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Research background

* Exotic hadrons

* Multiquark states

)

Since the observation of X(3872) in 2003, a number of
exotic hadrons states have been observed. There are _ .
four types of interpretations. :1) fv

2y
99 )
® Multiquark states | o
® Multiquark molecular states tetraquark states pentaquark states
® Hybrid states
o

Threshold effect, Scattering effect, Cusp effect » Multiquark molecular states

« Hybrid states

W@ q)

tetraquark molecular states pentaquark molecular states
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Research background

* Diquark-antiquark type tetraquark currents

Two-point correlation functions for the tetraquark states are,

H(pz) = ijd“xe’px <O|T{J()€)J+ (O)}|0>,
The one-gluon-exchange induced attractive interactions favor formation of the diquarks in the color
antitriplet, flavor antitriplet and spin singlet.
Using the scalar(S), pseudoscalar(P), vector(V), axialvector(A) and tensor(T) diquarks,
whereCT = Cy,,C,Cy ,y5,Cy, and Co,, (CGW%)a

we can construct diquark-antiquark type tetraquark currents to study the tetraquark states.

The tensor diquarks have both JP = 1* and 1- components, we project out them explicitly,
and denote the corresponding JP = 1+ and 1- diquarks as 4 and 7, respectively.

4 q! CTylg, I Cq)!
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Research background

* Color singlet-singlet type currents * P-wave and D-wave

Using the color singlet operators " (x)l_‘E(x)c(x) r'qg" (x) where ' =1,iy., VuoVuVsand o,

we can construct color singlet-singlet type tetraquark currents to study the tetraquark molecular states.

We can introduce the P-wave explicitly in the CI"and " to obtain g"jkquFéﬂq]’c and ¢" (x)T'0,q (x)

The additional P-wave in the non relativistic quark model can alter the parity by adding a factor (-)t = —,

where L = 1 is the angular momentum.

We can also adopt the covariant derivative with the simple replacement aﬂ —D, :6ﬂ -ig.G, ,

then the four-quark currents are gauge covariant, however, the covariant derivative D,, leads to some

hybrid components in the hadron states due to the gluon field G,..
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Research background

* P-wave and D-wave

« P-wave fully-charm tetraquark states

0" J@) = eRemnTI(5)Cys 9, ¢ (@)@ (@) By 150F () g
™ L@ = e {Ti@)Cr 9, c(z) 2™ (@) 5, 1CT(3)
—TH@)Cs By (@) E™(2) D 1$CF™(3) }
2" ) = el 5, M) d™(@) By 15C(2)
Tj By e, = Iy
+¢'(2)C5 90 () ™ () Oy ¥5CC (:c)}, Int.J. Mod.Phys.A 36 (2021) 2150014
 D-wave charmonium states
<
p, (1°D))1 Ju(z) = &) DaDm (g""ﬁg"‘"*‘+g"""gﬁ”+g"ﬁga”) c(x ),
>
v, ('D,)2  J(a) = :c) m DDy +7u Dy v D +%7 DDy +% Dy v D —guy- D - D) Ys5¢e()
. 9 — “ — 1 = &
n.(1'D,)2"  Jh(@) = @) BB + B0 ~59uw D - D | 15¢(),
o . - . R Int. J. Mod. Phys. A41 (2026) 2650052
Vs (1 D2)3 Juwp(x) = Tz (D#Dv Yo+ DpDp Yot DuvDp 'Y;u) c(z),
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Research background

* Two-point correlation functions

Two-point correlation functions for the tetraquark states are,
H(pz) = ijd“xe’px <O|T{J(x)J+ (O)}|O>,

We focus on the quark-gluon degrees of freedom and calculate the correlation functions
using Wilson’s operator product expansion to separate the physics of short and long
distances,

I(p*) =) Cu(p?, 1){On(w)),

The Wilson coefficients ¢, (p?,) depend only on short-distance dynamics, the vacuum

condensates (O, (x)) embody the long-distance effects.
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Research background

® The higher dimensional vacuum condensates

Each heavy quark line emits a gluon and each light quark line contributes a quark-antiquark pair, to
reach the higher dimensional vacuum condensates,

we obtain a quark-gluon operator,

g//\\(/) 3~

g///\\N y//<::;“::7<i:? ::7 Guv -+~ Gap G090~ 7999,
? -

SO

\\//\\V/K:}:><:::>

The feynman diagrams of 10 dimension vacuum condensate
contributions for doubly-charmd tetraquark molecular states
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Research background

