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Figure 3. Left: the gluon (xg), sea quark (xS), and valence quark (xuv, xdv) distributions, as obtained from

a DGLAP fit to the HERA data [2], are plotted as functions of x for Q
2 = 10GeV

2
. Note that the gluon and

sea quark distributions have been reduced by a factor of 20 to fit inside the figure. Right: the ‘phase-diagram’

for gluon evolution in pQCD; each coloured blob represents a gluon with transverse area �x? ⇠ 1/Q2
and

longitudinal momentum kz = xP . The straight line lnQ2
s(x) = �sY is the saturation line, which separates

between dense and dilute regimes.

hadron wavefunction is dominated by gluon cascades, as illustrated in Fig. 2 right. A more accurate

resummation of such gluon cascades in the high energy regime at x ⌧ 1 is provided by the BFKL

equation (from Balitsky, Fadin, Kuraev, and Lipatov) [? ], to be discussed in Sect. 4.

We thus arrive at the important conclusion that the inclusive DIS cross-section in the high-energy

regime (s � Q
2) is controlled by the small-x gluons in the proton wavefunction. This conclusion

applies to all the high-energy processes involving hadrons and explains our emphasis on the small-x

gluons throughout this review.

For su�ciently large values Q2 & 10GeV2, the rise of the gluon distribution with 1/x seen in the

data is well described by the power law xG(x,Q2) ⇠ 1/x�(Q
2), with �(Q2) ' 0.2÷ 0.3 (slowly varying

with Q
2). On conceptual grounds, it is however clear that such a rapid, power-law, increase of the DIS

cross-section cannot go on for ever, i.e. down to arbitrarily small values of x. For instance, this would

violate the Froissart bound, which stipulates that hadronic cross-sections cannot increases faster that

ln2 s in the high energy limit s ! 1. More stringent constraints, which become important already at

sub-asymptotic energies, are introduced by the unitarity of the S-matrix, as we shall later explain.

Unfortunately, it is not easy to observe a change in the small-x behavior of the gluon distribution

in the HERA data, since one cannot access much smaller values of x for relatively hard Q
2
⇠ 10GeV2

– 8 –
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Deep inelastic scattering e + p/A → e + X

2.1 Kinematics, cross section, and structure functions 23

e : pµ = ( )

γ∗ : qµ = (E − E − p )

target:Pµ = (m, 0)

e : p µ = (E )

X

λ

λ

σ

Fig. 2.1. Feynman diagram describing deep inelastic electron–proton scattering. The
momentum labels of the lines correspond to the frame in which the target proton is at
rest. The wavy line denotes the virtual photon propagator while the corkscrew lines denote
the gluons inside the proton.

DIS are

Q2 ≡ − q2,

xBj ≡ Q2

2P · q
, (2.2)

y ≡ P · q

P · p
.

The quantity Q2 is called the virtuality of the photon, while xBj is the Bjorken-x variable.
In the rest frame of the proton one can easily show that

Q2 = 4EE′ sin2 θ

2
(2.3)

and

y = E − E′

E
. (2.4)

Here θ is the electron scattering angle, i.e., the angle between $p and $p ′. We therefore
see that q2 ≤ 0 or, equivalently, Q2 ≥ 0, which demonstrates that Q is indeed real. In the
proton’s rest frame the third Lorentz invariant y has a physical interpretation as the fraction
of the electron’s energy transferred to the proton.

Apart from the three independent invariants in Eq. (2.2) one usually defines other
Lorentz-invariant (but not independent) quantities,

ν ≡ P · q

m
= E − E′,

ŝ ≡ (P + q)2 = 2P · q + q2 + m2, (2.5)

s ≡ (P + p)2.
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e(l)

A/P(p)

e(l′￼)

xBj =
Q2

2p ⋅ q

q2 = − Q2

y =
q ⋅ p
l ⋅ p

dσ
dxBj dy

=
2π α2

em

xBj y Q2 [[1 + (1 − y)2] F2(xBj, Q2) − y2 FL(xBj, Q2)]

=
2π α2

em

xBj y Q2
[1 + (1 − y)2][F2(xBj, Q2) −

y2

1 + (1 − y)2
FL(xBj, Q2)] Reduced dimensionless 

cross section 
σr(xBj, y, Q2) 4

dσ ∝ LμνWμν

<latexit sha1_base64="XDXWg/koT/JG2gF2x5wHFEPKoAg="></latexit>

Lµ⌫ =
1

2
Tr [ 6 l0�µ 6 l�⌫ ]

Wμν = (−gμν −
qμqν

Q2 ) F1 +
1

p ⋅ q (pμ +
p ⋅ q
Q2

qμ) (pν +
p ⋅ q
Q2

qν) F2

F2 = 2xBj F1 + FL
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Figure 12. Left: The DIS cross-section ��⇤p(x,Q2) at x  0.01 is plotted as a function of the scaling variable

⌧ ⌘ Q
2
/Q

2
s(x) (see text for details). Right: lines of constant value for the variable ⌧ in the kinematical plane

(x,Q2) together with the associated data points.

shown in Eq. (3.27). With T (r, Y ) ⇠ (r2Q2
s(Y ))�s , this gives

�T (x,Q2)

�0
⇠

Z 1/Q2
s

1/Q2

dr2

r2

1

r2Q2

�
r
2
Q

2
s(x)

��s
⇠

1

1� �s

✓
Q

2
s(x)

Q2

◆�s

for Q
2
� Q

2
s. (4.22)

The integral is controlled by its lower limit r ⇠ 1/Q because �s < 1. The result shows geometric

scaling, as anticipated. It is easy to check that a parametrically similar contribution is generated by

the symmetric configurations with z ⇠ 1/2, cf. Eq. (3.26).

At this level, one may observe an important discrepancy between the above predictions of the BK

equation and the early “saturation model” fits [87, 88] which inspired the observation of geometric

scaling at HERA [86]. The fits to the HERA data favour a value �s ' 0.3 for the saturation exponent

which is considerably smaller than the respective prediction �s ' 4.88↵̄ ⇠ 1 of the BK equation for

asymptotically large Y (cf. the right plot in Fig. 11). As we shall see, this discrepancy can be solved

after including the next-to-leading order (NLO) corrections to the BK equation — chiefly among them,

the running of the QCD coupling — which dramatically slow down the evolution.

4.3 Higher order corrections to the BK evolution

4.3.1 Running coupling e↵ects in the BK evolution

The BK and BFKL equations are non-local in transverse coordinates (or momenta) and the e↵ect of the

non-locality gets amplified with increasing Y , via the BFKL di↵usion (cf. Eq. (4.15)). For the BFKL

– 42 –

Geometric scaling Stasto, Golec-Biernat, Kwiecinski, 
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Figure 4: Experimental data on σγ∗p from the region x > 0.01 plotted versus the scaling
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Dipole picture

Figure 4. DIS in the dipole frame. The evolution of the gluon distribution within the proton involves recom-

bination e↵ects responsible for saturation.

reads [5–11]

d�

dy d2p?
' x1q(x1, p

2
?)

Z
d2x?d2y?

(2⇡)2
e�i(x?�y?)·p? Sx2(x?,y?) , (2.17)

where the quark distribution x1q(x1, p2?) gives the probability to find a quark collinear with the proton

with momentum fraction x1. Eq. (2.17) combines collinear factorization on the dilute projectile side

with the CGC (or Wilson line) factorization on the target side. Accordingly, it is often characterized

as a hybrid factorization [8].

The calculation of the dipole S-matrix Sx2(x?,y?) within the CGC e↵ective theory will be dis-

cussed in Sect. 3. More general formulae of this type, corresponding to more complicated (partonic)

final states, will be presented in Sect. ??. To compute the actual observables, which are cross-sections

for the production of hadrons, one still needs to convolute the partonic cross-sections like that in

Eq. (2.17) with the ‘fragmentation functions’ describing the fragmentation of quark and gluons into

hadrons (see e.g. [8, 11] for details).

Before we conclude this section, let us recall that a dipole factorization similar to Eq. (2.17) has

been originally given for the inclusive DIS cross-section at high-energy, or small Bjorken x ⌧ 1 [12, 13].

This is obtained by analyzing the DIS process in a di↵erent Lorentz frame, the dipole frame, where the

virtual photon itself is rather energetic, hence it develops a quark-antiquark fluctuation (the colour

dipole) long before the scattering; then the DIS proceeds as the scattering between this colour dipole

and the gluon distribution in the hadronic target. With reference to Fig. 2, one can say that the e↵ect

of the Lorentz boost to the dipole frame is to pull the �
⇤-quark vertex outside the interaction region,

in such a way that the struck (anti)quark appears as a part of the wavefunction of the virtual photon,

and not of the hadron. This picture motivates the following factorization (see Fig. 4 and the textbook

– 14 –
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to appear

σγ*p
T,L (xBj, Q2) = ∑

q
∫

1

0
dz∫

d2r
4π

ψγ*→qq̄
T,L (z, r, Q2)

2
σdipole(xBj, r)

σdipole(xBj, r) = 2∫ d2b 𝒩(xBj, r, b)|ψT |2 =
2Ncαeme2

q

π
[z2 + (1 − z)2] Q̄2 K2

1(Q̄r⊥)

|ψL |2 =
2Ncαeme2

q

π
4z(1 − z) Q̄2 K2

0(Q̄r⊥)

Q̄2 = z(1 − z) Q2

photon splitting

dipole scattering 
amplitude

X of  dipole with qq̄ A×

≈ 2∫ d2b T(b) N(xBj, r⊥) = 2πR2
p N(xBj, r⊥)

Building block in saturation physics+ mass effect
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BK/JIMWLK evolution
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ᾱs

2π
r2

r2
1r2

2
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Extracting the dipole scattering amplitude 

