Constructing Massive Vector Amplitudes
From Consistency Conditions
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1. Introduction
Constructing Amplitudes and Theories

&



Traditional View of QHntroductlon

» Lagrangian ——> Quantization&LSZ —> S—matrix
» Feynman rules ——> amplitudes

Problem:
1. The concept of field is often redundant, especially for gauge theory
2. S—matrix is more directly related to observables.

Modern View

» 1. Starting from S—matrix/Amplitudes Directly
» 2. Lorentz symmetry and unitarity
» 3. Fix amplitudes.

EXtremaste underlying theory
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- Photons and Gravitons in S-Matrix Theory : Derivation of Charge Conservation
and Equality of Gravitational and Inertial Mass*

g — S. Weinberg, Phys.Rev. 135 (1964) B1049-B1056

Physics Department, University of California, Berkeley, California
(Received 13 April 1964)

We give a purely S-matrix-theoggtic groof of the conservation gf chagge (defined by, strength of soft °
photon interactions) and the equaMgﬁdE_‘&niaVsi ssu m n I n
entz invariance and pole structure a) = & hdizdro maM a Eﬂ 1¥ind ie)g g
graviton. We also prove that Lorentz invariance alone requires the .S matrix for emission of a Tassless

particle of arbitrary integer spin to satisfy a ‘“‘mass-shell gauge invariance’’ condition, and we explain why
there are no macroscopic fields corresponding to particles of spin 3 or higher.

» Lorentz symmetry (+ unitaity)-—> Massless spin-1: €}, — € + £k*
» Leading to

1. On-shell gauge symmetry: k#¥M, =0

2. Charge conservation(equivalent principle for spin—-2)

3. No non-trivial interactions for spin > 2
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Modern View: Yang-Mills

» Lorentz sym —> little group scaling
+ [12]"1the—ha[gg)ha+tha—hi[g]]hs+hi—hs ,forZh,; >0,

Gabe
A 1h1 2h2 3h3 —
. )T a2yt ggyhibaha gpyahe forZh <9,

7=1

» Unitarity&locality —> Consistent factorization for A(la:s2as,3as4as)

fa1026f€a3a4 4 fa2a36f6ala4 + fala3€f6a4a2 —0 Jacob identity
Construct Yang—Mills theory

» Key: Lorentz sym&Unitarity&locality encoded in amplitudes
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Modern View: Massive-1

J. M. Cornwall, D. N. Levin, and G. Tiktopoulos, Phys. Rev. Lett. 30, 1268 (1973)

J. M. Cornwall, D. N. Levin, and G. Tiktopoulos,Phys. Rev. D 10, 1145 (1974),
C.H. Llewellyn Smith, Phys.Lett.B 46 (1973) 233-236

» Earliest similar attempts for massive amplitudes started in 1970s

» Basic method: perturbative unitarity

» write down all possible Lagrangian terms for interactions
with massive vector bosons and scalars

» Perturbative unitarity constrains the couplings
» Result: gauge theory with spontaneous symmetry breaking.
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Modern View: Massive-2

After spinor formalism E. Conde and A. Marzolla, 1601.08113
P 3-point S. Y. Choi and J. H. Jeong, 2111.08236

g ClaSSify a” 3—point amploitudes N. Arkani-Hamed, T.-C. Huang, and Y.-
match with massless limits(UV/IR) t. Huang, 1709.04891

A-point B. Bachu and etc. 2305.02502&1912.04334
: : D. Liu and Z. Yin, 2204.13119
» Construct 4-point amplitudes H.—Y. Lai, D. Liu, and J. Terning, 2312.11621

apply perturbative unitarity
obtain gauge theories with Higgs mechanism

» Generally corresponds to the method with Lagrangian
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Motivation for Massive Case

» Status quo: the main method is still perturbative unitarity, the
same as in 50 years ago

» 3—point amplitudes are relative complete
> 4—point requires computation off—shell(energy increasing)

» Problem: the core of Higgs mechanism not taken into account:
Goldstone eaten by gauge boson(at least for 4-point )

» Why additional degree of freedom from massless?
» Precise cancellation indicates symmetry, what symmetry?
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Goal of This Project/Talk

» Propose Consistency Conditions for Massive Amplitudes

1. Originating from first principles
2. Particles are elementary

» Construct amplitudes for 3-point and 4-point

» Extract underlying theories
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2. Consistent Conditions for
Massive Amplitudes

&



Consistent Conditions for
Massive Amplitudes
» Condition—1: On-shell Gauge Symmetry(OGS)/Ward identity

