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Precision Predictions at Hadron Collider
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(Energy evolution from all exp.) 
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Precision Predictions at Hadron Collider



Hard scattering 
(Perturbative quantum field theory) 

 1~3 % level!±
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PRECISION PREDICTIONS AT LEPTON COLLIDER

Factorisation at Lepton Collider

Electron PDF at NLO+NLL 
(Determined by first principle) 

 0.1~1 % at  GeV± 𝒪(102) Hard scattering (Perturbative QFT) 
 5~10 % for jets 

 0.01~2 % for leptons 
±

±

non-perturbative effects 
(Fragmentation, hadronisation) 

 / ,  ± Λ ̂s δ(𝒪 − c𝒪/ ̂s)
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State-of-the-Art QCD Calculations @ NNLO
➤NNLO QCD predictions for  processes (NNLO revolution since 2015 ) 

➤ Accomplished during past 10 years on case-by-case basis 
➤ As parton-level event generators (fully differential final state information) 
➤ Current frontier at NNLO  

➤Typical size of corrections and uncertainty 
➤ NLO corrections: 10~100%, uncertainty: 10~30% 
➤ NNLO corrections: 2~15%, uncertainty: 3~8% 
➤ expect N3LO to yield uncertainty at level of 1% 

➤So, is NNLO solved? 
➤ In principle yes: STRIPPER, given the relevant amplitudes and enough 

computational resources, the NNLO calculation is streamlined. 
➤ But: 

➤ Prohibitive computational cost (loop AMP, IR subtraction) 
➤ Missing cross-validation (many years between 1st and 2nd) 
➤ Still a long way to automated NNLO event generation

2 → 2

2 → 3

Snowmass White Paper, Comput. Softw. Big Sci. 6 (2022)
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N3LO QCD 
Phenomenology 
Study by year

17
16

15

23

22

21

20

19
18

Higgs (ggF HTL) total, Anastasiou, Duhr, Dulat, Furlan, Gehrmann et al.

Higgs (VBF) total, Dreyer, Karlberg

Higgs (ggF HTL) yH, Dulat, Mistlberger, Pelloni

Higgs (ggF HTL) total, Mistlberger

Higgs (ggF HTL) yH, Cieri, XC, Gehrmann, Glover et. al.

Higgs (ggF HTL) yH, Dulat, Mistlberger, Pelloni

HH (VBF) total, Dreyer, Karlberg DIS (1-jet) diff, Currie, Gehrmann, Glover et. al.

Higgs (bbF) total, Duhr, Dulat, Mistlberger

HH (ggF) total, Chen, Li, Shao, WangHiggs (bb decay) diff, Modini, Schiavi, Williams

DY( ) total, Duhr, Dulat, Mistlberger
γ*

Higgs (bbF) total, Duhr, Hirschi, et. al.

 DY (W) total, Duhr, Dulat, Mistlberger

EEC diff, Duhr, Dulat, Mistlberger
Higgs (ggF HTL) diff, XC, Gehrmann et. al.
Higgs (ggF HTL) qT, Billis et. al.
DY (Z/ ) qT, Camarda, Cieri, Ferreraγ*

DY y , Chen, Gehrmann et. al.γ*
DY (Z/ ) total, Duhr, Mistlbergerγ*

DY (Z/ ) diff, XC, Gehrmann et. al.
γ*

DY (W) diff, XC, Gehrmann et. al.DY (Z/ ) diff, Neumann, Campbell et. al.

γ*

 from ZpT, Camarda, Ferrera, Schott

αs

VH total, Baglio, Duhr, Mistlberger, Szafron
 total, Chen, Guan, He, Liu, Ma

e +e − → tt̄

Higgs (ggF HTL) total, Anastasiou, Duhr, et al.

Higgs (ggF HTL) jet veto, Banfi, Caola, Dreyer, et al.

