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Physical Applications

1. f, and spectrum 2. Parton Distribution Functions 3. Distribution Amplitudes
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4. Fourier transformation (LaMET) 5. Source function in femtoscopy
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Dispersion Relation and Inverse Problem

- Based on Quantum Field Theory and correlation functions

(g% = in4x e'P(Q|T{O,(x)0,(0)} | Q)
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- Analyticity of QFT —= Dispersion Relation
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» Any dispersion relation would be studied similarly.

* Inverse Problem: ds T — ds ) qg* <0
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lllustration of Inverse Problem Approach

a) Dispersion relation b) Inverse problem
1 (®  ImII n .
=
— 2 dS —— = 77 — dS
dtmin JA q
Or subtraction formulas Non-perturbative  Perturbative
objective input g% <« 0
¢) Ill-posedness
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b .
Jfx) Solutions:
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-No regularization = Unstable solution = Necessity of regularization
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lllustration of Regularization Methods

a) Regularization strategy

* Nearby well-posed approximation

Kf=g = bounded R, ~ K™!

* Regularization strategy:
limR Kf=f fS=Rzg°
a—(



lllustration of Regularization Methods

a) Regularization strategy b) Tikhonov regularization
* Nearby well-posed approximation » Regularization operator
Kf=g = bounded R, ~ K™! R, = (K*K + al)"'K*
* Regularization strategy: * Equivalent to minimize the functional

limRKf =/, f3=R.g° fo = argmin { ||Kf - °llg + « If1I7



lllustration of Regularization Methods

a) Regularization strategy b) Tikhonov regularization
* Nearby well-posed approximation » Regularization operator
Kf=g = bounded R, ~ K™! R, = (K*K + al) "' K*
* Regularization strategy: * Equivalent to minimize the functional
lim R,Kf=f,  fa=Ru8’ fo = argmin {|Kf - g°llg; + « Il

¢) Convergence of solution

* Error estimation 1n a priori condition

IfS - fll < aE + 8/(2\/a)

* Convergence of solution, a = (o/ E)2/3
1f—fll <3/26°E? - 0,as6 - 0



lllustration of Regularization Methods

a) Regularization strategy b) Tikhonov regularization
* Nearby well-posed approximation » Regularization operator
Kf=g = bounded R, ~ K R, = (K*K + al)~IK*
* Regularization strategy: * Equivalent to minimize the functional
ii_fil)RaKf=ﬁ fo=R,g° f9 = arg min {HKf— gﬂlé + o HfH%}
¢) Convergence of solution d) Interpretability by SVD
* Error estimation in a priori condition * Singular Value Decomposition (SVD)
If? = fll < aE + 8/(2\/a) U Z =z >0
» Convergence of solution, a = (§/E)*? * Convergence by the leading terms
12— fll < 37283V = 0, as 6 — 0 fi= X (880
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Ability to Uncertainty Analysis and
Systematical Improvement of Precision

*Based on rigorous mathematics without artificial assumptions

*Be able to analyze statistical and systematic uncertainties and improve the precision

a) Uncertainty Analysis b) Improvement of precision
lfg = Il <SR, + IRKf — £ 1. Input errors
l l

v , 2. Prior1 information and regularization methods
statistical ~ systematic

uncertainty uncertainty 3. Combination with experiments or lattice QCD



Systematically improve precision: Input Errors
0 =30% 0 =10% 0=1%

T T T T"E T T T
S[ 2
2 _
15k /// __/,,/" | 1.5F p
-~
>
Lk /j./// | I+ |
=
—
— // e : ” <l
Model 1 =" ' | =
OF ~ 0OF L
0.5F i 0.5} 1
1 A Il _l 1 'l 1 i 1 .
0 0.5 ! 1.5 2 0 0.5 1 1.5 2 0 0.5 ' 1.5 2
X X X
T T — T — T Ll /:_E_:;\>\ T
ol 1.6} - - 1.4} B 1
~— \\\\
5| | a4k \ 12k \ ]
1.2} — S -
\‘--.___ N l ~ e
1.5F e = =~ - 1 T
= e = ] = 0.8F E
Model 2 2 = 1z
g Y ) 0.6F E
Jsn— 0.6 F -
Yy e 0.4 :
- 0.4} 4
OS5F / \ - 4
T 0.2} 4 0.2} |
() L A () A s A (’ 2 1 1
0 0.5 ] 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2
X X X

