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Introduction

Before we dive in, why do we even care?

e+ + e− → γ* → q + q̄

Z

X
Y

qq̄

e�

e+

✓

 Pair Production qq̄

CZZ = + 1

CXX = +
sin2 θ

1 + cos2 θ

CYY = −
sin2 θ

1 + cos2 θ

At , the b2b  pair forms
a Bell state: 

with maximal entanglement. 

θ = π/2 qq̄
( | + + ⟩ + | − − ⟩)/ 2

K. Chen, G.R. Goldstein, R.L. Jaffe, X. Ji, 9410337; H. Zhang, S.Y. Wei, 2301.04096; 

L. Yang, Y.K. Song, S.Y. Wei, 2410.20917;  S.J. Lin, M.J. Liu, D.Y. Shao, S.Y. Wei, 2507.15387.

Single Inclusive

Pq = Pq̄ = 0
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Introduction

Beyond Single Inclusive Process: Ubiquitous Spin Correlations ep, pp, pA, AA

q q̄

g

g

g g

g

g

Linear Polarizations 
of the gluon pair 

are completely aligned.

θ = 90∘

H. Zhang, S.Y. Wei, 

2301.04096; 

X. Li, Z.X. Chen, S. Cao, S.Y. Wei, 

2309.09487; 

Z.X. Chen, H. Dong, S.Y. Wei, 

2404.19202; 

L. Yang, Y.K. Song, S.Y. Wei, 

2410.20917; 

F. Huang, T.B. Liu, Y.K. Song, S.Y. Wei, 

2412.00394;  

S.J. Lin, M.J. Liu, D.Y. Shao, S.Y. Wei,

2507.15387.

L. Yang, W.H. Yao, Y.K. Song, S.Y. Wei, J. Zhou, 

WIP.

Linear Polarizations of 
the gluon pair are ~11% 

aligned.

https://inspirehep.net/literature/2621901
https://inspirehep.net/literature/2698796
https://inspirehep.net/literature/2782237
https://inspirehep.net/literature/2843100
https://inspirehep.net/literature/2854613
https://inspirehep.net/literature/2952151
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Introduction

Another Example: collinear branching

L

in-plane

out-of-plane
Pin

gq =
(2 − ξ)2

ξ
Pout

gq = ξ
Gluons are linearly polarized 
inside of the branching plane.

See, e.g., R.K. Ellis, et al, QCD and Collider Physics

unpolarized quark

Spin-Orbital Entanglement,
see e.g., 2410.16082
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Introduction

Color Confinement

A high-energy parton  co-moving hadrons ≈
µf 2 [0.5, 2]⇥ kT

|y| < 0.5, R = 0.4

p+ p ! jet +X

p
s = 8 TeV
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ATLAS

LO

NLO

Momentum ✅
Excellent agreement 
between theoretical 

calculation & 
experimental data.

Spin❓ That is the question
we want to address.
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Spin Transfer: a journey from parton to hadron  

𝒟(q → Λ) = DΛ
1,q(z) + λqλΛGΛ

1L,q(z) + ST,q ⋅ ST,ΛHΛ
1T,q(z)

~S⇤
~pp

~p⇡�

⇤

✓⇤

Self-analyzing 
power of  
weak decay

Λ

𝒟(g → Λ) = DΛ
1,g(z) + λgλΛGΛ

1L,g(z)

Quark hadronization:

Gluon hadronization:

The gluon linear polarization cannot be inherited 
by  hyperons in the collinear factorizationΛ

Solution: Anisotropy
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Branching of a Linearly Polarized Gluon

Branching Plane

~n

~✏

�

Pg→gg(ξ, ϕ) = 2Nc [ 1 − ξ
ξ

+
ξ

1 − ξ
+ ξ(1 − ξ) + ξ(1 − ξ) cos 2ϕ]

Pg→qq̄(ξ, ϕ) =
1
2 [ξ2 + (1 − ξ)2 − 2ξ(1 − ξ) cos 2ϕ]

Since the linear polarization of the parent 
gluon specifies a transverse direction, the 
parton branchings are no longer isotropic.

anisotropic termisotropic term

Anisotropic EEC becomes a novel probe 
of gluon linear polarization

θ



9

Introduction

Branching of a Linearly Polarized Gluon

Branching Plane

~n

~✏

�

Pg→gg(ξ, ϕ) = 2Nc [ 1 − ξ
ξ

+
ξ

1 − ξ
+ ξ(1 − ξ) + ξ(1 − ξ) cos 2ϕ]

Pg→qq̄(ξ, ϕ) =
1
2 [ξ2 + (1 − ξ)2 − 2ξ(1 − ξ) cos 2ϕ]

d⟨EEC⟩
dθ dϕ

= ∑
i,j

δ(θij − θ) δ(ϕij,g − ϕ)
EiEj

E2
g

,

anisotropic termisotropic term

Anisotropic EEC becomes a novel probe 
of gluon linear polarization

θ
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EEC and Jet Functions 3

quantifies the degree of linear polarization of the emitted
gluon. Therefore, a natural choice for hard coe�cients
reads Hi(x, µ = ✓0Eg) = �ig�(x � 1) and HT (x, µ =
✓0Eg) = �T /�U�(x � 1), with ✓0 ⇠ O(1).

