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Parton densities and splitting functions
Bjorken variable

xB =
−q2
2P · q

Factorization

σ ∼
∑

a
fa|N(xB)⊗ σ̂a(xB)

Splitting functions govern the DGLAP evolutions of PDFs

fi|N(Q0)→ fi|N(Q) :
dfi|N
d ln Q = 2

∑
k

Pik ⊗ fk|N, Pik = asP(0)
ik + a2sP(1)

ik + a3sP(2)
ik + a4sP(3)

ik

Mellin transform: γij(n) = −
∫ 1

0
dx xn−1Pij(x)
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Non-singlet & singlet splitting functions

Non-singlet case
▶ Flavor non-singlet

dT±
i

d lnµ = 2P±
ns ⊗ T±

i , i = 3, 8, · · · n2
f − 1

T±
3 = u± − d±,T±

8 = u± + d± − 2s±, · · · , q± = q± q̄

▶ Valence non-singlet

dqV

d lnµ = 2PV
ns ⊗ qV, PV

ns = P−
ns + Ps

ns, qV =

nf∑
k=1

q−k

Singlet case

d
d lnµ

(
Σ
g

)
=

(
Pqq Pqg
Pgq Pgg

)
⊗

(
Σ
g

)
, Σ =

nf∑
k=1

q+k
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Formulation of DGLAP evolution equation

Before existence of QCD (derive equation in QED and pseudoscalar Yukawa theory)

Preprint March 1977

Submit to journal in April 1977
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Motivation of P(3)
ij : required by high-precision physics

(HL-)LHC will produce precise data
Several σ̂ are available at N3LO → N3LO PDF ← P(3)

ij
Why properly matched PDFs matter?

▶ Using an N3LO σ̂ with NNLO PDFs is inconsistent – how large is the error?

∆exact
NNLO =

∣∣∣∣∣∣
σN3LO

aN3LO−PDF − σN3LO
NNLO−PDF

σN3LO
aN3LO−PDF

∣∣∣∣∣∣ , ∆est
NNLO =

1

2

∣∣∣∣∣σ
NNLO
NNLO−PDF − σNNLO

NLO−PDF
σNNLO

NNLO−PDF

∣∣∣∣∣
▶ Two aN3LO PDF sets exist (MSHT20, NNPDF4.0) based on approximated P(3)

ij

channel NNLO aN3LO shift
gg → H 46.5 pb 44.9 pb −3.3%
H VBF 4.35 pb 4.45 pb +2.3%
HV assoc. ∼0.86 pb ∼0.86 pb < 1%

∆est
NNLO = 0.9% vs. 3.3% actual (gg→ H)

▶ Naive estimate from the NLO→NNLO step badly underestimates the true shift
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Why do we need exact P(3)
ij ?

Eliminate any remaining uncertainties, promote aN3LO PDF → N3LO PDF
Small-x divergent terms are difficult to predict (from BFKL)
Especially P(3)

gq has more unknown small-x divergent terms
▶ NNPDF assumes a Casimir-scaling relation linking P(3)

gq to P(3)
gg ; MSHT does not

▶ Result: ∼ 2σ disagreement in P(3)
gq ⇒ gluon PDF differs by 3–4% for 10−3 ≲ x ≲ 10−1

▶ Exact P(3)
gq is necessary to resolve the MSHT/NNPDF tension

Theoretical interest:
▶ To test the generalized Gribov-Lipatov reciprocity [Dokshitzer, Marchesini,Salam,06’;Basso, Korchemsky, 06’;

Mitov,Moch,Vogt,06’; Chen, TZY, Zhu, Zhu, 20’]

2γS(n, µ) = 2γT(n + 2γS(n, µ), µ)
▶ To study new analytic structures
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Sample Feynman diagrams

We follow Wilson’s OPE framework, compute operator matrix elements with an operator
insertion: Oq = ψ̄ /∆(∆ ·D)n−1ψ; O(16k) diagrams at four-loop order
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Remarks from a competitor group
Within one month, another group writes a paper to study our results
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Tracing parameter to retain all-n dependence

Non-standard terms appearing in the Feynman rules
Example: Feynman rules for Oq at lowest order

p1, i1 p2, i2 → /∆(∆ · p1) n−1

Retain all-n dependence?
▶ Sum non-standard terms into linear propagators by a tracing parameter

t[Ablinger,Bluemlein,Hasselhuhn,Klein,Schneiderm,Wissbrock,12’],

(∆ · p)n−1 →
∞∑

n=1

tn(∆ · p)n−1 =
t

1− t∆ · p ,
n−3∑
j=0

(∆ · p1)
n−3−j(∆ · p2)

j → · · ·

▶ IBP reduction with respect to linear propagator
▶ Parameter-t space → n-space by re-expanding t to higher orders
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Technical aspects

