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1. Why we study semi-leptonic inclusive D meson
decays
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What and Why?

Flavor Puzzle Vcb and Vub:

Inclusive vs Exclusive

Key issue:
Systematic uncertainties from
theoretical incl. and excl. frameworks

Hint:
Test Vcd and Vcs : incl. VS excl.
Await the first inclusive values
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What and Why?

Charmed meson lifetimes:
theory vs experiment

Meson
I'(D°) . .,
I'(DF) . Experiment: High precision
(D) s - |
| | | | | | Theory: significant uncertainty
-1 -05 0 05 1 15 2 25
[ps_l] Lenz et al, '22]
Fig 1

Key issue:
Theoretical predictions are limited by non-perturbative inputs.

| The extractlon of model- mdependent non- perturbatlve matrlx elements

| will play an important role

|L— ———
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2. Theoretical Framework
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Theoretical Framework and Development

 Optical theorem
3 (DI HIX)(X|H|D) o 1m | d'x(D | T(HH(O) | D)

 Operator product expansion (OPE)

W Short distance : x ~ 1/m,

W Fluctuation in D meson ~ Agcp

Aqcp A2CD
Q n Q

T{HX)H(0)} = Zn‘,Cn@C)On(O) B

Systematic OPE in HQET.

 Heavy Quark Effective Theory

. Il+y-v _
h) = e T ey v =(1.00.0) L3 hv-Dh,

2
\ — DJZ_ _O'°G
—h,——h, —a(u)gh, 1 h,+ ...

Subtract the big intrinsic momentum, m. m,. '

Leave only ~Ap degrees of freedom.
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Theoretical Framework and Development

« OPE
T{HX)H(©0)} = ) C,(x)0,(0)
C,(x) 0,(0)
W LO: a)(m,) W Dim-3: h h, (Cy#c) — partonic decay rate.
2 NLO: a,(m,) W Dim-5: h,D%h,, gh,c - Gh,.
s W Dim-6: h,D (v - D)D*h,, (h,T'1g)(@I'5h,), . ..

}/\( EEE

 Contribute to inclusive decay rate and lifetime

1. Matrix elements of the same operators (SL& NL) , 1 (D) | 2,D)%e, | D(w)
hr = — V) | Cyl2 Cy v)).
2. Only different short-distance coefficients 21MD
2 — z I pv
Ha = gary (P 807y Guoe, | D(v)
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3. Phenomenology
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Experimental status

CLEO measurements
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[BESIII, 23]
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1.5

B(D° - Xety,) = (6.46 £0.09 £ 0.11) %
B (D* - Xe'v,) = (16.13 +0.10 £ 0.29) %
B (D} - Xe'v,) = (6.52£0.39 £0.15) %

A

[CLEO, *09]

B (Dj — Xe'*y,) = (6.30 £ 0.13 £0.10) %
[BESIII, °21]

B (A} > Xetv,) = (4.06 £ 0.10 + 0.09) %
[BESIII, '23]

2% precision!
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Phenomenological Progress

* Four quark operators were estimated

014 7 - 0 T ]

012} . A g i

0.10 - T3T¥5 D* ] s s

- TERIT TS AD ] B *(D%) = —0.001(3)GeV3,  B*(D') = —0.001(3)GeV?,

— 5 B A . 7] 3 _

5 ot ;§ -7 f . _: » B{* (D) = —0.0001(6)GeV3,  B{*(D1) = —0.0001(6)GeV3,
0.04 3 1E. ; B&)*#(D%) = —0.0001(10)GeV?, BZ*(D*) = —0.0002(10)GeV?,
ozi % TTh.II B{)*(D°) = —0.0000(7)GeV?,  B{Q*(D1) = —0.0000(7)GeV?,
000L . . . . . . ... ... .. . Ff * [Gambino, et al ’10]

0.0 0.2 04 0.6 0.8 1.0 ’
pelGeV]

e Strong interaction running coupling constant have been estimated

a, = 0.377+£0.008 £0.114
[Wu, et al '24]

e Assuming non-perturbative parameters are identical to those of B meson

?
* Global Fitting under kinetic mass scheme ‘
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3. Pheno-1: Determine the HQET parameters

Eur.Phys.dJ.C 85 (2025) 9, 1011

Kang Kang Shao Qin Qin
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Global Fitting Strategy

Electronic Energy spectrum(y = 2Ee/mc)

