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HH Production: QCD corrections
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NLO QCD:

• Large-𝒎𝒕 [Grigo, et al. ‘13]

• Threshold expansion [Gröber et al. ‘18]

• High-energy expansion [Davies et al. ‘18, ‘19]

• Small-𝒑𝑻 expansion [Bonciani et al. ‘18]

• 𝒎𝒉 expansion [Xu Yang ’18; Wang et al. ‘20]

• Small-t expansion [Davies et al. ‘23]

• Full 𝒎𝒕 dependence [Borowka et al. ’16; Baglio et al. ’20; Davies et al. ‘19]

NNLO QCD:

• Large-𝒎𝒕 [Grigo et al. ‘15 ; Davies et al. ’19; … ]

• Small-t expansion [Davies et al. ’23; … ]

𝐍𝟑𝐋𝐎 QCD:  Large-𝒎𝒕 [Chen et al. ’19; Ajjath et al. ’22; Chen et al. ’26] 

Top mass scheme uncertainties:  
[Baglio et al. ’18, ’20;  Bagnaschi et al. ’23;  Jaskiewicz et al. ’25] 

Loops and Leg in QFT ‘26

Higgs self-coupling 𝜆



Why bottom?
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 Enhanced by logarithms

At one-loop level the bottom quark contribution to single Higgs production is 

suppressed by 𝒎𝒃
𝟐/𝒎𝑯
𝟐 ≈ 𝟎. 𝟎𝟎𝟏𝟒 but enhanced by 𝐥𝐧𝟐(𝒎𝒃

𝟐/𝒎𝑯
𝟐 ) ≈ 𝟒𝟑. 𝟎𝟓

relative to the top quark contribution.

Higgs pair production at the LO ( 𝒔 = 13 TeV):

NLO QCD corrections?



Why analytical?
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Besides the well-known advantages, analytical results leave us a chance to 
understand the underlying (leading) logarithmic structures in the amplitudes.

[Melnikov, Penin ‘17]



Master Integrals
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MIs:  11   (one-loop, 2 families)
177 (two-loop planar, 10 families)
49   (two-loop non-planar, 3 families)

 Scales:

s = p1 + p2
2 , u = p2 + p3

2 , mb
2 , mH

2

 Hierarchy of scales:

𝑠, 𝑢,𝑚𝐻
2 ≫ 𝑚𝑏

2

 Dimensionless variables 𝒙, 𝒛, 𝜿:

𝑠 = 𝑚𝐻
2 1+𝑥

2

𝑥
, 𝑢 = −𝑚𝐻

2 𝑧 , 𝑚𝑏
2 = 𝑚𝐻

2 𝜅
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49   (two-loop non-planar, 3 families)

 Scales:

s = p1 + p2
2 , u = p2 + p3

2 , mb
2 , mH

2

 Hierarchy of scales:

𝑠, 𝑢,𝑚𝐻
2 ≫ 𝑚𝑏

2

 Dimensionless variables 𝒙, 𝒛, 𝜿:

𝑠 = 𝑚𝐻
2 1+𝑥

2

𝑥
, 𝑢 = −𝑚𝐻

2 𝑧 , 𝑚𝑏
2 = 𝑚𝐻

2 𝜅

 DEs:

𝝏𝒌 𝑰𝒊 𝒙, 𝒛, 𝜿, 𝝐 = 𝑨𝒊𝒋
𝒌 𝒙, 𝒛, 𝜿, 𝝐 𝑰𝒋 𝒙, 𝒛, 𝜿, 𝝐 , 𝒌 ∈ {𝒙, 𝒛, 𝜿}

 Ansatz for MIs [Melnikov, et al. ’16;  Davies et al. ’17, ‘18] :

𝑰𝒊 𝒙, 𝒛, 𝜿, 𝝐 =  

𝒏=𝒏𝒎𝒊𝒏

𝒏𝒎𝒂𝒙

 

𝒋=𝟎

𝟐

 

𝒌=𝟎

𝟐

𝒄𝒏,𝒋,𝒌
𝒊 𝒙, 𝒛, 𝝐 𝜿𝒏−𝒋𝝐 𝐥𝐨𝐠𝒌 𝜿



Master Integrals
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 𝜿-differential equations

