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Short introduction to lattice QCD

+𝒪 𝛼$ + 𝒪 𝛼% +⋯

𝒪(𝛼)

Feynman

Ø Works perfectly for small 𝛼 𝛼&' =
1

4𝜋𝜖!
𝑒$

ℏ𝑐 ≈
1
137

Ø For strong force when 𝛼~1, the perturbation theory failed

Ø Is it possible to calculate all terms non-perturbatively?
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Short introduction to lattice QCD

Wilson

Ø Put QCD on a finite-volume discretized Euclidean spacetime

Ø First principle from standard model

Ø Non-perturbative

Ø Controlled systematics

Ø Needs large-scale computing resources
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Short introduction to lattice QCD

Ø Correlation functions are calculated by Wick contractions

Ø Impossible to perform the path integral

Dimension of gauge ~ 48! × 96 × 4 × 3" ~ 10#

volume time Lorentz color

Ø Generate Monte-Carlo ensembles of 𝑈 according to the gauge action

Ø Then measure QCD on them
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Ø 格点场论既是世界观（非微扰的定义）又是方法论（非微扰的计算）
刘川《格点量子色动力学导论》
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Short introduction to lattice QCD

Ø Correlation function on the other hand
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Ø 𝐸$ measured from

log
𝐶(𝑡)

𝐶(𝑡 + 1)
(→*

𝐸+

Ø Higher 𝐸% obtained by diagonalizing the correlation matrices
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Milestones of hadron scattering

7

Ø Two-body

Ø 1991: Lüscher – the famous formula

Ø 1992-2014 – development of Lüscher formalism

Ø 2012: energy-dependent phase shift of 𝐼 = 2 𝜋𝜋

Ø 2013: 𝜋𝜋 → 𝜌

Ø 2012-now: scattering with mesons, baryons…

Ø Three-body

Ø 2014-2017: development of three-particle formalism

Ø 2021: energy-dependent 𝐼 = 3 𝜋𝜋𝜋

Ø 2021: 𝐼 = 1 𝜋𝜋𝜋 → 𝑎+(1260)

Ø 2024-now: our work begins
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Routine

Infinite-volume

𝐸(,𝐸(, 𝐿

Finite-volume

Ø How to extract the infinite-volume information from finite-volume spectra?

Quantization condition: 𝑓 ℳ(𝐸-), ℱ 𝐸-, 𝐿 = 0

Ø More 𝐸- and 𝐿 give more constraints on ℳ(𝐸-)

Spectra with the desired 

quantum number

8



燕浩波（Haobo Yan） 第八届全国重味物理与量子色动力学研讨会

Methodology: two-body

Ø Operators from OpTion

Ø Two-body spectra

Ø Apply the quantization conditions

𝐷
𝜋

Luscher’s equation Analytic continuationCorrelation analysis

Finite-volume spectra Phase shift Riemann sheet poleTwo-point function

Ø Analytic continuate and search for poles

5/15
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Puzzles on 𝐷S∗(2300)

Ø A broad resonance 𝐷&∗ → 𝐷𝜋 was found by Belle collaboration in 2004, Breit-Wigner is used
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Ø UChPT: two-pole structure

Ø Should be tested on the lattice at a series of 𝑚(

Ø Input for 𝑇))

Satpathy et al, PRB 159 (2003) 553.

Albaladejo et al, PLB 767 (2017) 465
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Ø CLQCD ensembles

Ø Pion mass = 317 / 305 / 208 MeV to track the chiral behavior
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Operator consTruction (OpTion)

Ø The rotation symmetry broken to 𝑂 3 → 𝑂* or even more

Ø Software Option has been a routine tool in the CLQCD collaboration

https://github.com/wittscien/OpTion

燕浩波（Haobo Yan）, 刘川（Chuan Liu）, 刘柳明（Liuming Liu）, 孟雨（Yu Meng）, JHEP 10 (2025) 210.
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https://github.com/wittscien/OpTion
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Eg: Finite-volume spectra at 𝑚U ≈ 305 MeV
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Ø Strong attraction in the 𝑆 wave
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Eg: Finite-volume spectra at 𝑚U ≈ 305 MeV
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Ø Negligible interaction in the 𝑃 wave

𝐷∗
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Eg: Finite-volume spectra at 𝑚U ≈ 305 MeV
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Eg: Finite-volume spectra at 𝑚U ≈ 305 MeV
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Ø Strong attraction in the 𝑆 wave