LAl _ o v — |
To dy S
24 PRV
luz [ 10}/39(1 — ) +25(1 —y) %8002_
. £
HG A3
3m2 m3
[BESIII, '21]

* Up to finite power, the obtained differential decay rate is NOT the experimental
spectrum [Neubert, 1995] [Mannel et al,’94]

* Observables require integration over final states

r:Jd—de,( E!Y = [ Eldy,n =1234

[Gambino,Kamenik, ’10]
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Theoretical Results

Our main efforts on theory

NNLO numerical results
NLO analytical integration provided by Long Chen
. s 2 (25 2 2 (25 2
Tp = Pomq\2m§{1 052325 2 &P 2025 )10 (A 4 214600 — 29.88311
P4 w 3\ 4 w2 | 4 3\ 4 m?
q=d,s [Chen, Chen, GuarT, Ma, 23]
1 pa(Di) 3 pe(Di) p? | PH(D:) | (D)
2 2 : 3 3
Dim-5, /\QCD/mC Dim-6, AQCD/mC

D — e"X (D - e™v,X, only e™ is detected)

LZU & HUST

Power correction : up to dim-6 operators contributions

Perturbative correction: up to NNLO contributions

14
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Phenomenological Analysis

The width of semi-leptonic inclusive decays in D mesons is highly sensitive to the
charm quark mass.

e 1S mass scheme: well perturbative behaviors 1/2]J/y mass
[T o~ 1—13.1%—4.8%+1.8%

[Hoang,Ligeti,Manohar, ’98; Hoang,Teubner, ’99]

e MS mass scheme: slow convergence

/T o=1+135a,+3.02a + 7.69a] ~ 1 + 52% + 46% + 44 %

[Melnikov,van Ritbergen, ’99]
e Pole mass scheme: no convergence Naive parameters of HQET

[/T o=1-077a,—2.38a%—10.7303 ~ 1 — 30% — 36% — 62 %

e Kinetic mass scheme: (a,/z) u"/m!  cut-off scale somewhat subtle

C
[Fael,Schéonwald, Steinhauser, ’20]
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Theoretical Results

Our main efforts on theory

(E.)p, = QZ.;S'V""" [ 2o 4 %50 395, - ;u(,;iu) NI ))pD n(LD) L3 pzfn(;»
+ 2;‘;2 +..] ,
%pifn(;i) + 4:13 + ] ,
(B2)p, = q%jslchl [+ Lo+ B L D) L) 2By 1) 0b (D)
+%p%fn(fi) + 8;‘;2 +] ,
+1£1)2 pifn(;i) + 1;‘7’12 + ]
<E€2>C€:nter = <(Ee B <E€>)2>
LZU & HUST 16
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Fitting Results

®* Extracted nonperturbative HQE parameters

p2(DT) = (0.10 £ 0.07)GeV?,

pe (D) = (0.44 +0.06)GeV?,
pH(DT) = (—0.004 + 0.002)GeV?,
p1s(DF) = (0.005 + 0.002)GeV?,

p2 (D% ) = (0.08 + 0.05)GeV?, Sizable breaki oots of
2 10,4y _ 2 1IZzaplie preaking erects O
Ho(D") = EO'?’?’ +0.03)GeV", flavor SU(3) symmetry and
(

pp(D”T) = (—0.003 + 0.002)GeV"?, heavy quark symmetry.

p2s(D> 1) = (0.004 £+ 0.002)GeV?,

#n(D*") we(D™)
—e— Our Work ——i Our Work
I o | Lenz, 2022 k o Lenz, 2022
<:>o—l Inclusive(B), 2024 —e— Inclusive(B), 2024
® i LQCD(B), 2018 I ® Mass Relation(D), 2002

Mass Relation(D), 1992

Our Work

Lenz, 2022
Inclusive(B), 2024
LQCD(B), 2018
QCDSR(B), 1996

—e—i QCDSR(B), 1996 : : ®
Eﬂ p2(D?)