In the DGLAP formalism, the evolution equations of
the jet functions are given by

@Ji(ln)

@ lnµ2
=

↵s

2⇡

X

j

ˆ 1

0
dyy

2
Pij(y)Jj(ln(y

2
)), (8)

@Jg,T (ln)

@ lnµ2
=

↵s

2⇡

ˆ 1

0
dyy

2
P

T
gg(y)Jg,T (ln(y

2
)). (9)

Here i, j denote the parton flavors, and Pij is the
unpolarized splitting function. P

T
gg(y) is the linearly

polarized gluon splitting function, which at the LO
reads [112, 113]

P
T
gg(y) = 2CA

y

(1 � y)+
+ �0�(1 � y), (10)

with �0 = (33 � 2nf )/6.
Having discussed two-point EECs, we now consider

the single-point energy correlation, or jet event shape.
This observable quantifies the energy distribution within
a jet by measuring the correlation between the energy
of a radiated parton and the jet core itself. A
key advance in this context is the Winner-Take-All
(WTA) jet axis reconstruction scheme [108–111]. Unlike
conventional algorithms that define the jet axis as the
sum of all constituent momenta, the WTA algorithm
assigns the jet axis to the direction of the hardest
particle at each recombination step. This procedure
e↵ectively eliminates recoil e↵ects from soft gluon
radiation, resulting in a recoil-free jet axis that enables
more precise measurements of jet substructure and
polarization-sensitive observables.

Within the WTA scheme, the unpolarized and linearly
polarized single-point jet functions are denoted by Dg/q

and Dg,T , respectively. In the DGLAP formalism, their
scale evolution is governed by

@Di(ln)

@ lnµ2
=

↵s

2⇡

X

j

ˆ 1

1
2

dyyPij(y)Dj(ln y
2
), (11)

@Dg,T (ln)

@ lnµ2
=

↵s

2⇡

ˆ 1

1
2

dyyP
T
gg(y)Dg,T (ln y

2
). (12)

Here, the lower integration limit y = 1/2 arises from the
kinematic constraint in the WTA scheme. Additionally,
note that the evolution equation involves a single power
of y, in contrast to the two-point EEC case where y

2

appears. Note that the one point energy correlation
under investigation di↵ers from that studied in Ref. [114].

While the DGLAP formalism serves as the standard
approach for describing the scale evolution of jet
functions, its conventional implementation based on
virtuality ordering does not intrinsically account for
the destructive interference of soft gluons at large

angles. The CCFM formalism [104–107] addresses this by
implementing angular ordering: each successive emission
in the final-state parton shower must occur at a smaller
opening angle than the previous one. This approach
not only regulates infrared divergences more e↵ectively,
ensuring that the EEC remains finite as the angular
separation ✓ ! 0, but also yields a more realistic
description of energy flow and correlations within jets.
In the original CCFM approach, it is necessary to

introduce a parton distribution that depends on the
transverse momentum in order to resum large logarithms
at small x. By analogy, we also define a transverse
momentum dependent jet function, Jg(ln, kt), which
satisfies the normalization condition

´
d
2
kt Jg(ln, kt) =

Jg(ln). This construction allows us to directly apply the
CCFM formalism to the evolution of the jet functions.
Following Refs. [107, 115, 116], and focusing for

simplicity on the gluon-to-gluon channel, the CCFM
evolution equation for the unpolarized gluon jet function
can be written in di↵erential form as:

@

@ lnµ2

Jg(ln, kt)

�s(µ2)
=

↵s

2⇡

ˆ 1�⇤/µ

⇤/µ
dy y

2 (13)

⇥

ˆ 2⇡

0

d�
0

2⇡

P̃gg(y, µ2
, kt)

�s(µ2)
Jg(ln, |~kt + (1 � y)~µ|),

where µ2 = ~µ
2 sets the maximum allowed angle for gluon

emission, ✓max = µ/Eg, and ⇤ is an infrared cuto↵. The

angle �0 denotes the azimuthal separation between ~kt and
~µ. The Sudakov form factor �s resums the e↵ects of
virtual and unresolved real emissions. Importantly, due
to the implementation of angular ordering in CCFM, the
y-dependence in the logarithm is eliminated.
In the CCFM framework, the splitting function P̃gg is

unregularized, retaining only the singular terms 1/y and
1/(1 � y). In the original context, a non-Sudakov form
factor �ns is introduced to resum logarithms of the form
ln(1/y). However, for energy-energy correlation (EEC)
observables, the energy-weighting factors y or y2 suppress
the 1/y divergence, making small-x resummation via
the non-Sudakov factor unnecessary. Consequently,
the unregularized splitting function for the unpolarized

case simplifies to P̃gg(y) = 2CA

h
y

1�y + 1�y
y + y(1 � y)

i
,

which is independent of the transverse momentum kt.
With this simplification, we can integrate over kt

to obtain an evolution equation for the inclusive jet
function:

@

@ lnµ2

Jg(ln)

�s(µ2)
=

↵s

2⇡

ˆ 1�⇤
µ

⇤/µ
dyy

2
P̃gg(y)

Jg(ln)

�s(µ2)
. (14)

The corresponding Sudakov form factor is given by

�s(µ
2) = (15)

exp

(
�

ˆ µ2

4⇤2

dµ
02

µ02
↵s

4⇡

ˆ 1� ⇤
µ0

⇤/µ0
dy[P̃gg(y) + 2nf P̃qg(y)]

)
.

2

method exploits the azimuthal dependence of two-
point EEC measured within jets initiated by these
gluons. The linear polarization vector is aligned with the
gluon’s transverse momentum vector. This polarization
generates a characteristic cos 2� azimuthal asymmetry
in EEC. Here, � denotes the angle between the gluon’s
transverse momentum ~P? and the vector connecting two
detector pixels that contribute to the correlation. To
achieve improved theoretical accuracy, we go beyond
the conventional DGLAP formalism by incorporating
coherent branching e↵ects through the Ciafaloni-
Catani-Fiorani-Marchesini (CCFM) framework [104–
107]. Notably, although partial cancellations occur
between g ! qq̄ and g ! gg splittings, the resulting
azimuthal asymmetry remains substantial. To enhance
experimental accessibility, we further introduce a refined
method to probe the linear polarization of gluon by
employing the one-point energy correlation within the
Winner-Takes-All (WTA) scheme, a well-established jet
event shape observable [108–111]. The polarization
signature is e↵ectively encoded in a similar cos 2�
modulation, where � is defined as the angle between ~P?
and the vector connecting the detector pixel to the WTA
jet axis.

