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Introduction

Introduction
■ Protons and neutrons are the primary constituents of visible matter in the universe.

Mass

Spin
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Introduction

Proton Spin Structure in Naïve Quark Model

■ Quark model: ■ Color structure:

3 × 3∗ = 8 + 1

3 × 3 × 3 = 10 + 8 + 8 + 1

■ Proton wave function in spin flavor space:

|𝑝↑⟩ =
1

√18
[2|𝑢↑𝑑↓𝑢↑⟩ + 2|𝑢↑𝑢↑𝑑↓⟩ + 2|𝑑↓𝑢↑𝑢↑⟩ − |𝑢↑𝑢↓𝑑↑⟩

− |𝑢↑𝑑↑𝑢↓⟩ − |𝑢↓𝑑↑𝑢↑⟩ − |𝑑↑𝑢↓𝑢↑⟩ − |𝑑↑𝑢↑𝑢↓⟩ − |𝑢↓𝑢↑𝑑↑⟩].

Δ𝑢 = 𝑢↑ − 𝑢↓ =
4
3 , Δ𝑑 = 𝑑↑ − 𝑑↓ = −13

The spin of the proton comes entirely from the spin of the quarks!

M. Gell-Mann, Phys. Lett. 8, 214 (1964);
G. Zweig, CERN Report No. TH-401 (1964).

Ke Yang 三维螺旋度分布函数研究 2026年 7月，中国广州 4 / 27



Introduction

Proton Spin Structure
■ Experimental data:

ΔΣ = 0.114 ± 0.012 ± 0.026 ΔΣ = 0.126 ± 0.010 ± 0.015

■ Global analysis:

ΔΣ = 0.28 ± 0.04 ΔΣ ∼ 0.35

■ Lattice calculation:

ΔΣ ∼ 0.25 ± 0.12

J. Ashman et al. (EMC) PLB 206, 364 (1988). J. Ashman et al. (EMC) NP B328, 1 (1989).

JAM Collaboration, PR D 93, 074005 (2016). I. Borsa et al. Phys.Rev.Lett. 133, 151901 (2024). 𝜒QCD Collaboration, PR D 91, 014505 (2015).
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Introduction

Proton Spin Structure
■ Spin decomposition:

𝐽 = 1
2ΔΣ + 𝐿𝑞 + Δ𝐺 + 𝐿𝑔,

ΔΣ = Δ𝑢 + Δ𝑑 ∼ 0.3

■Melosh-Wigner rotation: nucleon in its rest frame V.S. in infinite momentum frame

spin state 𝜒↑
𝑇 = 𝑤 [(𝑘+ +𝑚)𝜒↑

𝐹 − (𝑘1 + 𝑖𝑘2)𝜒↓
𝐹]

𝜒↓
𝑇 = 𝑤 [(𝑘+ +𝑚)𝜒↓

𝐹 + (𝑘1 − 𝑖𝑘2)𝜒↑
𝐹]

𝑘+ = 𝑘0 + 𝑘3

𝑤 = [2𝑘+(𝑘0 +𝑚)]−1/2

Quark polarization state
Δ𝑞 = ∫𝑑3kℳ[𝑞↑(𝑘) − 𝑞↓(𝑘)] ℳ = (𝑘+ +𝑚)2 − 𝑘2𝑇

2𝑘+(𝑘0 +𝑚)
The Melosh-Wigner rotation predicts decreasing polarization with transverse momentum, and
this prediction should be tested by data.

R. Jaffe and A. Manohar, Nucl.Phys. B337 (1990) 509.

E. P. Wigner, Annals Math. 40, 149 (1939);H. J. Melosh, Phys. Rev. D 9, 1095 (1974).

B.-Q. Ma, J. Phys. G 17, L53-L58 (1991);B.-Q. Ma, Z.Phys. C 58, 479 (1993).
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Theoretical Framework

Transverse Momentum Dependent PDFs
■ Definition

Φ𝑖𝑗(𝑥, 𝑝𝑇) = ∫ d𝜉−d2𝜉𝑇
(2𝜋)3 𝑒𝑖𝑝⋅𝜉 ⟨𝑃| ̄𝜓𝑗(0)𝒰𝑛−

(0,+∞)𝒰𝑛−
(+∞,𝜉) 𝜓𝑖(𝜉)|𝑃⟩

|||𝜉+=0

R. Boussarie, et al. TMD Handbook, arXiv:2304.03302.
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Theoretical Framework

