Ratios of Bc meson decay constants
in N°LO QCD
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a Motivation

Bz (25)7

B.(25)* —
> To help discover Bc*(1S) and P-wave cb mesons
. 1998, Bc(1S)
[CDF, PRL(1 933?1]4)] — B+
- 2014, Bc(2S) or Bc*(2S) ? oM. PRL 01! =
[LHCb, PRL(2019)] B ~“—

Vs 1—-

. 2019, Bc(2S) & Bc*(2S) i
» To understand similarities and differences in ¢b meson leptonic
decays via various currents

> To study new physics by calculating cb decay constants involving
(axial-)tensor currents

> To test perturbative expansion convergence in Non-Relativistic
Quantum Chromodynamics (NRQCD) effective theory



Review NRQCD multi-loop calculation for cb decay constants

Y One_ Oop for BC [E.Braaten,S.Fleming,PRD(1995)]
® One- Oop for BC* [D.S.Hwang,S.Kim,PRD(1999)]
* One-loop with relativistic corrections for Bc & Bc*

[J.Lee,W.Sang,S.Kim,JHEP(2011)]

* Approximate two-lgop for BC  1Aa10nishchenko,0.L.veretin EPIC(2007)]
* Full analytical two-loop for Bc echencraizopiseors

° Th ree'IOOp for Bc [FFeng.etal,2208.04302]

® Th ree-loop for BC* [W.Sang,H.F.Zhang,M.Z.Zhou,PLB(2023)]
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XYW Definition

» QCD currents

= Ypte,

= Uy Y5the,
gt = by e,
it = vy s e,
jt" = ot e,
Jts = patys1he,

{Bu("S0), Bi(*Sy), By(*Py), B (* 1)}

» QCD definition for decay constants
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NRQCD factorization
> NRQCD expansmn Js = —¢) ( : + L) k&
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t v _ ]t =ie” J5 s
> NRQCD factOrlzatlon Of decay constants [G.T.Bodwin,E.Braaten,G.P.Lepage,PRD(1995)]
2
T =\ Cotmns ey, (0]xjwe| B-®)) () + 00)
Y N

mathing coefficients NRQCD LDMEs

V1 2 T
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a Matching formula

» QCD-NRQCD matching formula
795795 7295 (Z35) 1y = ¢, (€)) \JZ%5 795 75T
* Z;(Z;): QCD(NRQCD) current renormalization constant

- Z,(Z,): QCD(NRQCD) heavy quark field renormalization constant
« T;(I}): QCD(NRQCD) current vertex function

> Relations between matching coefficients

fh_ G _ 7,
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Solve for Z;)S

> Ratio of QCD current OS to MS renormalization constants

C ZOS
= =~ = 292+ O(e),
CJ ZMS

/ Cv,i

> Verify the correctness of z/z; = =*

t,i0
1.5 — - : 3 : : 1.5 k : - - . v
'1 _0 L ---_..\'.:‘:.:.'.';.j;%-._...‘,_.::_._ ________________________________________ - o '| ‘0 5 -—= -- :;___ér___:ﬂ._._1=7=mm-.;;.;-_~_~;:.-;.;:.ax.-..:m::-.a—‘.—'—.i.iE'E_o'-_‘-i-‘_-';‘-_-'i-f_-'.
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~ NLO > -+t NLO
0.0 . 0.0}
______ NNLO ~—-=-= NNLO
—— N’LO —— N?LO
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7

v (GeV) » Both have convergent perturbative expansion y (GeV)
» Both have weak dependence on renormalization scale
py €10.4,1.2,7]GeV » Both are independent of factorization scale




Feynman diagrammatic renormalization at O(a;)

Tree diagram inserted with one O(a?) counter-term vertex
One-loop diagram inserted with one O(a%) counter-term vertex
One-loop diagram inserted with two O(ay) counter-term vertexes
Two-loop diagrams inserted with one O(ay) counter-term vertex
Three-loop diagrams

g

(a) (CA — 2CF) CF CF (b) TF nb TF nc CF (c) CA CA CF (d) (cA — 2CF) (CA — 2CF) CF

BB

(e) (CA — 2CF) (CA - CF) CF (£) (cA - 2CF) (CA — CF) CF (g) (CA — 2CF) (CA — 2CF) CF (h) (CA - 2CF) (CA - CF) CF

VVVYY




m Multi-loop calculation process

> Feyn Ca |C . [V.Shtabovenko, R.Mertig, F.Orellana, CPC(2025)]

 Generate & filter Feynman diagrams & amplitudes;

* Express amplitudes in terms of Feynman integrals;

* Minimize the total number of families of Feynman integrals.
. L. [A.V.Smirnov, F.S.Chukharev, CPC(2020)]

» FIRE / Kira / FiniteFlow: L:Klappert, et al. CPC(2021)]

* Reduce Feynman integrals to master integrals.