 𝒙, 𝒛-differential equations

 Fit boundary constants

 Linear equations for 𝒄𝒏,𝒋,𝒌
𝒊

1.  Insert into 𝜅-DEs
𝜕𝜅 𝐼𝑖 𝑥, 𝑧, 𝜅, 𝜖 = 𝐴𝑖𝑗

𝜅 𝑥, 𝑧, 𝜅, 𝜖 𝐼𝑗 𝑥, 𝑧, 𝜅, 𝜖

2.  Require the coefficients of 𝜅𝑛−𝑗𝜖 log𝑘 𝜅 are 
independent, leaving a linear system of equations.

3.  Solve this system, arriving at independent 𝑐𝑛,𝑗,𝑘
𝑖

with their number equal to that of MIs.

4.  Expand 𝑐𝑛,𝑗,𝑘
𝑖 in powers of 𝜖

𝑐𝑛,𝑗,𝑘
𝑖 𝑥, 𝑧, 𝜖 = 𝜖𝑟𝑐𝑛,𝑗,𝑘

𝑖,(𝑟)
(𝑥, 𝑧)

𝑰𝒊 𝒙, 𝒛, 𝜿, 𝝐 =  

𝒏=𝒏𝒎𝒊𝒏

𝒏𝒎𝒂𝒙

 

𝒋=𝟎

𝟐

 

𝒌=𝟎

𝟐

𝒄𝒏,𝒋,𝒌
𝒊 𝒙, 𝒛, 𝝐 𝜿𝒏−𝒋𝝐 𝐥𝐨𝐠𝒌 𝜿



Master Integrals
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 𝜿-differential equations

 𝒙, 𝒛-differential equations

 Fit boundary constants

 Linear equations for 𝒄𝒏,𝒋,𝒌
𝒊

5.  Insert into 𝑥, 𝑧-DEs

𝝏𝒙(𝒛) 𝑰𝒊 𝒙, 𝒛, 𝜿, 𝝐 = 𝑨𝒊𝒋
𝒙(𝒛)
𝒙, 𝒛, 𝜿, 𝝐 𝑰𝒋 𝒙, 𝒛, 𝜿, 𝝐

6.  Require the coefficient of 𝝐𝒓𝜿𝒏−𝒋𝝐 𝐥𝐨𝐠𝒌 𝜿 are 
independent, leaving a system of differential 
equations

7.  Solve this system and express the results in terms 
of multiple polylogarithms (MPLs) 

𝑰𝒊 𝒙, 𝒛, 𝜿, 𝝐 =  

𝒏=𝒏𝒎𝒊𝒏

𝒏𝒎𝒂𝒙

 

𝒋=𝟎

𝟐

 

𝒌=𝟎

𝟐

𝒄𝒏,𝒋,𝒌
𝒊 𝒙, 𝒛, 𝝐 𝜿𝒏−𝒋𝝐 𝐥𝐨𝐠𝒌 𝜿



Master Integrals
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 𝜿-differential equations

 𝒙, 𝒛-differential equations

 Fit boundary constants

 Linear equations for 𝒄𝒏,𝒋,𝒌
𝒊

8.  Fit boundary conditions by numerical approach
 Using PLSQ algorithm

 Require that we can get stable expression 

from results of at least 30 digits

• Set smaller values of 𝜅, e.g., 𝜅 = 10−25

• Increase the expansion power of 𝜅

𝑰𝒊 𝒙, 𝒛, 𝜿, 𝝐 =  

𝒏=𝒏𝒎𝒊𝒏

𝒏𝒎𝒂𝒙

 

𝒋=𝟎

𝟐

 

𝒌=𝟎

𝟐

𝒄𝒏,𝒋,𝒌
𝒊 𝒙, 𝒛, 𝝐 𝜿𝒏−𝒋𝝐 𝐥𝐨𝐠𝒌 𝜿

Specific point

Numerical results
(AMFlow)

MPLs’ results 
(GiNac)

MIs have been expanded to a sufficient order in 𝜿 to ensure that each 

scalar integral in the amplitude is expanded to at least 𝒎𝒃
𝟐 order.