Structure functions of SIDIS
■ SIDIS process: ℓ(𝑙) + 𝑁(𝑃) → ℓ(𝑙′) + ℎ(𝑃ℎ) + 𝑋

𝑞2 = −𝑄2, 𝑥 = 𝑄2

2𝑃 ⋅ 𝑞 , 𝑦 = 𝑃 ⋅ 𝑞
𝑃 ⋅ 𝑙

𝑧 = 𝑃 ⋅ 𝑃ℎ
𝑃 ⋅ 𝑞 , 𝛾 = 2𝑀𝑁𝑥

𝑄 , 𝜖 =
1 − 𝑦 − 1

4 𝛾
2𝑦2

1 − 𝑦 + 1
2 𝑦

2 + 1
4 𝛾

2𝑦2

cos𝜙ℎ = −
𝑙𝜇𝑃ℎ𝜈𝑔

𝜇𝜈
⟂

𝑙⟂𝑃ℎ𝑇
, cos𝜙𝑆 = −

𝑙𝜇𝑆⟂𝜈𝑔
𝜇𝜈
⟂

𝑙⟂𝑆⟂
,

sin𝜙ℎ = −
𝑙𝜇𝑃ℎ𝜈𝜖

𝜇𝜈
⟂

𝑙⟂𝑃ℎ𝑇
, sin𝜙𝑆 = −

𝑙𝜇𝑆⟂𝜈𝜖
𝜇𝜈
⟂

𝑙⟂𝑆⟂
,

Trento convention
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Theoretical Framework

Structure functions of SIDIS

d𝜎
d𝑥d𝑦d𝑧d𝑃2ℎ𝑇d𝜙ℎd𝜙𝑆

= 𝛼2
𝑥𝑦𝑄2

𝑦2
2(1 − 𝜖) (

1 + 𝛾2
2𝑥 ) × {

𝐹𝑈𝑈,𝑇 + 𝜖𝐹𝑈𝑈,𝐿 +√2𝜖(1 + 𝜖)𝐹cos𝜙ℎ
𝑈𝑈 cos𝜙ℎ

+ 𝜖𝐹cos2𝜙ℎ
𝑈𝑈 cos2𝜙ℎ + 𝜆𝑒√2𝜖(1 − 𝜖)𝐹sin𝜙ℎ

𝐿𝑈 sin𝜙ℎ

+ 𝑆𝐿[√2𝜖(1 + 𝜖)𝐹sin𝜙ℎ
𝑈𝐿 sin𝜙ℎ + 𝜖𝐹sin2𝜙ℎ

𝑈𝐿 sin2𝜙ℎ]

+ 𝜆𝑒𝑆𝐿[√1 − 𝜖2𝐹𝐿𝐿 +√2𝜖(1 − 𝜖)𝐹cos𝜙ℎ
𝐿𝐿 cos𝜙ℎ]

+ 𝑆𝑇 [ (𝐹
sin(𝜙ℎ−𝜙𝑆)
𝑈𝑇,𝑇 + 𝜖𝐹sin(𝜙ℎ−𝜙𝑆)

𝑈𝑇,𝐿 ) sin(𝜙ℎ −𝜙𝑆)

+ 𝜖𝐹sin(𝜙ℎ+𝜙𝑆)
𝑈𝑇 sin(𝜙ℎ +𝜙𝑆) + 𝜖𝐹sin(3𝜙ℎ−𝜙𝑆)

𝑈𝑇 sin(3𝜙ℎ −𝜙𝑆)

+√2𝜖(1 + 𝜖)𝐹sin𝜙𝑆
𝑈𝑇 sin𝜙𝑆 +√2𝜖(1 + 𝜖)𝐹sin(2𝜙ℎ−𝜙𝑆)

𝑈𝑇 sin(2𝜙ℎ −𝜙𝑆)]

+ 𝜆𝑒𝑆𝑇 [√1 − 𝜖2𝐹cos(𝜙ℎ−𝜙𝑆)
𝐿𝑇 cos(𝜙ℎ −𝜙𝑆)

