Summation Methods

U e SRR

m=0n=0 [=2 j=2 J
g =k . (k o e £ £
( )Z (l k) l+g+k+'rB ,m+l+2 T( +r+m+n+2) B(r+l—1,n+1+2) B(k+m—2,7‘+l+n-
P D(m+1)T(n+1)(k+r+5) (n+3—3) (k+r+1+m+n—e
= r=0
I=j

30 () (- B(r+1-1,n4+14+ 5 )0 (+rmint S) B(im+14+5) B(i+m—5 r+14n-5)
L(m+1)T (n+ 1) (G+r+75) GG+r+1+m+n—e)(n+3—j)

|| EvaluateMultiSums

Cs 1q3 n2+12n+16 2 4(2n+3)
(n+1)(n+2)(n+3) {65 () + 2o 51 (W F Gz 51 (0)
n n TL2 n
+2[ 2" 43— (—1)" |G+ | S — 151(n) | S2(n)

— (—1)"S-3(n) + Gy — 2 Ss(n) — 2(=1)"S_2,1(n) — (n + 3)S2.1(n)

+ 2n+4SL2 <%, 1; ’I’L) + gnt3 Sii1 (%, 1,1; ’I’L) } + O(E)
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Example 1: 3-loop ladder graphs Solution of Loop Integrals using Modern Summation Methods

s.
M-
> =

3
—~
N[ —
SN—
<.
i
—

<.
I
—_
.

1
S11,1 3 1,1;n

~.

-
Il
A
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Example 1: 3-loop ladder graphs Solution of Loop Integrals using Modern Summation Methods

-
| =

A

T
I

l [
2

1 - = 7
S11,1 (2,1,1;71) =

=1

|| asymptotic expansion (HarmonicSums package)

nd  nd  n nd  n
114686 44099 1372 266 20
93 (_ . 20\
* < 506 " 1505 3nt | 33 n2) (In(r) +)
/541 75 13 3 1 1 3¢(3)
gn (4220 0 2 0 2 ) ) 4 Y
+ <+ nd nd + nt nd + n2 2n> ¢2)+ 4
4 979 69280576 B 1582096 n 69184 _ 3264 @ ( 1 )
45n6 9nd 3nt n3 n? 2nn 7
(J. Ablinger, J. Bliimlein, CS; r arXiv:1302.0378 [math-ph])

RISC, J. Kepler University Linz Carsten Schneider

.(.54 75 13 3 1 1
2 "< —+4—+2—2n)(ln(n)+7)2




Example 1: 3-loop ladder graphs Solution of Loop Integrals using Modern Summation Methods

= F_3(n)e ™ + F_a(n)e 2 + F_1(n)e ™ +| Fo(n)
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Example 1: 3-loop ladder graphs Solution of Loop Integrals using Modern Summation Methods

AN

= F_3(n)e ™ + F_a(n)e 2 + F_1(n)e ™ +| Fo(n)

Simplify [

—j+n—3 —l+n—q—3 —l+n—q—s—3

k
i Z Z Z Z (_1)—j+k—l+n—q—3x
k=0 q=0 s=1 r=0

0k=01
G () Gra) CT ) ™) () rl(—tn—g—r—s—3)}(s—1)!
(=l+n—q— 2)'( j+n—1)(n— — 2)(g+s+1)

451(=j+n—1) =451 (—j +n —2) — 25,(k)
—(Si(-l4+n—q¢g—-2)+ 51 (-l+n—qg—r—s—3)—251(r+5s))

+251(s—1) —2S1(r+s)| + 3 further 6—fold sums
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Example 1: 3-loop ladder graphs Solution of Loop Integrals using Modern Summation Methods

Fo(’rl) =

7 (17n + 5)S1(n)3 35n2 —2n—5  13S2(n)  5(—1)"

TR 3n(n+ 1) ( I+ D2 | 2 oz )51’
et (e s+ (- s

+ (24 2(=1)")S2,1(n) — 2852, 1( )+ 2(( D )S (i + (=1)")S2(n)?

—2(-1)"S_ (’n)2+S 3(n )( (26+4 nH" )S (n)"r%)

nt 1)
(—=1)"(5 — 3n) 8(=1)"(2n + 1)
(72#(” T ﬁ)sz( ) + S-2(n)(1051(n)* + (771(” D

4(3n — 8(=1)"(3n + 1) . 16
n(n+1) )S n(n +1)2 +(=224+6(-1) )Sz(n)_n(n—‘rl))

(% 29) Ss(n) + (5 = 2=1")Sa(m) + (=6 +5(-1)")S-a(n)

+ (_ # _ %)SQ,I(’R + (20 —+ 2(-1)")5’2172(7}1) 4 (_ 17 + 13(_1)n)53’1(n)
8(—D"(2n+1) +4(9n+1)

- n(n+1)

3
+325_21,1(n) + (2

S_21(n) — (244+4(=1)")S_3,1(n) + (3 = 5(=1)")S2,1,1(n)

51 (n)2 _ 3511(77*)

+ 2(—1)"52(n)>C(2)
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Example 2: Heavy Flavor Wilson Coefficients Solution of Loop Integrals using Modern Summation Methods

Example 2: Heavy Flavor Wilson Coefficients
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Example 2: Heavy Flavor Wilson Coefficients Solution of Loop Integrals using Modern Summation Methods

Unpolarized Deep—Inelastic Scattering (DIS):

k K
\\ / Q2
2._ 2 — . B
/7_/ q — L QM i=—¢, = 2Pg Bjorken—x
,,,,,, 2 -

—7 y
.: . 49 p
P . ww/ sz dr W/,“/L
Q2

(P,,LPV + % - @guu) FQ(CL‘,QZ) .