KHM, = ::’imv./\/l @
g ( )~ Goldstone Boson

m—i — o0, reduce to Goldstone Equivalence Theorem

» Condition-2: Strong Massive—Massless Continuation

lim M({p;, €;,m;}) = finite

m;—0

Selects Elementary particles

2026-7-17
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Physical origin of OGS: Constructing Vector
Boson

» The vector representation of Poincare group: 4 d.o.f.
including a time-like scalar, giving negative norm
» Massive spin-1: 3 d.o.f. only

» The standard construction » Gauge Condition

Deficiency: no smooth k-e=0{g,vr=0
massless limit: » Eliminate time-like d.o.f.
k" k“% =m #0

ELOCEOCOO

» No negative norm




Physical Origin of OGS:
Constructing Vector Boson

Our Construction: introduce an auxiliary scalar ¢

» Gauge Condition
ket = imye?/ MV, = myp,

v Identifv [Vh) + l©) as a state
((Vol + @) (Vo) + |¥))

k¢ k
2 41=-141=0,
my my

O negative porm

13

» Condition invariant under

e — e + kY fmy, €P — ¥ L&

gauge symmetry.
also gives another condition

» Final d.o.f.:

4+1-2=3



Smooth Massless limit of The New Construction

» Gauge Condition: » Gauge Condition:

e o T 08 -
kuel = i1mye k,e =0 (g decouples)

G ; m —
P oAt SYmmety === , Gauge symmetry

e — e + EkH /my, €P — € £ & e — et + AkH

» Polarization vector(longitudinal) » Pol. vec.

M
M \T €7, —> €7

initial: e’ = (e, —2
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Physical origin of OGS: Lagrangian

» Construct kinematic Lagrangian with both V¥ and @ have mass
my,and the condition gy, — 0,

_ 1 2 1 2 52
» The resulting Lagrangian Lyz = _g(auvv — V)" + §mVVu

Ly_,=myV,0p
1
Lop = 5 Lp0F
» Exactly the Lagrangian of S.S.B

» (@ has no mass term, i.e. Goldstone boson, only obtaining its
mass through mixing with V.

2026-7-17

15



Consistent Condition-2: Elementary Particle

» It’s crucial to differentiate Higgs mechanism, which particles are
elementary, from Composite Higgs scenario.

» Elementary particle:couplings remain constant at high energy(tree)
» Composite particle: couplings blow up at high energy(in EFT)

» Strong massive—massless continuation: the amplitude remains
finite as one of the particle goes to massless.

lim M({p;, €;, m;}) = finite
m?j—>0

selects amplitudes of elementary particles
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5—-component formalism for amplitudes

» Combine gauge and Goldstone components, define 5-
components field/oolarization vector:

initial: (—:f = ((—:’i,O)T final: M = (61”,0)T M. kM = (B, £imy).
. initial: €M = (e, —i)T final: &M = (€, +0)T L
» Gauge conditions
k
on-shell condition k™5, (k) =0 gauge condition 7 - €(k,r) =0 /= (1, —@)

» Massive vector boson amplitudes written as:

M(plap27 ) — Ejsblfl (pl)Egg(p2)'"MM1M2...(plap27 )

» On-shell gauge symmetry(OGS)
MMy =0
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Methods of Constructing Amplitudes
» Construct massive amplitudes from massless limits

m ES
M(V) = ef}LMM(p?mv) i { - MY (p,my) = a e’“./\/lv( ) + b M?(p)

» Fix parameters with on—shell gauge symmetry& strong

massive—massless continuation o
No complexification of momenta

Off-shell continuation
» 3—point amplitudes —> 4—point amphtu es

g o N, sy O.G.S
ME Z MaN _ _ MN ki n +nUk]
0. 3.a €, €, ——4 &+ — % g

U .
> Flnally ZMmkz_m Mg B M= 3 MY A,
a

a' 'a!
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3. Constructing Massive Amplitudes
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Construct 3-point: massless

» Masslss gauge symmetry  M(1,2,...n) = e e M(1,2.0.,1) 1y g
KR et M1, 2.0, m) s e = 0. dim=1(tree level)

» Massless §SSV > Massless VVV
MU(SlSQV‘g) — (alkl -+ agkg) © €3 Mo(ViVoV3) = (a13ky + asgks) - €3 €1 - €9 + cyclic
OSG=> Mo(S15:V3) = (k1 — k») - €3 OSG&Boson sym:

Boson sym.  Mo(S{S5Vs) = TupuMo(5152V3) Ty = —Tha Mo(VIVRVE) = f**Mo(ViVaVa) = f*[(e1 - €2) (k1 — ka) - €3 + cyclic]

fabe is a totally anti-symmetric factor,

» “Massless” SVV

Mo(51V2V3) = mes - €3 dim(m) =1
Doesn t satisfy O.S.G
idered as part of massive SVV
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Construct Massive SSV

» Amplitude of SSV Mo(SSV) Mo (SS¢)
4
M(S152V3) = (k1 — k2) - €3 — Agsg€3

2 _
} OoS.G' M(SISZ%NEQI—}}Q%I = O # /\3152@ =4 (ml mZ)

my

» Massive—massless continuation

im )\Sggé(ml}mg, mg) ;é oo
. —()

mi=c® +cVmy +0md)  m3=cO+cmy +0mE)  H0) — g if Asss— 0, as my =0

Particle masses have the same origin

eigl case: M1 =my — Agg, = 0  Nodynamic Goldstone(Stueckelberg
NN : theory)
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Construct Massive SVV

» General amplitude of SVV

M(S3V1 Vo) = mley - €2) — ay(kz — k1) - €2 €] — ag(ks — ko) - €1 €5 + azele;

» O.5.G gives im im mms;

ay = — g = —— az =
2?’]’11 2?’?’12 2?’]’11‘?’?12

» Massive—massless continuation

m = ClmmMmi1 + O(m%) m2 = ci12my + O(m%) m3 = Cg

(13

)

my + O(m%)

2026-7-17
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Construct Massive VVV

TvT T
y  MWNVaVs) = [(e1- € + aigeier) (ky — kg) - €3 + cyclic] Mo(Vi V3 V)

Mo(VPV5 Vi) + cyclic
Mo(VPVV5') + eyclic
» 0.5.G. gives | MoV

1. If my #0,mo # 0, m3 # 0:

+ [biamser - e2€5 + cyclic] + c1a€]eses M((ViVaV3) — <

2 2 2 el 2 2

ms —m m ms ms —m
.My 2 U 3 L 1
b1z = _3T bos = _ZT bs1 = _ZT
3 1 2
" m%—l—m%—m% i m%—l—m%—m% " m%%—m%—m%
19 = — g =—=r— 31 = —
2mims 2maoms 2msmi

c123 =0

o If my = 0,mq # 0,mg # 0:
bio=1 ba3=0 by =—1
aj2=0 axz=-1 a3z =0
c123 =0

ma = ms3 New

0,m3 # 0, then there is no non-trivial solution.

\ 2026-7-17

23



Construct Massive VVV: Special cases

» Take two masses to be equal: ms = m3 # m,

, m3
mq # 0 512=3(1—m—§) baz =0 b31 = —b1o
mi ( m%)
Gz =—g - a3 =—|1—-— azy = —a12
ma3 m3
bia=1 bz =0 b31 = —i
mq — 0
a12=0 axgy=-1 az =0

cio3 =0

» Parameterization: m; > ms, costw =32

m1 7 0 WWZ

SM
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Construct 4-point Amplitude

» Classify amplitudes by number of scalars and vector bosons

o ny < 2

4—point

—ny=1,ng>2: 55V

~ny <2,ng=1 VVS VVVV, VVSS;

— nV§2, 715-22: VVS, 55V
e ny >3

—ny>3,ng=0: VVV

—ny>3,ng=1VVV, VVS WW’WSS;

—ny>3,ns>2: VVV, VVS and SSV

2026-7-17
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ny < 2: VVVV from VVS

» Set ny = 1, ns—]. Mgt = Mg+ My + M, + M.

p? 1 1
M (ViVaV3Vy) 12—> M(W‘@&?)ﬁM(_Sl?Vi%w) MW VaV3Vy) = M(ViVaS12) =—=5M(=512V3Vy)
12 S P1g — g
pi,—m?, 1 1
M(ViVaVsVy) 25" Y M(ViVaSis) 57— M(—=S13V2Va) - M (ViVaV3Vy) = M(ViV3513) 57— M(=513V2V))
gt P13 — My Pia — 0y
2 1
M (ViVaVaVy) Py Z M 1/’1%814)%-*/[(—1/14%53) Mu(V1V25354) = M(V1V3814)WM(_814V2%)
s1a==+.0 p14 mv p14 v
} OSG M. =a1€1-€2 €3+ €4+ ao€1 - €3 €2+ €4 + A3€1 - €4 €3+ €39
ay :GQ:(I{_-}:O +bi1€] - €9 E%'Ej—f—blgélli-f% €3 - €4

9 +ba1€1 - €3 e‘% . eﬁi + bgge‘% . e‘% €9 €4
bi1 = bi2 = b1 = ba2 = b31 = b31 = gyvs

