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Introduction




Origin of the nucleon mass

e Decomposition of the nucleon mass (classical view)

p

my = (N(p)| T, IN(p)) ~ (N(p)] 2—gGﬁyGZ‘” + myfiu + mydd + mSs | N(p))

Higgs
field energy

» How large is the trace anomaly term?
» Sigma terms: 6, ~ Mi(itu + dd), 6, = m s

e Feynman-Hellman Theorem
» three-point to two-point problem
» High-precision determination of the quark mass dependence of the nucleon mass is crucial.

oy =H— = M2—2 | = (m,+my)I2 .

Chiral perturbation theory beyond one-loop is necessary!



Status of ChPT beyond one-loop

[Bijnens and Truedsson, JHEP (2017) ]
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Status of ChPT beyond one-loop

e Baryon sector: multi-loop calculation is much more complex than pure meson sector
> Dirac algebra & axial coupling between baryons and Goldstone bosons
— More diagrams and master integrals
> Unequal mass
— Hard to compute multi-loop integrals
> The introduction of non-zero baryon mass in the chiral limit
—> the notable Power Counting Breaking (PCB) problem!
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e Naive power counting rule !!!
- - Red dots denote PCB terms!!!
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Solutions to the PCB problem

e Various approaches
>~ Heavy Baryon (HB) formalism [Jenkins and Manohar, PLB255'91]
> Infrared Regularisation (IR) prescription [T.Becher and H.Leutwyler, Eur.Phys.J.C9'99]
> Extended-On-Mass-Shell (EOMS) scheme [T.Fuchs, J.Gegelia, G.Japaridze and S.Scherer,PRD68'03]
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Status of the nucleon mass at two loop

e Previous works on the nucleon mass in ChPT
» 1999: HB formalism up to O(p?) VcGovern & Birse, PLE446(1999)]
- 2007/2008: IR prescription up to O(p®) [truncated]

[ Schindeler, Djukanovic, Gegelia & Scherer, PLB649(2007), NPA803(2008)]

- 2024: EOMS up to O(p®) [truncated]

[ Conrad, Gasparyan & Epelbaum, PoS CD2021, 074 (2024), EPJ Web Conf. 303, 02001(2024)]
[ Chen, Hu, Mo & Jia, arXiv:2406.040124 [hep-ph]]
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e Our work: full EOMS chiral result up to O(p°)
> All the necessary analytical two-loop structure
> Avoid too many unknown LECs



Leading two-loop calculation of the nucleon mass



The nucleon mass at two-loop order
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[ZRL, Chen, Guo, Guo, and Yao, JHEP(2025)]



Two-loop nucleon mass in BChPT

« Chiral expression up to O(p°)
> Tree + one loop + two loop my = — 4c,M* — 2e,M* + Am'D + Am'?

. 1 —,,,(a) (1b) (le) (1d) (Le)
> One_k)op_ AmN =m, +mN +mN +mN +mN ,

2) 2 2b 21 2 b.
> TWO'lOOp: Amji,) —mji,“)+m]§, )+ +m]§, )+m](v9+m]f,u .
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Two-loop Feynman integrals

e Definition of two-loop integrals

; B J J d%, d%, 1
U\Lpl3lals (ind2) (izdl2) D DLDYRDYHIDY

» U; integers; scalar integrals: all v; > 0; tensor integrals: dv; < 0
» Number of irreducible scalar product: N =L X E+ L(L+1)/2

gzzlxﬂzz—Mz .
93=(p+f1+f2)2—m2 _@ @/
D, = (p+ )% —m? )

@5=(p+f2)2—m2



Feynman integrals

Calculation of Feynman Integrals

* Numerical ways: AMFLOW, AmpRed, FIESTA, pvSecdec
Liu,Ma,2022  Chen,2024

* Analytic ways: Differential Equations with UT-Basis, Mellin
Barnes:--

In our work

See talks by 335, B, 2. S

Analytic calculation of the high order corrections have many
benefits. We can obtain the numerical effect of high order

corrections very fast, expand them at any kinematic point, and
Integrate them to obtain more interesting results.

Slide by L. B. Chen




Final two-loop representation of nucleon mass

o The renormalised nucleon mass up to @(pS)

my =m — 45\ M* + m(? =22, M* + m(? + m( O + 2m(P + w0 + w0

oWy oY o(p*) o(p°)
mSup-diag. 2 { <— i) X |linear term in e from one loops| } LT a g |
N " e\ o _ Q Ny
S N |
e Merits ok mom |
> Faithful structure: respect original analytic property T -
> Controllable accuracy: possess correct power counting rule f: B
> Renormalisation scale independent L




Chiral extrapolation of nucleon mass

e Full EOMS
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> Original analyticity guarantees the successfulness of chiral extrapolation
> Relativistic renormalisation scheme possesses good convergency



Convergency property

e Assess the convergency of the chiral expansion
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> Two-loop contribution is small, approximately 10 MeV, for pion mass < 300 MeV,



Two-loop extraction of pion-nucleon sigma term



Two-loop sigma term in ByPT

e Feynman-Hellmann theorem [ZRL, Chen, Guo, Guo, and Yao, arXiv:2508.11435 [hep-ph]]
 Chiral expression up to @(ps)
» Tree + one loop + two loop o,y = —4¢;M? — 4e, M* + Ac')) + Ac’y)

> One-loop: Aa<1> — 6(1a> n G(Ib) n 6<1c> n 0(1d) n 6<1e>

> Two-loop: A0(2) — 0(2“)+ 0(219)_|_ " 0(21) n 0(23 + oS- |

) _ 3ngM2m(JH M?J,)
O 2F2

2
(2a) . 3 gAM
O 2F4

4 4 2 2 2
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v jv1v2 and Iv1V2v3v4V5 are one- and two-loop Feynman integrals.