Ø Negligible interaction in the 𝑃 wave

Ø Many moving frames to constrain strongly on the amplitude

Ø Restricted below inelastic thresholds

𝐷∗
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Eg: Finite-volume spectra at 𝑚U ≈ 305 MeV
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Phase shift & poles

Ø An clear trend for the motion of the 𝐷!∗ pole:
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bound state → virtual state → resonance

燕浩波（Haobo Yan）, 刘川（Chuan Liu）, 刘柳明（Liuming Liu）, 孟雨（Yu Meng）, 邢瀚洋（Hanyang Xing）, Phys. Rev. D 111 (2025) 014503.
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𝐷𝜋 − 𝐷𝜂 − 𝐷X -𝐾 − 𝐷∗𝜋 coupled channel scattering

Ø 𝒪(1000) energy levels

19
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𝐷𝜋 − 𝐷𝜂 − 𝐷X -𝐾 − 𝐷∗𝜋 coupled channel scattering – pole

20
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𝐷𝜋 − 𝐷𝜂 − 𝐷X -𝐾 − 𝐷∗𝜋 coupled channel scattering – pole
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Ø We do find ‘two poles’

Ø Combined picture

Ø 𝑀0 = 391 MeV: bound + virtual + resonance

Ø 𝑀0 = 305 MeV : virtual + virtual + resonance

Ø 𝑀0 = 208 MeV : resonance + resonance
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Milestones of hadron scattering

23

Ø Many nonperturbative puzzles of strong interactions are related to the three-body problem
Ø e.g. 𝑇11 and Roper Ø But many challenges
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Towards the three-body problem

Ø We first take a challenge on 𝝎 → 𝝅𝝅𝝅

VOLUME 7~ NUMBER 5 PHYSICAL REVIEW LETTERS SEPTEMBER 1, 1961

0.2 0.3 0.4 0.5 0,6 0.7 QS 0.9 I.O l.l l,2 I.3 l.4 1.5 l.6 l.7 I.S l.9 2.0 2.l 2.2
I I I I I I I. I I I I I I I l I I I

l 00' '. (A) ++-,——+
One triplet

80—

0.2 0.4 0.6 0.8 l.O l.2 l.4 l.6 l.8 2.0 2.2
I I I I I I I I30—

(w)

20
60—

20—

0

~ 60-
CL

40—

q rWg

'(B) ++0,—
I s I t t t I » I I I I~ I ' I I I I I I I I I I I I I I

IO—

a) 0

-IO—
8
E -20—
Ch~ -30—
~~
E
th
0)
CL 60-

It 'Vt It
VlIt III tIt It

I II I

It

It
It

It It ItIt It
It I I ~

It

I I I," IIII
'"' ~
.I I

It

It It

O
~~
20— (C) +-0 C.

50—

Cl 0
g l00—

80—
60—
40—

I t
I I I I

I I I I I I I I I
I I I I I I I I I I I I I I

40-
30—

20—

lO—

(B)

tt ItIt
It

I I I I

It JJ J

20—
-10—

0Q2 Q3 OA 0$ Q6 0.70.8 0.9 l.O l.l l.2 I.3 l.4 l.5 l.6 l.7 IB l3 2,0 2.I 2.2
Effective mass, M& (Bev)

FIG. 1. Number of pion triplets versus effective
mass (M3) of the triplets for reaction p+p —2Ir+ +2II
+ Ir . (A) is the distribution for the combination (4'),
lQ[ =1; (B}is for the combination (4 ), ~(IIl =2; and (C)
for (4), Q=O, with 3200, 1600, and 3200 triplets, re-
spectively. Full width of one interval is 20 Mev. In
(D), the combined distributions (A) and (B) (shaded
area) are contrasted with distribution (C) (heavy line).
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FIG. 2. (A) M3 spectrum of the pion triplets in the
combined distributions 1(A) and l(B), with the smooth
curve subtracted. (B}M& spectrum of the neutral pion
triplets in distribution 1(C), again with the smooth back-
ground subtracted; a resonance curve is drawn through
the peak at 787 Mev with I'/2=15 Mev. The error flags
are EN, where N is the total number of triplets per 20-
Mev interval before subtraction of the smooth back-
ground curve.

I'/2&15 Mev. (5)

By using the uncertainty principle, we see that
this half-width implies a mean life z& 4 x10 2'
sec. Our &'s are produced with a typical c.m.