4 4 4 4
3 5 mzq +b3161 - €q 62 . 63 + b32€1 . 64 €9 - €3
C= Aya = =@
¢ 4 vamv +c 6?636%63

zouplings fixed by masses (up to an overall coupling)
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ny < 2: VVSS from VVS and SSS

} Mtot:Ms+Mt+Mu+Mc

, 1 .
M (SIS§VaVa) = 37 M(ST83S81s) 7 M(S1aVaVa) Mc(STS5VaVa) = gsesavy €3 €1+ Asspogn €361
i=a,b 12 i
a 1 a
Mt(S?SSVSVéL} - M(51 Visi}ii) 2 zM(S?:aSQI’Zl)
Pig — Yy
+M(S5V3Vig)Mia TN pgNia (v gayes)
3 — My
; 1 ;
M (5153 V3Va) = M(S1VaS1y) 5———5M (51452 V3)

P — g
FM(SIVVI) M TR MM (ViaSEY) )

— Fr]

2
_ 2 9vv Sa
A M QSGS&VV a _2 (gSaSbV B 4 )
€3 —P3
M 2 =1
—A“'O-G-'G’-VVG-+/\Q“G,IJ b_ACLG my = a 4 b_ d a
2( SaSaSagvvs Sagasb gy sh) SaS%pp 9gagoy my vagvvs

All couplings fixed if scalar self—couplings are input.
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ny < 2: VVSS from VVS. SSV&SSS

4 Limit_1: ggagby = 0 and )\Sasagb = ()

L,
gssvv = EQVVS
. o 2
obtain i s = guysiSS L M8 2 Scalar QED
my 2ms;
lim Aggs =0

my —0

scalar self-couplings not fixed

o 2
obtain  9sesevv = =295ty Asesep, =0

Stueckelberg theory
Combined with 3—point: M1 =m2 = Ags, =0

» The general case: U(1) version of SHDM
needs more conditions(e.g. mixing) to fix the parameters

\ WA 2026-7-17
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ny > 2: VVWV

» VVSS is the same as ny < 2

» VVVV: choose all masses to be equal; construct from V only first
Mot VEVRVEVE) = Mg + My + My + M.

» parameters: set gy vy =1

M= (12,34 €1 * €2 €3 * €4+ Q1324 €1 €3 €2+ €41 Q1423 €1 * €4 €2 * €3
+b12,34 €q » EgE%Ej = 513}24 €1 * €3 E%Ei + 514’23 €1 €4 6%6%
+034,12 €3 - 646%6% + 02413 €2 - €4 6?6% + 02314 €2 - €3 6%63
—|—)\¢4e‘%e§€§ej

» O.S.G. on helicities of 1TTT:

fﬁbﬁf{;de 4 far:ﬁfdbe + fadﬁfbce —0

Massless Yang—-Mills theory

2026-7-17
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ny > 2: VWV

» ILLT: no-solution for O.S.G (vector boson only)
» Solution: add a scalar (and VVS amplitudes)

Miot = Mg+ M + My + Mo+ M5 + MP + M2

» Then applying O.S.G on 1ILTT

1 b;; k1 by permutation
. b34,12 = 59vevesgvevas
Solution. In addition:
» ILLT  pabe pede _ gyayesgybyds — Jyaydsgybyes gybyag = Gyaybg.
facefdbe = —QyaybsQyevdg 1. gyvaydggybycs for equal MasSSes

L m
B e = ;lm—g(gvaVbsgchds + gvevesgyaybs + Gyayaggybyes)
| v
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ny > 2: VWV

» Adding a (mild) condition:
9 = Gveyts = Gyeyds = gvaves = Gybydg = Gyeyds = GJybyeg-
» The only nontrivial solution
gyaybg =0 Or gyeydag =0 fobegede _ g2 — facepdbe _ pade ghee

gvvs = gvayes§ = gybyds = Gyaydg = gybyeg

has only s and t channels (i.e. plannar diagrams only)

» Example: SU(2), agree in basis W=

2026-7-17
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Conclusion

» We propose two consistent conditions to construct amplitudes
with elementary massive vector bosons and scalars.

» On-shell gauge symmetry(from Lorentz symmetry)
» strong massive—massless continuation

» We construct possible 3—point&4—point amplitudes, including
Goldstone-related.

» All couplings can be fixed by particle masses, except for scalar
self-couplings
» Underlying theories:

> Gauge theory with S.S.B. (e.g. Higgs mechanism)
W <elberg mechanism: no dynamic Goldstone
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