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Nonrelativistic QCD
Light cone expansion formalism

Heavy quarkonia production processes

Decays: (b̄b)→ (c̄c) + X
e+e− annihilation: e+e− → (b̄b) + X , (c̄c) + X
pp-collision: pp → (b̄b) + X , (b̄c) + X , (c̄c) + X , ...

General property
Small relative velocity v � 1 (v2 ∼ 0.3 for (c̄c), v2 ∼ 0.1 for (b̄b))

Scales: MQ � MQv � MQv2

Amplitudes can be expanded in v

Nonrelativistic QCD (NRQCD)

V.V. Braguta
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Nonrelativistic QCD
Light cone expansion formalism

Factorization

Nonperturbative effects: 〈M|On|0〉
Infinite number of operators: Ô ∼ χ+ψ, χ+~D~σψ, χ+D2ψ, χ+~H~σψ, ...

Velocity scaling rules: χ+ψ ∼ v3, χ+D2ψ ∼ v5,...

At given accuracy finite number of operators contribute

At leading order only 〈ηc |χ+ψ|0〉 ∼ Ψ(0) contributes

V.V. Braguta
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Nonrelativistic QCD
Light cone expansion formalism

Factorization

T (e+e− → ηcγ) = 〈ηc |χ+ψ|0〉
(

C0 + C2〈q2〉 + C4〈q4〉 + ...

)

Relativistic corrections: 〈qn〉 = mn
c 〈v

n〉 =
〈ηc |χ+(− i

2 D)nψ|0〉
〈ηc |χ+ψ|0〉

Radiative corrections: Cn = c(0)
n + c(1)

n αs + c(2)
n α2

s + ...

Process independent matrix elements: 〈vn〉 ( QCD sum rules )

1S-states (ηc , J/ψ) 〈v2〉 = 0.21± 0.04, 〈v4〉 = 0.06± 0.02, 〈v6〉 = 0.022± 0.08
( V.V. Braguta, A.K. Likhoded, A.V. Luchinsky, Phys.Lett. B646, 80; Phys.Rev. D75, 094016)

2S-states (η′c , ψ
′) 〈v2〉 = 0.54± 0.35

( V.V. Braguta, Phys.Rev. D77, 034026 )

1P-states (χc0, χc1, χc2, hc ) 〈v2〉 = 0.30± 0.10, 〈v4〉 = 0.12± 0.04, 〈v6〉 = 0.051± 0.018
( V.V. Braguta, A.K. Likhoded, A.V. Luchinsky, Phys.Rev. D79, 074004 )

Aim: CALCULATION OF THE c0
n FOR ANY PROCESS

V.V. Braguta
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Nonrelativistic QCD
Light cone expansion formalism

Hard exclusive processes

Decays: Υ→ ρπ, ηb → J/ψJ/ψ, χb0 → J/ψψ′...
Annihilations: e+e− → J/ψηc , J/ψJ/ψ, χc0γ, ...

Different formfactors: F (Q2)

General property: Eh � ΛQCD ,M

Expansion parameter ∼ M2

E2
h
∼ 1

10

σ = an(Eh=∞)
En

h
+ an+1(Eh=∞)

En+1
h

+ ...

Light cone expansion formalism (LCF)

V.V. Braguta
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Nonrelativistic QCD
Light cone expansion formalism

Factorization
T =

∑
n Cn〈M|On|0〉

Operators that contribute to pseudoscalar meson production

Q̄γµγ5Q, Q̄γµγ5Dµ1Q, Q̄γµγ5Dµ1Dµ2Q, ...
Q̄σαβγ5Q, Q̄σαβγ5Dµ1Q, Q̄σαβγ5Dµ1Dµ2Q, ...
Q̄γµγ5GαβQ, Q̄γµγ5GαβDµ1Q, Q̄γµγ5GαβDµ1Dµ2Q, ...

...

σ = σ0
sn + σ1

sn+1 + σ1
sn+1 + ...

At a given accuracy some operators can be omitted

V.V. Braguta
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Nonrelativistic QCD
Light cone expansion formalism

The leading twist distribution amplitudes
Operators that contribute at the leading twist approximation:

〈M(p)|Q̄γ+γ5(D+)nQ|0〉µ = p(n+1)
+

∫
dξξnφ(ξ, µ)

v+ = v0 + vz , ξ = x1 − x2,

The distribution amplitude (DA) φ(ξ) can be considered as a meson’s wave function

Exclusive processes at the leading twist

T =
∫

dξH(ξ, µ)× φ(ξ, µ), µ ∼ Eh

Resume infinite series of operators

No double logarithmic corrections (∼ αs (Eh) · log2 Eh)

Resume leading logarithmic corrections (∼ αs (Eh) · log Eh) in all loops

A.V. Efremov, A.V. Radyushkin, Phys.Lett. B94 (1980) 245,
G.P. Lepage, S. J. Brodsky, Phys.Rev. D22 (1980) 2157