+√2𝜖(1 − 𝜖)𝐹cos𝜙𝑆
𝐿𝑇 cos𝜙𝑆 +√2𝜖(1 − 𝜖)𝐹cos(2𝜙ℎ−𝜙𝑆)

𝐿𝑇 cos(2𝜙ℎ −𝜙𝑆)]}

𝐹𝑚
𝐴𝐵,𝐶(𝑥,𝑧,𝑃

2
ℎ𝑇 ,𝑄

2) ∼ 𝑓⊗𝐷

𝐴 ∶ lepton polarization
𝐵 ∶ nucleon polarization
𝐶 ∶ virtual photon polarization
𝑚 ∶ angular modulation

18 structure functions.
A. Bacchetta, J. High Energy Phys. 02 (2007) 093.
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Theoretical Framework

Double Spin Asymmetry

■ Asymmetry from cross section to structure functions:

𝐴𝐿𝐿(𝜙ℎ) =
1

|𝑆⟂||𝜆𝑒|
[d𝜎𝐿𝐿(+,+) − d𝜎𝐿𝐿(−,+)]
d𝜎𝐿𝐿(+,+) + d𝜎𝐿𝐿(−,+)

= √1 − 𝜀2 𝐹𝐿𝐿
𝐹𝑈𝑈,𝑇

+√2𝜀(1 − 𝜀) cos𝜙ℎ
𝐹cos𝜙ℎ
𝐿𝐿
𝐹𝑈𝑈,𝑇

.

𝐴𝐿𝐿 = √1 − 𝜀2 𝐹𝐿𝐿
𝐹𝑈𝑈,𝑇

𝐴cos𝜙ℎ
𝐿𝐿 = √2𝜀(1 − 𝜀)

𝐹cos𝜙ℎ
𝐿𝐿
𝐹𝑈𝑈,𝑇

■ Structure functions as TMD convolutions:
𝐹𝑈𝑈,𝑇 = 𝒞[𝑓1𝐷1], 𝐹𝐿𝐿 = 𝒞[𝑔1𝐿𝐷1],

𝑥𝑔⟂𝐿 = 𝑥𝑔̃⟂𝐿 + 𝑔1𝐿 + 𝑚
𝑀𝑁

ℎ⟂1𝐿 ≈ 𝑔1𝐿.

𝐹cos𝜙
𝐿𝐿 = 2𝑀

𝑄 𝒞[ 𝐡̂ ⋅ 𝐩𝑇
𝑀ℎ

(𝑥𝑒𝐿𝐻⟂
1 − 𝑀ℎ

𝑀 𝑔1𝐿
𝐷̃⟂

𝑧 )

− 𝐡̂ ⋅ 𝐤𝑇
𝑀 (𝑥𝑔⟂𝐿𝐷1 +

𝑀ℎ
𝑀 ℎ⟂1𝐿

𝐸̃
𝑧 )]

≈ − 2𝑀
𝑄 𝒞 [ 𝐡̂ ⋅ 𝐤𝑇

𝑀 (𝑔1𝐿𝐷1)]

TMD PDF
𝑓1(𝑥,𝑘𝑇 )

𝑔1𝐿(𝑥,𝑘𝑇 )

TMD FF
𝐷1(𝑥,𝑝𝑇 )
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Theoretical Framework

Energy Evolution

■ double scale evolution:

𝜇dℱ(𝑥,𝑏𝑇 ; 𝜇, 𝜁)
d𝜇 = 𝛾𝜇(𝜇, 𝜁)ℱ(𝑥,𝑏𝑇 ; 𝜇, 𝜁)

𝜁 dℱ(𝑥,𝑏𝑇 ; 𝜇, 𝜁)
d𝜁 = −𝒟(𝜇,𝑏𝑇 )ℱ(𝑥,𝑏𝑇 ; 𝜇, 𝜁)

■ 𝜁-prescription evolution path:

𝑅[𝑏𝑇 ; (𝜇𝑖 , 𝜁𝑖) → (𝑄,𝑄2)] = [ 𝑄2

𝜁𝜇(𝑄,𝑏𝑇 )
]
−𝒟(𝑄,𝑏𝑇 )