DY (Z/ ) qT, Camarda, Cieri, Ferrera

γ* 
, Chen, Chen, et al.

t → b + W 
, Chen, Li et. Al.

t → b + W

 Perturbative QCD @ N3LO
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pp → H

ep → J

H bb
*→

H JJ*→

JJ
e+e− →

†

pp → γ ⋄

pp Z→ ⋄

pp W→ ⋄

pp W→ ⊙

pp HH→

pp → γγ

State-of-the-Art QCD Calculations @ N3LO

 qT slicing 

  slicing 

 Projection-2-Born 

 Antenna subtraction

⋄

⊙ τ

*

†

➤ Several phenomenologically 
relevant results despite the 
extreme complexity. 

➤ Available techniques are 
applicable to limited cases with 
high quality EXP data. 

➤ New approaches must be 
developed for more complicated 
scattering.  
 
(10 M  X00 k CPU hours)→
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NNLOJET: Parton Level Event Generator

https://nnlojet.hepforge.org/index.html

A.Huss, L.Bonino, O.Braun-White, S.Caletti, XC, J.Cruz-Martinez, J.Currie, Y,S, 
Dai, W.Feng, G.Fontana, E.Fox, R.Gauld, A.Gehrmann-De Ridder, T. Gehrmann, 
E.W.N.Glover, M.Höfer, P.Jakubcik, M.Jaquier, M.Löchner, F.Lorkowski, I.Majer, 

M.Marcoli, F. Merlotti, P.Meinzinger, J.Mo, T. Morgan, J.Niehues, J.Pires, 
C.Preuss, A.Rodriguez Gracia, K.Schönwald, R.Schürmann, V.Sotnikov, 

G.Stagnitto, H.S. Sun, D.Walker, J.Whitehead, T.Z.Yang, H.Zhang,

➤ NNLO parton level event generator 
➤ Based on antenna subtraction 

➤ Provides infrastructure 
➤ Process management 
➤ Phase space, histogram routines 
➤ Validation and testing

➤ Parallel computing 
(MPI) support  

➤ Typical runtimes:  
60 k ~ 250 k core-hours
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NNLOJET: Parton Level Event Generator
➤ Processes implemented:

➤ Open-source code release: NNLOJET v1.0.2 
➤ Analytic matrix elements and subtraction 
➤ Download from nnlojet.hepforge.org 

➤ Runcard options: 
➤ Process/sub-process selection 
➤ Generic histogramming 
➤ Multi-run feature: e.g. jet radius 
➤ Example runcards for published studies 

➤ Cluster workflow management: Dokan 
➤ Automated resource allocation 
➤ Works with slurm and htcondor (Ixplus) 
➤ Combination of results, quality control

https://github.com/aykhuss/dokan
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Development of Antenna Subtraction Method Based on Marcoli’s slide @ Loop Summit 2

Sector antenna 

mapping

[Gehrmann-De 
Ridder, Gehrmann, 
Glover ’05]

[Glover, Pires ’10]
[Gehrmann-De Ridder, Glover, Pires ’12]
[Gehrmann-De Ridder, Gehrmann, Glover, Pires ’13]

[Currie, Glover, Wells ’13]

[XC, Gehrmann, Glover, Huss, Marcoli ’22]
[Gehrmann, Glover, Marcoli ’23]

[Bonino, Gehrmann, Marcoli et. al. ’24]

[Gehrmann, Schürmann ’22]
[Gehrmann, Stagnitto ’22]

[Fox, Glover, Marcoli ’24]

[Fox, Glover ’23]
[Braun-White, Glover, Preuss ’23]
[Braun-White, Glover, Preuss ’23]