Crosschecks on the MIs
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 One loop results are consistent with the results of 𝑝𝑎𝑐𝑘𝑎𝑔𝑒-X [Patel ‘16]

 𝒄𝟎,𝟎,𝟎
𝒊 𝒙, 𝒛, 𝜿 agree with the massless internal case

 Set different groups of numerical values to 𝒙, 𝒛, 𝜿 and compare with the 

results obtained by AMFlow

 Choose another basis of MIs and check their differential equations



Crosschecks on the MIs
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 One loop results are consistent with the results of 𝑝𝑎𝑐𝑘𝑎𝑔𝑒-X [Patel ‘16]

 𝒄𝟎,𝟎,𝟎
𝒊 𝒙, 𝒛, 𝜿 agree with the massless internal case

 Set different groups of numerical values to 𝒙, 𝒛, 𝜿 and compare with the 

results obtained by AMFlow

 Choose another basis of MIs and check their differential equations  

Family PL5 NPL1 NPL2 NPL3

File size 30 MB 2.5 GB 10.1 GB 18.7 GB

Method of finite fields for simplifications during our calculation!



Two-loop amplitudes
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 We reproduced the results in the literature if bottom quarks are replaced by 
top quarks. [Davies, Mishima, Steinhauser, Wellmann ‘19] 

 UV/IR finite amplitude at two loops were obtained numerically after 
renormalization and IR subtractions. 

1

𝜖2
∝ 𝐺 0 , 𝑥 + 𝐺 0 ,

1+𝑥2

𝑥
− 𝑧 − 𝐺 −𝑖 , 𝑥 − 𝐺 𝑖 , 𝑥 − 𝐺

1+𝑥2

𝑥
, 𝑧 = 0

1

𝜖
∝

𝑥 →
1

8
, 𝑧 → 4

 MPLs of high weight are cancelled in the final amplitude.  The number of   
MPLs have been reduced to about 2000 from about 56000. 



Hadronic cross section
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Main revision:  five massless flavors  → four massless flavors 



Leading Logarithms 
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Two form factors for box diagrams.

Analytical results of top quark contributions in the 
high-energy limit show that the maximal powers of 

𝐥𝐧𝛒 in form factor 𝑭𝒃𝒐𝒙𝟏
𝟏,𝑪𝑭 are 1 and 4 at leading and 

next-to-leading power, respectively.  
[Davies, Mishima, Steinhauser, Wellmann ‘19] 

No 𝑪𝑨 − 𝑪𝑭 color structure after IR subtraction.  

QCD corrections  can be analyzed in the same way 
as single Higgs production. 

[Liu, Penin ‘17,’18;  Anastasiou, Penin ‘20; Liu, Modi, Penin ‘21]
[Liu, Neubert, Schnubel, Wang ‘22] 