Pre-history: Golec-Biernat, Wusthoff, 9807513
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Figure 3: The γ∗p-cross section for various energies. The solid lines show the fit results
with a light quark mass of 140MeV. The dotted lines show the cross section with the same
parameters but with zero quark mass. The line across the curves indicates the position
of the critical line.
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GBW model

Q2
s (xBj) = Q2

0 (x0/xBj)λ
Iancu, Itakura, Munier, 0301338

GBW model

approximate solution

Modern Era: AAMQS 2010, 1012.4408

fit χ2

d.o.f Q2
s0 σ0 γ Q2

s0c σ0c γc C m2
l

GBW

a αfr=0.7 1.269 0.2294 36.953 1.259 0.2289 18.962 0.881 4.363 fixed

a’ αfr=0.7 (Λmτ ) 1.302 0.2341 36.362 1.241 0.2249 20.380 0.919 7.858 fixed

b αfr=0.7 1.231 0.2386 35.465 1.263 0.2329 18.430 0.883 3.902 1.458E-2

c αfr=1 1.356 0.2373 35.861 1.270 0.2360 13.717 0.789 2.442 fixed

d αfr=1 1.221 0.2295 35.037 1.195 0.2274 20.262 0.924 3.725 1.351E-2

MV

e αfr=0.7 1.395 0.1673 36.032 1.355 0.1650 18.740 1.099 3.813 fixed

f αfr=0.7 1.244 0.1687 35.449 1.369 0.1417 19.066 1.035 4.079 1.445E-2

g αfr=1 1.325 0.1481 40.216 1.362 0.1378 13.577 0.914 4.850 fixed

h αfr=1 1.298 0.156 37.003 1.319 0.147 19.774 1.074 4.355 1.692E-2

Table 2: Parameters from fits including charm and beauty contributions to data with x ≤ 10−2

and and Q2 ≤ 50 GeV2 for different initial conditions and fixed values of the coupling in the infrared
αfr = 0.7 and 0.1. Light quark masses are fixed to ml = 0.14 GeV in some fits and left as a free
parameter in others. The fit a’ corresponds to taking the τ mass as reference scale for the running
of the coupling. The units: Q2

s0(c) and m2
l are GeV2, while those of σ0(c) are mb.

parameters associated to the beauty quark prevents us of carrying out a more detailed

characterization of its contribution to the data included in the fit. Thus, we assume that

the free parameters associated to heavy quarks, including the overall normalization, is the

same for charm and beauty. We have checked that such assumption has a very little effect

on the fit output by completely removing the beauty contribution to F2 and σr. However,

we finally decided to include it in the fits in order to be consistent with the variable flavor

scheme used for the running of the coupling, which allows the contribution of dynamical b

quarks to the QCD beta function.

Our fit results are shown in Table 2, and a comparison with data for σr is shown in

the right plot Fig 1. We obtain an equally good description of data as with fits with only

light quarks, as can be seen comparing the left and right plots in Fig 1. However, the

χ2/d.o.f. ! 1.4 are slightly larger than for the fits with only light quarks. This is maybe

due to what seems to be a systematic deviation between different data sets on F2c and the

charm contribution to the reduced cross section σrc, as can be observed in Fig 2, where

we compare our results with experimental data. The arguments presented before on the

stability of the fits with respect to variations in the infrared regulation of the coupling

or the reference scale to determine ΛQCD also hold in the case of fits with heavy quarks.

On the other hand, when left as a free parameter the mass of the light quark tends to

acquire a smaller value than it did in the fits with only light quarks. Concerning the

initial conditions for the evolution, they are very similar for light and heavy quarks. In

particular, the corresponding initial saturation scales, Qs0 and Qs0c take on very similar

values in all fits. However, the steepness of the initial condition encoded in the parameter

γ(c) is systematically larger for light than for heavy quarks for both GBW and MV initial

– 12 –

fit χ2

d.o.f Q2
s0 σ0 γ C m2

l

GBW

a αfr = 0.7 1.226 0.241 32.357 0.971 2.46 fixed

a’ αfr = 0.7 (Λmτ ) 1.235 0.240 32.569 0.959 2.507 fixed

b αfr = 0.7 1.264 0.2633 30.325 0.968 2.246 1.74E-2

c αfr = 1 1.279 0.254 31.906 0.981 2.378 fixed

c’ αfr = 1 (Λmτ ) 1.244 0.2329 33.608 0.9612 2.451 fixed

d αfr = 1 1.248 0.239 33.761 0.980 2.656 2.212E-2

MV

e αfr = 0.7 1.171 0.165 32.895 1.135 2.52 fixed

f αfr = 0.7 1.161 0.164 32.324 1.123 2.48 1.823E-2

g αfr = 1 1.140 0.1557 33.696 1.113 2.56 fixed

h αfr = 1 1.117 0.1597 33.105 1.118 2.47 1.845E-2

h’ αfr = 1 (Λmτ ) 1.104 0.168 30.265 1.119 1.715 1.463E-2

Table 1: Parameters from fits with only light quarks to data with x ≤ 10−2 and for all available
values of Q2 ≤ 50 GeV2 for different initial conditions, fixed values of the coupling in the infrared
αfr = 0.7 and 1 and light quark masses either taken fixed ml = 0.14 GeV or left as a free parameter.
Fits a’, c’ and h’ correspond to taking the τ mass as reference scale for the running of the coupling.
Units: Q2

s0 and m2
l are in GeV2 and σ0 in mb.

both in this subsection and in the following one we will only show in the plots the results

from some selected fits, not a full survey of them. Several comments are in order:

First, all the different fits with MV or GBW initial conditions yield a good χ2/d.o.f ≤
1.28, with a best fit χ2/d.o.f = 1.104, labeled h’ in table 1, obtained with MV initial

condition, αfr = 1, and αs(mτ ) as the reference value for the running coupling. The quality

of the fits is remarkably good provided the tiny error bars in the new data on reduced cross

sections (error bars are in most cases smaller than the symbols used in the plot). In turn,

it was not possible to find any good fit to data using the scaling initial condition Eq. (2.15).

Most likely, this is due to the much faster evolution speed featured by the scaling initial

conditions, compared to the GBW or MV ones, for which pre-asymptotic effects slow down

the evolution considerably. Moreover, the MV i.c. tend to systematically yield better fits

than the GBW one. This can be taken as an indication that the semiclassical resummation

of multiple scattering underlying the MV formula is indeed a good estimate of the initial

condition.

Next, the sensitivity of the fits to non-perturbative aspects of our calculation encoded

in the parameters αfr, C, the reference scale to determine Λnf
or the light quark masses ml

(which acts as an effective IR cutoff for the Ψγ∗
→qq̄ wavefunction) is rather small, as shown

by the little variation of the fit parameters under changes in the latter and on whether

they are left as free fit parameters or not. In particular, the value at which the coupling is

regularized in the infrared, either 1 or 0.7 does not affect much the fit output. Also, when

the light quark mass is left as a free parameter it tends to acquire a final value very close

– 10 –

light-flavor only light-flavor + heavy flavorPretend proton is a large nucleus 

MV- : γ N(r⊥) = 1 − exp [−
1
4 (Q2

s0r
2
⊥)γ ln (e +

2
Λr⊥ )]
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Broadening of quark transverse momentum

dN
d2p⊥

= ∫
d2r

(2π)2
e−ip⊥⋅r S(r⊥) = ∫

d2r
(2π)2

e−ip⊥⋅r [1 − N(r⊥)]

MV- : γ N(r⊥) = 1 − exp [−
1
4 (Q2

s0r
2
⊥)γ ln (e +

2
Λr⊥ )]

Giraud, Peschanski, 1604.01932

Weizsacker-Williams gluon distribution

xfg(x, k⊥) ∝ ∫ d2r⊥e−ik⊥⋅r⊥
1
r2
⊥

Ñ (r⊥)

The Fourier transform turns into 
negative, if γ > 1
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collinearly-improved rcBK Iancu, Madrigal, Mueller, Soyez, Triantafyllopoulos, 1507.03651
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As it should be clear from the above manipulations, the power 1/k4⊥ now originates from
the original transverse momentum distribution 1/(k2⊥ + Q̄2) generated by the decay of the
virtual photon — more precisely, it arises as the difference between two such distributions,
with one of them shifted with the momentum q transferred by the scattering.

Eqs. (C.4) and (C.6) are added to give the final result in eq. (3.17).

D Collinearly improved BK equation

The BK evolution equation we have used for the numerical calculations in this work
reads [48, 49] (see also [50, 51])

∂Sxy(η)
∂η

=
∫ d2z

2π
ᾱBLM

(x − y)2
(x − z)2(z − y)2

[
r2

z̄2

]±A1[
Sxz(η−δxz;r)Szy(η−δzy;r) − Sxy(η)

]

(D.1)
and we briefly explain below all the various elements in the above. The gluon is emitted
at the transverse position z by either the quark or the antiquark of the parent dipole
located at (x, y) and the indices in the S-matrices stand for its dependence on the cor-
responding dipole coordinates. When compared to the LO BK equation we note various
differences which all arise from the resummation of higher order corrections enhanced by
large logarithms.

(i) The rapidity shifts in the arguments of the S-matrices for the daughter dipoles resum
double logarithms associated with the time ordering in the successive emissions and
they are given by

δxz;r ≡ max
{

0, ln r2

|x−z|2

}

(D.2)

with r ≡ |x − y|, and similarly for δzy;r. They become significant for emissions in
which one of the daughter dipoles is much smaller than the parent one.

(ii) The factor
[
r2/z̄2

]±A1 , where z̄ ≡ min{|x − z|, |z − y|} and with A1 = 11/12, in-
cludes the resummation of the first set of single DGLAP logarithms. The sign in the
exponent ±A1 is taken to be plus for r2 < z̄2 and minus r2 > z̄2, so it is always
suppressing the evolution.

