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* Introduction: history & conflict among different methods

* NLO Calculation: renormalization & NLO correction

* Impact of Vector Meson: how 17~ vector meson affects the prediction
* Sum Rules Analysis: Laplace & Gaussian sum rules

 Conclusion



History & conflict

JP¢ =17~ hybrid:

Flux tube model:

Masses of gqG hybrid states (in GeV) and the corresponding values of Vs, 1.8 — 1.9GeV (uﬂg);
JFe BbG V5, G Vs G Vs 2.1 —2.2GeV (s59)
Phys. Rev. D 52, 5242 (1995)
0+ 109 116 50 54 35 38
*Q~- 114 120 54 58 37 40 |
1+~ 106 112 4.1 4.4 2.8 32 Lattice QCD:
*q1—+
: 106 13 4 30 2 30 2.2 —2.3GeV (I = 1);
0 105 116 47 54 31 38 2.4 —2.5GeV (I =0)
*Q+— 1.0 12.0 51 58 34~ 4.0 Phys. Rev. D 84, 074023 (2011)
1~ 104 112 41 44 291 32
1t 109 115 4.7 5.0 Y737 3.0
Candidate:
: . _ G1PCN — Nn— ——
LO QCD sum rules prediction: = 2.9GeV (s5g) ¢(2170),17¢"") =07(177)
Nuclear Physics B262 (1985) 575-592 Decays into ¢f,(980), ¢n, ...
Phys. Rev. D 100, 034012 (2019) different states?

missing something?



QCD (SVZ) Sum Rules of Hybrid
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M (q) = if d*x e™PHQIT () 7 (019) = { Z7= = g™ | T (¢%) + ~ 5~ T1s(q?)

qz
Dispersion relation, “6 + continuum” ansatz aff
1 :
Elml'[(s) ~ f28(s —m?) + 6(s — 50)p(5) 32
%3.1 :
Q |
Laplace sum rules (Borel transformation) 830
1 50 2 29:, _
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LO Laplace sum rules prediction,
including dimension-8 condensate
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W NLO Calculation

,(q%) = z C™(q?){(0p)

= C%q?) + C#(q*)(GG) + €3 (q*)m(gq) + € (q*)(qq)? + C£(q?)m(gGq) + C8(q%){(qq)gGq) + -

+a.C%(q?) + a.C¥ (g?)(GG) + -
+”.f (q ) Sjl(q )< ) Higher order correction
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NLO Result
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7(GeV~?)
Lattice QCD:

2.2 —23GeV (I = 1);
2.4 —2.5GeV (I = 0)
Phys. Rev. D 84, 074023 (2011)
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NLO Impact

NLO contribution vs LO contribution (after Borel transformation)

NLO perturbative / LO perturbative
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Impact of Vector Meson

]Z = g‘l_fypysép”‘%’ couples to 17~ meson as well

%Iml’[(s) ~ f26(s —m3) + f76(s —m3) + 6(s — s))p(s)

(QUHIV(g)) = fre" (@),  (QUFIH(q)) = fe*()

Vector meson Ji; = PyH¥

N#(q) = if d*x e PX(QIT Ji; (x) J3;(0)]|Q)

U~V UV
_ (Clqgl _gyv> HXH(CIZ)+qqZ H;/H(QZ)

%‘mHX U(s) = fufi8(s —mi) + 6(s — s0)p(s)
@y V@) = fre* (@)

24-

1(102Gev?)
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p, fyr = 0.171GeV?, f;:

so=2 GeV?
s0=1.5 GeV? -

]'47.‘.\.‘.l“.‘l‘.‘\.‘.\.“
0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2

7(GeV2)

2.5}

1.0}

@, fy =~ 0.235GeV?, f;:

50=2.5 GeV? -
s0=2 GCV2 |
so=1.5 GeV?

0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2

7(GeV?)

f, ~ 0.02 GeV*
> f,/m3 ~ 40MeV
~ 20— 35MeV (P.LB 175 (1986) 485)
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Gaussian Sum Rules

QCD side:
_(s-t*1
G(t,s,89) = 4T —ImH »(S)
Hadron side:
G, (1, 5) 1 (fz B S_m%)z f (5 mz)
T,S) = e 4T + 4T
h \/4—7_[1_ 1 2
Fitting
N
X2 50) = ) [6(5,51,50) = G (@, 5D
i=0
S; = Spin T+ 1 65, 5s = 0.2GeV?