High-energy limit
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𝑚ℎ
2 ≪ 𝑚𝑡

2 ≪ 𝑠, 𝑡 𝜌 =
𝑚𝑡
2

𝑠

Sudakov parameterization: ℓ1 = 𝑞1𝑢1 + 𝑞2𝑣1 + ℓ1⊥
1

ℓ1
2 −𝑚𝑡

2 ≈ −𝑖𝜋 𝛿 2𝑞12𝑢1𝑣1 + ℓ1⊥
2 −𝑚𝑡

2

1

𝑞1 + ℓ1
2 −𝑚𝑡

2 ≈
1

2𝑞12𝑣1
1

𝑞2 − ℓ1
2 −𝑚𝑡

2 ≈
−1

2𝑞12𝑢1

q3 ⋅ ℓ1
2 =
1

2
𝑞3⊥
2 ℓ1⊥
2 = 𝑚𝑡

2 ×
𝑞13𝑞23

𝑞12

Four symmetric configurations 



High-energy limit
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𝑚ℎ
2 ≪ 𝑚𝑡

2 ≪ 𝑠, 𝑡 𝜌 =
𝑚𝑡
2

𝑠

Sudakov parameterization:  ℓ𝑖 = 𝑞𝑚𝑢𝑖 + 𝑞𝑛𝑣𝑖 + ℓ𝑖⊥
1

ℓ𝑖
2 −𝑚𝑡

2 ≈ −𝑖𝜋 𝛿 2𝑞𝑚𝑛𝑢1𝑣1 + ℓ𝑖⊥
2 −𝑚𝑡

2

1

𝑞𝑚 + ℓ𝑖
2 −𝑚𝑡

2 ≈
1

2𝑞𝑚𝑛𝑣𝑖
1

𝑞𝑛 − ℓ𝑖
2 −𝑚𝑡

2 ≈
−1

2𝑞𝑚𝑛𝑢𝑖

Two-loop abelian diagrams: 

1

ℓ1 − ℓ2
2
≈

1

−2𝑞13 𝑢1𝑣2 + 𝑣2𝑢1 + ℓ1⊥
2 + ℓ2⊥

2 + …



High-energy limit
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𝑚ℎ
2 ≪ 𝑚𝑡

2 ≪ 𝑠, 𝑡 𝜌 =
𝑚𝑡
2

𝑠

Sudakov parameterization:  ℓ𝑖 = 𝑞𝑚𝑢𝑖 + 𝑞𝑛𝑣𝑖 + ℓ𝑖⊥
1

ℓ𝑖
2 −𝑚𝑡

2 ≈ −𝑖𝜋 𝛿 2𝑞𝑚𝑛𝑢1𝑣1 + ℓ𝑖⊥
2 −𝑚𝑡

2

1

𝑞𝑚 + ℓ𝑖
2 −𝑚𝑡

2 ≈
1

2𝑞𝑚𝑛𝑣𝑖
1

𝑞𝑛 − ℓ𝑖
2 −𝑚𝑡

2 ≈
−1

2𝑞𝑚𝑛𝑢𝑖

Typical two-loop diagrams: 



One three-loop example
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𝑚ℎ
2 ≪ 𝑚𝑡

2 ≪ 𝑠, 𝑡 𝜌 =
𝑚𝑡
2

𝑠

36 non-vanishing 
configurations! 

[Hu, Liu ‘25] 

After obtaining the correct LLs at two loops,  we 
considered the three-loop abelian corrections.  



One three-loop example
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𝑚ℎ
2 ≪ 𝑚𝑡

2 ≪ 𝑠, 𝑡 𝜌 =
𝑚𝑡
2

𝑠

36 non-vanishing 
configurations! 

[Hu, Liu ‘25] 

After obtaining the correct LLs at two loops,  we 
considered the three-loop abelian corrections.  

More leading logarithmic configurations at higher loops? 



Bottom contribution
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𝑚𝑏
2 ≪ 𝑚ℎ

2 , 𝑠, 𝑡

𝜅 =
𝑚𝑏
2

𝑚ℎ
2 , 𝛼𝑠

𝑛 ln2𝑛𝜅

One LL configuration. 

Contribute  only to 
one form factor 



Bottom contribution
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𝑚𝑏
2 ≪ 𝑚ℎ

2 , 𝑠, 𝑡

𝜅 =
𝑚𝑏
2

𝑚ℎ
2 , 𝛼𝑠

𝑛 ln2𝑛𝜅

One LL configuration. 

Contribute  only to 
one form factor 

Agree with what we get from calculations of MIs.



Bottom contribution
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𝑚𝑏
2 ≪ 𝑚ℎ

2 , 𝑠, 𝑡

𝜅 =
𝑚𝑏
2

𝑚ℎ
2 , 𝛼𝑠

𝑛 ln2𝑛𝜅

One LL configuration. 

Contribute  only to 
one form factor 

How about three loops?
If no new DL configurations, 
all-order results should not 
be a big problem.



Summary
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 All MIs have been calculated analytically through differential equations, and 
we also made several crosschecks on them.  

 UV and IR finite two-loop amplitudes for Higgs pair production are obtained. 
Currently, the corresponding total and differential cross section are 
calculated  with the help of C++ library ggxy.

 The leading logarithmic analysis for bottom mediated amplitudes looks 
similar but a little simpler than what we have done for top quarks in the 
high-energy limit.

Thanks for your attention!