[XC, Marcoli ’25]

ee  jjjj 
NNLO

→

‘26
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2(Ĩ, K̃) |2

=
|ℳ0

4(i, j, k, l) |2

|ℳ0
2( ˜ijk, ˜jkl) |2

=
|ℳ1

3(i, j, k) |2

|ℳ0
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R

R
R
V

R
V
V

V
V
V

X0
3ℳ0

h+2

𝒳0
3ℳ

0
h+2

(X1
3 − 𝒳0

3X0
3)ℳ0

h+1

+ X0
3ℳ1

h+1

(𝒳0
4 + 𝒳1

3 − 𝒳0
3𝒳

0
3)ℳ

0
h+1

+ 𝒳0
3ℳ

1
h+1

∙ Reduced Matrix Elements ℳloops
hard partons

∙ Unintegrated Antenna Xloops
emissions +2

∙ Integrated Antenna 𝒳loops
emissions +2

(X0
4 − X0

3 X0
3)ℳ0

h+1

Xuan Chen (SDU)                                                           第八届全国重味物理与量子色动力学研讨会                  13



Antenna Subtraction @ N3LO
NLO NNLO N3LO

R
R
R

R
R
V

R
V
V

V
V
V

X0
3ℳ0

h+2

𝒳0
3ℳ

0
h+2

(X1
3 − 𝒳0

3X0
3)ℳ0

h+1

+ X0
3ℳ1

h+1

(𝒳0
4 + 𝒳1

3 − 𝒳0
3𝒳

0
3)ℳ

0
h+1

+ 𝒳0
3ℳ

1
h+1

∙ Reduced Matrix Elements ℳloops
hard partons

∙ Unintegrated Antenna Xloops
emissions +2

∙ Integrated Antenna 𝒳loops
emissions +2

(X0
4 − X0

3 X0
3)ℳ0

h+1 (X0
5 − X0

4 X0
3 − X0

3 X0
4 + X0

3 X0
3 X0

3)ℳ0
h

(X1
4 − X1

3X0
3 + 𝒳0

3X0
3 X0

3 + 𝒳0
3X0

4)ℳ0
h

+ (X0
4 + X0

3 X0
3)ℳ1

h+1

(X2
3 + 𝒳1

3X0
3 + 𝒳0

3X1
3 + 𝒳0

4X0
3 + 𝒳0

3X0
3 X0

3)ℳ0
h

+ X0
3ℳ2

h

(𝒳0
5 + 𝒳1

4 + 𝒳2
3 + 𝒳0

4𝒳
0
3 + 𝒳1

3𝒳
0
3 + 𝒳0

3𝒳
0
3𝒳

0
3)ℳ

0
h

( + 𝒳0
4 + 𝒳1

3 + 𝒳0
3𝒳

0
3)ℳ

1
h

+ 𝒳0
3ℳ

2
h

+( −X1
3 + 𝒳0

3X0
3)ℳ1

h
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X0
5 :

X2
3 :

X1
4 :

Antenna Subtraction @ N3LO
Topology of  antenna functions:X0

5 , X1
4 , X2

3

=

=

=

ℳ0
5/ℳ0

2

(ℳ1
4 − ℳ1

2 )/ℳ0
2

(ℳ2
3 − ℳ2

2 − ℳ1
2 )/ℳ0

2

• Build from scattering matrix elements 

• Capture genuine N3LO QCD divergences 

• Retain colour connection  

• Multiple unresolved limits in one antenna
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X0
5

X2
3

X1
4

X3
2

(Only for validation)

Antenna Subtraction @ N3LO
Integration of  finished for all final states:X0

5 , X1
4 , X2

3

  γ* → qq̄

  H → gg

  χ → g̃g

Jakubcik, Marcoli, Stagnitto  

JHEP 01 (2023) 168 

XC, Jakubcik, Marcoli, Stagnitto   

JHEP 06 (2023) 192 

XC, Jakubcik, Marcoli, Stagnitto  

 JHEP 12 (2023) 198 

Topology of  antenna functions:X0
5 , X1

4 , X2
3
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JJ @ N3LOe+e− →
➤ Simple process: 

➤ Only   N3LO antenna functions 
➤ Only dipole-like correlations at N3LO 
➤ Recycle ingredients from  @ NNLO 

➤ Goals: 
➤ Establish N3LO antenna subtraction framework 

➤ Extension of NNLO framework 
➤ Introduce sector antenna mapping to remove 

the requirement of sub-antenna functions 
➤ Exploration of numerical challenges: 

➤ One-loop double-unresolved regions 
➤ Two-loop single-unresolved regions 
➤ Rescue-system to trigger: 

1, Quadruple precision  
2, Taylor expansion of special functions 

➤ Preparation of computational framework: 
➤ Spike tests of multiple unresolved IR limits 
➤ Phase space generators 
➤ Code generation for N3LO MC.