(iii) The use of a running coupling resums the corrections related to the one-loop QCD
β-function. When one of the three dipoles is much smaller than the other two, pQCD
requires that the scale should be the smallest dipole size, i.e. one should use ᾱs(rmin)
in eq. (D.1), where rmin ≡ min{|x−y|, |x−z|, |z−y|}. Here, we shall use what is close
to a BLM prescription (called “fast apparent convergence” in [52]), which minimizes
the NLO correction to the BK equation proportional to the one-loop β-function. It
is defined as

ᾱBLM =
[

1
ᾱs(|x−y|) +

(x−z)2 − (z−y)2
(x−y)2

ᾱs(|x − z|) − ᾱs(|z − y|)
ᾱs(|x − z|)ᾱs(|z − y|)

]−1
(D.3)
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Here the position-space strong coupling constant, αs(r2), is taken at leading order with
nf = 3 active quark flavors as [12]

αs(r2) =
12π

(33 − 2nf ) ln
(

4C2
r2Λ2

QCD

) . (2.10)

Here, ΛQCD = 0.241GeV and C2 is a parameter that sets the scale of the argument of the
logarithm, which must be determined from fits to data [12, 17]. For large values of the dipole
size r, we freeze αs to the value αs,max = 0.7.

3 Fitting procedure

The parameters of the initial dipole scattering amplitude are determined from deep-inelastic
scattering data via a two-stage procedure. First, the BK evolution equation is solved for a large
ensemble of initial conditions to generate a comprehensive library of theoretical predictions.
Second, this library is used to train a neural network emulator that interpolates the solutions
of the BK evolution across the parameter space. The resulting high-quality model allows for
the rapid and efficient execution of a global fit to HERA data within the dipole picture.

3.1 Sampling and solving the BK equation

The BK equation (2.8) describes the evolution of the dipole amplitude N(r, x) with respect
to the collision energy. The evolution is uniquely specified by an initial condition at x0,
and to assess the dependence on the initial rapidity scale we consider two different choices
x0 = 0.01 and x0 = 0.05. For the initial condition, we use a generalization of the MV
model considered in ref. [12]

N(r, x0) = 1 − exp
[

−
(
r2Q2

s0
4

)γ

ln
(

1
ΛQCD r

+ e ec

)]
, (3.1)

which is a function of the initial saturation scale Qs0, the anomalous dimension γ, and
an infrared regulator ec. To efficiently map this parameter space, we use Latin hypercube
sampling (l.h.s.) to generate 10 000 parameter sets for (Qs0, γ, ec, C2). For each set, the
running-coupling BK equation with the Balitsky kernel is solved using a numerical Julia
implementation developed for this work. The solution is tabulated on a two-dimensional grid
spanning transverse sizes 10−6 ≤ r/GeV−1 ≤ 102 and rapidities 0 ≤ ln(x0/x) ≤ 16, which
covers the relevant HERA kinematics [22]. This procedure yields a dataset of approximately
4.7 × 107 values of N(r, x), which serves as the training data for the neural network model.

For the neural-network inputs and diagnostics, we work in log-transformed variables for
the two scale parameters, using lnQs0 and lnC2, which improves numerical conditioning
across the wide dynamic ranges. The size of the training library (10 000 configurations) is
chosen as a practical balance between the dimensionality of the parameter space, the target
emulator accuracy, and the computational cost of generating BK solutions. In general, using
substantially fewer configurations reduces the coverage of the parameter space and tends
to increase the emulator errors, while increasing the library size improves accuracy at the
expense of additional BK-evolution time.
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Figure 2. The emulated dipole amplitude N(r, x) (lines) is compared against the exact BK solution
(points) for a representative out-of-training-sample parameter set at three different rapidities, x = 10−3,
10−5, and 10−7. The excellent agreement in both log-linear (left) and log-log (right) scales across the
entire range of r demonstrates the model’s strong generalization performance on a held-out parameter
set. The chosen parameters are Q2

s0 = 0.07GeV2, γ = 1.01, ec = 24.68, C2 = 4.65, and x0 = 0.01,
corresponding roughly to physical values found in previous fits [12, 17].

used in training. The excellent agreement across a wide range of r confirms that the
emulator reproduces the BK evolution with high fidelity, providing a reliable surrogate for
phenomenological applications.

4 Application to DIS observables

With a robust emulator for the BK-evolved dipole amplitude established, we now proceed to
its primary application: the calculation of DIS observables for a global analysis of HERA data.
This requires convolving the emulated amplitude with the virtual photon wave functions
to compute the reduced cross section, σr. While these integrals are evaluated offline to
build the training set, repeatedly performing the multi-dimensional integrations for each
theory evaluation in an iterative analysis across the full HERA kinematics would be com-
putationally expensive. The surrogate model circumvents this bottleneck by replacing the
repeated numerical evaluations with fast predictions, thereby enabling efficient exploration of
the parameter space. To overcome this final bottleneck, we construct a second, dedicated
transformer based emulator. This network is trained to map directly from the six inputs
(lnQs0, γ, ec, lnC2, ln x, lnQ2) to the normalized reduced cross section σr/(σ0/2). Its ar-
chitecture follows closely that used for N(r, x), and it is trained on the ∼ 4 × 106 values
computed from the dipole amplitudes.

For the DIS cross section emulator, we employ a composite loss function that combines
mean squared error (MSE) with a Smooth-L1 term [54],

LDIS = 0.8MSE
(

σpred
r

σ0/2 ,
σtrue
r

σ0/2

)
+ 0.2 SmoothL1

(
σpred
r

σ0/2 ,
σtrue
r

σ0/2

)
, (4.1)
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Momentum space 

Diffusion approximation of BK equation.

7

FIG. 6. Evolution of the extracted dipole amplitude with rapidity Y = 0.5, 1.5, 2.5, 3.5 (from left to right). Left: Momentum-
space amplitude N(k, Y ). Right: Coordinate-space amplitude N(r, Y ) obtained via the Hankel transform. The shaded bands
represent the 2� uncertainty derived from the ensemble. The wavefront propagation illustrates the dynamic generation of the
saturation scale Qs(Y ).

B. Physical Parameters and Emergent Dynamics

A key advantage of the PINN framework is its ability to extract the underlying parameters of the governing equation
from data. We analyze the ensemble of trained networks to infer the e↵ective coe�cients of the BK equation in the
di↵usion approximation. Table I summarizes the extracted parameters. Using these extracted coe�cients, the e↵ective
saturation exponent can be derived according to the traveling-wave physics as �s = (A1+2

p
A0A2)↵̄s ⇡ 0.239±0.010,

which is in remarkable agreement with phenomenological extractions from HERA data (e.g., � ⇡ 0.288 in the GBW
model). The extracted proton radius parameter Rp ⇡ 5.46 GeV�1 (approx. 1.07 fm) reflects the e↵ective gluonic
radius.

TABLE I. Mean values and standard deviations of the physical parameters extracted from the PINN ensemble. The drift
coe�cient A1 is learned by the network to accommodate the specific rapidity frame and potential higher-order corrections.

Parameter Symbol Mean Std

Growth Rate A0 0.661 0.004
Drift Rate A1 0.414 0.013
Di↵usion Rate A2 0.266 0.033
E↵ective Proton Radius Rp [GeV�1] 5.4560 0.0004

As shown in Fig. 6, the trained PINN solution spontaneously exhibits geometric scaling [55]. In the momentum
space (Left panel), the saturation wavefront propagates towards higher transverse momenta as rapidity increases, a
feature that emerges naturally from the interplay between linear growth and non-linear damping terms learned by
the network. To further scrutinize the physical consistency, we present the dipole amplitude in coordinate space,
N(r, Y ) = r2

R1
0

k dk J0(kr)N(k, Y ), in the right panel of Fig. 6. The coordinate-space amplitude monotonically
increases and captures the onset of saturation in the physically relevant perturbative and transition regions (r .
2 GeV�1).

It is noteworthy that the amplitude exhibits a decay at extremely large transverse distances (r > 3 GeV�1). This
large-r decay is a direct mathematical consequence of our numerical regularization in momentum space. In the
saturation regime, the PINN output is e↵ectively bounded by the learned growth parameter A0. Because the network
actively bounds N(k, Y ) in the infrared to maintain numerical stability, it lacks the 1/k2 pole required for N(r) ! 1 as
r ! 1. Consequently, according to the Riemann-Lebesgue lemma, its Hankel transform must mathematically decay
to zero in the deep infrared limit. Crucially, this decay has negligible impact on our phenomenological results. For
exclusive J/ production, the massive charm quark (mc ⇡ 1.4 GeV) ensures that the vector meson wavefunction acts
as a natural infrared filter, exponentially suppressing the overlap integral for r & 1.5 GeV�1. Within this physical
domain probed by HERA, our PINN provides a highly accurate and robust e↵ective amplitude, as evidenced by the
zero-parameter predictions in the following section.

Transformer

Solve numerically 
to train the NN
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FIG. 1. The reduced total and charm cross sections, σr and σcc̄
r , are shown vs. xB in selected Q2 bins at √

s = 318 GeV,
compared with HERA data [62–64]. Solid curves are the best-fit PINN prediction (minimum global χ2/d.o.f.); bands show 1σ
uncertainties. The quoted χ2/d.o.f. uses the solid curve; for σr it includes all available energies.
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FIG. 2. Total cross section for exclusive J/ψ photoproduc-
tion as a function of center-of-mass energy W , compare to
ALICE [65, 66], H1 [67, 68], ZEUS [69] and LHCb [70, 71]
data. Solid curve is the PINN prediction with the smallest
global χ2/d.o.f.; shaded band is 1σ uncertainties. The quoted
χ2/d.o.f. value is evaluated using the solid curve.

using N(r, xB = x0) = NPINN(r, xB = x0) with x0 =
0.03 as the initial condition to consistently accommo-
date the non-local rapidity shift in the evolution ker-
nel, and compare the evolved solutions with PINN out-
put. We observe excellent agreement throughout the
kinematic regions. Once trained, the surrogate evalu-
ates N(r, xB) at any desired xB in a single forward pass,
avoiding repeated and computationally expensive grid-
based ciBK evolutions in global analyses. The inferred
pre-asymptotic shape, together with the momentum-
space positivity regularization, is further illustrated by
comparing NPINN(r, xB = 0.01), a standard reference
scale in saturation phenomenology, with an MV-type
parametrization [32, 33],

NMV-type(r) = 1− exp

[
− (r2Q2

s0)
γ

4
ln

(
1

rΛ
+ ec · e

)]
.