R. Boussarie, et al. TMD Handbook, arXiv:2304.03302.

I. Scimemi and A. Vladimirov, J. High Energy Phys. 06 (2020) 137.
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Data Description

World SIDIS Data

Data set Run Target Beam 𝑁tot (cut) Process

HERMES 1996–2000 H2 27.6 GeV 𝑒± 80(42) 𝑒±𝑝 → 𝑒±𝜋+𝑋
HERMES 1996–2000 H2 27.6 GeV 𝑒± 80(42) 𝑒±𝑝 → 𝑒±𝜋−𝑋
HERMES 1996–2000 D2 27.6 GeV 𝑒± 80(39) 𝑒±𝑑 → 𝑒±𝜋+𝑋
HERMES 1996–2000 D2 27.6 GeV 𝑒± 80(37) 𝑒±𝑑 → 𝑒±𝜋−𝑋
HERMES 1996–2000 D2 27.6 GeV 𝑒± 79(40) 𝑒±𝑑 → 𝑒±𝐾+𝑋
HERMES 1996–2000 D2 27.6 GeV 𝑒± 80(38) 𝑒±𝑑 → 𝑒±𝐾−𝑋
CLAS 2009 14NH3 6 GeV 𝑒− 21(8) 𝑒−𝑝 → 𝑒−𝜋0𝑋

Total 498(246)

To be consistent with the TMD factorization framework, we apply a data cut:
𝑞𝑇/𝑄 < 0.5. Numbers in parentheses indicate the remaining data points after the cut.

After the cut, 246 data points remain.

HERMES, Phys. Rev. D 99, 112001 (2019). CLAS, Phys. Lett. B 782, 662 (2018).
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Data Description

The Electron-Ion Collider in China

D. P. Anderle et al. Front.Phys.(Beijing) 16 (2021) 6, 64701.

Ke Yang 三维螺旋度分布函数研究 2026年 7月，中国广州 13 / 27



Data Description

Data Kinematic Distributions
■World data kinematic coverage:

10 1

x

101

Q
2  (

Ge
V2 )

CLAS  ( < 0.5)
HERMES d  ( < 0.5)
HERMES p  ( < 0.5)

CLAS  ( > 0.5)
HERMES d  ( > 0.5)
HERMES p  ( > 0.5)

10 2 10 1

x

101

Q
2  (

Ge
V2 )

EicC  ( < 0.5) EicC  ( > 0.5)

The world data cover relatively low 𝑄2 region, and therefore we incorporate target mass
corrections.

𝑥𝑆 = 2𝑥
𝛾2 [

√√√
√

1+ 𝛾2 (1 −
𝐪2𝑇
𝑄2 ) − 1] .

𝑧𝑆 = 𝑧 𝑥𝑆𝑥
1 +√1− 𝜍2ℎ

2 (1 −
𝐪2𝑇
𝑄2 )

.

𝐪𝑇 = −𝐏ℎ𝑇
𝑧

√√√
√

1+ 𝛾2

1 − 𝜍2ℎ
.

𝜍2ℎ ≡
4𝑥2𝑀2𝑚2

ℎ
𝑧2𝑄4 = 𝛾2

𝑚2
ℎ

𝑧2𝑄2 .
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Parametrization

Parametrization

■ Parametrization of 𝑔1𝐿(𝑥, 𝑏𝑇) at saddle point:

𝑔𝑓1𝐿(𝑥, 𝑏𝑇 ) = ∑
𝑓′

∫1
𝑥

d𝜉
𝜉 Δ𝐶𝑓←𝑓′ (𝜉, 𝑏𝑇 , 𝜇OPE) × 𝑔𝑓

′
1𝐿 (

𝑥
𝜉 ,𝜇OPE)𝑔NP(𝑥, 𝑏𝑇 ).