γ* → qq̄

e+e− → JJJ

XC, Jakubcik, Marcoli, Stagnitto, Phys. Lett. B. 869 (2025) 139804

XC, Marcoli, EPJC. 86 (2026) 136
Xuan Chen (SDU)                                                           第八届全国重味物理与量子色动力学研讨会                  17

https://arxiv.org/abs/2505.10618
https://arxiv.org/abs/2505.10618
https://inspirehep.net/literature/2948353


JJ @ N3LOe+e− →
➤ Basic checks: inclusive cross section

N3LO coefficient:

σ(3) = σ(0)( αs

2π )3(−102.14⋯)

XC, Jakubcik, Marcoli, Stagnitto, Phys. Lett. B. 869 (2025) 139804

σ(3) = σ(0)( αs

2π )3(−105 ± 11)

Monte Carlo error: 

Not so small for inclusive quantities due to large cancellations. 

Not the most clever way to compute inclusive cross sections.

Chetyrkin, Künn, Kwiatkowski, Phys. Rept. 277 (1996) 189

N3LO 2-jet rate:

R(3)
n (ycut) =

Γ(3)
γ*→n jets(ycut)

Γ(3)
γ*→hadrons

For back-to-back QCD emissions, we have at least two jets → n ≥ 2

R (3)
2 (ycut)Γ(3)

γ*→hadrons = ∫
ycut

0

dσ
dy23

dy23

R (3)
3 (ycut)Γ(3)

γ*→hadrons = ∫
1

ycut

dσ
dy23

dy23 − ∫
1

ycut

dσ
dy34

dy34

R(3)
4 (ycut)Γ(3)

γ*→hadrons = ∫
1

ycut

dσ
dy34

dy34 − ∫
1

ycut

dσ
dy45

dy45

R(3)
5 (ycut)Γ(3)

γ*→hadrons = ∫
1

ycut

dσ
dy45

dy45

m+2

∑
n=2

R(m)
n (ycut) = 1

with yij =
2min(E2

i , E2
j )

Q2
(1 − cosθij)

Exclusive n-jet rate @ N3LO:

n=2 1977 2004, 2004, 
2006

2008, 2025 
This Work FO

n=3 1976 1980, 1981, 
1981, 1982

2008, 2008, 
2014, 2025 N4LO

n=4 1979, 1980 1996, 1997, 
1998, 1999

2026 N3LO

n=5 1989, 1989, 
1989

2010, 2011 NNLO

n=6 1999 NLO

LO

α0
s α1

s α2
s α3

s α4
sR(αs)

n
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JJ @ N3LOe+e− →
➤ Basic checks: inclusive cross section

N3LO coefficient:

σ(3) = σ(0)( αs

2π )3(−102.14⋯)

XC, Jakubcik, Marcoli, Stagnitto, Phys. Lett. B. 869 (2025) 139804

σ(3) = σ(0)( αs

2π )3(−105 ± 11)

Monte Carlo error: 

Not so small for inclusive quantities due to large cancellations. 

Not the most clever way to compute inclusive cross sections.