®* Two-point correlation functions

After operator product expansion, the spectral densities at the QCD side are, H(pz) _ _J' 2 ds ImHQCD ( )

( z)zijiso SImH (S)+lj'00 SImHH( )
At the hadron side, the correlation functions can be written as, T Y 4my S—p 7T 9% s—p2
s 1= ImIl, (s)
et aolr)-a

We match the hadron side with the QCD side of the correlation 5 ImTl
. . . . 22 My d (5) _5
functions according to quark-hadron duality, and obtain the QCD sum x €XP > , as cXp ,

4mQ T

rules by performing Borel transform,

. jr 4desImH( s)exp(—s7)

rules for the ground state mass * 2 " ds ImH(s)exp(—sr)

Finally, we eliminate the pole residue A to obtain the QCD sum




Mass spectrum

® Tcc(3875)

The exotic state ch is consistent with the ground
state isoscalar tetraquark state with a valence

quark content of .77 and spin-parity quantum

numbers J' =17

My = M . — (MD*+ + MDO)
=—-273+61+5",KeV

Yield/ (500 keV/c?)
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Nature Physics, 2022, 18(7): 751
Nature Communications, 2022, 13(1): 3351
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Mass spectrum

o Doubly heavy tetraquark states

* Doubly heavy tetraquark states

mu(z) = 9% Q7 (2)CuQu(x) tm (x)1sCdy, (z),
T2(GeV?) | /50(GeV) | u(GeV) pole M (GeV) A(GeV?)
ccid | 2.6 —3.0 | 4.45+0.10 1.3 | (39—63)% | 3.90+0.09 | (2.64 % 0.42) x 102 Acta Phys. Polon. B49 (2018) 1781

If we perform Fierz rearrangements for the axialvector-diquark-scalar-antidiquark type four quark axialvector currents 77, (x) both

in the color and Dirac spinor spaces, we can obtain special superpositions of the color-singlet-color-singlet type currents,

n,(x)=e"&"Q] (x)Cr,Q, (x)i, (x)7sCd, (x)
=2 7ir.0,0-diy. 07,0 |+ —[LTQJ 7,7:0~d0uy, 70 |
—%I:L?O'#VJ/SQJJ/VQ_J v7/5Qu7/ Q] [uaﬂdey A% dO‘ Ouy’ 75Q:|

l l
=L ()4 L ()L ()28 ()
Eur. Phys. J. A58 (2022) 110



Mass spectrum

» Doubly heavy tetraquark molecular states

Jop (x) =1 (x)iyse(x)d (x)iyse(x)
Jpp, (¥) =G (x)iyse(x)5 (x)iyse(x)
Ipp, () =5 (x)iyse(x)5 (x)iyse(x)
Sy (¥) =8 (x)7,6(x)d (x)7"e(x)
Iy (¥) =0 (x)7,(x)5 (x)7"e(x)
T () =5 (%) 7,6(x)5 (x) ()
oo ()= =17 (%) 7,6 (x)d (x) 7,6 (x) =1 (%) 7,¢(x)d (%) 7,(x)}

it ()= T (T3 (0) (3) 7,750 (0) 47 (x) 7,70 (5) () ()}
it ()= T (3) e (¥) (5)7,750 (1) ()7,(x)d (x)e ()}
it ()= T3 ()5 (3)7,70 (0)+T ()7, 7(x)5 () ()}
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Mass spectrum

Doubly heavy tetraquark molecular states

The correlation functions H(pz) do not depend on the energy scale y,

d 2y _
@H(P) = W
ImI1(s) ,
T:pQCD(S,/J) but which does not mean

a4
_/ dSPQCD(S;M)_}O’
dl"’ 4mé(u) S—DP

® Perturbative corrections are neglected, the higher dimensional vacuum condensates are factorized into lower
dimensional ones based on the vacuum saturation.