Our methodology shares the strengths of other EEC-
based methods, notably in avoiding the contamination
from final state soft gluon radiations and eliminating the
complexities introduced by Sudakov resummation in such
analyses. Compared to prior EEC based techniques, such
as those relying on three point correlations [28, 29] or
the NEEC probe [30], our method enhances precision
and experimental feasibility by directly targeting the
asymmetry within jets produced via polarized gluon
fragmentation. With this robust framework, we aim to
set a new standard for gluon polarimetry.

Formalism— Formally, the di↵erential two-point EEC
inside a gluon jet can be defined as [69],

dhEECi

d✓ d�
=

X

i,j

�(✓ij � ✓) �(�ij,g � �)
EiEj

E2
g

, (1)

where the sum runs over all pairs of particles (i, j) within
the identified jet, and Eg =

P
i Ei is the total energy of

the jet. Here, ✓ij is the angle between particles i and
j, and �ij,g denotes the azimuthal angle between the

relative angle vector ~✓ij and the transverse momentum
~P? of the jet.
To facilitate an all-order analysis, it is convenient to

consider the ✓-integrated EEC, which can be expressed
as a convolution of hard coe�cients and the cumulant jet
functions [59]:

hEECi =
X

i=q,g

ˆ
dx x

2
Hi(x, µ) Ji(lnx

2
) (2)

where  = ✓
2
E

2
g/µ

2, and x is the momentum fraction of
the jet carried by the parton i. Ji denotes the standard

(unpolarized) cumulant jet function [59]. Hi is the
hard coe�cient of resolving a parton carrying momentum
fraction x within the gluon jet at the scale µ, which will
be specified later.
As discussed above, there is a direct correlation

between the gluon branching plane and its polarization
vector. In the context of QCD evolution, this process
can be naturally divided into two distinct stages: First,
as the parton shower develops, the linear polarization
of gluons is progressively reduced due to scale evolution
e↵ects. Second, when a linearly polarized gluon with
o↵shellness Eg✓ undergoes a single splitting, the resulting
energy distribution exhibits a characteristic azimuthal
dependence. Taking these e↵ects into account, we arrive
at a factorized expression for the cos 2�-weighted EEC:

ˆ
d�

⇡

dhEECi

d✓ d�
cos 2� =

ˆ
dx x

2
HT (x, µ) (3)

⇥
↵s

2⇡

1

✓

ˆ
dyy(1 � y)

⇥
P

2�
gg (y) + 2nfP

2�
gq (y)

⇤
Jg,T (lnx

2
)

Here, Jg,T is the polarization-dependent jet function,
which is the second moment of the jet function. Its
operator definition is given by [28]

Jg,T (lnx
2
) =

EJ

2(N2
c � 1)

X

X

X

i,j2X

EiEj

E2
g

⇥(✓ij < ✓)

⇥ h0|B?µ(0)|XihX|B?⌫(0)|0i

✓
g
µ⌫
? +

2Pµ
?P

⌫
?

P
2
?

◆
(4)

Here, EJ is the energy of the jet. The gauge-invariant
gluon field strength operator is denoted by B?µ. The
projection tensor (gµ⌫? +2Pµ

?P
⌫
?/P

2
?) isolates the linearly

polarized component. The relevant azimuthal-dependent
splitting functions are:

P
2�
gg (y) = 2CA y(1 � y), P

2�
qg (y) = �y(1 � y) (5)

HT is the corresponding hard coe�cient for producing a
linearly polarized gluon.
To proceed further, we note that the observable studied

here is closely related to the NEEC [30, 31, 51], since
we focus on gluon radiation in the forward region along
the beam direction, where P

2
? ⌧ Q

2. We therefore
adopt a similar factorization approach, in which the
initial-state collinear gluon radiation is separated from
the subsequent hard scattering process. As an example,
consider Z0 boson production, where an incoming quark
emits a gluon before the hard interaction:

d�U

d⇠dyZd
2P?

= �0
↵s

2⇡
CF

1

P
2
?

1 + (1 � ⇠)2

⇠
, (6)

d�T

d⇠dyZd
2P?

= �0
↵s

2⇡
CF

1

P
2
?

2(1 � ⇠)

⇠
, (7)

where �0 is the Born-level cross section for Z
0

production, and ⇠ denotes the longitudinal momentum
fraction carried by the gluon jet. The ratio �T /�U

-integrated EECθ κ = (θEg)2/μ2

Unpolarized Jet Function  follows the DGLAP evolution equationJi (ln κ)

Polarized Jet Function Jg,T (ln κ)

3

quantifies the degree of linear polarization of the emitted
gluon. Therefore, a natural choice for hard coe�cients
reads Hi(x, µ = ✓0Eg) = �ig�(x � 1) and HT (x, µ =
✓0Eg) = �T /�U�(x � 1), with ✓0 ⇠ O(1).