(4)
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FIG. 3. Top: Solid curves show the dipole amplitude
N(r, xB) predicted by the PINN for xB ∈ {10−2, 10−3, 10−5}.
Markers denote numerical ciBK evolution results obtained
with the same initial condition as used in the PINN.
The dashed curve corresponds to the best-fit MV-type
parametrization to NPINN(r, xB = 0.01).
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FIG. 4. Fourier transform of the dipole amplitude at xB ∈
{10−2, 10−3, 10−5}.
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From inclusive to semi-inclusive

Figure 4. DIS in the dipole frame. The evolution of the gluon distribution within the proton involves recom-

bination e↵ects responsible for saturation.

reads [5–11]

d�

dy d2p?
' x1q(x1, p

2
?)

Z
d2x?d2y?

(2⇡)2
e�i(x?�y?)·p? Sx2(x?,y?) , (2.17)

where the quark distribution x1q(x1, p2?) gives the probability to find a quark collinear with the proton

with momentum fraction x1. Eq. (2.17) combines collinear factorization on the dilute projectile side

with the CGC (or Wilson line) factorization on the target side. Accordingly, it is often characterized

as a hybrid factorization [8].

The calculation of the dipole S-matrix Sx2(x?,y?) within the CGC e↵ective theory will be dis-

cussed in Sect. 3. More general formulae of this type, corresponding to more complicated (partonic)

final states, will be presented in Sect. ??. To compute the actual observables, which are cross-sections

for the production of hadrons, one still needs to convolute the partonic cross-sections like that in

Eq. (2.17) with the ‘fragmentation functions’ describing the fragmentation of quark and gluons into

hadrons (see e.g. [8, 11] for details).

Before we conclude this section, let us recall that a dipole factorization similar to Eq. (2.17) has

been originally given for the inclusive DIS cross-section at high-energy, or small Bjorken x ⌧ 1 [12, 13].

This is obtained by analyzing the DIS process in a di↵erent Lorentz frame, the dipole frame, where the

virtual photon itself is rather energetic, hence it develops a quark-antiquark fluctuation (the colour

dipole) long before the scattering; then the DIS proceeds as the scattering between this colour dipole

and the gluon distribution in the hadronic target. With reference to Fig. 2, one can say that the e↵ect

of the Lorentz boost to the dipole frame is to pull the �
⇤-quark vertex outside the interaction region,

in such a way that the struck (anti)quark appears as a part of the wavefunction of the virtual photon,

and not of the hadron. This picture motivates the following factorization (see Fig. 4 and the textbook
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Figure 9. SIDIS cross-sections integrated over k and their high-energy evolution up to η = 3:
the elastic, inelastic and total cross-sections are plotted in terms of Q̄2/Q2

s and for 4 values of
the rapidity η. (a) Logarithmic increase at low Q̄2: elastic and inelastic cross-sections are still
comparable with each other. (b) Power law behaviour at high Q̄2: inelastic scattering strongly
dominates the total cross-section.

only holds within a limited range of momenta around Qs, but this is precisely the range
which dominates the k⊥-integration to the accuracy of interest.14

These considerations are corroborated by the numerical results in figure 9a, which
show the integrated elastic, inelastic, and total cross-sections in terms of ln(Q̄2/Q2

s) in the
saturation regime at Q̄2 ! Q2

s. Together with the predictions of the MV model (the curves
with η = 0), we also exhibit the results of the BK evolution up to η = 3. For Q̄2/Q2

s ! 0.1,
all the curves are roughly straight lines, with slopes which are consistent with eq. (4.6).
As expected, the curves corresponding to elastic scattering lie below the inelastic ones, but
they are still comparable in so far as orders of magnitude are concerned.

4.3 High virtuality z(1 − z)Q2 # Q2
s: geometric scaling

Even though not so directly relevant for studies of saturation (since controlled by weak
scattering; see below), the case Q̄2 # Q2

s is still interesting, notably for studies of the high-
energy evolution in the presence of saturation. Also, it features a strong z -dependence of
the cross-section, to be discussed in section 4.4.

In this regime, the dominant contributions to the integrals in eqs. (4.1)–(4.3) come
from very small dipoles with r ! 1/Qs, for which one can use the single scattering ap-
proximation. Consider first the low energy case, where one can use the MV model, cf.
eq. (3.16), to deduce

∫
d2k JT $ Q̄2

∫ d2r
2π

K2
1(Q̄r) r

2Q2
A

4 ln 1
r2Λ2 . (4.7)

14One can easily check that the power-like tail of the distribution at k⊥ ! Qs, e.g. JT ∝ Q2
s/k

4
⊥ in the

MV model, merely yields a contribution of order 1 to the integrated cross-section.
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Figure 10. Testing geometric scaling for the SIDIS transverse cross-section integrated over k, from
solutions to the collinearly improved rcBK up to η = 6. (a) Low Q̄2: the scaling is quasi-perfect.
(b) High Q̄2: with increasing η, the power law tail softens and the scaling becomes more accurate.

rapidity η = 6. In the low virtuality regime at Q̄2 ! Q2
s(η), one finds a quasi-perfect

scaling (see figure 10a), in agreement with the leading-order estimate in eq. (4.6). At
higher virtualities, Q̄2 ! Q2

s(η), the scaling becomes better with increasing rapidity (see
figure 10b) — again, as expected.

4.4 The z-dependence of the integrated cross-sections

Yet a different way of looking at the results for the integrated cross-sections is to plot them
in terms of the longitudinal momentum fraction z of the measured quark, for fixed values
of the virtuality Q2 and of the target saturation momentum Q2

s(η). In figure 11 we show
our respective numerical results for two choices for the virtuality, Q2 = Q2

s0 (left plot) and
respectively Q2 = 5Q2

s0 (right plot), and for η ≤ 3. The plotted quantity is the ratio

σT(z)
σT(z = 0.5) =

∫
d2kJT(k, z)∫

d2kJT(k, z = 0.5) , (4.11)

where σT(z) is merely a short-hand notation for the respective differential cross-section
per unit of z, that is dσT/dz. As compared to figure 9, we now implicitly concentrate
on a more limited range of values for the ratio Q̄2/Q2

s0, which are more realistic from the
viewpoint of the phenomenology. This new way of plotting the results is interesting in that
it emphasises their strong dependence upon z in the vicinity of z = 1, a feature that could
be observed in the experiments.

This strong z-dependence can be understood from our analytic approximations in
eqs. (4.6) and (4.9). These expressions show that, when increasing z towards 1, σT(z)
increases like ln 1

1−z so long as Q̄2 ! Q2
s(η) and (roughly) like the power 1/(1 − z)γ when

Q̄2 $ Q2
s(η). For z ! 0.8, the two plots in figure 11 are representative for these two limiting

kinematical regimes. And indeed, all the curves there show a rather pronounced increase
with increasing z above 0.8. This increase is stronger in figure 11b (“high Q̄2”) than in

– 33 –
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FIG. 9. [color online] π0 ∆φ correlation comparing PYTHIA
and theoretical saturation calculations for e+ p 10 GeV ×
100 GeV for events from PGF and resolved gluon channel
subprocesses at 1.0GeV2 < Q2 < 2.0GeV2, 0.65 < y <
0.75, ptrigT > 2GeV/c, 1GeV/c < passocT < ptrigT , 0.25 <
ztrigh , zassoch < 0.35. The solid and dashed curves show theo-
retical predictions including saturation effects for e+ p with-
out and with Sudakov factor, respectively. The filled and
empty circles illustrate PYTHIA simulations for e+ p with-
out and with parton showers.

effects is also good, especially considering the model un-
certainties. Thus, the agreement in e+ p collisions en-
ables one to estimate the nuclear medium effects on par-
ton showers in the theoretical predictions for saturation
including Sudakov effects.
Since the saturation effect decouples from hadroniza-

tion, it does not depend on which specific particle type
being detected. Although the theoretical prediction is
made for π0, the suppression factor from e+ p to e+A
still holds for other different final state particles. In
the next section, the significance for the suppression of
gluon saturation will be shown for the charged hadrons
C(∆φ) observable with limited statistics and expected
background estimation.

C. Monte Carlo Results and Uncertainties

In order to guarantee the validity of perturbative cal-
culations and avoid the kinematic regime of quasi-real
photo-production, a cut of Q2 > 1GeV2 is generally
made. On the other hand, probing the saturation dy-
namics requires to probe the dense region, which means
that one needs to go to low x and low-to-moderate Q2

in the pursuit of saturation effects at a certain center
of mass energy. A cut in transverse momentum of the
charged hadron pairs is usually performed to pick parti-
cles from hard interactions. A cut on zh is also imposed
to reject particles from the target remnants. Thus, a
typical cut to select dihadron pairs from hard parton
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FIG. 10. The correlation of xBj vs xg for the PGF process for
e+ p at 10 GeV × 100 GeV with 0.01 < y < 0.95, 1GeV2 <
Q2 < 20GeV2. A relatively broad correlation between these
two variables is observed.

scatterings is: ptrigT > 2 GeV/c, 1GeV/c < passocT <

ptrigT , 0.2 < ztrigh , zassoch < 0.4. To further explore the
transition behavior in and out of the saturation region,
we use three Q2 bins: 1GeV2 < Q2 < 2GeV2, 3GeV2 <
Q2 < 5GeV2 and 9GeV2 < Q2 < 20GeV2; and two y
bins: 0.25 < y < 0.35 and 0.6 < y < 0.8. To study satu-
ration physics using varying heavy ion beams, we focus on
the 1GeV2 < Q2 < 2GeV2, 0.6 < y < 0.8 bin, while the
9GeV2 < Q2 < 20GeV2 or 0.25 < y < 0.35 bins serve as
a reference for the behaviour without saturation effects.
To pin down the nuclear dependence of parton showers,
we compare the correlation between e+ p and e+A colli-
sions for bins without saturation effects. Because the sat-
uration scale Qs varies with the gluon momentum frac-
tion xg, it is important to have access to xg. Fig. 10 shows
how, by utilizing xBj , one can effectively constrain the
underlying xg distribution. Although this is only a broad
correlation, it is demonstrated in Fig. 11 that the typical
xg at a given xBj is constrained to a certain magnitude
and can be used to separate the saturation region from
the non-saturated region.