Chetyrkin, Künn, Kwiatkowski, Phys. Rept. 277 (1996) 189

N3LO 2-jet rate:

R(3)
n (ycut) =

Γ(3)
γ*→n jets(ycut)

Γ(3)
γ*→hadrons

For back-to-back QCD emissions, we have at least two jets → n ≥ 2

R (3)
2 (ycut)Γ(3)

γ*→hadrons = ∫
ycut

0

dσ
dy23

dy23

R (3)
3 (ycut)Γ(3)

γ*→hadrons = ∫
1

ycut

dσ
dy23

dy23 − ∫
1

ycut

dσ
dy34

dy34

R(3)
4 (ycut)Γ(3)

γ*→hadrons = ∫
1

ycut

dσ
dy34

dy34 − ∫
1

ycut

dσ
dy45

dy45

R(3)
5 (ycut)Γ(3)

γ*→hadrons = ∫
1

ycut

dσ
dy45

dy45

m+2

∑
n=2

R(m)
n (ycut) = 1

with yij =
2min(E2

i , E2
j )

Q2
(1 − cosθij)

Gehrmann-De Ridder, Gehrmann, Glover, 
Heinrich, Phys. Rev. Lett. 100 (2008) 172001

Full agreement between direct and 
indirect calculation of R (3)

2 (ycut)

Exclusive n-jet rate @ N3LO:
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➤ Double-real matrix element examples: 
 
 
 

 

➤ Real-virtual matrix element examples: 
 
 

 
 
 
 

➤ Double-virtual matrix element examples 
 
 
 
 
 

➤ Massless quark with  flavour scheme 
➤ Tree and one-loop matrix elements are obtained from 

OpenLoops2: 
➤ Efficient and stable numerical evaluations in IR regions 
➤ Axial-vector coupling of the Z to closed quark loops ignored 

➤ Two-loop matrix elements finite remainders obtained from 
PentagonFunctions++ and FivePointAmplitudes++: 

➤ Solve the canonical differential equations with one-mass 
pentagon functions and cross kinematics to decay channel  

➤ Use leading colour approximation in each partonic channel 
➤ Vector coupling with singlet contribution ( ) ignored 
➤ Finite remainders defined in Catani’s scheme 

➤  Jets @ NLO validation with SHERPA: 

nf = 5

dabc

e+e− → 5

JJJJ @ NNLOe+e− →

Buccioni, Lang, Lindert, Maierhoefer  et. al. , EPJC. 79 (2019) 10, 866

De Laurentis, Ita, Page, Sotnikov, JHEP. 06 (2025) 093 Abreu, et. al., Phys. Rev. Lett. 132 (2024) 141601
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https://gitlab.com/pentagon-functions/PentagonFunctions-cpp
https://gitlab.com/five-point-amplitudes/FivePointAmplitudes-cpp
https://inspirehep.net/literature/1747023
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Physics Briefing Book: Input for the 2026 update 
of  the European Strategy for Particle Physics 

JJJJ @ NNLOe+e− →
➤ Application to jet rates @ : 

   

     
 
 
     

α4
s

R(4)
n (ycut) =

Γ(4)
Z/γ*→n jets(ycut)

Γ(4)
Z/γ*→hadrons

R(4)
4 (ycut)Γ(4)

Z/γ*→hadrons = ∫
1

ycut

dσ
dy34

dy34 − ∫
1

ycut

dσ
dy45

dy45

n=2 1977 2004, 2004, 
2006 2008, 2025 FO

n=3 1976 1980, 1981, 
1981, 1982

2008, 2008, 
2014, 2025 N4LO

n=4 1979, 1980 1996, 1997, 
1998, 1999

2026 
This work N3LO

n=5 1989, 1989, 
1989 2010, 2011 NNLO

n=6 1999 NLO

LO

α0
s α1

s α2
s α3

s α4
sR(αs)

n

➤ JJJJ@NNLO is also genuine NNLO contribution 
to event shapes: 

               

   
               

                

D = 27λ1λ2λ3, C = 3λ1λ2λ3, from  Θij =
∑k

pi
k p j

k

| ⃗pk |

∑k | ⃗pk |
M2

L

s
=

1
s

min{( ∑⃗
kk∈H1

pk)2, ( ∑⃗
kk∈H2

pk)2}
A =

3
2

λ3, from Φij =
∑k pi

k pj
k

∑k | ⃗pk |2
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JJJJ @ NNLOe+e− →
➤ Application to 4 jet rate up to NNLO: 

➤ Computational setup: 
➤  GeV,  
➤  with  
➤  with matching  order. 