In the DGLAP formalism, the evolution equations of
the jet functions are given by

@Ji(ln)

@ lnµ2
=

↵s

2⇡

X

j

ˆ 1

0
dyy

2
Pij(y)Jj(ln(y

2
)), (8)

@Jg,T (ln)

@ lnµ2
=

↵s

2⇡

ˆ 1

0
dyy

2
P

T
gg(y)Jg,T (ln(y

2
)). (9)

Here i, j denote the parton flavors, and Pij is the
unpolarized splitting function. P

T
gg(y) is the linearly

polarized gluon splitting function, which at the LO
reads [112, 113]

P
T
gg(y) = 2CA

y

(1 � y)+
+ �0�(1 � y), (10)

with �0 = (33 � 2nf )/6.
Having discussed two-point EECs, we now consider

the single-point energy correlation, or jet event shape.
This observable quantifies the energy distribution within
a jet by measuring the correlation between the energy
of a radiated parton and the jet core itself. A
key advance in this context is the Winner-Take-All
(WTA) jet axis reconstruction scheme [108–111]. Unlike
conventional algorithms that define the jet axis as the
sum of all constituent momenta, the WTA algorithm
assigns the jet axis to the direction of the hardest
particle at each recombination step. This procedure
e↵ectively eliminates recoil e↵ects from soft gluon
radiation, resulting in a recoil-free jet axis that enables
more precise measurements of jet substructure and
polarization-sensitive observables.

Within the WTA scheme, the unpolarized and linearly
polarized single-point jet functions are denoted by Dg/q

and Dg,T , respectively. In the DGLAP formalism, their
scale evolution is governed by

@Di(ln)

@ lnµ2
=

↵s

2⇡

X

j

ˆ 1

1
2

dyyPij(y)Dj(ln y
2
), (11)

@Dg,T (ln)

@ lnµ2
=

↵s

2⇡

ˆ 1

1
2

dyyP
T
gg(y)Dg,T (ln y

2
). (12)

Here, the lower integration limit y = 1/2 arises from the
kinematic constraint in the WTA scheme. Additionally,
note that the evolution equation involves a single power
of y, in contrast to the two-point EEC case where y

2

appears. Note that the one point energy correlation
under investigation di↵ers from that studied in Ref. [114].

While the DGLAP formalism serves as the standard
approach for describing the scale evolution of jet
functions, its conventional implementation based on
virtuality ordering does not intrinsically account for
the destructive interference of soft gluons at large

angles. The CCFM formalism [104–107] addresses this by
implementing angular ordering: each successive emission
in the final-state parton shower must occur at a smaller
opening angle than the previous one. This approach
not only regulates infrared divergences more e↵ectively,
ensuring that the EEC remains finite as the angular
separation ✓ ! 0, but also yields a more realistic
description of energy flow and correlations within jets.
In the original CCFM approach, it is necessary to

introduce a parton distribution that depends on the
transverse momentum in order to resum large logarithms
at small x. By analogy, we also define a transverse
momentum dependent jet function, Jg(ln, kt), which
satisfies the normalization condition

´
d
2
kt Jg(ln, kt) =

Jg(ln). This construction allows us to directly apply the
CCFM formalism to the evolution of the jet functions.
Following Refs. [107, 115, 116], and focusing for

simplicity on the gluon-to-gluon channel, the CCFM
evolution equation for the unpolarized gluon jet function
can be written in di↵erential form as:

@

@ lnµ2

Jg(ln, kt)

�s(µ2)
=

↵s

2⇡

ˆ 1�⇤/µ

⇤/µ
dy y

2 (13)

⇥

ˆ 2⇡

0

d�
0

2⇡

P̃gg(y, µ2
, kt)

�s(µ2)
Jg(ln, |~kt + (1 � y)~µ|),

where µ2 = ~µ
2 sets the maximum allowed angle for gluon

emission, ✓max = µ/Eg, and ⇤ is an infrared cuto↵. The

angle �0 denotes the azimuthal separation between ~kt and
~µ. The Sudakov form factor �s resums the e↵ects of
virtual and unresolved real emissions. Importantly, due
to the implementation of angular ordering in CCFM, the
y-dependence in the logarithm is eliminated.
In the CCFM framework, the splitting function P̃gg is

unregularized, retaining only the singular terms 1/y and
1/(1 � y). In the original context, a non-Sudakov form
factor �ns is introduced to resum logarithms of the form
ln(1/y). However, for energy-energy correlation (EEC)
observables, the energy-weighting factors y or y2 suppress
the 1/y divergence, making small-x resummation via
the non-Sudakov factor unnecessary. Consequently,
the unregularized splitting function for the unpolarized

case simplifies to P̃gg(y) = 2CA

h
y

1�y + 1�y
y + y(1 � y)

i
,

which is independent of the transverse momentum kt.
With this simplification, we can integrate over kt

to obtain an evolution equation for the inclusive jet
function:

@

@ lnµ2

Jg(ln)

�s(µ2)
=

↵s

2⇡

ˆ 1�⇤
µ

⇤/µ
dyy

2
P̃gg(y)

Jg(ln)

�s(µ2)
. (14)

The corresponding Sudakov form factor is given by

�s(µ
2) = (15)

exp

(
�

ˆ µ2

4⇤2

dµ
02

µ02
↵s

4⇡

ˆ 1� ⇤
µ0

⇤/µ0
dy[P̃gg(y) + 2nf P̃qg(y)]

)
.