Our Work

Lenz, 2022
Inclusive(B), 2024
Mass Relation(D), 2002
Mass Relation(D), 1992
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Convergence

The non-perturbative series exhibits good convergence behavior in D-meson semi-leptonic
inclusive decays under the 1S mass scheme

NLO: -13.7% NLO: -13.7%

NNLO: -5.5% NNLO: -5.5%

LO: 100% LO: 100%

Dim 5: -29.3%
Dim 5: -39.2%

We propose the 1S mass scheme as the optimal choice for calculating
charmed meson lifetimes
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Weak Annihilation Uncertainty

** Redo the fits, adopting the HQET SR calculation for the weak annihilation contributions

TO(Dd —> Xd) = TO(DS —> XS) = Tyal — (—0.18 =+ 0.65) GeV3 [King, Lenz, Piscopo, Rauh,’19]
To(Du — Xd,S) —_— TO(Dd —> XS) — TO(DS _— Xd) — Tnonval — (0.45 + 2.10) GeV3

5 5 9 2
2 = .y M . O Thonval — (_018) Tval — 0.45
x(0) = l Z ;; (¥ir — M) Vij,l (Y0 — i) + ( 0.65 + 510

=u,d,s

p2(D%1) = 0.08GeV? , p2(D%1) =0.33GeV?, p3 (DY) = —0.003GeV? , p3 o(D%1) = 0.004GeV?
p2(D,) = 0.15GeV? , pZ(D,) = 0.38GeV? , p%(D,) = —0.005GeV? , p3 o(D,) = 0.006GeV? ,
Tval = —0.11GeV?, Tuonval = 0.002GeV? .

The best-fit values only slightly change.
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3. Pheno-2: Determine the CKM matrix elements

htitps://arxiv.org/abs/2509. 11404

Kang Kang Shao, Hai-Long Feng, Xue-Yin Han, Qin Qin, Fu-sheng Yu,
Liang Sun
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https://arxiv.org/abs/2509.11404

Phenomenological Analysis

1. Treat Vcs and Vcd as free parameters rather than fixed inputs.
2. Difficult for incl. measurements to Xs and Xd * Sum of excl. channels

D™ decays D° decays D decays
Mode BR(%) Mode BR(%) Mode BR(%)
Dt = K%" v, 8.72 +0.09 D’ - K etve 3.549+0.026 D, — petve 2.34 +0.12
(K™ n M) gegooyoeve  3.54+£0.09 23] (K7 )s.wavee Ve 0.079+£0.017 D, — netve 2.27 + 0.06
(K~ 7")s-wavee Ve 0.228 +£0.011  D° — K*(892) etwe 2.0440.047 [24] Ds — n'etve 0.81 + 0.04
Dt — K1(1270)%"v.  0.230+£0.026  D° — K;(1270)"eTrv. 0.1014+0.018 Ds — f5(980)e’ve  0.164 +0.013
DT = netve 0.1114+0.007 D° = 7 eTv. 0.2914+0.004 D, — K% " v, 0.288 + 0.026
Dt — 7ty 0.3724+0.017  D° — p(770) et v, 0.145 4+ 0.007 Ds — K*(892)°etv. 0.205 + 0.020
Dt s atr ety 0.24540.008  D° — a(980) et v, 0.013319-:503
DV — 7% T v, 0.0315 =+ 0.0027 [25]
Dt = wetv, 0.169 +0.011
DT = netu. 0.020 £ 0.004
DT — a(980)% " ve 0.017 & 0.008

TABLE III. Branching ratios of selected exclusive decays of the D*, D° and D, mesons in units of percentage. All the values
without references are taken from the PDG [21].

LZU & HUST

In agreement with 1~2¢

21

Dt D° D,
X.etv, 14.60+0.16% 5.81 + 0.06% 5.58 + 0.14%
Xagetve 0.96+0.03% 0.45+ 0.01% 0.49 + 0.03%

TABLE I. The branching ratios of semi-leptonic inclusive
D decays, derived from the sum of the experimentally well-
measured exclusive decay modes.

B(D" — X4, .etv.) = 0.1602(32),
B(D° = X4, setv.) = 0.0636(15),
B(Dy — X4,setv,) = 0.0631(14),

shaokk18@Izu.edu.cn



Phenomenological Analysis

% Data choice strategy: all inclusive X, ; data are used
= S1: Sum-of-exclusive X data, plus sum-of-exclusive X, data,
= S2: Sum-of-exclusive X  data
= S3: Sum-of-exclusive X, data
¢ For each strategy, two scenarios for weak-annihilation contributions
= Scenario 1: VIA, 7, = 0

= Scenario 2: HQET SR, input the previous best-fit values Tval = —0.11GeV*, Tyonval = 0.002GeV* .