➤ Perturbative region  for : 
➤ Remarkable convergence with NLO. 
➤ Excellent agreement with ALEPH data. 
➤ Scale uncertainty reduced to  smaller 

than LEP systematic errors. 
➤ Symmetrization of scale uncertainty. 
➤ Two-loop finite reminder has size above -2% ~ -5% 
➤ LCA is expected to have ~ 0.5% modification 

➤ Resummation and none-perturbative region: 
➤ NNLO peak moves to larger  value than NLO 
➤ Jet rate turns negative around 

mZ = 91.2 αS(mZ) = 0.118
μc

R = s μR ∈ [ s /2,2 s]
Γαs

Z/γ*→hadrons αs

10−3 ≤ ycut ≤ 10−1 s = mZ

±(3% − 5%)

ycut
ycut = 10−4

XC, Chicherin, Fox, Glover, Marcoli, Sotnikov, 
Sun, Zhang, Zoia, 2602.18185 accepted by PRLXuan Chen (SDU)                                                           第八届全国重味物理与量子色动力学研讨会                  22
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JJJJ @ NNLOe+e− →
➤ Application to 4 jet rate up to NNLO: 

➤ Computational setup: 
➤  GeV,  
➤  with  
➤  with matching  order. 

➤ Perturbative region: 
➤  dependence of  is only via running of . 
➤ FO prediction extends to smaller  as  increase. 
➤ Excellent agreement with ALEPH data for  
➤ Two-loop finite remainder is largely insensitive to . 
➤ Further validation with data: 

➤ Reanalyzing existing measurements 
➤ Future electron-position colliders 

➤ Resummation and none-perturbative region: 
➤ NLO and NNLO results deviate for  
➤ Need resummation to reduce dominant scale uncertainty 

mZ = 91.2 αS(mZ) = 0.118
μc

R = s μR ∈ [ s /2,2 s]
Γαs

Z/γ*→hadrons αs

R4(ycut) s αs(μR)
ycut s

ycut ∼ 10−4

s

ycut ≤ 10−3
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HH Production at N3LO QCD

ℒeff = −
1
4 (Ch

h
v

− Chh
h2

2v2 ) Ga
μνGaμν + 𝒪 (hk, k ≥ 3)➤ Effective Lagrangian:

Ch = −
αs

3π
(1 + δ), Chh = −

αs

3π
(1 + δ + η)•  Couplings: 

➤ Heavy Top Limit (HTL):   Integrate out top quarks ( )mt → ∞

NLOmt
(fb) NLO∞(fb)

31.89+18%
−15%

➤ Feynman diagrams in the SM:

➤ Feynman diagrams in the HTL:

•  Wilson Coefficients: δ = ∑
i=0

( αs

4π )
i

δ(i), η = ∑
i=0

( αs

4π )
i

η(i)

SM LO (1988) NLO (2016)
Nucl. Phys. B 309 (1988) 282-294

⇒ ⇒. . .
PRL 117 (2016) 1, 012001

•  Earlier Studies: 
JHEP 10 (2016) 107

̂s ≪ 2mT•  HTL Valid condition: 

•  HH production: 2mH < ̂s → Top-quark mass effects

25.81+18%
−15%

183.0+16%
−14%

3724+13%
−11%

32.64+14%
−12%

27.56+14%
−13%

126.2+12%
−10%

1119+13%
−13%

s (TeV)

14

13

27

100

JHEP 03 (2020) 072

Phys. Lett. B 803 (2020) 135292

Total cross section +  distributionmhh

HTL NLO (1998) NNLO (2013)⇒

N3LO (2020)⇒

⇒

Phys. Rev. D 58 (1998) 115012
Phys. Rev. Lett. 111 (2013) 201801

Nucl. Phys. B 888 (2014) 17-29
NNLO FTa 
 (2018)⇒

JHEP 05 (2018) 059
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➤ According to the number of effective couplings:

+[ ]

++[ ][ ]
  

  

HH Production at N3LO QCD

qt-slicing:

➤ Scheme of each class (fully differential):

dσhh = dσhh phh
T <pveto

T

+ dσhh phh
T >pveto

T

SCET+NNLOJET
SCET+MadGraph5
MadGraph5

➤ Usage of packages:

dσhh = dσa
hh + dσb

hh + dσc
hh

class-a:

class-b: class-c:

→
→
→

↓
NNLOJET (derived from single H)

XC, Y.H. Dai, H.T. Li, S.Y. Li, H.S. Shao, J. 
Wang in 2601.19990 accepted by JHEP
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HH Production at N3LO QCD

•  Fiducial cuts:

ph1st
T > 30 GeV ph2nd

T > 20 GeV |yh | < 2.4

•  Centre of mass energy: s = 14 TeV

•  PDF: NNPDF40_an3lo_as_01180

•  SM Parameters:
v = 246.2 GeV mh = 125 GeV mt = 173 GeV

•  Scale variation:

•  Central scale: μF = μR = mhh/2

μR → kμR
μR, μF → kμF

μF

➤ Differential XS calculation setup:

(kμR
, kμF

) ∈ {(1,1), (1,1/2), (1,2), (1/2,1), (2,1), (1/2,1/2), (2,2)}

dσ/dmhh
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HH Production at N3LO QCD

➤ Fully differential predictions from event generators with nontrivial N3LO corrections to the shape of distributions. 
➤ Excellent fixed order convergence with scale uncertainties reduced by more than 60%. 
➤  Reference = 5 GeV with stable predictions by varying  at 4 and 6 GeV (negligible  dependence) 
➤ Top mass effects at NLO included by reweighting (available from ggxy package)  
➤ Included in LHCHWG YR5 report as inclusive and differential benchmarks

pveto
T pveto

T pveto
T

dσ/dpH1
T πdσ/d |ϕH1 − ϕH2 |

Davies et. al. Comput.Phys.Commun. 320 (2026) 109933
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➤ Precision phenomenology 
requires improvements in 
multiple frontier (PDFs, , 
quark mass etc.) 

➤ Event generators serve as 
Swiss knives to push the 
prediction power to new level of 
accuracy. 

➤ First few applications of fully-
differential N3LO QCD 
calculation are available with 
nontrivial corrections. 

➤ NNLO QCD predictions maybe 
solved, but still not easily 
accessible. The public release 
of NNLOJET aims to improve 
the accessibility.

αs

CONCLUSIONS AND FUTURE PROSPECTS
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Thank You for Your Attention
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4
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3

XC, Gehrmann, Glover, Huss, Marcoli JHEP 10 (2022) 099 

Traditional Antenna Subtraction @ NNLO
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https://arxiv.org/pdf/2203.13531
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 Generalized Antenna Subtraction @ NNLO

Fox, Glover, Marcoli, JHEP 12 (2024) 225 

 jets @ NNLO 
Efficiency boost by a factor of 10

e+e− → 3
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https://arxiv.org/pdf/2410.12904


Antenna Subtraction @ NNLO Based on Marcoli’s slide @ Loop Summit 2

X0
3(i, j, k) =

|ℳ0
3(i, j, k) |2

|ℳ0
2(Ĩ, K̃) |2 X0

4(i, j, k, l) | =
|ℳ0

4(i, j, k, l) |2

|ℳ0
2( ˜ijk, ˜jkl) |2
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https://indico.desy.de/event/44685/contributions/185299/attachments/98420/135808/Marcoli.pdf


 Generalized Antenna @ NNLO

[Currie, Glover, Wells ’13][Weinzierl ’08]

[Gehrmann-De Ridder, Gehrmann, Glover, Heinrich ’07]

Based on Marcoli’s slide @ Loop Summit 2

23 additional subtraction terms for 
leading colour ℳ0

RR(q, g, g, g, q̄)
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https://inspirehep.net/literature/1215339
https://arxiv.org/abs/0807.3241v2
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 Generalized Antenna @ NNLO

[Braun-White, Glover, Preuss ’23]