Diagonal 
Equation

H. Chen, I. Moult, H. X. Zhu, PRL126, 112003 (2021); M. Gao, Z.B. Kang, W. Li D.Y. Shao, PRL136, 151902 (2026).
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Coherent effect and CCFM formalism

Coherent Effect & Angular Ordering See, e.g., R.K. Ellis, et al, QCD and Collider Physics

3

Consider a color-singlet quark-antiquark pair i and j produced from a virtual photon splitting.
The emission of a soft gluon k (Ek ⌧ Ei, Ej) is described by the Eikonal factor. The squared
matrix element for the emission is factorized as

d�n+1 ⇡ d�n · ↵sCF

⇡

dEk

Ek

d⌦k

4⇡
Wij , (1)

where the antenna function Wij is defined by the four-momenta pi, pj and k

Wij =
2pi · pj

(pi · k)(pj · k)
=

2(1� cos ✓ij)

E2
k(1� cos ✓ik)(1� cos ✓jk)

. (2)

To associate the radiation with specific parent partons, we decompose Wij into two terms, Wij =

W (i)
ij +W (j)

ij . The contribution attributed to parton i is

W (i)
ij =

1

2


Wij +

1

E2
k(1� cos ✓ik)

� 1

E2
k(1� cos ✓jk)

�
. (3)

This term contains the collinear pole as ✓ik ! 0 but remains sensitive to the presence of parton j.

The crucial step in demonstrating coherence is averaging over the azimuthal angle �ik of the gluon
around the direction of parton i. We employ the spherical triangle identity

cos ✓jk = cos ✓ij cos ✓ik + sin ✓ij sin ✓ik cos�ik. (4)

Integrating over the azimuthal angle, we find

hW (i)
ij i� =

ˆ 2⇡

0

d�ik

2⇡
W (i)

ij =
1

E2
k(1� cos ✓ik)

⇥(✓ij � ✓ik). (5)

The emergence of the Heaviside step function ⇥(✓ij � ✓ik) demonstrates that, upon azimuthal
averaging, radiation is strictly confined within the cone defined by the opening angle of the ij pair.
In the soft limit, this eikonal result corresponds to the form 2

1�z⇥(✓ij � ✓ik). By relaxing the soft-

gluon approximation, one recovers the full real-emission part of the DGLAP kernel, 1+z2

1�z ⇥(✓ij �
✓ik), but crucially supplemented by the angular ordering constraint. This establishes a formal
connection between the coherent branching framework and standard collinear evolution, while
highlighting the significance of the additional angular boundary. While standard DGLAP can be
supplemented with this condition (as is done in the Modified Leading Log Approximation), the
CCFM equations utilize an angular evolution variable q = pT /(1�z), which naturally incorporates
this ordering.

It is important to emphasize that the coherence e↵ects derived above are not merely theoretical
curiosities but are central to the predictive power of all modern Monte Carlo event generators.
While the original DGLAP-based showers lacked these constraints, current algorithms incorporate
angular ordering or equivalent coherence-preserving mechanisms.

• Angular-Ordered Showers: Programs like HERWIG utilize ✓ (or a related angular variable)
as the evolution scale, naturally enforcing the ⇥(✓ij � ✓ik) condition.

• Dipole/Antenna Showers: Programs such as PYTHIA 8 (Vincia) or SHERPA (CSSHOWER)
utilize 2 ! 3 dipole branchings. These frameworks inherently capture coherence by treating
the emission as originating from a color-connected pair rather than an individual parton,
e↵ectively reproducing the eikonal radiation pattern Wij without needing an explicit angular
cut-o↵.

Our adoption of the coherent branching framework is thus fully consistent with the standard
treatment of multiparton final states in the LHC era. Crucially, while modern event generators are
proficient in describing the azimuthally averaged jet substructure, our analysis of the polarization-
dependent modulations represents a novel contribution to the field. In the revised manuscript, we
have clarified our discussion and removed any language that might suggest the DGLAP formalism
is “incorrect”.

CCFM evolution equation: 

J
H
E
P
0
6
(
2
0
1
0
)
1
1
2

D s(p, z q)

ns (z, k, q)D

D s(q, z’ q’)

X

X

p

q

k’q’

k
nsD (z’, k’, q’)

ln 1/zln 1/z’
ln 1/y

ln q 2

Figure 2. Graphical representation of equation (2.1). The horizontal axis denotes the inverse
energy fraction while the vertical axis denotes the transverse momentum, all in logarithmic scale.
The shaded regions show the regions over which the form factors receive contributions. The real
emission q is represented by a dot, while the virtual gluons k and k′ are represented by crosses.
The position of p is also indicated. The diagonal lines are lines of constant ξ.

The soft emissions are such that they are exactly compensated by the factors ∆s.

This means that the regions over which the Sudakov form factors receive contribution

are precisely the regions to which the soft emissions are confined, i.e. the clusters Sk

mentioned above. Summation over all possible soft emissions in each Sk leads to a factor

exp(+ᾱsSk). Each such factor then multiplies to unity with the corresponding Sudakov

form factor exp(−ᾱsSk). One is consequently left with the hard emissions only, and the

integral equation reads

A(x, k, p) = ᾱs

∫ 1

x

dz

z

∫

d2q

πq2
θ(p − zq)∆ns(k, z, q)A

(x

z
, k′, q

)

. (2.2)

This equation is thus formally equivalent to (2.1). In practice, however, one can expect

to find different solutions. The numerical implementation of the soft emissions faces the

difficulty that one must cut the z → 1 singularity by a momentum cut-off as in figure 2.

This introduces a numerical uncertainty which complicates the procedure. Therefore, even

though their inclusion is important and interesting, we will postpone their treatment to a

future work and in the present concentrate only on equation (2.2).

As mentioned above, the non-Sudakov form factor ∆ns can be written as exp(−ᾱsA),

where in figure 2, A is the vertically dashed region bounded by k and the angle of q, and the

energies of q and k. In CCFM, the form factors ∆ns and ∆s are derived out of the so-called

eikonal, Seik, and non-eikonal, Sne, form factors which sum up to all orders the virtual

corrections associated with the eikonal and non-eikonal emission vertices respectively [4–

8]. As shown in [27], for each emission k the product of the associated form factors Seik(k)

and Sne(k) equals the BFKL form factor ∆BFKL(k), that is Seik(k) · Sne(k) = ∆BFKL(k).
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Evolution of the jet function

3

quantifies the degree of linear polarization of the emitted
gluon. Therefore, a natural choice for hard coe�cients
reads Hi(x, µ = ✓0Eg) = �ig�(x � 1) and HT (x, µ =
✓0Eg) = �T /�U�(x � 1), with ✓0 ⇠ O(1).