Fig. 12 shows the η distribution of the trigger particle
and the correlated particle in the aforementioned kine-
matic bins at 10 GeV × 100 GeV and 20 GeV × 100
GeV. Clearly, with a charged particle acceptance span-
ning −4.5 < η < 4.5, both trigger and associate particles
in our kinematics binning scheme can be fully accepted
by the detector.

In Fig. 13 we compare the strength of the coinci-
dence probability based on a theoretical saturation model
prediction for the away-side for e+ p and e+Au. The
filled circles in Fig. 13 are simulated with PYTHIA for
e+ p collisions, including detector smearing and accep-
tance effects. The projected e+Au saturated correla-
tion function (open circles) is obtained by multiplying
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FIG. 13. [color online] The correlation function at 1GeV2 < Q2 < 2GeV2, 0.6 < y < 0.8 for an integrated luminosity of 1 fb−1.
The e+ p result comes from PYTHIA simulations. The e+Au results are a combination of simulations from a saturation-based
model plus modified PYTHIA simulations. The suppression factor uncertainty was estimated by varying Q2

s by a factor of 0.5
and 2. Sudakov resummation has also been incorporated for e+Au. The solid lines represent a fit for the simulated pseudo-data
including detector effects; the dashed line excludes detector effects.

V. SUMMARY

Through detailed analysis, we have shown the capabil-
ity of a proposed EIC to perform dihadron correlation
measurements. It is proven that the acceptance of the
dedicated detector is wide enough to collect all the trig-
ger particles as well as the associated particles used in
our studies. Moreover, the onset of the projected satura-
tion region is well covered by the eRHIC energy regime.
It will clearly be possible to do a high precision measure-
ment of the correlation function for dihadron production
with different nuclear beams at the proposed EIC.
In this study we also describe how this dihadron corre-

lation function is calculated in a saturation/CGC formal-
ism, and provide predictions for this measurement with
or without saturation effects taken into consideration. It
is straightforward to see that a strong suppression of the
away-side peak of the correlation function is expected
from saturation effects, and detector effects are negligi-
ble on this observable. Suppression effects due to leading-
twist shadowing are significantly smaller. Therefore, the
observation of such a suppression in the dihadron cor-
relation function measured at an EIC will be a strong
experimental evidence for the existence of gluon satura-
tion.
Dihadron measurements at an EIC are also vital and

intriguing in that they will directly measure for the first
time the behavior of the Weizsäcker-Williams gluon dis-
tribution, about which we still know very little, and
which we can hardly extract from other measurements.
The knowledge of how parton showers behave in a nu-

clear medium is indispensable in obtaining a valid con-
clusion for the above discussions. With the Sudakov re-
summation performed in the saturation formalism, this
nuclear modification of parton showers in DIS dijet pro-
cess is found to be very small at leading order. Neverthe-
less, there might be some nuclear dependence in the Su-
dakov factor at higher orders or in the non-perturbative
part [47]. An EIC will also permit unique measurements
that will give a definite answer to this question. With
the wide kinematic reach and different nuclear beams, an
EIC is capable of measuring the A dependence of parton
showers. This would require quantitative measurements
of the modification of the near-side peak of the correla-
tion functions in a nucleus environment and in kinematic
regions where parton showers dominate.
In conclusion, the proposed high-luminosity, high-

energy Electron-Ion Collider, together with the designed
detector, can provide an ideal apparatus to study gluon
saturation with high precision through the measurement
of the dihadron correlation function.
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Figure 1. Coincidence probability in the away-side region of di-⇡0 production in p-p and p-Au collisions at
p
sNN = 200 GeV,

2.6 < ⌘ < 4.0 for various pT ranges. The band is obtained by changing the Q2
s,Au by a factor of 1.2. The STAR data is from [42].

dominantly governed by the Sudakov factor (or, equiv-
alently, by parton shower dynamics). The results show
that our predictions are consistent with the data within
uncertainties. Furthermore, Figure 3 shows that using
different fragmentation functions does not affect these
findings. Although the overall normalizations carry sig-
nificant uncertainties due to the choice of fragmentation
functions, it is remarkable that the ratio presented in Fig-
ure 3 remains independent of this choice.

The validity of the dilute-dense approximation is jus-
tified by computing the average values of xp of the pro-
ton and xg of the nucleus probed in each bin. Indeed, at
RHIC energies, and for the kinematics examined by the
STAR collaboration, hxgi is below 10�3 (Figure 8 right
panel), while xp ⇠ 0.5� 0.8 (Figure 8 left panel).

B. Predictions for FoCal

We next predict the di-⇡0 correlations anticipated for
FoCal kinematics at

p
sNN = 5.36 TeV. Figure 4 displays

the di-pion correlations in p-p and p-Pb collisions at Fo-
Cal for the forward rapidity range 3.2 < ⌘ < 5.8. In this
analysis, we include a global rapidity shift of �y = 0.465
in the proton-going direction to account for the offset be-
tween the center-of-mass and laboratory frames in p-Pb
collisions at the LHC. As seen in the figure, FoCal ex-
hibits considerably less suppression in the di-⇡0 correla-
tions (when comparing p-Pb to p-p) than that observed
in the STAR measurements, even though FoCal probes
a much smaller gluon energy fraction (as demonstrated
in Figure 8 right panel). A more transparent difference
between the systems is revealed by the relative area ra-
tio between p-A (Au or Pb) and p-p shown in the panels
(a) and (c) in Figure 5. Furthermore, we have verified
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7.2 Diffractive dissociation in DIS 257

q

γ∗
x⊥

b⊥
N

Fig. 7.5. The quasi-elastic DIS amplitude that leads to Eq. (7.17).

Omitting the part of the expression related to the virtual photon wave function, we obtain
for the dipole–nucleus total cross section

σ
qq̄A
tot (!x⊥, Y ) = 2

∫
d2b N (!x⊥, !b⊥, Y ) = 2

∫
d2b

[
1 − S(!x⊥, !b⊥, Y )

]
. (7.15)

We see that this is exactly Eq. (3.119a) (as S is real). By analogy with Eq. (3.119b) the
elastic dipole–nucleus cross section is then

σ
qq̄A
el (!x⊥, Y ) =

∫
d2b

[
1 − S(!x⊥, !b⊥, Y )

]2
=

∫
d2b N2(!x⊥, !b⊥, Y ). (7.16)

The corresponding quasi-elastic DIS cross section is obtained by convoluting (7.16) with
the square of the virtual photon’s wave function:1

σ
γ ∗A
el =

∫
d2x⊥

4π
d2b⊥

1∫

0

dz

z(1 − z)
|$γ ∗→qq̄(!x⊥, z)|2N2(!x⊥, !b⊥, Y ). (7.17)

Equation (7.17) was derived in the quasi-classical GGM/MV approximation, that is, with N

given by Eq. (4.51), by Buchmuller, Gehrmann, and Hebecker (1997) (see also Buchmuller,
McDermott, and Hebecker (1999)) and by Kovchegov and McLerran (1999). However, one
can see that our derivation assumes only the decomposition of the interaction into the
virtual photon’s wave function and the amplitude N , with the latter independent of the light
cone momentum fraction z. This assumption is also true in the LLA: hence the elastic DIS
cross section (7.17) is also valid in the case when the LLA quantum evolution is included.
Therefore Eq. (7.17) is true whether N is found from the BK equation (4.138) in the large-
Nc limit or from the JIMWLK equation for the dipole S-matrix (5.98) when the large-Nc

limit is relaxed.
The quasi-elastic DIS process corresponding to Eq. (7.17) is illustrated in Fig. 7.5. Here

the virtual photon splits into a qq̄ pair, after which the pair interacts with the target nucleus

1 Note that the high energy γ ∗A cross section at order αEM cannot be elastic, since we do not have a photon in the final
state (see Fig. 7.5): we will refer to this process as quasi-elastic, to distinguish it from high-mass diffraction.
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Exclusive diffractive dijet production at large P⊥
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Total Cross Section: σqq̄A
tot = 2S⊥N(x, r)

Diffractive Process: σqq̄A
el = S⊥N2(x, r)

J
H
E
P
1
0
(
2
0
2
2
)
1
0
3

and similarly for the CCA. We further assume that the target is homogeneous, so that
the scattering amplitude depends only on the separation r. Then the integrations over the
impact parameters b and b̄ can be done (like in eq. (3.35)) to give

∫ d2b̄
2π eiK·b̄

∫ d2b
2π e−iK·b =

∫
d2b̄ δ(2)(K) = S⊥δ

(2)(K), (A.6)

so that there is no net transfer of transverse momentum from the target to the qq̄ pair and
the final jets propagate back-to-back in the transverse plane.21

Putting everything together and integrating the trivial δ(2)(K) dependence, we arrive
at the following expression for the elastic dijet differential cross section,

dσγ∗
TA→qq̄A

el
dϑ1dϑ2d2P

= S⊥αemNc

2π2
(∑

e2f
) (
ϑ21 + ϑ22

)
δ(1 − ϑ1 − ϑ2)

∣∣Al
el(P , Q̄)

∣∣2, (A.7)

with the reduced amplitude

Al
el(P , Q̄) =

∫ d2r
2π e−iP ·r r

l

r
Q̄K1

(
Q̄r
)
T (r) = − iQ̄P l

P⊥

∫ ∞

0
dr rJ1(P⊥r)K1

(
Q̄r
)
T (r).