» Kira + FIRE + Mathematica code:

* Minimize the total number of families of master integrals.

» AMFlow + FiniteFlow / Kira: i v.ama cee@ozs)
* Calculate master integrals. 268 three-loop diagrams

. . — 0(100) families of Feynman integrals
» Renormalization. — 26 families of master integrals
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» One-loop

o™ (1) o

Cj(ﬂfaﬂamb)mc) =1+ o (37)
GOV 5 (2)
as () C;(z) ,(n ¥; (z) 2
c= e +( - ) J4 0" L+ = Ly + € (@)
. 2 (r) 3 (1) (1) (2)
I H Lfes ) JC (=) () 2 ¢ C; (x) (m) | Cr'(x) s ;
b= e, T \ 6 16 o O T
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T mymy 4 0 s 40L,,, g VT
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T3 [C.(Jl)( 1575 (@) + 45 (Lyy = 0;2) } Ly, + cP (@) o +0 CHE
1 3 r—1
iV (x) = Cl)(x) = ZCF( = 11'1:1:—2)
1 1 3
C)(x) = Cli(w) = €y (@) = Zc




Ct.\DFL(X) = CtS.uFL(X)

CtE‘\ch(X)

C:,ioFC(X)

Mass dependence of (;
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Scale dependence of (;

1.5
1.0 1.0 1.0
G 05 0.5 0.5
s oo} S 0o G 00
-05 g"."'-D-S -05
-1.0 -1.0 ;il -1.0 Iiil
-1.5L -1.% 1 1% 1
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-08 08 | » Strong dependence
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v Ratios of :
< 10 | - i) 3 1.0 i
©) =
decay constants ¢ o .
p YJ 3 08 fgc/f ! 3 0.5 ff?;“o/fgfl
1 1 ;\Eﬂ ----- Loo ;‘i ----- Lo
f X1 CJl f X1 CJ1 < 00 T = 00 —
J2 Y ~J2 ~~ - —— N3LO —— N3LO
fX2 CJ2 fX2 CJ2 0% 1 > 3 4 5 5 7 05 1 > 3 4 5 5 7
L (GeV) L (GeV)
1.5 1.5
Xe{B.("S), B:(*S1), By Po),Ba(°P1)} [
Convergent N3LO correction = ST S
. 4] &
with weak scale-dependence. 2 os L0 155 & os Al
| e "
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Perturbative QCD predictions up to N°LO

LO NLO NNLO NYLO

T L 0.84400 010030 0.75905 03044 0.07471--0.001 14-0.04301 038591058231 0.63966--0.00009--0.09318
;—Z‘ L 105200507 0020m5- 000 |1-069465 0087045001 30-0.00303- 000473 £ 0-01746| 10381630 683150 06343 0.00519+0.00204 + 0-04966
;ZO L 10520050 002775 000 1071433005130 70:0150-0.00057+0.00122 £ 0-01943|1.07225 003668 ~000573 70,0015 +0-00411 = 0-02126
ﬁ 1 1 101298—()—0.00575—0.()00(58+().0()]8(5 + 0.01298 101822—().()0670—().00559—0.001].1-?-0.()0143 + 0.01822
f}l;:u ' Y 4040.0131240.00074—0.00276 : +0.00417+0.00481+0.00124—-0.00267 ’
,f—j“% 1 1 1.0043070:00713+0.00433--0-00010--0.00207 = 0-00430| 100045750163 000575 " 0:00041- 000229 £ 0-00816
fi;‘rr I I I 0.99964 00045 0.00067--0.00001 000006 = 0-00036
;—g% 1 |0.87385, 0002571 0:00435+0.01906 0.82199 0004341 0.005741.0.03050 0.78047 0 080 0013900.01990

c0

pp = 1.2758GeV, u = 3112GeV, my = 4.75 + 0.5GeV, m, = 1.5 + 0.5GeV, » Uncertainty ordering:
Ftf = 14 (1€ /Co)as | +1(Ca, /Ch) s |) Aps 2 Auome 2 Ay > Ap 2 Am,

> Hierarchical relationship among cb meson decay constants

p __ pt20 tH,19 v,0 s t5,20 t,ig
fB— >f*_ B* >f=c*= >f:0>fB: fBCIN‘chl >chl

C



a Summary

> At three-loop level, obtain QCD on-shell renormalization
constant and matching coefficients for tensor currents.

> In N3LO QCD, obtain convergent Bc meson decay constant
ratios involving ten currents.

Thank you!