In the DGLAP formalism, the evolution equations of
the jet functions are given by

@Ji(ln)

@ lnµ2
=

↵s

2⇡

X

j

ˆ 1

0
dyy

2
Pij(y)Jj(ln(y

2
)), (8)

@Jg,T (ln)

@ lnµ2
=

↵s

2⇡

ˆ 1

0
dyy

2
P

T
gg(y)Jg,T (ln(y

2
)). (9)

Here i, j denote the parton flavors, and Pij is the
unpolarized splitting function. P

T
gg(y) is the linearly

polarized gluon splitting function, which at the LO
reads [112, 113]

P
T
gg(y) = 2CA

y

(1 � y)+
+ �0�(1 � y), (10)

with �0 = (33 � 2nf )/6.
Having discussed two-point EECs, we now consider

the single-point energy correlation, or jet event shape.
This observable quantifies the energy distribution within
a jet by measuring the correlation between the energy
of a radiated parton and the jet core itself. A
key advance in this context is the Winner-Take-All
(WTA) jet axis reconstruction scheme [108–111]. Unlike
conventional algorithms that define the jet axis as the
sum of all constituent momenta, the WTA algorithm
assigns the jet axis to the direction of the hardest
particle at each recombination step. This procedure
e↵ectively eliminates recoil e↵ects from soft gluon
radiation, resulting in a recoil-free jet axis that enables
more precise measurements of jet substructure and
polarization-sensitive observables.

Within the WTA scheme, the unpolarized and linearly
polarized single-point jet functions are denoted by Dg/q

and Dg,T , respectively. In the DGLAP formalism, their
scale evolution is governed by

@Di(ln)

@ lnµ2
=

↵s

2⇡

X

j

ˆ 1

1
2

dyyPij(y)Dj(ln y
2
), (11)

@Dg,T (ln)

@ lnµ2
=

↵s

2⇡

ˆ 1

1
2

dyyP
T
gg(y)Dg,T (ln y

2
). (12)

Here, the lower integration limit y = 1/2 arises from the
kinematic constraint in the WTA scheme. Additionally,
note that the evolution equation involves a single power
of y, in contrast to the two-point EEC case where y

2

appears. Note that the one point energy correlation
under investigation di↵ers from that studied in Ref. [114].

While the DGLAP formalism serves as the standard
approach for describing the scale evolution of jet
functions, its conventional implementation based on
virtuality ordering does not intrinsically account for
the destructive interference of soft gluons at large

angles. The CCFM formalism [104–107] addresses this by
implementing angular ordering: each successive emission
in the final-state parton shower must occur at a smaller
opening angle than the previous one. This approach
not only regulates infrared divergences more e↵ectively,
ensuring that the EEC remains finite as the angular
separation ✓ ! 0, but also yields a more realistic
description of energy flow and correlations within jets.
In the original CCFM approach, it is necessary to

introduce a parton distribution that depends on the
transverse momentum in order to resum large logarithms
at small x. By analogy, we also define a transverse
momentum dependent jet function, Jg(ln, kt), which
satisfies the normalization condition

´
d
2
kt Jg(ln, kt) =

Jg(ln). This construction allows us to directly apply the
CCFM formalism to the evolution of the jet functions.
Following Refs. [107, 115, 116], and focusing for

simplicity on the gluon-to-gluon channel, the CCFM
evolution equation for the unpolarized gluon jet function
can be written in di↵erential form as:

@

@ lnµ2

Jg(ln, kt)

�s(µ2)
=

↵s

2⇡

ˆ 1�⇤/µ

⇤/µ
dy y

2 (13)

⇥

ˆ 2⇡

0

d�
0

2⇡

P̃gg(y, µ2
, kt)

�s(µ2)
Jg(ln, |~kt + (1 � y)~µ|),

where µ2 = ~µ
2 sets the maximum allowed angle for gluon

emission, ✓max = µ/Eg, and ⇤ is an infrared cuto↵. The

angle �0 denotes the azimuthal separation between ~kt and
~µ. The Sudakov form factor �s resums the e↵ects of
virtual and unresolved real emissions. Importantly, due
to the implementation of angular ordering in CCFM, the
y-dependence in the logarithm is eliminated.
In the CCFM framework, the splitting function P̃gg is

unregularized, retaining only the singular terms 1/y and
1/(1 � y). In the original context, a non-Sudakov form
factor �ns is introduced to resum logarithms of the form
ln(1/y). However, for energy-energy correlation (EEC)
observables, the energy-weighting factors y or y2 suppress
the 1/y divergence, making small-x resummation via
the non-Sudakov factor unnecessary. Consequently,
the unregularized splitting function for the unpolarized

case simplifies to P̃gg(y) = 2CA

h
y

1�y + 1�y
y + y(1 � y)

i
,

which is independent of the transverse momentum kt.
With this simplification, we can integrate over kt

to obtain an evolution equation for the inclusive jet
function:

@

@ lnµ2

Jg(ln)

�s(µ2)
=

↵s

2⇡

ˆ 1�⇤
µ

⇤/µ
dyy

2
P̃gg(y)

Jg(ln)

�s(µ2)
. (14)

The corresponding Sudakov form factor is given by

�s(µ
2) = (15)

exp

(
�

ˆ µ2

4⇤2

dµ
02

µ02
↵s

4⇡

ˆ 1� ⇤
µ0

⇤/µ0
dy[P̃gg(y) + 2nf P̃qg(y)]

)
.