1 0.9 0.9
0.8 0.8
0.8 0.7 0.7
Model 3 20 208 20
<00 0.5 =05
0.4 0.4
0.4
0.3 0.3
0.2 0.2 0.2
L 1 L 0.1t L — 0.1 4 L L
0 0.5 | 1.5 2 0 0.5 l 1.5 2 0 0.5 1 1.5 2
X X X



Physical Application: /_ and spectrum

- A o 1 pert i
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Solving Problem of Quark-Hadron Duality in Sum Rules

Quark-hadron duality: ImII(¢®) = 7 f6(q° — m3) + th(qz@ —9

1
p"(s) = —Imeert(s@ —9
T
pert
/ 1P 1 : ImlI (s)
@ s — g2 /8 s — g2

- Uncertainty sources: quark-hadron duality. Results are sensitive to s,

*Inverse Problem : Excited states and continuum spectrum can be directly solved.

* Avoid the quark-hadron duality
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Physical Application: Moment Problem

LCDAs by moments from Dispersion Relation
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Physical Application: Moment Problem

PDFs by moments from Lattice QCD
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Perspectives

.Firstly proposed to understand D — D" mixing by inversely solving dispersion relation
[H.n.Li, H.Umeeda, FSY, F.Xu, 2001.04079]

*Physical applications, with expansion of polynomials and inverse matrix method,
by H.n.Li during 2020 - now:

-QCD related: muon g-2, p meson spectrum, glueballs, distribution amplitudes, neutral
meson mixings, baryon spectrum

- Determination of SM an NP: neutrino mass, EW scale, 4th generation quarks

*[ts mathematical framework now provided with Tikhonov regularization method
[A.S.Xiong, T.Wei, FSY, 2211.13753].

*More applications in physics are expected.
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Summary

* We propose a novel method to calculate the non-perturbative quantities.

- With the dispersion relation of QFT, the non-perturbative quantities are obtained
by solving the inverse problem with the perturbative calculations as inputs.

* The mathematical basis has been provided. The precision of the predictions can be
systematically improved, without artificial assumptions.

» Physical applications are expected.

Thank you!
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Problem of Non-Perturbation QCD
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» Particle physics: color confinement

. New physics: muon g-2, Br(B - D"tv)/Br(B — D¢y)

- Parton physics: mass and spin of nucleon, PDF, GPD, TMD, LCDA
* Hadron physics: tetraquarks, pentaguark, glueballs

- High energy nuclear physics: QCD phase transition, critical point

- Low energy nuclear physics: nuclear force
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How can we predict non-perturbative quantities
from QCD?

Lattice QCD, Dyson-Schwinger Equation, QCD sum rules,
Holographic QCD, quark models, and so on

Advantages and disadvantages ...

18



lllustration of Inverse Problem Approach

a) Dispersion relation

(g% = %r gs S Is)

s — q*

min

Or subtraction formulas
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lllustration of Inverse Problem Approach

a) Dispersion relation b) Inverse problem
1 (®  ImII(s) A . @
T), S —q — =
min o tmin S q . A S q
Or subtraction formulas Non-perturbative  Perturbative

objective input g% <« 0
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lllustration of Inverse Problem Approach

a) Dispersion relation b) Inverse problem
1 (®  ImII(s) A
2y — —
H(C] ) — JZ'J ds o _ qz ds 2— ds -
Umin Ji S—dqq JA S—(
Or subtraction formulas Non-perturbative  Perturbative
objective input g% <« 0

¢) Ill-posedness

’ J(x) Solutions:

dx =g(y)
e XY existence
> Kf=g uniqueness v/

stability x
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lllustration of Inverse Problem Approach

a) Dispersion relation b) Inverse problem
1 (*  ImII : ~ 00
Mg>) =—| ds— ©) ! —
- s — g2 ds>== =7 — | ds
tin J ¢ — qz ] ¢ — qz
tmln A
Or subtraction formulas Non-perturbative  Perturbative
objective input g% <« 0
¢) Ill-posedness d) Regularization
Jb " fo) . Solutions: * Nearby well-posed approximation
o XY existence (K*K + al) f; = K*g°
= Kf=g uniqueness v * Convergence of solution:

stability ) fg — f, as0 = 0
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Outline

1. Inverse problem of dispersion relation, and ill-posedness
2. Reqgularization strategy: Tikhonov regularization
3. Uncertainty analysis and systematical improvement of precision

4. Physical discussions and perspectives
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Outline

1. Inverse problem of dispersion relation, and ill-posedness
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Dispersion Relation and Inverse Problem

- Based on Quantum Field Theory and correlation functions

(g% = in4x e'P(Q|T{O,(x)0,(0)} | Q)
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- Analyticity of QFT —= Dispersion Relation

1 [  ImII
() = ! I’ 4 m (s)
Lnin

s — g~

» Any dispersion relation would be studied similarly.