LZU & HUST 22 shaokk18@Izu.edu.cn



Phenomenological Analysis

S1 (Xs.4) x*/d.o.f. |Ves| |Ved]

Scenario 1  3.24  0.977 £0.022 £ 0.026 0.252 £ 0.006 + 0.006
Scenario 2 1.12  0.969 £ 0.022 + 0.026 0.253 £ 0.006 + 0.006

S2 (X,) xZ/d.ok Vsl Ve

Scenario 1| 0.43 |0.974 £ 0.022 £ 0.026 0.279 £+ 0.031 £ 0.007
Scenario 2 \ 0.29 /0.960 £ 0.021 + 0.026 0.278 £+ 0.031 + 0.006

N
S3 (X4) x%/dodf. Ves| Vo]

Scenario 1  4.08 0.982 £+ 0.023 + 0.027 0.253 £ 0.006 £ 0.005
Scenario 2 1.24  0.974 £ 0.022 £ 0.026 0.254 4+ 0.006 £+ 0.006

Ves| = 0.968 £ 0.022 + 0.026 & 0.014
Veq| = 0.299 + 0.025 + 0.007 + 0.002

LZU & HUST 23

0.40 T .
sz = 1 contours
0.35}
0.30} O ]
10 20 30
|Veal 025}
-+
0.20} _
. Best Fit
D Incl.
0.15¢} Exclusive | V4| .
Exclusive | V|
|vcd|/|vcs|
A . . - .
0 00.85 0.90 0.95 1.00 1.05
Vsl

Inclusive vs exclusive: 3o tension!
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3. Pheno-3: Preliminary Extension to /A" Baryon

https://arxiv.org/abs/2512.08559

Dong Xiao, Kang Kang shao
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] ] https://arxiv.org/abs/2512.08559
Phenomenological Analysis

— T T TT T TTT T TT T TT T TT I T TT I T TT | T 1T | T TTT | T H
§ = —— Nominal Result -
600 - o - B Syst. Uncertainty -
o~ O - Total Uncertainty
<2 — 25 3
> © r ]
[5) o = -
@) ~ L _‘
- 400 ~ 21 ]
S * - i
S o isf 3
] o u ]
) S ]
0.5 =
l l l l l l l l E ; it el | l | I | .| I 111 I 111 I | . I | .| I L1l I 11 T E
0O 0.1 02 03 04 05 06 0.7 08 09 1 % 01 02 03 04 05 06 07 08 09
p2 (107! GeV?] p3[107* GeV?3] Twa [107! GeV?] x?/d.o.f.  Naaia v-S. Nparam
1.33 +£0.18 + 0.02 + 0.40 —2.95+2.59 +0.36 +1.18 —2.69+0.33 +£0.12 +0.81 0.53 S5v.s. 3
- - Energy Moment Value
. with ones in D m n -\
A9ree ones esons . (E.)[GeV] (4.55 £ 0.16 £ 0.03) x 10—+
 Differ from bag-model and wave-functions (E2)conter| GeV?]  (2.75 + 0.37 £ 0.07) x 10~2
approachs (E3)center[ GeV®]  (—3.67 +4.39 + 0.91) x 1074

(EYcenter|GeV?]  (1.89 4 0.45 +0.08) x 1073
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Summary

Phenomenology of inclusive D decays

+*» By fitting the HQET formulas for inclusive D decays to data, we determine for the first time

= The HQE parameters for D mesons = The CKM matrix elements V_; ., (inclusive)
Hn(D**) 0.40 . ' : .
—a—i Our Work Ax? = 1 contours
I o 1 Lenz, 2022
—o—! Inclusive(B), 2024
t - | LQCD(B), 2018 0.35¢
5 —a—i QCDSR(B), 1996
% i) 0.30} O ‘
—e—i Our Work
b @ i Lenz, 2022 10 20 30
—e—i Inclusive(B), 2024
- " LQCD(B), 2018 |V.q| 0-25¢ 1
—e—i QCDSR(B), 1996
-0.2 0‘.0 0.‘2 074 076 078 1 fO 1 ..2 +
W2(D") ey e BestFit
—e—i Our Work D Incl.
: @ ' Lenz, 2022 Exclusive |V,
————i Inclusive(B), 2024 0.15¢ W1 ¥eal 5
' e i Mass Relation(D), 2002 IE\Z :lll;lls\llfl IVes|
o Mass Relation(D), 1992
Eé HE(0) 0- 1985 0.90 0.95 1.00 1.05
; - i Our Work
o { Lenz, 2022 | VCSI
—o—1 Inclusive(B), 2024
- 4 Mass Relation(D), 2002 [Shao’Huang,QQ,2502_05901]
o Mass Relation(D), 1992
i 33 [Shao,Feng,Liu,QQ,Sun,Yu,2509.11404]
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Appendix