(2). The missing-mass distributions in the two
regions also agree with each other, thus support-
ing the above conclusion.
The peak in Fig. 2(B) appears to have a half-

width I'/2&15 Mev. This is so close to our reso-
lution, 1"resoi/2, of 12 Mev that we cannot unfold
it without further study and at present can only
conclude that

M =787 Mev,
and

momentum of 800 Mev/c, so that in a mean life
they travel farther than 13 f.
We now assume that the & peak is real, and

want to estimate how many + mesons it contains.
As shown in Fig. 1(C), 191 triplets have Ms val-
ues between 740 and 820 Mev. (We call this the
"peak region. ") However, these 191 triplets
come from only 170 different four-prong events
[i.e., 21 Reactions (2) have two values of M, in
the peak region]. We use the charged M, distri-
bution to estimate the background in the interval
as 98 triplets, and then calculate a production of
83+16 u mesons out of 800 Reactions (2); i.e. ,

179

Ø dominates the isoscalar response within the VMD picture of the photon-nucleon interactions

Ø generates the observed repulsion at < 1 fm in the one-boson-exchange picture of the 𝑁 − 𝑁 interaction

Ø …
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Pole positions

Ø Extrapolate to the physical pion mass

Ø Different parametrizations are consistent

bound state

resonance

燕浩波（Haobo Yan）, Maxim Mai, Marco Garofalo, Ulf-G. Meißner, Chuan Liu, Liuming Liu, Carsten Urbach, Phys. Rev. Lett 133 (2024) 211906

27

𝑀2 34$ = 778.0 ± 11.2 − 𝑖 3.0 ± 5 MeV
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n Two-body systems: 𝐷!∗ 2300 → 𝐷𝜋 − 𝐷𝜂 − 𝐷# )𝐾 − 𝐷∗𝜋

n Three-body systems: 𝜔 782 → 𝜋𝜋𝜋

n Three-body systems: 𝝅 𝟏𝟑𝟎𝟎 → 𝝅𝝅𝝅
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Excitation of pion
Bellini et al (1961)

Ø 𝜋: the lightest hadron, Goldstone boson; 𝜋(1300) is 10x heavier than 𝜋, and its existence is not well established

Ø A direct test of the soft-pion theorem

Ø Go beyond the post-diction

Ø Decay to 𝜋𝜋𝜋 without centrifugal barrier: a second step towards Roper → 𝑁𝜋𝜋

29

Discovery of 𝜋

Evidence of 𝜋(1300)
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Finite-volume spectra and fit
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Elastic levels Inelastic levels FVU fit

Ø 𝐼 = 0, 1, 2 𝜋𝜋 levels as expected

Ø Aggregation of additional states in 𝜋𝜋𝜋

Ø Indication of a resonance in 05

single pion state
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Pole positions

Ø 𝑀0 = 305 MeV: resonance

Ø 𝑀0 = 208 MeV: only few of the fits lead to poles

燕浩波（Haobo Yan）, Maxim Mai, Marco Garofalo, Yuchuan Feng, Micheal Döring, Chuan Liu, Liuming Liu, Ulf-G. Meißner, Carsten Urbach, Phys. Rev. Lett 136 (2026) 141901
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𝑀0 +%!! = 1169 ± 46 − 𝑖 62 ± 169 MeV

𝑀6(33!) = 727 ± 3 − 𝑖 72 ± 1 MeV

𝑀9!(:!!) = 433 ± 7 − 𝑖 250 ± 7 MeV
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Summary

Ø OpTion for the community

Ø 𝐷!∗(2300) pole movement as a function pion mass

Ø Two-pole structure of 𝐷!∗(2300) identified, results expected soon

Ø Discovery of 𝜔 782 from QCD

Ø Discovery of 𝜋(1300) from QCD

Ø More measurements coming up soon

Thank you!
32
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Quantization condition

Ø Using FVU (Finite-Volume Unitarity)

For review of the EFT used, see Meißner (1988).

! " Σ $%!"
fixed by unitarity fixed by unitarity EFT formgeneric pole / EFT form

See Mai PRL (2019) for quantitative tests of smooth and hard cutoffs
33

State-of-the-art formalisms

Ø FVU [Mai and Döring, 2017]

Ø RFT [Hansen and Sharpe, 2014]

Ø NREFT [Hammer, Pang, and Rusetsky, 2017]