Modified collinear helicity distribution input, with 𝛼, 𝛽, 𝜀 as free parameters to be fitted:

𝑔𝑓1𝐿(𝑥,𝜇OPE) = 𝑁𝑓
(1 − 𝑥)𝛼𝑓𝑥𝛽𝑓 (1 + 𝜀𝑓𝑥)

𝑛(𝛼𝑓 , 𝛽𝑓 , 𝜀𝑓)
𝑔𝑓1 (𝑥,𝜇OPE)

The 𝑥-shape modification can be removed by setting 𝛼,𝛽, 𝜀 = 0. 𝑔1 is the collinear helicity
distribution input. The 𝑛(𝛼, 𝛽, 𝜀) factor is introduced to decouple the normalization from the
shape parameters. The non-perturbative function is parametrized as

𝑔NP(𝑥, 𝑏𝑇 ) = exp [−(𝜆1(1 − 𝑥) + 𝜆2𝑥 + 𝑥(1 − 𝑥)𝜆5)𝑏2𝑇 ]

■ TMD helicity distribution at final energy scale:

𝑔1𝐿(𝑥, 𝑏𝑇 ;𝑄,𝑄2) = 𝑅(𝑏𝑇 ,𝑄)𝑔1𝐿(𝑥, 𝑏𝑇 )
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Numerical Method

Numerical Method
■ world data fit:

To remove the systematic underestimation caused by the D’Agostini bias, we performed
T0-prescription iteration.

■ EicC projection: We used the world data fit results to make projections for EicC, and then
added the projected EicC data into the data list and refitted.
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Results

Results

■ Extracted three-dimensional helicity distribution functions
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Results

Results
■ Polarization of up quark and down quark
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𝑔1𝐿(𝑥, 𝑘2𝑇) = 𝑞↑(𝑥, 𝑘2𝑇) − 𝑞↓(𝑥, 𝑘2𝑇)
quantifies the net density difference between quarks with spin
parallel and antiparallel to the spin of a polarized proton.

𝑔1𝐿(𝑥, 𝑘2𝑇)
𝑓1(𝑥, 𝑘2𝑇)

= 𝑞↑(𝑥, 𝑘2𝑇) − 𝑞↓(𝑥, 𝑘2𝑇)
𝑞↑(𝑥, 𝑘2𝑇) + 𝑞↓(𝑥, 𝑘2𝑇)

quantifies the polarization rate of quarks.

In the intermediate 𝑥 region where valence quarks dominate,
the polarization is most pronounced at small 𝑘𝑇 and falls off
with increasing transverse momentum, consistent with the pre-
diction of the Melosh-Wigner rotation effect.
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Results

Results
■ Polarization of up quark and down quark
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MAP, Phys.Rev.Lett. 134, 12, 121901 (2025).
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■ Polarization of up quark and down quark
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𝑔1𝐿(𝑥, 𝑘2𝑇) = 𝑞↑(𝑥, 𝑘2𝑇) − 𝑞↓(𝑥, 𝑘2𝑇)
quantifies the net density difference between quarks with spin
parallel and antiparallel to the spin of a polarized proton.

𝑔1𝐿(𝑥, 𝑘2𝑇)
𝑓1(𝑥, 𝑘2𝑇)

= 𝑞↑(𝑥, 𝑘2𝑇) − 𝑞↓(𝑥, 𝑘2𝑇)
𝑞↑(𝑥, 𝑘2𝑇) + 𝑞↓(𝑥, 𝑘2𝑇)

quantifies the polarization rate of quarks.

At lower𝑥, where sea quarks and gluons dominate, the trend of
polarization with 𝑘𝑇 is not obvious, implying rich underlying
QCD dynamics.
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Results

Result

■ Impact from EicC pseudo-data
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The proposed EicC will enhance the precision of helicity distribution especially for
𝑥 > 10−3.
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Results

Result

■ Consistency with collinear helicity distribution functions
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Summary

Summary
■ Summary

∘ We updated the extraction of three-dimensional helicity distributions,
incorporating mass corrections and improving the small-𝑏𝑇 matching to
NNLO.

∘ The extracted 𝑢 and 𝑑 quark helicity distribution functions are consistent
with collinear results. For sea quarks, current data do not yet provide
strong constraints.

∘ In the valence quark region, polarization is concentrated at small 𝑘𝑇 ,
consistent with the Melosh-Wigner rotation prediction, while the trend at
small 𝑥 is not obvious, likely reflecting QCD dynamical effects.

∘ We performed EicC projection studies and find that the anticipated EicC
data can significantly improve the precision of three-dimensional helicity
distribution extraction.