* Inverse Problem: ds T — ds ) qg* <0
/ 5 —(q A S —d

min

Non-perturbative Perturbative
objective input
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Integral Equation and Operator Equation

A *  (ImII(s)
*Inverse problem of dispersion relation: ds = @ ds >
; S —( A 5 —(

min

with y € [qlzow, qlzlp] : A > thin > 0 and qlzow < qﬁp <0

* with f e F, ge G, K : F — G 1s the linear integral operator,

b 1/2
F = L*(tmin, A) G =L%(q;, - 95p) 1 2@y = ( f f () dx)
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Iill-posedness

The inverse problem of dispersion relation is ill-posed See 2211.13753
| b ) . >
1) Existence o dx = g(y), withy € [gj,y> Gupl>
Imin X — y

2) Uniqueness \/

X J(x) g(y)

3) Stability

X2 +sin(107Tx |

RRVAVA R 2

Instability unigqueness

Discrete problems do not even satisfy uniqueness
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Ill-posedness

.Discretization: K;f;=g;, [ = (K1 ii8;-  The problem is that K~ diverges

- K is a compact operator, which cannot have a bounded inverse in an infinite-dimensional space

K
In the formula of matrix, K= det(K) with K* the conjugate of K
€

det(K) — 0, since K is a continuous operator
discretization dimensions: n = 10 , det(K) = 107 ; n =120, det(K) = 1072

K diverges —> A small error of g‘3 would induce infinitely large error of solution

25
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Toy Models

a?

Model 1 (monotonic) : f(x) = a;2log(x + 0.5) + T

Model 2 (simple non-monotonic) : f(x) = a;10xe”?%*,

1 O.4a1 +a f
7 (x —0.64)2 + (0.4a;)? ’5’

Model 3 (resonance) : f(x) =

fA GO
Cmin x=Yy
True solution f(x) > Ideal data g(y)
Compare Control errors § al — 1 i O, az — 1 i O
\ 4

Tikhonov

Regularized solution regularization .

£8(x) “ Noisy data g° (y)
a
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-No regularization = Unstable solution = Necessity of regularization

%10 %10 % 10°

Model 1 Model 2 Model 3
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Outline

2. Reqgularization strategy: Tikhonov regularization
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lllustration of Regularization Methods

a) Regularization strategy

* Nearby well-posed approximation

Kf=g = bounded R, ~ K™!

* Regularization strategy:
limR Kf=f fS=Rzg°
a—(
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lllustration of Regularization Methods

a) Regularization strategy b) Tikhonov regularization
* Nearby well-posed approximation » Regularization operator
Kf=g = bounded R, ~ K™! R, = (K*K + al)"'K*
* Regularization strategy: * Equivalent to minimize the functional

limRKf =/, f3=R.g° fo = argmin { ||Kf - °llg + « If1I7
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lllustration of Regularization Methods

a) Regularization strategy b) Tikhonov regularization
* Nearby well-posed approximation » Regularization operator
Kf=g = bounded R, ~ K™! R, = (K*K + al) "' K*
* Regularization strategy: * Equivalent to minimize the functional
lim R,Kf=f,  fa=Ru8’ fo = argmin {|Kf - g°llg; + « Il

¢) Convergence of solution

* Error estimation 1n a priori condition

IfS - fll < aE + 8/(2\/a)

* Convergence of solution, a = (o/ E)2/3
1f—fll <3/26°E? - 0,as6 - 0
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lllustration of Regularization Methods

a) Regularization strategy b) Tikhonov regularization
* Nearby well-posed approximation » Regularization operator
Kf=g = bounded R, ~ K R, = (K*K + al)~IK*
* Regularization strategy: * Equivalent to minimize the functional
ii_fil)RaKf=ﬁ fo=R,g° f9 = arg min {HKf— gﬂlé + o HfH%}
¢) Convergence of solution d) Interpretability by SVD
* Error estimation in a priori condition * Singular Value Decomposition (SVD)
If? = fll < aE + 8/(2\/a) U Z =z >0
» Convergence of solution, a = (§/E)*? * Convergence by the leading terms
12— fll < 37283V = 0, as 6 — 0 fi= X (880

l
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General Regularization Theory