® Truncations s, which are physical quantities determined by the experimental data set in, the correlations
between the thresholds 4mé (ﬂ) and continuum thresholds s, are unknown. Quark hadron duality is just an

assumption.
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Mass spectrum

» Doubly heavy tetraquark molecular states

We use energy scale formula to determine the optimal energy scales,

_ \/M; ~(2M,) —kMy,

and take account of the energy-scale dependence of the quark condensates, mixed quark condensates and

MS masses
12 12
— _ (IGGV) 33-2n, an _ as (/’l) i|332nf
= IG V _— . mc H _mc mc 4
(q4) (1) =(7q)(1Ge ){ 2 () () =m(m)) 2=
12
12 .
_ 1GeV) (321, 2GeV M e
(55) (1) = (5 >(1Gev){—0£ () )} : m. (u) = m, (2GeV) a,(2Gev) |
2 o (,U)_ 1 [1 b, 10gt+b12(10g t—logt—1)+b0b2]
33-2n s - 72 s
<q_gso'Gq> (Iu) = <(7gSO'Gq>(1GeV) {@} 4 ’ bot b(f t b:tz
a, (u
_2 5033 325 ,
_ _ 1GeV) -2 @ 3B-2n,  153-19n ST ===+
(5g,0Gs)(u) = <sgS0GS>(1GeV){W} , z‘:logF,b0 =0 L b = T L b = Y
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Mass spectrum

» Doubly heavy tetraquark molecular states

Parameters to satisfy the following criteria:

® Appearance of the Borel platforms; pole =

~(40-60)%

S
I 2dSpQCD exp( sz
J'OO d ( ) _5

® Pole dominance at the hadron side; am2 ©Pocp |5 ) CXP T?

® Convergence of the operator product expansion

5.4 T r T T . T T T 5.4
! 51l

51 \ L —— Central value| ] N H —— Central value| ]

48 \ — — Error bounds| 7 481 — — Error bounds| 7

45} 454\ .
— — \
S42f =42 5& 1
Q Q S e o= == P
O39F GEE]Y ===
S — b e e o - =
S36t 1 S36f .

33t 1 33L

30t 1 300

27¢ 1 27+

2_4 1 1 1 1 1 1 1 1 1 2,4 1 1 1 1 1 1 1 1 1

15 1.8 2.1 24 27 30 33 36 39 42 45 15 1.8 21 24 27 3.0 33 36 39 42 45
T?(GeV?) T*(GeV?)

The masses with variations of the Borel parameters for the axialvector tetraquark
molecular states, where the L and H denote the lighter and heavier DD* states, respectively



Mass spectrum

Doubly heavy tetraquark molecular states

T Isospin | T2(GeV?) | /50(GeV) | p(GeV) pole |D(10)| | Mr(GeV) Ar(GeV?)
DD 1 2.6 —-3.0 | 4.30£0.10 1.4 (40 —64)% | < 1% | 3.75+0.09 | (1.48 £0.23) x 102
DD, 1 27-31 | 440£010 | 14 | (41-640% | <« 1% | 3.85+£0.09 | (1.69 & 0.26) x 10~2
DD, 0 2.8-32 | 450+£0.10 1.4 (41-63)% | < 1% | 3.95+0.09 | (2.00+0.32) x 10~2
D*D~ 1 2.8 —-3.2 | 4.55+£0.10 1.7 (41-61)% | <1% | 4.04+0.11 | (4.99 4+ 0.66) x 1072
0k % 29-33 | 4.65£0.10 1.7 (42-62)% | < 1% | 4.12+0.10 | (5.74+0.78) x 1072
D:D: 0 32 35 4204010 1.8 (A?—ﬂ]\OP’ 1%, 4224010 (7464»“9@)5(1072
D*D — DD* 0 29-33 | 445+0.10 1.4 (42 — 62)% < 1% | 3.88+0.11 | (1.92+40.29) x 10~2
[ LDy A LY 1 2.6—-3.0 | 440£0.10 1.4 (42-63)% | < 1% | 3.90+0.11 | (1.50 +0.22) x 102
D:D - D,D* 2 3.0-34 | 450=£0.10 1.5 (40 — 62)% <1% | 3.97+£0.10 | (2.40£0.41) x 10~*
DD+ D,D* % 29-33 | 4.50£0.10 1.5 (40 —60)% | <« 1% | 3.98+0.11 | (2.06 +0.30) x 10~2
DD, 0 30-34 [ 460010 | 15 | (41-63)% | <1% | 410£0.12 | (2.31 £0.45) x 102
DyDy — DDy 0 2.6 —7.0 | 6.35+0.10 4.6 (41 -60)% | < 1% | 5.79+0.15 | (2.13+0.19) x 10~*
D§Dy + Dy Dj 1 4.7—-6.1 | 5.90£0.10 4.0 (42-61)% | <« 1% | 5.37+£0.13 | (1.30+0.11) x 1071
D:D, - DDy | L 58-72 [6504£0.10 | 4.6 | (43-60)% | <1% |5.93+£0.27 | (2.80+0.33) x 10~
DyDu + DDy | 1 47-61 | 6.054+010 | 4.0 | (42-62% | <1% | 5544020 | (1.51 £ 0.16) x 10!
Dy D%, 0 49-63 | 6204010 ] 40 | @3-61)% | <1% | 567+0.27 | (1.77 +0.27) x 10~
D*D* — D*D* 0 32—-3.6 | 455+0.10 1.7 (42-61)% | <1% | 4.00£0.11 | (2.47+0.32) x 10~2
D*D* + D*D* 1 30-34 | 4554010 | 17 | (41-60)% | <1% | 4.02£0.11 | (2.83 +0.30) x 10~2
D*D* — D D" 1 33-37 | 4654010 | 1.7 | (40-59% | <« 1% | 4.08+0.10 | (2.81 + 0.40) x 10~2
D*D* + D*D* ! 31-35 | 4654010 | 1.7 | (42-61)% | <1% | 4.10+0.11 | (3.19 4 0.44) x 10~2
DrL; — DD 0 3.6 —4.0 | 4.80£0.10 1.8 (40 —60)% | <« 1% | 4.19+£0.09 | (3.49 £ 0.49) x 10~2
DD¥ + D:D? 0 34-39 | 4804010 | 1.8 | (41—61)% | <1% | 4.20£0.10 | (4.00 +0.53) x 10-2