1
Wy,u(‘lv P7 8) = % (guu - q‘;qy) (Z‘ Q2)

QQ

Structure Functions: F; j, contain light and heavy quark contributions.
) u2

0
Q2
Gk (/ﬂ x)

2 2
Ciliht (Qﬁ ) + Cheavy <Q2 ,.13>
p? J
RISC, J. Kepler University Linz Carsten Schneider



Solution of Loop Integrals using Modern Summation Methods

Example 2: Heavy Flavor Wilson Coefficients

Heavy Flavor Wilson Coefficients

Present team:

J. Ablinger®, J. Bliimlein®, A. De Freitas” A. Hasselhuhn®?, A. von
Manteuffel®, C. Raab®, C. Schneider®, M. Round?, F. WiBbrock®

@ RISC, J. Kepler University, Linz, Austria

b DESY, Zeuthen, Germany
¢ Gutenberg-University, Mainz, Germany
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Example 2: Heavy Flavor Wilson Coefficients Solution of Loop Integrals using Modern Summation Methods

Heavy Flavor Wilson Coefficients

Present team:
J. Ablinger®, J. Bliimlein®, A. De Freitas” A. Hasselhuhn®?, A. von
Manteuffel®, C. Raab?, C. Schneider®, M. Round?®, F. WiBbrock?

@ RISC, J. Kepler University, Linz, Austria
b DESY, Zeuthen, Germany
¢ Gutenberg-University, Mainz, Germany

There are eight massive Wilson coefficients in the unpolarized case.

PS
» The OMEs Aqq’Q, Aqg,0 were calculated.
J. Ablinger, J. Blimlein, S. Klein, C. Schneider, F. Wissbrock, 2010.
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Example 2: Heavy Flavor Wilson Coefficients Solution of Loop Integrals using Modern Summation Methods

Heavy Flavor Wilson Coefficients

Present team:
J. Ablinger®, J. Bliimlein®, A. De Freitas” A. Hasselhuhn®?, A. von
Manteuffel®, C. Raab?, C. Schneider®, M. Round?®, F. WiBbrock?

@ RISC, J. Kepler University, Linz, Austria
b DESY, Zeuthen, Germany
¢ Gutenberg-University, Mainz, Germany

There are eight massive Wilson coefficients in the unpolarized case.
PS
» The OMEs Aqq’Q, Aqg,0 were calculated.
J. Ablinger, J. Bliimlein, S. Klein, C. Schneider, F. Wissbrock, 2010.

» The OMEs AqufQ,Agqu:gR,AEZ,A%Q are underway [see below].
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Example 2: Heavy Flavor Wilson Coefficients Solution of Loop Integrals using Modern Summation Methods

Heavy Flavor Wilson Coefficients

Present team:
J. Ablinger®, J. Bliimlein®, A. De Freitas” A. Hasselhuhn®?, A. von
Manteuffel®, C. Raab?, C. Schneider®, M. Round?®, F. WiBbrock?

@ RISC, J. Kepler University, Linz, Austria
b DESY, Zeuthen, Germany
¢ Gutenberg-University, Mainz, Germany

There are eight massive Wilson coefficients in the unpolarized case.
» The OMEs AZqS,Q’ Aqg,0 were calculated.

J. Ablinger, J. Bliimlein, S. Klein, C. Schneider, F. Wissbrock, 2010.

> The OMEs AD>, Ag‘;gR,Agz,A%Q are underway [see below].

» Essential technologies to calculate the further two Wilson coefficients
have been developed.
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Example 2: Heavy Flavor Wilson Coefficients Solution of Loop Integrals using Modern Summation Methods

Heavy Flavor Wilson Coefficients

Present team:

J. Ablinger®, J. Bliimlein®, A. De Freitas” A. Hasselhuhn®?, A. von
Manteuffel®, C. Raab®, C. Schneider®, M. Round?, F. WiBbrock®

@ RISC, J. Kepler University, Linz, Austria

b DESY, Zeuthen, Germany
¢ Gutenberg-University, Mainz, Germany

There are eight massive Wilson coefficients in the unpolarized case.

| 2

PS
The OMEs Aqq’Q, Aqg,0 were calculated.
J. Ablinger, J. Bliimlein, S. Klein, C. Schneider, F. Wissbrock, 2010.

The OMEs AN, Ag'qng,Agz,A%Q are underway [see below].

Essential technologies to calculate the further two Wilson coefficients
have been developed.