-Basic idea: Approximate an ill-posed problem by a nearby well-posed problem

- Ensure that the approximate solution converges to true solution as 0 — 0

31



General Regularization Theory

-Basic idea: Approximate an ill-posed problem by a nearby well-posed problem

- Ensure that the approximate solution converges to true solution as 0 — 0

*Definition: A regularization strategy is a family of linear and bounded operator
R :G — F,a> 0,suchthat limR Kf =f

a—0

Condition 1: Boundedness. Not divergent, thus solvable.

.Condition 2: Convergence. Asa — O0,R, — K‘l, back to original problem

. f = R_g°is an approximation of the solution of Kf = g

31



General Regularization Theory : Matrix Example

- R A R THIEENHERE, EN—TEREMNE A+ aof
cHa->0, A+al > A, BIREYE

cAfEE S AFRFR S det(Ad) =0

TN ETHHEENFEIR, det(A) =

det(A) - 0= A — 0

X FHHERTE Ax = Ax

A+al)x=L+a)x = U+a) A+ al BWIEIEE
detA+al) =1L, 4L+a)#0, a>0

At (A+al)' AT AR, SR
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Tikhonov Regularization : Operator

XF Kf =g, — BT K AE2HE, ERAZTEARE
FHEEF: EHilbert=[ET, (Kf,2) = (f,K*g) K:F->G, K¥:G—> F

Kf=¢ =  K¥*Kf=K*g = f=(K¥K) 'K*g

« K*K 2758, aIMMENKIR: f, = (K*K + al )" K*g
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Tikhonov Regularization : Operator

T Kf =g, —mIEZN KAZRE, fEFRAZEAE
FHEEF: fEHibert=[ET, (Kf,2) = (f, K*g) K:F->G, K¥:G->F

Kf=g

=  K¥Kf=K*gs = f=(K*K) 'K*g

« K*K 2758, aIMMENKIR: f, = (K*K + al )" K*g

-TikhonoviEMtEF: R = (K*K + al)"'K*, f2=

~—E -] =45
° K % 8]

B f2 = (K*K + al) ' K*g°

Sl NE=Ea Sl

B, a - 0K, R, —» K~ ', R BFR. KK,

33
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Numerical Results under Regularization

J(x)

Model 1

» Tikhonov regularization
in L space

» TiIkhonov regularization
in H' space

b 1/2
11221 0y = ( f (If P +1f (X)) dx)



Numerical Results under Regularization

1.5

» Tikhonov regularization

Model 2 in L space
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Numerical Results under Regularization
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Outline

3. Uncertainty analysis and systematical improvement of precision
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Error Estimates

GRS ER? THEERANRE 0 - O, InifFEE SNSRI EE?

HAVRERE G, B8 g% —gll <6, BRIZE ||If° -1

17z = Al < IIf = fall + Ilfe — A
= |IR,g° — Rygll + lIR,g — fI
< IR, Mg® = gll + IR,Kf — £

< O IRl + [[RKf = fi
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Error Estimates

N

GRS ER? THEERANRE 0 - O, InifFEE SNSRI EE?

HAVRERE G, B8 g% —gll <6, BRIZE ||If° -1

17z = Al < IIf = fall + Ilfe — A
= |IR,g° — Rygll + lIR,g — fI
< IR, Mg® = gll + IR,Kf — £

< O IRl + lIRKf = 1]

* A NEERK, MABEXRN, a BB IRTREN
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Convergence of Solution

SREIIERME: EBR S — OB, |If° —fll = 0, EMUBIEIZIER.
RBENRE: ||fy — fIl < IRKf—fIl + 6 IR,

(1)TikhonoviENET, (IR, || < 1/ (2\/5)

(QELWEZM f = K¥*Kz € K¥K(F), ||zl| KET, ||RKf-fl| <aE
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Convergence of Solution

SREIIERME: EBR S — OB, |If° —fll = 0, EMUBIEIZIER.
RBENRE: ||fy — fIl < IRKf—fIl + 6 IR,

(1)TikhonovEMME T, IR, || < 1/(2\/_ )

(QELWEZM f = K¥*Kz € K¥K(F), ||zl| KET, ||RKf-fl| <aE

5 5\ 23
y ”g— | < + afE |, E2a=<—) ,
Rl .