Eur. Phys. J. A58 (2022) 110
AAPPS Bull. 32 (2022) 37
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Mass spectrum

o Hidden-charm tetraquark molecular states

If one or both of the color-neutral clusters contain P-waves, the mass of the tetraquark molecular states
calculated using QCD sum rules greater than or significantly greater than the threshold of the corresponding

two mesons.
T2(GeV?) | /30(GeV) pole w(GeV) | My (GeV) | Ay (1072GeV?)
DD, (177) | 32—-36 | 4901 | (45-65)% 23 4.36+0.08 | 3.97+0.54
DD, (17%) | 35-39 | 51+01 | (44-63)% T 4.604+0.08 | 5.26 +0.65
DD (1) | 40—44 | 53+01 | (44—-61)% 3.0 4.784+0.07 | 7.56 £0.84
DDy (1—T) | 38—-42 | 52+01 | (44—-61)% 2.9 4.734+0.07 | 6.83+0.84

Do not support interpreting Y(4260) as a DD, molecular state.

Chin.Phys. C41 (2017) 083103




Strong decays of tetraquark states with QCD sum rules

Hidden-charm tetraquark states

Y. JEC | My (GeV) Assignments
[uclp[dc]a — [udalddp | 1~ | 466 £0.07 | 7 Y (4660)
[uclpldc]a + [ucalde]p | 17F | 4.61£0.07
[ucslde]v + [udv[de]s | 177 | 4.35+0.08 | 7 Y(4360/4390)
[uclslde]ly — [uc]vdec]s | 177 | 4.66 +0.09
[uc]ildeja — [ucalde]y | 177 | 4.53 £0.07 ? Y (4500)
[uc]g [de]a + [uclalde]y | 171 | 4.65 +0.08
[uc] z[delv + [uc]v[de] ; | 17— | 4484008 | 7 Y(4500)
[uc] zlde]v — [uc]v[dc]z | 17 | 4.55 £0.07
[uc]s[dc]y — [uc]ylde]s | 177 | 4.50 £0.09 7 Y (4500)
[uc]s[dely + [uc]p[dels | 17T | 4.50 & 0.09
[uc]plde] 5 — [uc] zlde]lp | 177 | 4.60 +0.07
luc]pldc] z + [uc] z[dc]p | 177 | 4.61 £0.08

[uc] aldc]a 17 | 4.69 +0.08 ? Y (4660)

Eur. Phys. J. C78 (2018) 518
Front. Phys. 21 (2026) 016300
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Three-point correlation functions,

(p.q) :i2Id4xd4yeipxeiqy <O|T{JB (x)Je(») 7 (0)}|0>,

where the currents J,(0) interpolate the initial tetraquark state,
the Jg(x) and Ji(y) interpolate the final conventional mesons B
and C,