Sigma term on the lattice

e [ attice artifacts: finite-volume & lattice spacing corrections
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Chiral extrapolation of nucleon sigma term

Fit procedure

T T 4 X5 = T+ O+ Ui Xsamo Xexp)
. | ‘
2001 é: ] - Constrained by physical m,,
— 5o Bl » Three ESC approaches with weighting
> : ]
: Z : w; = {1/2,0,1/2}
E 100 | ] » Subtracting Finite volume corrections
) | ]
¥

and lattice spacing effects

——BChPT up to O(p°)
‘ : * Agadjanov window Correlation matrix
i | ® Agadjanovsum LECs Values
i | A Agadjanov explicit | m & Em
800 S Y T — 0_1< M [MeV] 863.7 + 2.2 1.000 0.948 —0.640
‘ ‘ A2 e VQ] ' o é1 [GeV™] —1.07 £0.02 1.000 —0.703
m 1€ Em [GeV Y —5.64 4 0.22 1.000

x?/d.of.  16.49/(16 +1 —4) ~ 1.27




Chiral extrapolation of nucleon sigma term
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> Sigma term (M .): o,y = 56.1(2.6) MeV
> Sigma term (M 0): 6,y = 53.3(2.4) MeV

In remarkable consistency with the dataset in which the ESC is properly accounted for.



Two-loop extraction of 6

e Precise determination of o, in the physical world (M, = M,‘; )

oy =56.1 +(2.0),, * (1.5, *(0.6)

SyS$1 —

MeV = 56.1(2.6) MeV

SYS)

> Error budget
(i) stat: propagated from the 16 errors of the fitted parameters (171,¢,€,,);
(ii) sys,: arising from the errors in the one-loop renormalized LECs (c,,¢3)
involved in the O(p*) chiral loop contribution:;

(iii) sys,: due to truncation of the chiral expansion at O( ).



Comparison
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Resolving the tension between lattice QCD and phenomenology!



Summary and outlook




Summary and outlook

e Nucleon mass and sigma term in full-EOMS BChPT at two-loop order
» Validity of EOMS at two-loop level: the notable PCB issue addressed via dimensional counting analysis.
» Convergency: the O( p5) contribution from the full EOMS is small around 10 MeV, implying that the chiral
series in the full EOMS scheme converges very well.
my = {8782+ 68.8 +[-11.4]+[-4.6]+ 7.9 } MeV =938.9 MeV

6(p*) 6(p3) o(pY  O(p)

» Sigma term: resolve long-standing tension between lattice QCD and dispersive determinations

oy = 56.1(2.6) MeV

e Outlook

» Provide reliable and high-order chiral expression for chiral extrapolation of lattice QCD data
» Step into a promising era of two-loop BChPT, where the nucleon property can be explored with high

precision!
Tthants!
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Comparison of various schemes

e Full EOMS, EOMS truncated, IR truncated

1200 1 T KA
Full EOMS: O(p°) /'
[ — - EOMS truncated at O( p°) .
- — — IR truncated at O( p®) / '
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» |R-truncated: the discarded terms due to the O(p?) truncation contribute sizeably.
» EOMS-truncated: starts to deviate at pion mass ~220MeV.



Alternative two-loop representation

e EOMS truncated at @(p5 )
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Chiral extrapolation

e EOMS truncated at order p5
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>~ Agree well in the fitting range, but deviate beyond
> Weird behaviour of the pion mass dependence.
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Convergency property

e Assess the convergency of the chiral expansion
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Two-loop result

e IR truncated at @(p5 )
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Chiral extrapolation of nucleon sigma term

e Comparative fit: up to @(p4)

T T T T T T

21 T 250 |
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> Parameters: i = 872.7(2.0) MeV, ¢, = — 1.09(2) GeV~!, & = —1.39(21) GeV~>
> Sigma term (M _.): o, = 56.9(2.0) MeV
» Sigma term (M _o): 6, = 54.1(1.9) MeV

The e,, term mimics part of the two-loop contribution through parameter adjustment



Chiral extrapolation of nucleon sigma term

o Comparative fit: up to @(p3)

T T T T T T

; y R 250 f y
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886.1(2.1) MeV, & = — 0.84(3) GeV™!
oy = 48.7(2.1) MeV
v = 46.0(1.9) MeV

> Parameters: m =
> Sigmaterm (M _.): o
> Sigma term (M 0): 6

The O(p°) fit indeed yields small nucleon sigma term!