Ife — Al <3/28°°E' -0, § -0
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Convergence of Solution

2/3
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Choice of Regularization Parameter

» IEMMCTSAR
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Numerical Results under Regularization

» Plateaus of regularization parameter

Model 1
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Numerical Results under Regularization

.Plateaus of A

Model 1 Model 2 Model 3
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Numerical Results under Regularization

. Plateaus of qlfp

Model 1
1 . .
0.5¢
e e . .
-05¢

1L - - - -
10 -8 6 -4 2

Model 2
1 . .
0.5
e e . .
0.5¢
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Uncertainty Analysis and
Ability to Systematically improve Precision

a) Uncertainty Analysis b) Ability to systematically improve precision
Ify = Il < SR, + IIR,Kf — 1. Input errors
l l

v , 2. Prior1 information and regularization methods
statistical ~ systematic

uncertainty uncertainty 3. Combination with experiments or lattice QCD
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Systematically improve precision: Input Errors
0 =30% 0 =10% 0=1%

T T T T"E T T T
N 2
2 _
15k /// __/,,/" | 1.5F p
e
>
Lk /j./// | I+ |
—
—
— // - : ” <l
Model 1 =" ' -
0F s oF -
0.5F i 0.5} 1
1 i i _l 1 'l 1 i 1 .
0 0.5 ! 1.5 2 0 0.5 1 1.5 2 0 0.5 ' 1.5 2
X X X
T T e T — T L /:—E_:‘\,\ T
gl 1.6} - - 1.4} e 1
~— \\\\
! ] 14} - 1.2f S
1.2} — S -
\‘--.___ N l ~ e
1.5F e = =~ - 1 T
= S~ = | = 0.8F -
Model 2 : S 1z
I . ) 0.6F E
L 0.6} -
Yy e 0.4 :
. 04} ]
OS5F / \ - 4
T 0.2} 4 02} |
() L A () L s A (’ 2 1 1
0 0.5 | 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2
X X X

1 0.9 0.9
0.8 0.8
0.8 0.7 0.7
Model 3 20 208 20
<00 0.5 =05
0.4 0.4
0.4
0.3 0.3
0.2 0.2 0.2
L 1 L 0.1t L — 0.1 4 L L
0 0.5 | 1.5 2 0 0.5 l 1.5 2 0 0.5 1 1.5 2
X X X
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Systematically improve precision: Constraints

0.5

0.45 —

0.4

_— Original uncertainty directly from inputs

- Data from experiments or Lattice QCD

0.35

0.3
025 ST~ Improved uncertainty considering data
0.2
0.15
0.1F

0.05
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Outline

4. Physical discussions and perspectives
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Physical Application: /_ and spectrum

- A o 1 pert i
N 2 p(s)ds f —ImII," (s)ds
Hald) = Heloo)+ (g7 = o) -.[(: (s —00)(s — g%) i A (s=00)(s—g?)-

p(s) = f76(s — M) + ffl(mo)BW (5, Mg, 1260, Tay (1260)) + p°(8)

0.1 . .
) o) } Exp Data
Hq(qz) — _ L (1 + a’s(ﬂ)) In i + 1 <a’sG > 0.08 } fr i ;zg; i (;bléstat MNeIVV Total p(s)
472 /4 /12 127 (q2)2 fa2s0) = 8 % (20.8)stat Me Continuum p°(s)
my, (du) + my <Jd> 1 my(gsiuocTGu) + my <gsJO'TGd> 0.06 F — -Resonance
+ + — —
(g*)° 9 (q*) =
2y (guddy? 1054501 (£)] 250’ S
B 4 (gsuu)y” + <gsdd> B p? thzu,a’,s <gs¢¢>
81 (g%)3 24372 (g?%)3 0.02}
0 -
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Solving Problem of Quark-Hadron Duality in Sum Rules

Quark-hadron duality: ImII(¢®) = 7 f6(q° — m3) + th(qz@ —9

1
p"(s) = —Imeert(s@ —9
T
pert
/ 1P 1 : ImlI (s)
@ s — g2 /8 s — g2

- Uncertainty sources: quark-hadron duality. Results are sensitive to s,

*Inverse Problem : Excited states and continuum spectrum can be directly solved.