V.V. Braguta
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Nonrelativistic QCD
Light cone expansion formalism

Factorization

T =
∫

dξH(ξ, µ)× φ(ξ, µ)

Process independent distribution amplitudes: φ(ξ, µ)

Models for charmonia distribution amplitudes are proposed in papers

V.V. Braguta, A.K. Likhoded, A.V. Luchinsky, Phys.Lett. B646 (2007) 80
(ηc meson)

V.V. Braguta, Phys.Rev. D75 (2007) 094016
(J/ψ meson)

V.V. Braguta, Phys.Rev. D77 (2008) 034026
(η′c , ψ

′ mesons)

V.V. Braguta, A.K. Likhoded, A.V. Luchinsky, Phys.Rev. D79 (2009) 074004
(χc0, χc1, χc2, hc mesons)

Aim: CALCULATION OF THE H(ξ) FOR ANY PROCESS

V.V. Braguta



Introduction
Analitical calculation

Application
Conclusion

Kinematics
Feynman diagrams
Projection operators
Results

"Factorization"of analitical calculation
Amplitude of meson production:

Diagrams with QQ̄ production
Projection of QQ̄ to state with definite quantum numbers

V.V. Braguta
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Amplitude can be expressed through the 〈H(p)γ(k)|Jµem|0〉

NRQCD kinematics

p-momentum of meson, q-relative momentum of QQ̄ pair ( pq = 0 )

pQ = 1
2 p + q quark momentum, p̄Q = 1

2 p − q antiquark momentum

meson mass M = 2E(q) =
√

m2
c − q2

LCF kinematics ( s →∞)

No transverse motion ( pµ =
√

s
2 (1, 0, 0, 1) )

Quark momentum pQ = x1p, antiquark momentum pQ = x2p (x1 + x2 = 1)

Relative momentum q = ξp, ξ = x1 − x2

V.V. Braguta
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Kinematics (NRQCD)
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Kinematics (LCF)
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Diagrams (NRQCD)

Diagrams (LCF)

In some calculation FeynArts is used

V.V. Braguta



Introduction
Analitical calculation

Application
Conclusion

Kinematics
Feynman diagrams
Projection operators
Results

Projection operators (LCF)

J = Ψ̄TΨ = Tr
[
TP
]

the ηc meson: Pβα = (p̂γ5)βα
fP
4

the χc0 meson: Pβα = (p̂)βα
fχ0
4

the χc1 meson: Pβα = (p̂γ5)βα
fχ1
4

the χc2 meson: Pβα = (p̂)βα
fχ2
4

V.V. Braguta, A.K. Likhoded, A.V. Luchinsky, Phys.Rev. D80 (2009) 094008

V.V. Braguta
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Projection operators to to definite S (NRQCD)

J = Ψ̄TΨ = Tr
[
TP
]

Spin-triplet of QQ̄ pair (spin polarization ε)

P̂ = 1
4
√

2E(q)(E(q)+mQ)
(p̂Q̄ −mQ)ε̂∗(p̂ + 2E (q))(p̂Q + mc)

Spin-singlet of QQ̄ pair (spin polarization ε)

P̂ = 1
4
√

2E(q)(E(q)+mQ)
(p̂Q̄ −mQ)γ5(p̂ + 2E (q))(p̂Q + mc)

G.T.Bodwin, A.Petrelli, Phys.Rev.D 66,094011

V.V. Braguta
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Projection operators to definite J (NRQCD)
T (S = 0) = A + Bσqσ + ..., T (S = 1) = (Cρ + Dσρqσ + ...)ερ

the ηc meson: T (ηc ) =

√
〈O1〉ηc

2mc
A

the χc0 meson: T (χc0) =

√
〈O1〉χc0

2mc
Dρσ 1√

3

(
−gρσ + pρpσ

4m2
c

)
the χc1 meson: ...

the χc2 meson: ...

E.Braaten, J.Lee, Phys.Rev.D 67,054007

Relativistic corrections
T =

∫ do
4πT

T (ηc ) =

√
4E(q)
2Nc 〈ηc |χ

+ψ|0〉
∑

n
〈v2n〉

n!

(
∂
∂q2

)n[
T

4E(q)

]
G. T. Bodwin, J. L. Lee, C. Yu, Phys.Rev. D77 (2008) 094018

V.V. Braguta
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Results for Jµ (LCF)
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Results for Jµ (NRQCD)
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Inclusive production

Exclusive processes
Heavy quarkonia production at B-factories

Single production: e+e− → ηcγ, χc0γ, ...
Double production: e+e− → J/ψηc , J/Ψχc0, J/ψJ/ψ, ...
Production in decays: χb0 → J/ΨJ/Ψ,Υ→ J/ψηc , ...