DGLAP CCFM

10

GeV), the asymptotic expression provides a reliable description of the gluon polarization, and the magnitude of the
e↵ect is sizeable.

S-II. EEC IN e+e� ANNIHILATIONS

Energy-energy correlations (EECs) were first proposed for measurement in electron-positron colliders as a clean
and important test of QCD [32, 33]. Over the past several decades, a wealth of experimental data [34–41] has been
accumulated across a broad range of center-of-mass energies, providing a unique platform for studying the transition
between perturbative and non-perturbative QCD dynamics.

In e
+
e
� annihilation, the leading order process e

+
e
�

! qq̄ produces two nearly back-to-back jets. Therefore, the
near-side EEC mainly probes the energy distribution within the quark-initiated jets, which can be computed from
the derivative of the jet function Jq, whose evolution is governed by Eq. (8) in the DGLAP formalism in the main
text. In the CCFM formalism, the evolution equation follows one akin to Eq. (14) by properly changing the parton
flavors. For completeness, we lay out the full evolution equation taking into account the o↵-diagonal terms in the
CCFM formalism as follows,

@

@ lnµ2

Jg(ln)

�s(µ2)
=

↵s

2⇡

1

�s(µ2)

ˆ 1�⇤/µ

⇤/µ
dyy

2
h
P̃gg(y)Jg(ln) + P̃gq(y)Jq(ln)

i
, (S8)

@

@ lnµ2

Jq(ln)

�s,q(µ2)
=

↵s

2⇡

1

�s,q(µ2)

ˆ 1�⇤/µ

⇤/µ
dyy

2
h
P̃qq(y)Jq(ln) + P̃qg(y)Jg(ln)

i
. (S9)

Here, �s(µ2) is the Sudakov form factor for the gluon case which has already been defined in Eq. (15) in the main
text, and �s,q is that for the quark. They read

�s(µ
2) = exp

n
�

ˆ µ2

4⇤2

dµ
02

µ02
↵s(µ02)

4⇡

ˆ 1�⇤/µ0

⇤/µ0
dy

h
P̃gg(y) + 2nfPqg(y)

io
, (S10)

�s,q(µ
2) = exp

n
�

ˆ µ2

4⇤2

dµ
02

µ02
↵s(µ02)

2⇡

ˆ 1�⇤/µ0

⇤/µ0
dyP̃qq(y)

o
. (S11)

These unregularized splitting functions are given as

P̃gg(y) = 2Nc


1 � y

y
+ y(1 � y) +

y

1 � y

�
, (S12)

P̃qg(y) =
1

2
[y2 + (1 � y)2], (S13)

P̃qq(y) = CF
1 + y

2

1 � y
, (S14)

P̃gq(y) = CF
1 + (1 � y)2

y
. (S15)

While solving the evolution equation, the boundary conditions at the reference scale µ0 (corresponding to the large-
angle limit ✓0 ⇠ 0.3) are specified as Jq(ln = 0) = 1 and Jg(ln = 0) = 0, reflecting the fact that the primary
partons are quarks and antiquarks.

We compare our theoretical calculations, performed within both the DGLAP and CCFM formalisms, with
experimental data from TASSO (Q = 34.8 GeV) [37], TOPAZ (Q = 53.3 GeV) [38], and OPAL and ALEPH (both
at Q = 91.2 GeV) [40, 41]. The comparison is shown in Fig. S3. Since di↵erent collaborations have adopted di↵erent
conventions for presenting EEC, we have converted all data to Zq(✓) = d⌃/d✓ as a function of ✓. The data point
at ✓ = 0 has been excluded due to the contamination of self-correlations. Furthermore, all data are rescaled to be
comparable with each other at ✓0 = 0.3, which allows for a direct comparison of the shape and evolution behavior on
di↵erent energy scales.

As shown in Fig. S3, a prominent feature of the EEC in e
+
e
� collisions is the emergence of a plateau in the

small-✓ region. The height of this plateau increases systematically with the collision energy Q, and consequently
with the initiating quark energy. Physically, this plateau signifies the onset of confinement and the transition into
the non-perturbative regime. It has been a subject of intense investigation in the most recent literature, see, e.g.,
Refs. [94, 95, 97–99, 101], exploring the “confinement transition” and the emergence of a scaling behavior [97] beyond

 GeV is an IR parameter, implementing the coherent AOΛ ∼ 0.5

Ciafaloni, NPB 1988; Catani, Fiorani, Marchesini, NPB 1990.
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Coherent effect and CCFM formalism

Describing  Datae+e−

C.H. Chang, H. Chen, X. Liu, 
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Coherent effect and CCFM formalism

Describing  Datae+e− “Confinement Transition”

K. Lee, A. Pathak, I.W. Stewart, Z. Sun, 2405.19396; K. Lee, I. Stewart, 2507.11495; C.H. Chang, H. Chen, X. Liu, 
D. Simmons-Duffin, F. Yuan, H.X. Zhu, 2507.15923; E. Herrmann, Z.B. Kang, J. Penttala, C. Zhang, 2507.17704; 
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Coherent effect and CCFM formalism

Describing  Datae+e− “Confinement Transition”

The unphysical increase is effectively tamed in the CCFM 
by incorporating coherence effects, alongside an IR cutoff

⇤ 2 [0.6, 0.7] GeV
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Anisotropic EEC

Analyzing Power A(θ)

4

where P̃qg(y) is the unregularized splitting function for
the gluon-to-quark channel. This form closely parallels
the Sudakov factor used in parton shower algorithms.