* Avoid the quark-hadron duality
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Physical Application: Moment Problem

PDFs by moments from Lattice QCD

1 PDF's <:l:l > <:1;:2> <:z:3>
+ (0, + . ,. o,
n n m(uw™)|0.261(7) 0.110(14) 0.024(18)
x"p(x)dx = (x , | | i
J P(x) @) K*(u*)[0.246(3) 0.096(3) 0.033(6) Lattice QCD, PRD2021
0 K+(s)]0.317(2) 0.139(2) 0.073(5)
xq(%) (4 = 2GeV) _ a@w=2GV) xqX (x) (1 = 2GeV)
0.6 1 0.6} | |
0.4F 1 04}
0.2 F 1 02}
0 o
0.2 0.2F 05
0 sz OT4 OT() OTS | 0 (_)Tz (_)T4 (_)f() (_)ig l 0 0?2 Of4 OT6 OTS 1
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Physical Application: Moment Problem

LCDAs by moments from Dispersion Relation

1 ¢ (x)
J Qu-—-1)'pm)du= ("), &=2u-1 1.5'- J
0
Moments Value
(€2) 0.264 + 0.022
(€4 0.107 + 0.020
<§6> 0.100 = 0.012 ' Inverse problem approach
<£8> 0.067 == 0.016 . Lattice (LgMET)
<£l()> 0083 L 0 009 —== Asymptotic
12 ! | L 1
<£ > 0.064 = 0.016 0 0.2 0.4 0.6 0.8 1
X
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IENMEC A EFEINEUBE AT ARIERR?

. BERERAIEE, SEAMIET TERH!

FHERTE Ax = Ax, A BHLHE, x @FERE. BFEFA™ = ARMERILEEE SN
-K: X->Y, K*:Y - X,

EHEFKOK X — X RIS 4 TR = | [4 50 K 08,

. ) AT Kxj — ,l/tjyj, K*yj EI’J AL (//l], y]) MR K NEFRARS,

WAy 2y 2y > > 0, IMEFRES, ET EEHM.

SRENE: x= Y @Ry, y=Kr= D 4 (6x),

J

Tl
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IENMEC A EFEINEUBE AT ARIERR?

|
- PicardTIE(1): 7572 Kx = y IRMASBEEHE ), 510 <
J

H;

Y= gx)y, B )<
- FRER (x,x) K88, (x,x) = 0, j—

> o

FEBE (x) 0EE! MERTE—, thETSE LERITITLE.
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IENC R EFRIRNE R AT A0 RRE?

|
- Picardi®I£(2): A1 Kx = y &R, fF x = 2 — (), yj) Aj
- Hj
J

A AAHEFFRFIKRIA,
WEMRNTAEEE. |[ox||/|[oy|| = 1/p, sTEEXR, Elu, - 0, n = o
- MEIENYEF AR CMEIR—M A ARIEEF K W/ NSHRETIRIE

*

+d

)

' ENn - &
TikhonoviENE ', x, = Z 7+ a Vs ¥7) X;
]

BIJVRAS RME 4 > a, MEEEFB: NBNIVNGRE 4 < a, X, < /o P2

) -

- BMEREAE—, RBEAQ, yIVEEERTM, ISR SEratagE! | !
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- 75 (B ENZP1<0.01)
|-||Joﬂ:7‘j_ ﬁlE - 1.716942121 /, 1::"- \ Eﬁ”?
) / 0.035495897 A X l& %!
0.000472234
5.81415E-06

» Picard®E(2): FIE Kx =y F 8?2332525130 (¥, yj) Aj

9.75966E-12
1.1455E-13

I AAS R ARSI RKERIA 2.03974E-15

1.41576E-15

i
- EHENMRNTAEEE., |[ox 1.29097E-15 N, BAp,— 0, n— oo
8.80779E-16

- WS IE N EF AR EETx 56348326 SRS IEBONE

5.58932E-16
4.86301E-16
3.25195E-16

TikhonoviENt T, X, = Z 3.13913E-16

‘ 2.33953E-16

+d

I

2.2286E-16

2.14693E-16
BIJVIAS BB 7 > a, HfE Lis7SIELS FRE u’ < a, X, «x p;la AR
1:61833E-16

- BMEREAE—, REZRAQY, ) 1.48583E-16 SRR ERERa ! ||

1.4345E-16




IENHE R EFZIRECRE N (T AR

4

s E—E A lE—BE E T XY)E 0 FUR A A E S F RIS R

- BlErg Rv.s. ELE, BRREV.s. FLRE

SR

*}s;