Raw integrand
▶ Raw integrand generated by QGRAF,FORM
▶ 549 top topologies with 13 denominators
▶ 3GB integrand with 3M integrals

IBP reduction (O(6000) masters)[Chetyrkin, Tkachov 81’, Laporta 00’]
▶ Finite field sampling + function reconstruction[Manteuffel, Schabinger 14’; Peraro 15’]
▶ Custom optimization of IBP equation generation/selection[Driesse, Jakobsen, Mogul, Plefka,

Sauer, Usovitsch 24’; Guan, Liu, Ma, Wu 24’; Bern, Herrmann, Roiban, Ruf, Smirnov, Smirnov, Zeng 24’;
von Hippel, Wilhelm 25’; Song, TZY, Cao, Luo, Zhu 25’; Lange, Usovitsch, Wu 25’]

▶ Divide big system into smaller systems by spanning cuts/sectors[Larsen, Zhang 15’; Guan, Liu,
Ma, Wu,24’]

Differential equation
▶ Derive DE[Kotikov 91’; Gehrmann,Remiddi,99’] with respect to t
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Master solution from series expansion of DE

DE with respect to the tracing parameter t:

d⃗I(t, ϵ)/dt = A(t, ϵ)⃗I(t, ϵ)

Largest DE from a top topology: O(2000) masters, O(700MB) size
Boundary condition: 28 four-loop self-energy master integrals in the t→ 0 limit [Baikov,
Chetyrkin 10’; Lee, Smirnov, Smirnov 11’]

▶ Example:
∫

1
(1−t∆·l1)(1−t∆·l2) ×

1
l21(l1−l2)2··· →

∫
1

l21(l1−l2)2···

Derive recursion relations for each master

I(t, ϵ) =
mmax∑

m=mmin

∞∑
n=0

am,nϵ
mtn, am,n = (#1)am,n−1 + (#2)am−1,n + · · ·

Compute each master to O(t4000) and enough ϵ order
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Reconstruct A.D. from fixed moments

Derive recursion relations for OME to obtain O(4000) moments
Renormalization: ⟨q(p)|Ons|q(p)⟩

R = ZψZns ⟨q(p)|Ons|q(p)⟩
B

Z(4)
ns = 1

4ϵ γ
(3)
ns + 1

ϵ2

(
−1

4β0γ
(2)
ns + · · ·

)
+ 1

ϵ3
(· · · ) + 1

ϵ4
(· · · )

Generic ansatz:

γ
(3)
ns (n) =

∑
a

7∑
k=0

7−k∑
w=0

cakwDk
aSw(n) , Dk

a = (n + a)−k

Sw(n) is HSs of weight w

We choose: a = {0, 1} for γ(3)±ns , {0, 1,−1, 2,−2} for γ(3)Vns

Successfully reconstructed γ(3)ns with all-n dependence using O(4000) moments
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Analytic results for γ(3)
ns

Analytic results with all-n dependence via HSs to weight 7

Example: S−6,1(n) =
n∑

τ2=1

(−1)τ2

τ62

τ2∑
τ1=1

1

τ11

Non-nf terms for γ(3)±ns , nf terms for γ(3)sns New

Agree with partially known results
▶ nf terms for γ(3)±ns [Gehrmann,Manteuffel,Sotnikov,TZY,24’;Kniehl, Moch, Velizhanin, Vogt 25’]
▶ n ≤ 16 for γ(3)ns [Moch,Ruijl,Ueda,Vermaseren,Vogt,17’]
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Summary

Computer algebra is heavily used, private code are used to tackle the bottleneck
O(10TB) intermediate data → O(100KB) final analytic results, a reduction of 108

Complete, exact results for P(3)
ns for the first time

Results in the small-x limit
▶ New quartic color structure (dabcd

F dabcd
A /Nc) starts to contribute at a4

s , deviation with
predictions from resummation[Davies,Kom,Moch,Vogt,22’]

Timeline of splitting functions in QCD

▶ Singlet: first step γqq = γ
(3)+
ns + γ

(3)
ps , result done, in preparation; γ(3)qg , γ

(3)
gq , γ

(3)
gg in progress

Our results will be used by MSHT/NNPDF/CTEQ in their next global fittings
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