Extending the above discussion to the case of linearly
polarized gluons, we find that the evolution of the
corresponding jet function Jg,T within the CCFM
framework takes a similar form to the unpolarized case,

@

@ lnµ2

Jg,T (ln)

�s(µ2)
=

↵s

2⇡

ˆ 1�⇤
µ

⇤/µ
dy y

2 P̃
T
gg(y)

�s(µ2)
Jg,T (ln),

(16)

where the unregularized splitting function for linearly
polarized gluons is given by P̃

T
gg(y) = 2CA

y
1�y .

The CCFM formalism can be directly extended to
single-point energy correlations in the WTA scheme.
In the next section, we examine the phenomenological
consequences of these improvements, particularly for
azimuthal asymmetries from linearly polarized gluons.

Phenomenological Analysis— We now turn to the
phenomenological analysis of EECs and their sensitivity
to gluon polarization.

The boundary conditions for the jet functions are set
at a reference angle ✓0 (e.g., ✓0 = 0.3), corresponding
to a factorization scale µ0 = P? = 30 GeV for gluon
energy Eg = 90 GeV, as motivated by the associated Z

0

production process. Specifically, we impose

Jg(0) = 1, Jq(0) = 0, Jg,T (0) = 1, (17)

The quark jet function is initialized to zero, reflecting the
fact that quark contributions arise only from subsequent
branchings.

Collecting all pieces together, the azimuthal
asymmetry for the EEC, which encodes the e↵ect of gluon
linear polarization, is given by hcos 2�i = A(✓)HT /H

where the analyzing power A(✓) is defined as

A(✓) ⌘

´
dyy(1 � y)

⇥
P

2�
gg + 2nfP

2�
qg

⇤
Jg,T´

dyy(1 � y)
nh

P̃gg + 2nf P̃qg

i
Jg +

h
P̃qq + P̃gq

i
Jq

o ,

(18)

with the limits of the y integration being set to
´ 1�⇤/µ0

⇤/µ0

in order to account for the coherent branching e↵ects. For
the single-point energy correlation in the WTA scheme,
the expression of the asymmetry remains analogous.
The analyzing power A(✓) serves as a key measure of
the observable’s sensitivity to gluon polarization, and is
central to our phenomenological study.

We now present numerical results for the unpolarized
distribution and the cos 2� azimuthal modulations.
Figure 2 shows the self-normalized unpolarized angular
distributions for the EEC: Zg(✓) = @Jg(ln)/@✓ in the
region ✓ 2 [0.01, 0.3], using the boundary conditions
specified above. We compare results obtained from
standard DGLAP evolution with those from the CCFM

0.01 0.1 0.3
✓

5

10

15

20

Z
g
(✓

)

DGLAP

CCFM, � = 0.3

CCFM, � = 0.7

FIG. 2: Normalized unpolarized angular distributions for
the EEC in the region ✓ 2 [0.01, 0.3], calculated with the
boundary conditions Jg(0) = 1 and Jq(0) = 0 at µ = 30 GeV.
Results are shown for both standard DGLAP evolution and
the CCFM formalism with infrared cuto↵s ⇤ = 0.3 GeV and
⇤ = 0.7 GeV.

formalism, using infrared cuto↵s ⇤ = 0.3 GeV and
⇤ = 0.7 GeV. Notably, our calculations qualitatively
reproduce the characteristic plateau behavior of EEC.
This plateau signifies the onset of confinement and
the transition to the non-perturbative regime. The
CCFM framework, by incorporating angular ordering
and an e↵ective infrared cuto↵, successfully captures the
dynamics of this transition, which remains challenging for
traditional collinear factorization. A comparison between
theoretical calculations in the DGLAP and CCFM
formalisms and data from e

+
e
�-annihilation experiments

is also presented in the Supplemental Material [117].
Figure 3 illustrates the analyzing power A(✓), which

quantifies the maximal cos 2� azimuthal asymmetry,
for both single-point and two-point energy-energy
correlations (EECs) as a function of the angle ✓ in the
range 0.01 to 0.3. The shaded error bands indicate the
impact of varying the infrared cuto↵ ⇤ between 0.3 GeV
and 0.7 GeV. Despite the sensitivity of the unpolarized
distribution to ⇤ in the small-angle region, the analyzing
power A(✓) remains remarkably robust. This stability
arises from the cancellation of common non-perturbative
e↵ects in the ratio, confirming that the polarization signal
is a resilient observable. The results demonstrate that the
azimuthal asymmetry is sizable and should be accessible
to measurement at the LHC.
Recent ATLAS [72] and CMS [79] measurements

demonstrate the high precision achievable in mapping
the radial dependence of jet EECs. Our proposal extends
these studies by retaining the azimuthal (�) correlation
relative to the jet ~P?. Since ~P? is a standard observable,
extracting the predicted cos 2� modulation requires only
a modified binning strategy rather than new detector
capabilities. This makes existing LHC data sets ideal

Partial cancellation between 
 and  branchingsg → gg g → qq̄

P2ϕ
gg (y) = 2Ncy(1 − y)

P2ϕ
qg (y) = − y(1 − y)
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µ
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°
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EC
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Anisotropic EEC — heavy flavor tagging

Realistic Configuration:  + ( ) production v.s. inclusive ( ) productionZ0 g → cc̄ g → cc̄

p+ p̄ @1.96 TeV
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Conclusion

Gluon linear polarization emerges in unpolarized high energy collisions.

The anisotropic EEC is a novel probe.

Coherent effect is naturally encoded in the AO of CCFM equation, providing 
a smooth transition into the non-perturbative regime.

Thank you very much for your attention!