Heavy quarkonia production at pp-collision
Production in decays:
χb0 → J/ΨJ/Ψ,Υ→ J/ψηc ,Bc → J/Ψeν...

V.V. Braguta
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Bottomonia decays to double charmonia

All leading twist C-even bottomonia decays were considered in paper
V.V. Braguta, A.K. Likhoded, A.V. Luchinsky, Phys.Rev. D80 (2009) 094008,
Erratum-ibid. D85 (2012) 119901

Approximately 30 processes

V.V. Braguta
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Leading twist decays of the ηb meson
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Inclusive production

Leading twist decays of the χb0 meson
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Exclusive production
Inclusive production

Leading twist decays of the χb1 meson
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Exclusive production
Inclusive production

Leading twist decays of the χb2 meson
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Exclusive production
Inclusive production

Comparison of different results
Br · 10−5 Br · 10−5 Br · 10−5 Br · 10−5

NRQCD [1] NRQCD [2] LCF [3] Exp. [4]
χb0 → 2J/ψ 0.5 1.9 1.9± 0.5 < 7.1
χb2 → 2J/ψ 3.4 17.5 4.8± 1.2 < 4.5

χb0 → J/ψ ψ(2S) — — 2.5± 0.7 < 12
χb2 → J/ψ ψ(2S) — — 5.7± 1.8 < 4.9
χb0 → 2ψ(2S) — — 0.8± 0.4 < 3.1
χb2 → 2ψ(2S) — — 1.7± 0.8 < 1.6

.
NRQCD calculation:
[1] Juan Zhang, Hairong Dong, Feng Feng, Phys.Rev. D84 (2011) 094031
[2] Wen-Long Sang, Reyima Rashidin, U-Rae Kim, Jungil Lee, Phys.Rev. D84 (2011) 074026

Light cone formalism calculation:
[3] V.V. Braguta, A.K. Likhoded, A.V. Luchinsky, Phys.Rev. D80 (2009) 094008
Erratum-ibid. D85 (2012) 119901

Belle experiment:
[4] Phys.Rev. D85 (2012) 071102

V.V. Braguta
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Inclusive processes
Heavy quarkonia production at B-factories

Single production: e+e− → J/ΨDD̄ + X , J/Ψ + X
Production in decays: χb0 → J/ΨDD̄ + X ,Υ→ J/ψ + X , ...

Heavy quarkonia production at pp-collision
pp → J/Ψ + X ,Bc + X , χcP + X , 2J/Ψ + X , J/ΨDD̄ + X , ...

V.V. Braguta
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Inclusive production

pp → χP + X

σ(pp → χP + X ) =
∫

dx1dx2f (x1)f (x2)σ̂(gg → χP)

At the leading order approximation ( gg → χP )
χ1 production is forbidden (Landau-Yang theorem)
σ(pp → χP + X ) independent on pT

V.V. Braguta
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Exclusive production
Inclusive production

pp → χP + X at NLO
χ1 production is allowed
σ(pp → χP + X ) dependence on pT appears

V.V. Braguta



Introduction
Analitical calculation

Application
Conclusion

Exclusive production
Inclusive production

A.K. Likhoded, A.V. Luchinsky, S.V. Poslavsky, e-Print: arXiv:1305.2389

V.V. Braguta
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Exclusive production
Inclusive production

A.K. Likhoded, A.V. Luchinsky, S.V. Poslavsky, Phys.Rev. D86 (2012) 074027; e-Print:arXiv:1305.2389

V.V. Braguta
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Exclusive production
Inclusive production

pp̄ → χcP + X at FAIR

V.V. Braguta
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Exclusive production
Inclusive production

A.V. Luchinsky, S.V. Poslavsky, Phys.Rev. D85 (2012) 074016

Cross sections are included in PandaRoot

V.V. Braguta
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Exclusive production
Inclusive production

A.V. Luchinsky, S.V. Poslavsky, Phys.Rev. D85 (2012) 074016

Cross sections are included in PandaRoot
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Exclusive production
Inclusive production

pp → J/ψJ/ψ + X ( 30 diagrams)

V.V. Braguta
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Exclusive production
Inclusive production

A.V. Berezhnoy, A.K. Likhoded, A.V. Luchinsky, A.A. Novoselov, Phys.Rev. D84 (2011) 094023

V.V. Braguta
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Exclusive production
Inclusive production

pp → J/ψD + X

A.V. Berezhnoy, A.K. Likhoded, A.V. Luchinsky, A.A. Novoselov, Phys.Rev. D86 (2011) 034017

V.V. Braguta
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Conclusion
Algorithm for automatic calculation of heavy quarkonia
production processes (NRQCD, LCF) is developed
It can be used to calculate relativistic corrections (NRQCD) at
any accuracy
Algorithm is very simple (tools: Mathematica, FeynCalc,
FeynArt)
Successful applications for exclusive and inclusive production

THANK YOU

V.V. Braguta
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