Whole fermionic classes, as e.g. due to two-mass effects, are
understood.
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Example 2: Heavy Flavor Wilson Coefficients Solution of Loop Integrals using Modern Summation Methods

Heavy Flavor Wilson Coefficients

Present team:
J. Ablinger®, J. Bliimlein®, A. De Freitas” A. Hasselhuhn®?, A. von
Manteuffel®, C. Raab?, C. Schneider®, M. Round?®, F. WiBbrock?

@ RISC, J. Kepler University, Linz, Austria
b DESY, Zeuthen, Germany
¢ Gutenberg-University, Mainz, Germany

There are eight massive Wilson coefficients in the unpolarized case.

PS
» The OMEs Aqq’Q, Aqg,0 were calculated.
J. Ablinger, J. Blimlein, S. Klein, C. Schneider, F. Wissbrock, 2010.

NS, TR
> | The OMEs Ag'qS’Q,Aqu ,A(g%],qu,Q are underway.

» Essential technologies to calculate the further two Wilson coefficients
have been developed.

» Whole fermionic classes, as e.g. due to two-mass effects, are
understood.
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Example 2: Heavy Flavor Wilson Coefficients Solution of Loop Integrals using Modern Summation Methods

production by extension of QGRAF (P. Nogueira)
apply color algebra by Color (T.v. Ritbergen, A.N. Schellekens, J.A.M. Vermaseren)

diagrams with local operator insertions
for the respective Wilson coefficient
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Example 2: Heavy Flavor Wilson Coefficients Solution of Loop Integrals using Modern Summation Methods

production by extension of QGRAF (P. Nogueira)
apply color algebra by Color (T.v. Ritbergen, A.N. Schellekens, J.A.M. Vermaseren)

diagrams with local operator insertions
for the respective Wilson coefficient

extension of
MATAD
(M. Steinhauser)

series of moments
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Example 2: Heavy Flavor Wilson Coefficients Solution of Loop Integrals using Modern Summation Methods

production by extension of QGRAF (P. Nogueira)
apply color algebra by Color (T.v. Ritbergen, A.N. Schellekens, J.A.M. Vermaseren)

diagrams with local operator insertions
for the respective Wilson coefficient
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Example 2: Heavy Flavor Wilson Coefficients Solution of Loop Integrals using Modern Summation Methods

Calculation of Benz-Diagrams

NS NS
Agq.Q _ Aqq7 ) Aqq,Q
Only one scalar diagram needs to be calculated to obtain the two others :

Dy(n) = Z(Z)(—l)le(k), conjugation

k=0
Ds(n) = > Dy(k)
k=0

[Use summation techniques.]
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‘dlagram Dy (n) ‘ (Av. Manteuffel) | Master integrals

J. Bliimlein
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hypergemetric multi-sums
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n

o~ k
PP BV

=)
-
Il
S

L (- )0 (5)r(i-5)T(—etitj+1)0 (k=2 )0 (5 +j+k+1) D(n+2)D(—e—j+nt1)
i1 (k—0)!(n—)IT (= 5 +i+1) T (= % 4itj+2) T (§+nt2) D (— 5 +h+nt2)

||Sigma, EvaluateMultiSums, HarmonicSums

8 rS1(n) 1 -3
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[451(n)2 8S1(n)  4S2(n) ]572
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[431(71, 453 1(n) 451 (n)? _ 8S1(n) _ 853(n) _ 8 _ (n4+1)S1(n) + 1]5 1
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[ 252 1(”) 253(n) 8 )+ 252,1(n) | 2S31(n) 8S21,1(n)
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S1(n)? S1(n) S2(n) 551(n) 5
+C2(2(n+1) Tt 2(n+1)) +éa(- 3(nt+1) 3(n+1)2)
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Symbolic summation

, REDUCER_2 -
‘dlagram Dl(n)‘ (Av. Manteuffel) | Master integrals

J. Bliimlein
A. de Freitas

hypergemetric multi-sums

combine Sigma,EvaluateMultiSums (CS)

HarmonicSums (J. Ablinger)

‘ harmonic sum expression ‘
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Example 2: Heavy Flavor Wilson Coefficients Solution of Loop Integrals using Modern Summation Methods

Constant term of
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Di(my = [ -2 [sim-c | ;- ]
96(n + 1) 432(n +1)3 32(n+1) 32(n+1)
_75%(n) (10n +3)S1(n)?  (10n 4 11)Sa(n) 553(n)
288(n + 1) 96(n + 1)2 96(n + 1)2 144(n + 1)
~204n3 4 592n? 4 527n 4 130
432(n +1)4
Da(n) = (8n* +13n+9) S1(n)  Si(n)? (1-7n)S2(n)  (3n+4)(
2= 48(n + 1)3 32n+1) ' 96(n+1)2  32(n+1)2
3 204n3 + 592n2 + 527n + 130
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Summary Solution of Loop Integrals using Modern Summation Methods

Summary

» We presented modern summation algorithms and the available
packages.

» The (ongoing) development of computer algebra algorithms for special
functions is crucial.

» Massive Wilson coefficients for DIS will be calculated with the present
techniques very soon.

» Multi-leg calculations (e.g., for two loop diagrams) are in preperation
(cooperation with J. Bliimlein, J. Gluza, T. Riemann).
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