(A.8)

In writing the last equality, we also assumed that the scattering amplitude T depends on
the dipole separation only through its magnitude r.

For definiteness, we consider that T (r) is given by the MV model, that is, by eq. (5.5)
adapted to a colour dipole in the fundamental representation (meaning that we replace
Q2

gA → Q2
A, with Q2

A = (CF /Nc)Q2
gA). For this model, the integration over r in eq. (A.8)

can be easily done in the two limiting regimes P⊥ # Qs and P⊥ $ Qs. We find

Al
el(P⊥, Q̄) %






−2i Q̄2P l

(
P 2

⊥ + Q̄2
)3 Q

2
A ln P 2

⊥
Λ2 for P⊥ # Qs,

−i
P l

P 2
⊥ + Q̄2 for P⊥ $ Qs

(A.9)

from which the amplitude squared
∣∣Al

el(P , Q̄)
∣∣2 is trivially obtained. Focusing on the limit

P⊥ # Qs and recalling that the MV model gluon distribution in this regime reads

xG(x,Q2) = S⊥Nc

2π2αs
Q2

A ln Q2

Λ2 , (A.10)

we have

∣∣Al
el(P⊥, Q̄)

∣∣2 = (2π)4 Q̄4P 2
⊥(

P 2
⊥ + Q̄2

)6

[
αs

Nc

xG
(
x, P 2

⊥
)

S⊥

]2
for P⊥ # Qs. (A.11)

This function is peaked at P⊥ ∼ Q̄, so the typical values of P 2
⊥ are of the order of

Q̄2 = ϑ1ϑ2Q2. When P⊥ ∼ Q̄ # Qs, the elastic cross section falls like 1/P 6
⊥ and hence it

21This back-to-back peak can be broadened by the Sudakov effect associated with final-state radiation [37],
which is not included in this calculation.
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gA). For this model, the integration over r in eq. (A.8)

can be easily done in the two limiting regimes P⊥ # Qs and P⊥ $ Qs. We find

Al
el(P⊥, Q̄) %






−2i Q̄2P l

(
P 2

⊥ + Q̄2
)3 Q

2
A ln P 2

⊥
Λ2 for P⊥ # Qs,

−i
P l

P 2
⊥ + Q̄2 for P⊥ $ Qs

(A.9)

from which the amplitude squared
∣∣Al

el(P , Q̄)
∣∣2 is trivially obtained. Focusing on the limit

P⊥ # Qs and recalling that the MV model gluon distribution in this regime reads

xG(x,Q2) = S⊥Nc

2π2αs
Q2

A ln Q2

Λ2 , (A.10)

we have

∣∣Al
el(P⊥, Q̄)

∣∣2 = (2π)4 Q̄4P 2
⊥(

P 2
⊥ + Q̄2

)6

[
αs

Nc

xG
(
x, P 2

⊥
)

S⊥

]2
for P⊥ # Qs. (A.11)

This function is peaked at P⊥ ∼ Q̄, so the typical values of P 2
⊥ are of the order of

Q̄2 = ϑ1ϑ2Q2. When P⊥ ∼ Q̄ # Qs, the elastic cross section falls like 1/P 6
⊥ and hence it

21This back-to-back peak can be broadened by the Sudakov effect associated with final-state radiation [37],
which is not included in this calculation.
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2+1 configuration dominates at large P⊥ ≫ K⊥
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Figure 1. Schematic representation of a Feynman graph contributing to diffractive trijet production.
The colourless, “Pomeron”, exchange is represented by the gluon ladder.

where M2
qq̄ refers to the qq̄ system alone (the approximate equality below is valid when

ϑ1 + ϑ2 ! 1):

M2
qq̄ ≡ (k1 + k2)2 ! k21⊥

ϑ1
+ k22⊥

ϑ2
− (k1 + k2)2, (2.6)

and we recall that k1 + k2 = K. The following ratio

x ≡ xqq̄
xP

!
Q2 +M2

qq̄ +K2
⊥

Q2 +M2
qq̄g

=
Q2 +M2

qq̄ +K2
⊥

Q2 +M2
qq̄ +K2

⊥ + k23⊥/ξ
, (2.7)

will play an important role in what follows: this is the splitting fraction of the gluon with
respect to the Pomeron. Implicit in this interpretation, there is a change of perspective:
the semi-hard gluon is now viewed as being emitted by the Pomeron, and not by the qq̄

pair. This alternative viewpoint will naturally emerge when the results of our calculation
will be seen to take the form of a collinear factorisation. From this new perspective, the
rapidity difference ∆Y = ln(1/x) is the longitudinal phase-space for the quantum evolution
of the target between the Pomeron and the hard dijets.

The various transverse momentum and rapidity scales are summarised in figure 1. After
these kinematical considerations, let us briefly turn to the dynamics and anticipate some
important conditions which will orient our subsequent analysis. We would like to argue
that the most interesting trijet configurations for a study of gluon saturation are such that
the qq̄ dijets are relatively hard, with transverse momenta k21⊥, k

2
2⊥ $ Q2

s and sizeable
longitudinal momenta, ϑ1,ϑ2 ∼ O(1), whereas the gluon jet is semi-hard, k23⊥ ∼ Q2

s, and
also soft: ξ ! Q2

s/Q
2 & 1. (We use the simpler notation Q2

s ≡ Q2
s(A, YP).) For brevity, and

also by analogy with the terminology used for inclusive dijets [15], we shall refer to this
special kinematics as the “correlation limit”.

Albeit special, such 2+1 jet configurations are not rare: they are expected to dominate
over exclusive dijet production in the high virtuality regime at Q2 $ Q2

s. Indeed, as well
known (see also section 3 below), the photon virtuality limits the transverse size r of the qq̄

fluctuation to values r ! 1/Q̄, with Q̄2 ≡ ϑ1ϑ2Q2. By the uncertainty principle, the two
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and (2.7), one easily finds

xP − xqq̄
xqq̄

= K2
⊥/ξ

Q2 +M2
qq̄ +K2

⊥
=⇒ dξ

ξ
= dxP

xP − xqq̄
= dxP

xP

1
1 − x

. (4.20)

It is furthermore trivial to integrate over the transverse momentum k3 of the gluon jet by
using the respective δ-function eq. (3.39), which fixes k3 = −K.

To summarise, the differential cross-section for producing a pair of hard dijets with
relative transverse momentum P , total transverse momentum K, longitudinal momentum
fractions ϑ1 and ϑ2, and such that there is a rapidity gap YP between the diffractive
system (which also includes the unmeasured, gluon, jet) and the target, takes the following,
factorised, form:

dσγ∗
T,LA→qq̄gA

D
dϑ1dϑ2d2Pd2KdYP

= HT,L

(
ϑ1,ϑ2, Q

2, P 2
⊥

) dxGP(x, xP,K2
⊥)

d2K . (4.21)

This generalises eq. (3.39) to generic values x < 1. The “hard factors” have been defined as

HT (ϑ1,ϑ2, Q2, P 2
⊥) ≡ αemαs

(∑
e2f
)
δ(1 − ϑ1 − ϑ2)

(
ϑ21 + ϑ22

) P 4
⊥ + Q̄4

(P 2
⊥ + Q̄2)4

(4.22)

for a photon with transverse polarisation and, respectively,

HL(ϑ1,ϑ2, Q2, P 2
⊥) ≡ αemαs

(∑
e2f
)
δ(1 − ϑ1 − ϑ2)ϑ1ϑ2

8P 2
⊥Q̄

2

(P 2
⊥ + Q̄2)4

(4.23)

for the case of a longitudinal photon.
Furthermore, the “semi-hard factor” in eq. (4.21) is defined as

dxGP(x, xP,K2
⊥)

d2K ≡ S⊥
(
N2

c − 1
)

4π3
[G(K⊥, x, YP)]2

2π(1 − x) (4.24)

where the factor 1 − x in the denominator arises from the Jacobian for the change of
variables in eq. (4.20). It is here understood that x is not an independent variable; rather
its value is fixed by the kinematics of DIS and that of the diffractive final state, as follows
(see also eq. (4.1))

x = xqq̄
xP

= β
xqq̄
xBj

$ β
Q̄2 + P 2

⊥
Q̄2 . (4.25)

The factorised structure of eq. (4.21) is recognised as a diffractive version of TMD
factorisation (see also figure 5). The cross-section is the product of a hard factor describing
the formation and the scattering of a small projectile (here, the qq̄ dipole) and a semi-hard
factor that can be interpreted as the unintegrated (or transverse-momentum dependent)
gluon distribution of the “Pomeron” — a colourless excitation of the hadronic target, which
carries a (minus) longitudinal momentum fraction equal to xP. This interpretation motivates
our notation for the semi-hard factor (cf. the l.h.s. of (4.24)): xGP(x, xP,K2

⊥) denotes the
gluon distribution of the Pomeron, for gluons with longitudinal momentum fraction x (w.r.t.
to the Pomeron) and any transverse momentum k⊥ ≤ K⊥; hence, its derivative w.r.t. K2

⊥
yields the respective unintegrated distribution — a diffractive TMD.
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with Q̄2 ≡ z1z2Q2. In the above we have employed the compact notation δz ≡ δ(1−z1−z2), ef
is the fractional electric charge of the quark with flavor f and the strong coupling αs should be
evaluated at the hard scale P⊥. Eq. (2.4) refers to a photon with transverse polarisation; in the
longitudinal case, one just has to replace (z21 + z22)(P 4

