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DGLAP splitting function 

Glouns at small x 

ᶺṇ￼x ṇx: x=0.01



Why small x physics interesting?
üTransverse size of gluon is reversely proportional to its kt 

üFirst partons are produced with relatively large size(small kt).

üWhen some critical density is reached no more partons of given size can fit in the 

wave function. Smaller gluon(larger kt) is produced to fit the rest space.

üAverage kt increase with increasing number density.

Perturbative calculable!



Why do we need a nucleus target

ÅTo reach high gluon density:  very small x & large nucleus

Small x gluons(with long wave length) from different nucleons overlap with each other!

rcBK
Ḓχ  x=0.00001
⁄χ  x=0.01



How to probe gluon distribution 

Dipole gluon TMD̔ WW gluon TMD̔

  

F. Dominguez, B -W. Xiao, F. Yuan 2011

F. Dominguez, C. Marquet, B -W. Xiao, F. Yuan 2011



MV model: Classical gluon fields:

Dipole distribution amplitude

üFor Qs >> LQCD,   

Perturbative treatment is justified!

üIn the small x limit, high occupation number

          A semi-classical treatment is justified

Most gluons 
are near Qs

MV model & Glauble -Mueller model applied at x=0.01

Gluon distribution is 
suppressed at low kt due 

to saturation effect

Background II
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Gluon TMDs in the MV model

üThe linearly polarized gluon TMDs in the MV model,

Metz & ZJ, 2011

Weizsäcker -Williams(WW) distribution:

Dipole distribution:

positivity bound saturated for any value of kt
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Odderonand asymmetric color source distribution

Odderon, a colorless exchange with C=-1

3 ֜ ̆ ̂ Ҍ odderon)

Ğukaszuk, L.; Nicolescu, 1973

ᴱῶ ◊֫ṵјᶎפῊἑῶodderon ☼ᴧχ

☼ᴧodderon ☼ᴧspin dependent odderon ZJ 2013

₩ᶚ ῎spin dependent odderon ῭ᶽ



Small x evolution equations

BFKL              GLR/MQ                 BK              JIMWLK
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Nuclear suppression

⁄ ιỞἈ ᴙӉ ᴘḱ

DIS ￼dipole ᶃӵχ

ᶈ ᵃ￼ ιḾ⅝ep, eAתḙט  inclusive cross section:



Saturation 
̔

EIC   ~30%

50%

ᾣ ̔



LHCі￼ ẇ ṃ

UPC UPC



Di-jet/hadron de-correlation

Forward dijets at the LHC:

Hameren-Kakkad-Kotko-
Kutak-Sapeta, 2023

ꜚ imbalance:

pp
pA/AA

pp Ạҹ



Ridge effect
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Forward hadron production in pAcollisions

Nucleon energy energycorrelation

ңҩ



Why parton shower generator 

ÅDescribe fully exclusive hadronic state

ÅCoherent branching

ÅKeep four momentum conservation in each branching

ÅImpact studies for future experiments

ΧΦ



Why small x parton shower generator

ü Saturation effect is absent in all existing generators

¸ Aim at developing a PS algorithm to be used: 

ü Phenomology in eA collisions @EIC

ü Forward physics in pA collisions @LHC

ü Cosmic ray event generator



Folded and unfolded GLR equation
ü The standard GLR equation(unfolded one)

ü Resolved and unresolved branching:

ü Folded GLR equation: virtual correction is manifestly resumed to all orders

Shi -Wei-ZJ, 2022

É Non-Sudakov form factor



GLR  v.s. DGLAP
ü Determine the next x

É PS based on DGLAP type dynamics: evolution variable Q

ü The generated event has to be re-weighted

É Unitary is preserved under DGLAP evolution



Forward evolution 

ü MV model as the initial condition at x_0=0.01:

ü Test the algorithm



Backward evolution
ü Non-Sudakov form factor:

É is also sampled in a different way! 



Kinematic constraint & Coherent branching  

Å Angular orderingÅ The Chudakov effect

ü Wide angle radiation suppressed!



ü The virtuality of t-channel gluon should be dominated by 
transverse components

ü Results in a  non-local GLR equation

ü The on shell condition for s-channel gluon leads to the constraint



Coherent branching in the GLR evolution

ü Weighting factor for forward evolution: 

ü Weighting factor for backward evolution:

ü Non-Sudakov factor for backward evolution

ü Kinematic constrained GLR equation

Shi -Wei-ZJ, 2022



Coherent branching: test against the numerical results 

Shi -Wei-ZJ, 2022



Joint small x and kt resummation
Å When                              ,  resume two type large logs 22

TkQS >>>>

ÉStarting point:

Gloun---->gloun splitting kernel;

When z(or x) --->0, large logarithm        summed by BFKL

When z--->1, light cone divergence, introduce ɕ to regularize 

large logarithm             summed by CS

x
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Collins, Soper,  81; Collins, Soper, Sterman, 85

Mueller, Xiao, Yuan 2012; Xiao, Yuan, Zhou, 2017; Caucal, Salazar, Schenke, 

Venugopalan, 2022 -2023; Taels, Altinoluk, Beuf, Marquet, 2022; Mukherjee, 

Skokov, Tarasov, Tiwari, 2023é.



ü The resulting gluon TMD indeed simultaneously satisfies the both 

BFKL equation:

CS equation:

2016, ZJ

É Sample real diagrams

Formulation in terms of gluon  TMD(dilute limit) 



Small x TMDs in CGC at NLO(double log)

Xiao, Yuan and ZJ, 2017.

Sample diagrams (Collins -2011 scheme)

The basic nonperturbative ingredient:

Multiple gluon rescattering is treated in an equal way.



Collinear approach V.S.CGC

Colliner PDF

Hard 
coefficient

Sudakov 
factor

Sudakov 
factor

Hard 

coefficient

Two point 
function

Two step evolution:  x0 x     kt Q   

ü Collinear factorization: 

ü CGC(Colliner divergence absent)



Sudakov Single log at small x

The anomalous dimension at small x?

Compute UV part first; employ the Eikonal approximation next!

2019, ZJ

Å Single log is not affected by saturation effect.