(017, (0)] 4(p)) = 24
<O|JB (O)‘B(p»:

/’{’B
(0] (0)[C(a)) = 2

5

the A, Ag and A; are pole residues or decay constants. Then
we define the hadronic coupling constants,

(B(P)C(9)|A(P))=1G e



Strong decays of tetraquark states with QCD sum rules

o Hidden-charm tetraquark states

At the hadron side, the correlation functions can be expressed as,

e R e

o (s s u)
+I ds.[ dsj du ,
P)(s=p)(u-q’)
At the QCD side, we carry out operator product expansion and the correlation functions can be written as,

22 2 'OQCD(pIZ’S’u)
HQCD(p , D ,q) I ds ud (S—pz)(u—qz)_i_m,

The triple dispersion relation at the hadron side cannot match with the double dispersion
relation at the QCD side,

R Pocp (8,1) Py (8's,u)
Lg dSJ.Aﬁ du (S pD .[AZ dSJ.AZ duJ.mB+mC s’ prz )[zs_pz)<u _qz)

— /IA/IB/?’CGABC CA 'BC

‘(mz—p'2><mz—p2><mé—q2>+<mz—p2><mé—q2>
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Strong decays of tetraquark states with QCD sum rules

o Hidden-charm tetraquark states

We set p”=ap’, where the a is a constant, and perform double Borel transform to get the QCD sum rules,

A ANG m> m’ m> m2 m?

A B C A exp| ——=2 |—exp| ——= | |exp| ——= |+ C 50 EXp| ——2 ——%

~2 2 T2 T2 T2 A'BC TZ T2

m, —mg 1 1 /] 2 1 2
0 ((]
Sp Sc S u
_J.Ai dSIAﬁ dupQCD (S,u)exp —?—T—zz .
Channels T (MeV) Y-, — D°D°, D-D¥ 0.009 = 0.001 Yo PP D0, I Dt 1.88 £ 0.38
Yo -5 D00B°. Brpt 225+21 D¥p°—p°p*® p-*pt—H- D'+ _u DD SRt et
Yy, — DoR0=DYD™ D' Db | 054 0,01 o v Y, Hioes LA S ot 0-20 001
AV 2 | " a0 ‘ ' Yy, = D*D*0, D*~D** 0.047£0.003 | | Yy -2 2=-LD D D -DD 0.38 £ 0.04
¥ = DPpe, et 9.93 +0.84 ¥ - a= — LN ) _ V2_
A e e s DUp*0=pe0pd: Drprt—D* D DOD*_pHp0 B prte pr—pt
, DAD \;_D o s, *\;_D o 1.92 +0.13 Yo, — 7 ' 7 66.3 + 6.1 I ., 0 4.51 £0.97
Vv s 2 e 2 ’ ’ R0M0_ /00 A=t -t i NS o = LM
070 0 - - DD D7D Dy DT-—DTD Dp°—_p°p® D DT—-D™D

YEV =y DyD JEDODI’ Dy D+\;§D Dy 59.74+ 5.5 Y\?A — 1 72 e — 72 1 4.10 £ 0.27 YS‘? — = 72 1 5 1 /2 ! 2444+ 4.3
Yiy = New 3.83 + 0.66 Y‘;A — NeWw 5.65 £0.85 Yo7 — new 96.0 + 34.8
YEV — J/d)w 0.0 Yf’A — J/’lf)w 0.0 YS\7 == J/T,bw 18.0 £ 6.3
Yy = Xeow 11.3+1.7 Y, = Xcow 111+ 1.6 Y = Xeow 49.4417.2
Yiy = Xew 24.4+1.9 Yo 4 = Xaw 29.9+2.5 Yo = Xaw 2.76 £0.76
Yay = J/vfo(500) 159 1o Yz, = J/1fo(500) 152+ 1.8 Ygp — J/1f0(500) 0.4940.29

Nucl. Phys. B1005 (2024) 116580
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Using QCD sum rules to calculate the mass spectra have achieved promising

and satisfactory results, further systematic calculations on the strong decays of
multiquark states are still required for in-depth research.

The experimental values that can be reproduced for tetraquark states are larger
than those for molecular states.

For molecular states containing P-wave components, the current calculations
need improvement.

More support from high-energy physics experimental data is required.

Thanks for your attention!
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