⊥ + Q̄4) → 8z1z2P 2
⊥Q̄

2 in the hard factor.
The hard factor in eq. (2.4) describes the formation of the hard qq̄ pair and its coupling

to the t-channel gluon emitted by the Pomeron. As anticipated, it exhibits a 1/P 4
⊥ tail when

P 2
⊥ and Q̄2 are of the same order. The semi-hard factor F (0)

g (x, xℙ ,K2
⊥) is the (tree-level

estimate for the) gluon DTMD; that is, it stands for the number of gluons in the Pomeron
which carry a transverse momentum K and a fraction x of the Pomeron minus longitudinal
momentum. It is given by [17, 29, 30]

F (0)
g (x, xℙ ,K2

⊥) =
S⊥Ng

4π3
[Gℙ(x, xℙ ,K2

⊥)]2
2π(1 − x) (2.5)

where S⊥ is the transverse area of the target assumed to be homogeneous, Nc is the number
of quark colors, Ng = N2

c − 1 is the number of gluon colors and

Gℙ(x,xℙ ,K2
⊥)=M2

∫ ∞

0
dRRJ2(K⊥R)K2(MR)Tg(R,Yℙ) with M2= x

1−x
K2

⊥. (2.6)

The quantity M2 is the gluon virtuality in the light-cone wavefunction of the virtual photon.
Via the function K2(MR), it limits the separation R between the gluon and the qq̄ pair.
Equivalently, it limits the transverse size of the effective gluon-gluon dipole built with the
actual gluon and with the small qq̄ pair (r ∼ 1/P⊥) which looks point-like on the transverse
scale that is resolved by the scattering. The limit of a very soft gluon (x → 0), which is
quasi-real (M2 → 0), is obtained by replacing M2K2(MR) → 2/R2.

The whole information about the scattering is encoded in the amplitude Tg(R, Yℙ) for
the elastic scattering between the effective gluon-gluon dipole of size R and the nucleus. This
amplitude also contains (via its high-energy evolution) the whole dependence upon xℙ , hence
upon the rapidity gap. For a large nucleus (A % 1) and a moderately large rapidity gap, such
that (αsNc/π)Yℙ & 1, one can neglect the effects of the high-energy evolution and estimate
the amplitude Tg(R) using the McLerran-Venugopalan (MV) model [61, 62], which gives

Tg(R) = 1 − exp
(

−Q2
AR

2

4 ln 4
R2Λ2

)

. (2.7)

This involves two separate scales; the non-perturbative scale Λ2, which is of the order of
the QCD scale Λ2

QCD and the scale Q2
A which is proportional to the transverse color charge

density squared and thus grows like A1/3. We often need to replace one of these two scales
with the saturation momentum Q2

s, defined through the requirement that Tg(R = 2/Qs) is
a number of the order of 1/2. For analytical estimates, it is convenient and customary to
choose this number as 1 − e−1, so that

Q2
s = Q2

A ln Q2
s

Λ2 , (2.8)

which in turn means that Q2
s must grow like A1/3 lnA. It is also important to notice that the

scale Q2
A corresponding to a gg dipole is larger than the corresponding scale for a qq̄ dipole

– 10 –

Gluon diffractive TMD

Gluon diffractive PDF

J
H
E
P
0
5
(
2
0
2
6
)
0
9
9

MV

0 0.5 1 1.5 2 2.5
0

0.2

0.4

0.6

0.8

1

1.2

K⊥/Q̃s(x)

F
(0
)

g
(x
,K

2 ⊥
)/
(1

−
x
)

x = 0.05
x = 0.10
x = 0.20
x = 0.30
x = 0.50

MV

0 1 2 3 4
0

0.1

0.2

0.3

0.4

0.5

K⊥/Q̃s(x)

[K
⊥
/Q̃

s
(x
)]
F

(0
)

g
/(
1
−

x
)

x = 0.05
x = 0.10
x = 0.20
x = 0.30
x = 0.50

Figure 3. The plots in figure 2 are re-drawn in such a way to emphasise the (approximate) scaling of
the tree-level gluon DTMD as a function of the variables K⊥ and x.

the complete result in eqs. (2.5)–(2.6): as shown by the plots in figure 3 for the case of
the MV model (no xℙ -dependence), the scaling is quite good in the saturation region at
K⊥ ! Q̃s(x, Yℙ), but it degrades at larger momenta K⊥ ! Q̃s(x, Yℙ).

Integrating over the transverse momentum up to a “resolution” scale Q2 yields the
tree-level approximation for the gluon diffractive PDF (DPDF):

xG(0)(x, xℙ , Q2) ≡ π
∫ Q2

0
dK2

⊥ F (0)
g (x, xℙ ,K2

⊥). (2.11)

For a hard resolution scale Q2 ! Q̃2
s(x, Yℙ), the above integral is controlled by K⊥ ! Q̃s

(so it is only weakly sensitive to its upper limit Q2) and is roughly of order Q̃2
s(x, Yℙ), as

clear from the piecewise estimate (2.10). One can write [30]

xGℙ(x, xℙ , Q2 → ∞) = S⊥Ng

4π3 κ(x)(1 − x) Q̃2
s(x, Yℙ), (2.12)

with κ(x) a slowly varying function. So, roughly, the gluon DPDF at large Q2 scales like
(1 − x)2.

The aforementioned qualitative features of the diffractive gluon distributions (the DTMD
and the DPDF) are preserved by the high-energy evolution, which in this case refers to the
evolution of the dipole scattering amplitude Tg(R, Yℙ) with increasing Yℙ . This has been
demonstrated via extensive numerical studies [30, 31] using the collinearly-improved version
of the BK equation with running coupling [63–66]. The main effects of this evolution are
the rise of the saturation momentum Qs(Yℙ) and a change in the power-law tail at large
K⊥, which is modified to [Q̃2

s(x, Yℙ)/K2
⊥]2γ with 0 < 1 − γ < 1/2 an anomalous dimension

(γ & 0.63 for the leading logarithmic evolution and for asymptotically high Yℙ). In what
follows, we will ignore the BK evolution and instead concentrate on the CSS evolution with
increasing the hard transverse momentum scale, that we shall study here for the first time.

3 CSS evolution: momentum versus coordinate representations
The leading order result for the gluon DTMD, as shown in eqs. (2.5) and (2.6), is independent
of the hard scale: the whole dependence of the cross section (2.4) upon P 2

⊥ ∼ Q2 is encoded

– 12 –

𝒢ℙ(x, xℙ, K2
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K⊥ ! Qs. As we shall demonstrate in section 3.4, the gluon distribution at large K⊥ is
further modified by the CSS evolution.

The previous discussion shows that the boundary condition (BC) F0(x, xℙ ,K) for the
CSS equation at Q2 = K2

⊥ must be the sum of the tree-level contribution (expected to
dominate at K⊥ ! Qs) and of the DGLAP-like contribution (responsible for the perturbative
tail at high K⊥):

F0(x, xℙ ,K2
⊥) = F (0)

g (x, xℙ ,K2
⊥) +

αs(K2
⊥)

2π2
1
K2

⊥

∫ 1

x
dξ P (+)

gg (ξ) x
ξ
G
(
x

ξ
, xℙ ,K

2
⊥

)
, (3.13)

with P (+)
gg the “real” piece of the relevant DGLAP splitting function, that is

P (+)
gg (ξ) = 2Nc

[
ξ

(
1 − ξ

)
+
+ 1 − ξ

ξ
+ ξ(1 − ξ)

]

. (3.14)

The DGLAP piece in eq. (3.13) generalises eq. (3.12) by including the non-singular pieces
of the splitting function and the scale for the running coupling, and by replacing the tree-
level gluon DPDF with the all-order solution xG

(
x, xℙ ,K2

⊥
)
to the DGLAP equation, to

be presented shortly.
Before we proceed, let us bring a “small” but important modification to eq. (3.13). The

tree-level piece there applies for all values K⊥ of the transverse momentum, although it
rapidly dies away at large values K⊥ ! Qs. The DGLAP piece on the other is only correct
for large momenta K⊥ ! Qs, as quite clear from our derivation. If abusively extrapolated at
lower momenta K⊥ ! Qs, it would predict an explosive growth that would dominate over the
saturated contribution. So, we cannot use eq. (3.13) as it stands when K⊥ ! Qs. To cope
with that, we cut off the DGLAP piece at low momenta, by introducing a “theta-function”
Θ(K⊥, µ0) in front of it. Here, µ0 is a transverse scale of order Qs, which marks the onset
of the DGLAP evolution, while the “theta-function” is truly a function which smoothly
interpolate between 0 and 1 at K⊥ # µ0 and K⊥ ! µ0, respectively, with a rapid variation
around K⊥ = µ0. Both the precise value of µ0 and the functional form of Θ(K⊥, µ0) are not
unique and should be seen as sources of scheme dependence.

Finally, we need to specify the DGLAP equation obeyed by the gluon DPDF xG(x, xℙ , Q2).
This is a priori a standard equation, yet there are a couple of differences which are specific to
the small-x problem at hand: (i) The initial condition, as formulated at Q2 = µ2

0, is presently
given by the CGC: this is the tree-level DPDF xG(0)(x, xℙ , µ2

0), possibly supplemented with the
BK/JIMWLK evolution for the xℙ -dependence. (ii) The r.h.s. of the equation also involves
a source term, represented by the tree-level gluon TMD F (0)

g (x, xℙ ,K2
⊥) with K2

⊥ = Q2:
indeed, this tree-level contribution has unlimited support in K⊥, although it rapidly falls
at large momenta K⊥ ! Qs. Hence, for our purposes, we will use the following version
of the DGLAP equation,

∂xG(x, xℙ , Q2)
∂ lnQ2 = πQ2F (0)

g (x, xℙ , Q2) + Θ(Q,µ0)
αs(Q2)
2π

∫ 1

x
dξ Pgg (ξ)

x

ξ
G
(
x

ξ
, xℙ , Q

2
)
,

(3.15)
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Non-linear evolution of dipole scattering amplitude 
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= ∫ d2r1
ᾱs

2π
r2

r2
1 r2

2
[N(Y, r1) + N(Y, r2) − N(Y, r) − N(Y, r1)N(Y, r2)]
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Figure 17. The DGLAP evolved gluon (top panel) and quark (bottom panel) DPDF as a function of
x evaluated for various values of P 2

⊥ and with the scattering amplitude given by the MV model (left)
or by the solution to the collinearly improved BK equation (right). A factor S⊥/4π3 has been omitted.