SNV R

s B

e 2R E

2, WEIEFiImeF ERACHERNTE,
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Numerical Method of Tikhonov Regularization

= x € [xi1, %],

| . (1 512 if12
f(f = arg min J(f) = arg min (5“1(][ — 8 ”Lz(c,d) T EHfHLZ(a,b))

i\X) = _x_xi+l9 s Vi ’
#i(X) Ao X € X X feL?(a,b) feL?(ab)

0, otherwise,

X—X1 n
- h s X € [X(),X]],
@o(x) = | 0 (%) = X cipi(x)
0, otherwise, ’ i=0
2 2
x_);ln_l , X € [Xy—1, Xnl, J(fa””) = 5 Z cikei— g T 5 Z Citpi
@n(X) = i=0 L2(c,d) i=0 L*(a,b)

0, otherwise. n

1 « 5 1 5 & a
=5 i]Z::() CiCi(Kpi, K2y — ;Ci(KSOi,g )12(c,d) + 5(8 8 )12(cd) t ) iJZ::o CiC(Pi> )12(ab)

X — Span{90039019° A 72 }
& " Ajj = (Kei, Kojreeay  Bii = @ipdrrer €= (co,c1, - Cn)"
n
on(X) = X cigi(x) 5
) (A +aB)C =D D; = (Koi, 8°)12(c.a)
Theorem 4.3. If the noise 6 and the regularization parameter « are fixed, we have || fcf,n - 1 12(ab)

0, asn — oo. >0



I [8) =275 75 M R &= {5

Mool BERIRDER, KIRIRREX [ K(x, y)f(x) dx = g(y)

a

Im II(s)

s — g~

© ImII
=ﬂH(q2)—[ ds — (i)
A 5—(q

A
L@ﬁﬂﬁ(%ﬁﬁ)(ﬁi):t[ds
[

min

2. %

| L]

1 1
(LCDA. PDF) (B80) [ x" p(x) dx = (x™) [ Qu—1)"p(u)du = {(&", E=2u-1
0 0

R

3. B HTH (LaMET) (B8 Je‘”xf(x) dx = g(4)

4. shEREXRE (2= HEEER) (B Jd3"51z(r)|‘1’(r,k)\2=c(k)
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Inverse problem approach

- MEFIENBRXALA, BIE
FIRINIT R R EARFMOIERIIE S

- RIA)ER: BT ERRWIAKER
- FIENMERE, FRLEMRER, AIIX
ISR THAE, READUARGMTRES

- BT MEREAFIRIeNZE, TEIANE
I AR

-

\)

K..

A OO

Known : perturbation

T A

Unknown : non-perturbation

0

Dispersion Relation:

2N

A a mfﬁdfﬁmﬂwmwam>\\

s — g/

Relll(s)] — % . /O°° Im[II(s")]
/

_/

\_

s — s

If s> AL p/A”Mmm

To be solved

/

calculable

s = \P /w@\

J

A.S.Xiong, T.Wei, F.S.Yu, arXiv:2211.13753

60



Minimization of Tikhonov Functional

- B ZRJ(f) = ||Kf — gHzG + aHfH% Mt NT5F e K*Kf, + af, = K*g BIEEM

f2 = arg min J(f), J(f) = |IKf— g°l% + allfll

SERBZMNE: I8 f, 2TRMIT, SEEFE ) - L (f,)
T(F) = J(£) = IKF = gl? + allfII2 = 1K, — glI> = allf, |1

> 0

= ||K(f = f)I* + allf = £ |I* + 2Re(K*Kf, + af,, — K*g, f— f,) = 0

BT fROERY, f—f, AETR, REEKKf,+af, — K¥g =0

B |Kf — gl|*: ERNIFENYH, TRRIMEIEKS = ghITMUR. BB/

M=dile, GRfEERS, AEE S, ERIUZRED, KRR,

BT allf||?: 284 ||f]] FEERK, BRSERS, [TRTRa
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Criteria of a good theoretical approach

(1) Well defined in mathematics - Dispersion relation + proof of ill-posedness

(2) Realization in numerical calculations — Reqgularization methods

(3) Can be systematically improved - Errors converge to vanishing as 0 — 0

(4) Simple at the beginning - Tikhonov regularization
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