Thanks
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Backup

Some tables

Parameter Value Parameter Value
𝜒2 491.0+77.85−71.57 calls 2875+1270−1077
𝑁𝑢 0.05283+0.05795−0.02016 𝑁𝑑 0.05220+0.07332−0.03045
𝑁𝑠 −0.001711+0.06575−0.05296 𝑁𝑢̄ 0.02560+0.1895−0.2135
𝑁𝑑̄ 0.007628+0.08353−0.08332 𝑁𝑔 0.09830+0.1246−0.1323
𝛼𝑢 −1.781+1.341−1.219 𝛽𝑢 −0.4275+0.3021−0.3428
𝜖𝑢 −0.3905+1.412−0.3562 𝜆1,𝑢 0.1431+0.08415−0.08316
𝜆2,𝑢 0.6072+1.168−0.6072 𝜆5,𝑢 −1.057+1.134−1.692
𝜆5,𝑢 0.2341+0.1574−0.2295 𝑟𝐶𝐿𝐴𝑆 −0.03810+0.4509−0.5222
𝑟𝐻𝐸𝑅𝑀𝐸𝑆,𝑝 −0.3676+0.4145−0.4357 𝑟𝐻𝐸𝑅𝑀𝐸𝑆,𝑑 0.3828+0.2086−0.2306

Parameter Value
𝜒2

CLAS|𝑝𝑡 0.5572
𝜒2

HERMESp|𝑝𝑡 0.7543
𝜒2

HERMESd|𝑝𝑡 0.7862
𝜒2

total|𝑝𝑡 0.7675
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Some tables

Collaboration Run Process Polarization Dilution
HERMES 1996–2000 𝑒±𝑝 → 𝑒±ℎ𝑋 6.6% 0
HERMES 1996–2000 𝑒±𝑑 → 𝑒±ℎ𝑋 5.7% 0
CLAS 2009 𝑒−𝑝 → 𝑒−𝜋0𝑋 4.5% = 2% + 4% 5.8% = 3% + 5%
EicC proposed 𝑒−𝑝 → 𝑒−𝜋+𝑋 2%+ 3% 0
EicC proposed 𝑒−𝑝 → 𝑒−𝜋−𝑋 2%+ 3% 0
EicC proposed 𝑒−𝑝 → 𝑒−𝐾+𝑋 2%+ 3% 0
EicC proposed 𝑒−𝑝 → 𝑒−𝐾−𝑋 2%+ 3% 0
EicC proposed 𝑒−𝑛 → 𝑒−𝜋+𝑋 2%+ 3% + 4% 0
EicC proposed 𝑒−𝑛 → 𝑒−𝜋−𝑋 2%+ 3% + 4% 0
EicC proposed 𝑒−𝑛 → 𝑒−𝐾+𝑋 2%+ 3% + 4% 0
EicC proposed 𝑒−𝑛 → 𝑒−𝐾−𝑋 2%+ 3% + 4% 0

Γcusp 𝛾𝑉 𝒟resum 𝜁pert
𝜇 𝜁exact𝜇

𝑅 𝛼3𝑠 𝛼2𝑠 𝛼2𝑠 𝛼1𝑠 𝛼1𝑠
𝑓1 𝐷1 𝑔1𝐿

𝐶(ℂ) 𝛼1𝑠 → 𝛼2𝑠 𝛼1𝑠 → 𝛼2𝑠 𝛼1𝑠 → 𝛼2𝑠
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parameters correlation
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Positivity Bound: Toy Model Test

Toy model set:

𝐹(𝑥) = 𝑥0.5(1 − 𝑥)3(1 − √𝑥 + 𝑥),

𝐺(𝑥) = 2𝑥(1 − 𝑥)3(1 − √𝑥 + 0.5𝑥),
𝐺(𝑥) < 𝐹(𝑥)

We generate asymmetry 𝐺(𝑥)/𝐹(𝑥) in 15
bins as pseudo-data, with a background distur-
bance 𝐵(𝑥). We compare the extracted𝐺(𝑥)
from the pseudo-data with and without the ap-
plication of the positivity constraint.

It was found that imposing the bound during
the fitting procedure introduced a bias.
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