In figure 16 we show the x-dependence of the evolved DPDFs for a resolution scale
P 2

⊥ = 16GeV2, for both ∆YP = 0 (where the source terms are constructed with the MV
model) and for ∆YP = 3 (where they are obtained from the solution to the BK equation,
as explained in section 6.1). The YP-dependence is similar to that seen in figure 15, that is,
in going from the left to the right panel, the DPDFs scale with the respective saturation
scales, cf. eqs. (6.9) and (3.13).

As x approaches zero, we observe that the evolution induces a sharp increase in the gluon
DPDF, which is much stronger than the one seen at tree level in figure 15. When x → 0, the
numerical solution appears to diverge, in agreement with the analytic expectation (6.15). Still
for x → 0, the quark DPDF is not vanishing any more, since its evolution is driven by the
gluon distribution. The asymptotic approximation (6.16) predicts an increase in the quark
DPDF as x → 0 and the onset of this behaviour is marginally visible in figure 16. When
1 − x # 1, both distributions fall faster than the corresponding tree level ones in accordance
with eqs. (6.17) and (6.18). These tendencies are amplified with increasing P 2

⊥, as clearly
visible in figure 17 where we display the results for various values of P 2

⊥ up to P 2
⊥ = 40GeV2.
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Collins-Soper Evolution
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Collins-Soper Evolution

CMS, 2205.00045

Dijet production in Photon-Pb Collions at CMS

Leading jet:  GeV;            Subleading jet:  GeV;           Rapidity: pT1 > 30 pT2 > 20 |η1,2 < 2.4 |

Based on the transverse momenta of the two jets relative
to the beam axis, p⃗T;1 and p⃗T;2, the vector sum Q⃗T and
vector difference P⃗T are defined, with Q⃗T ¼ p⃗T;1 þ p⃗T;2

and P⃗T ¼ 1
2 ðp⃗T;1 − p⃗T;2Þ [8]. Theoretical calculations have

focused on the “back-to-back” regime, i.e., PT > QT [44].
This requirement results in the rejection of 47 events (0.7%
of the sample). Figure 1 shows the distributions of dijetQT ,
PT , invariant mass, and rapidity for both data and recon-
structed MC events. The good agreement between data and
MC for the invariant mass and rapidity distributions
suggests that the rescaling of the photon flux from ep to
PbPb is reasonable. The measured QT distribution has its
maximum at 9 GeV, which is well within the large
momentum transfer regime.
To calculate the second moment of the azimuthal angle

anisotropy hcosð2ΦÞi, the angle Φ is obtained from the
relation P⃗T · Q⃗T ¼ jP⃗T jjQ⃗T j cosðΦÞ. For the angular cor-
relation measurements, the p⃗T;1 and p⃗T;2 vectors used to
calculate Q⃗T and P⃗T are assigned randomly to the leading
and subleading jets on an event-by-event basis. The dijet
angular correlations are distorted compared to the under-
lying distributions by the acceptance and finite resolution
of the detector. To correct for these effects, an unfolding
procedure is used to estimate the parton-level distributions.
The TUNFOLD [45] software package with the Tikhonov
regularization method is used, where the strength of the
regularization parameter is determined with the L-curve
scan method by minimizing the average global correlation
coefficient. The response matrix is evaluated by using
simulated dijet events that pass all of the analysis require-
ments. The unfolding of the dN=dΦ distribution is per-
formed for five equal intervals in 0 < QT < 25 GeV. The
hcosð2ΦÞi value is then calculated as a function of QT .

The following sources of systematic uncertainties on
hcosð2ΦÞi are considered: jet energy scale (JES) correction,
JES nonclosure (JESNC), jet energy resolution (JER), jet η
resolution (JPR), jet azimuthal angular resolution (JAR),
trigger efficiency (TR), and the purity estimation (PUR).
The uncertainty in the JES is 2% for jets with pT of 20 GeV,
as reported in Refs. [36,46]. After the nominal correction
factors are applied, a small nonclosure remains between the
generator-level JES and that of the reconstructed jets. The
systematic uncertainty from this effect is estimated by
applying first a residual correction to the JES in simulation
and then the dedicated selection requirements. The
deviation from the nominal result is taken as an estimate
of the systematic uncertainty. The simulation provides a
JER of 14% for 20 GeV jets, decreasing slightly as a
function of jet pT , consistent with Refs. [36,46]. The JAR
and JPR are found to be 0.025% 0.005ðstatÞ and
0.015% 0.005ðstatÞ, respectively, and are almost indepen-
dent of pT and η in the phase space relevant to this
measurement. The uncertainties related to JER and JAR are
estimated from the differences between the resolution in
data and MC as done in Ref. [46]. For this estimate, the
detector-level jets in the simulation are broadened in order
to account for the observed resolution in data. The
hcosð2ΦÞi uncertainty related to the JPR is found to be
negligible.
The uncertainty related to the purity of the signal (PUR)

is estimated by varying the nominal pseudorapidity gap
requirement between 0 and 2, and by varying the require-
ment for the minimal distance in pseudorapidity between
the track defining the backward pseudorapidity gap and the
nearest jet, which has a nominal value of 1.0, from 0.8 to
1.2. Increasing the threshold on the total energy of the PF
candidates outside the jet cones from 6.0 to 6.6 GeV has a
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Conclusion

Structure function: Dipole scattering amplitude. (ep and eA)

More differential means more information.

Diffractive dijets production encodes BK+DGLAP+Collins-Soper Evolutions.

Thank you very much for your attention!



Kinematics

Differential Cross Section in SIDIS:

dσ
dxBjdy

=
2π α2

em

xBj y Q2 [(1 + (1 − y)2) FT
UU(xBj, Q2) + 2(1 − y) FL

UU(xBj, Q2)] for , γ* + q → q FL
UU = 0

Replacements: , , FT
UU = 2xF1 FL

UU = FL F2 = 2xF1 + FL

dσ
dxBjdy

=
2π α2

em

xBj y Q2 [(1 + (1 − y)2) (F2 − FL) + 2(1 − y) FL]

=
2π α2

em

xBj y Q2 [(1 + (1 − y)2) F2 + [2 − 2y − 2 + 2y − y2] FL]

=
2π α2

em

xBj y Q2 [(1 + (1 − y)2) F2 − y2 FL]



Kinematics

Total DIS σγ*p
T (xBj, Q2) = ∑

q

2NcαemS⊥e2
q

π ∫
1

0
dz∫

d2r
4π

[z2 + (1 − z)2] Q̄2 K2
1(Q̄r⊥) × 2N(xBj, r)

Elastic/
diffractive

σγ*p
T,el(xBj, Q2) = ∑

q

2NcαemS⊥e2
q

π ∫
1

0
dz∫

d2r
4π

[z2 + (1 − z)2] Q̄2 K2
1(Q̄r⊥) × N2(xBj, r)

σγ*p
T,inel(xBj, Q2) = ∑

q

2NcαemS⊥e2
q
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1
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Figure 11. The normalized k-integrated transverse cross section-defined in eq. (4.11) plotted as a
function of z for various values of η at (a) Q2 = Q2

s0 (“low Q̄2”) and (b) Q2 = 5Q2
s0 (“high Q̄2”).

When z approaches 1, one sees a sharper increase in figure 11b than in figure 11a.

figure 11a (“low Q̄2”), and it becomes less pronounced when increasing η, thus reflecting
the onset of an anomalous dimension γ < 1.

4.5 RpA ratios for the integrated cross-section
In section 3.4 we observed that a suggestive way to visualise the nuclear modifications is by
plotting the ratio RpA between the SIDIS cross-sections in eA collisions and in ep collisions
(times the nucleon number A), respectively. Previously, we studied this ratio for the case
of the differential cross-section in k⊥, but a similar ratio can of course be defined for the
cross-sections integrated over k⊥.

Specifically, in figure 12a we display the ratio

RpA(z) ≡
∫
d2kJ A

T (z,k)
A1/3 ∫ d2kJ p

T(z,k)
, (4.12)

as a function of Q̄2 = z(1−z)Q2 up to Q̄2 = 5Q2
s0(A) = 10GeV2 and for different rapidities

up to η = 3. This ratio would be equal to one in the absence of nuclear effects, but by
inspection of figure 12a one sees that this is clearly not the case: the ratio is strictly smaller
than one and monotonously increasing with Q̄2 (albeit almost flat for Q̄2 ! Q2

s0) within
the whole range under consideration. Moreover, the nuclear suppression is significantly
increasing with η at any value for Q̄2.

This behaviour can be easily understood, at least qualitatively. At the level of the MV
model, it is well known that the effect of gluon saturation in a large nucleus is to push the
gluon distribution towards large transverse momenta [45, 46]: the low momentum modes at
k⊥ < Qs get depleted and the gluons which are missing at low k⊥ are redistributed in the
modes with larger momenta k⊥ ! Qs. Hence, if one integrates the k2⊥-distribution up to
some value Q̄2, the total number of gluons thus counted is smaller than it would have been
in the absence of saturation. Since the saturation effects are much smaller in a proton, the
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