[Braun-White, Glover, Preuss ’23]

[Fox, Glover, Marcoli ’24]

➤ Constructed with an iterative algorithm 
➤ From the desired IR limits (not from 

physical matrix-elements) 
➤ Using projector (up-down) to 

connect full phase space (antennae) 
and subspace (IR limits) 

➤ Can be integrated analytically (as in 
conventional method)

[Fox, Glover ’23]

Based on Marcoli’s slide @ Loop Summit 2
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https://inspirehep.net/literature/2636334
https://inspirehep.net/literature/2682412
https://inspirehep.net/literature/2840911
https://inspirehep.net/literature/2689791
https://indico.desy.de/event/44685/contributions/185299/attachments/98420/135808/Marcoli.pdf


STATE-OF-THE-ART PREDICTIONS FOR dσN3LO+N3(4)LL
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HH Production at N3LO QCD
➤ Class-a contribution achieve N3LO accuracy via -slicing: 

 
                        

➤ Large cancellation between above and below  cut. 
➤ Fit the  power correction with  and functional form:

qT

dσhh = dσhh phh
T <pveto

T

+ dσhh phh
T >pveto

T

pveto
T

pveto
T χ2

➤  plateau observed < 10 GeV. 
➤ Excellent agreement with inclusive total XS: 

pveto
T

XC, Y.H. Dai, H.T. Li, S.Y. Li, H.S. Shao, J. Wang 2601.19990 accepted by JHEP

N3LO only ( ): 1.513(47) fbpveto
T → 0

N3LO only reference: 1.4904(1) fb (based on iHixs 2)

class-a ΔσN3LO
hh

class-a ΔσN3LO
hh

F. Dulat, A. Lazopolulos, B. Mistlberger, Comput.Phys.Commun 233 (2018)
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https://inspirehep.net/literature/3112557
https://inspirehep.net/literature/1653118


➤qT slicing at N3LO for neutral and charged current production (MCFM)

STATE-OF-THE-ART PREDICTIONS: dσN3LO

Neumann and Campbell JHEP 11 (2023) 127Neumann and Campbell Phys.Rev.D 107 (2023) 1

pp → Z pp → W+

τcut corelates qcut
T

∑ dσV
N3LO ≡ ∑

dpT,V

dσV+jet
NNLO/dpT,V |pT,V>qcut

T
+ ∑

dpT,V

dσV SCET
N3LO /dpT,V |pT,V∈[0,qcut

T ]

CC agree to inclusive XS within  60% uncertainty of ± Δ(α3
s )

NC MCFM:
NC NNLOJET:
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https://inspirehep.net/literature/2691867
https://inspirehep.net/literature/2112612


 @ N3LO (+ N3LL) QCD2 → 1

XC, T. Gehrmann, N. Glover, et. al. PRL 128, 252001 (2022)

qcut
T = 4 GeV

DYTurbo result with fiducial power correction

S. Camarda, L. Cieri, G. Ferrera Eur.Phys.J.C 82 (2022) 6

Precision Predictions at Hadron Collider
➤ Solid horizontal lines: NLO, NNLO at 1 GeV, N3LO at 4 GeV with MC error. 

➤ N3LO shows no plateau in 1905.05171 

➤ Pale dots are values used by DYTurbo in 2103.04974 and 2303.12781 (taken 
from 1905.05171). 

➤ Fiducial power corrections are not included. 

➤ Leads to 30% difference of N3LO coefficients at . 

➤ Solid dots are corrected values with fiducial power correction. 

➤ Central value shifts 2 pb starting from NLO (the dominant error). 

➤  pb uncertainty from MC and  (estimated from [3,5] GeV region). 

➤ Not consistent with DYTurbo update result of   pb uncertainty.

qcut
T = 4 GeV

±2.1 qcut
T

±0.7

DYTurbo result without fiducial power correction cited in ATLAS  fittingαs

S. Camarda, L. Cieri, G. Ferrera Phys. Rev. D 104, L111503 (2021) 
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