Data Aspect

dr’
— =ay*(1+ by)(1 —y)
dy

Original Extrapolation All-bin Lorentz boost Rest MC Simulation  Electron energy

data |———————- distribution ——————fp> frame =——————)-  moments
[Gambino,Kamenik, ’10]

- | (B.)E, =0.437(6)GeV, (E2>DS = 0.220(5)GeV?
sl | [ (B2 =0462(5)GeV, (E2> — 0.242(5)GeV?
| (E. )emp = 0.455(4)GeV, (E? >emp = 0.236(4)GeV?
@ (B =0121(9)GeV?, (B =0.072(3)GeV*
‘ | (BH =0138(4)GeV?, (EYY =0.084(3)GeV*
1 Al | e omec, (e, ompow

0.13 0.14 0.1 0.16

Statistical uncertainties uncorrelated,
Systematic uncertainties fully correlated.
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Fitting Results

% Global fit in two mass schemes, each with Scenario 1 ( AéCD/ mcz) and Scenario 2 ( A%CD/ mc3 )

4-qg operator contributions

M— h 2 o.f. D’L 2 2 2 2 3 3 3 3 .
S scheme | x~/d.o ur/GeVe  ua/GeVe  pp/GeV p1s/GeV vanish under VIA, 7, = 0.
. D%%10.09 +£0.01 0.27+0.14 - -
Scenario 1 4.5
D, 10.09+0.02 0.39+£0.12 - -
, D%710.11 +£0.02 0.26 +0.14 —0.002 =+ 0.002 0.003 =+ 0.002
Scenario 2 2.1
D, 10.12+0.02 0.38 £0.13 —0.003 £+ 0.002 0.005 £ 0.002
1S scheme|x?/d.o.f.|D; |u2/GeV? pu&/GeV? pi /GeV? p35/GeV?
_ D%%10.04 +0.01 0.33 +0.02 - -
Scenario 1 4.9
. D, 10.06 £0.02 0.44 £+ 0.02 - -

Scenario 2

< 0 33> D%*10.09 £+ 0.02 0.32 4+ 0.02 —0.003 + 0.002 0.004 + 0.002 | Reliable perturbative

D. 10.11+0.02 0.43 +0.02 —0.004 & 0.002 0.005 + 0.002 Ca|CU|a_lti0n ensures a
_ good fit!

Differences between Scenarios 1 and 2 as systematic uncertainties.
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1S mass scheme robust Testing :
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Valance Parameter: 1S mass
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Non-valance parameters: 1S mass
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Quantity DY Dt DY
o F{zsexbifit: DY, DF 7 [ps] 0.4101 + 0.0015 | 1.040 £ 0.007 | 0.504 & 0.004
R AR P I [ps™!] 2.438 +0.009 | 0.962 4 0.006 | 1.984 4 0.0016
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e FNFREFRETENTREREEAFMAIEREAKBB XA (4= 0.5GeV)
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Lo NLO
3 Ac3

—1.60B7 +1.53B1 -21.0¢] +19.2&] + 0.00
N——

dim-7,VIA
~10.7679 +1.53677 +54.6617 +0.13517 — 29.251? +28.856,7 +0.56557 +2.365, |
2 2 D 3 D
(D) 001 FcP) o5 _PDD)
0.48GeV?2 0.34GeV? 0.082GeV?
6B1 6B! &l &l

- 0.01 —0005m+0005m+0 137_004—0125_004+ 0.00

dim-6,VIA dim-7,VIA
- 0.0045r;1q - 0.0004rg 7_ 0.0035rg ‘4 0.0000qu

~0.0109737 —0.0079r57 — 0.0000r37 +0.0001757] .

1+0.48-0.13

= 6.15T,

# ki (LZU & HUST) BT EBERDEGER LT



MR | kg obig s Ritie

HAEREFEFEAFVIANEAFRE RRNERAE

r e oo ) . =2

o ’ — G2 E4E
—Lenz 2022

M+ ® oo 2 M Xk I
—ERNBEFFMELER
—ERNEFMELER

I'Do o oo H

I

HAFMEZRTEATHQETSRM ZA4FRERENHELTAF

I'Ds

rD* ' —e L

rDo ]

o FILT B A IMMAE O LK 6 AR AR A 3
o UBIHMARAREEAR FHLBIFM
o ILK LA A EH

# ki (LZU & HUST) BT EBERDEGER LT