Smin = —15GeV?, Smax = 30GeV?

f1,mq: fixed according to the vector meson

1077 &
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Gaussian Sum Rules
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Normalized single resonance GSR:

G ) G(1,s,5p)
T,5,50) = —=
0 J. dsG(z,s,50)
~ 1 _(s=m?)
Gh(T, S) = —47-[1-8 4T
NLO
Parameters — —
$8¢g uug
X2 1.17x 107 | 2.32 x 107°

so(GeV?) | 6.15£1.21 | 5.85+£1.21

m(GeV) 231 x0.23 | 2.25+0.23

single resonance fitting with Monte Carlo
uncertainty analysis (2000 random samples)

(GG) = 0.07 + 0.02 GeV*
(@Gq) = M¥(Gq), M3 = 0.8+ 0.2 GeV?
10% error for {qq) 10



Robustness of Results

Modified LSR:

So

1
M(T; So) — Ej dse™™ ImH(s) = flze_Tm% + fzze—‘t'm%

0

M(t,s9) = M (1,50) e = 2+ fzzef(mf—m@

0ZM (T,50)
O, M(t,s0)

m4 IS vector meson mass

Factorization deviation

(qq)* - k¢ (qq)*
(qq)X{qGq) - kg {qqXqGq)

2.5 }‘ o
_ Gevty | 077
,_\2-4f S()=6.‘
>
o
2,3 S0=6
=2
S0=5.
2 2 T §58 =5
mqy —m; — -~ g 50
0.1 N ‘0.2 0.3| N l0.4l a 105‘ N l0.6
7(GeV™?)
536:3;“38:2 H:6:3,H,8:5
Parameters — — — —
55¢g uug s8¢ uug
X2 2.85x107° | 7.28 x 107° | 1.74 x 107* | 4.30 x 1074
so(GeV?) | 6.034+1.21 | 6.02+£1.31 | 6.40+1.60 | 7.03+2.16
m(GeV) | 2.2940.23 | 2.28£0.24 | 2.34 £0.28 | 2.434+0.37
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Conclusion

NLO GSR:
ssg: 2.3140.23 GeV
uiig: 2.25+ 0.23 GeV

* No conflict between Sum Rules and Lattice QCD
* Necessity of calculation beyond LO

Predicted mass agrees with ¢(2170) in error

Future direction:
* Decay of 177 hybrid

Lattice QCD:

2.2 —23GeV (I = 1);
2.4 —2.5GeV (I = 0)
Phys. Rev. D 84, 074023 (2011)

2.1 — 2.3 GeV (s59)
Chinese Physics C 45, 013112 (2021)

~21GeV(I=1)
Phys. Rev. D 107, 074028 (2023)

2.2 — 2.3 GeV (both p-like and ¢-like )
Phys. Rev. D 82, 034508 (2010)

12



Thank You




Backup: Decay

.
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Favored
5
Suppressed s
S S _— S
S . / _

]
v
VAl
A

disturb the vacuum = qq or two virtual gluons = qq
transfers momentum |p| ~ myz

17 strangeonium state (2D or 35 )
 decay into open strangeness states (KK*...)
* branching ratio to ¢ f,(980) should be small
* broad width (large phase space)

Suppressed /s
q

(17" ceg —» D®WD® s forbidden by symmetry
Physics Letters B 631 (2005) 164-169)

Allowed

s > /g
/

s <

2

$(2170)

decay into closed strangeness states (¢ f,(980) ...
Narrower width ~100 MeV (selection rules)
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Backup: Renormalization of Generic Hybrid Current

e /é\/fé\/ﬁ %@ﬂ\

(T J(0) ¥(q1) A(q2) ?(q3))

(TJ(0) ¥(q1) P(g))

(TJ(0) Algy) A(q2))

Observation:

PR AR A ) I AN

Corresponding counter terms ~ i‘l_ff‘ X {opeators acting on ¥}
Counterterm bases: %‘pl} LT, T"Y X Gy,

“PL.I'GY, -PL.I'VVY, -PL.UAY,V*+im)¥, -Pr.I'm?y

o . . . 1 1
non-gauge-invariant counterterms must vanish under equation of motion f& -mGG, —GDG

I'G ~ G, atPG,”, iy®etPG,, . T'VV ~ g¥,VFVP, ol'P%; - 15



Backup: Renormalization of Generic Hybrid Current

] = gPrGHvy

Jr=(1+Co+Ci)Zy" Z; 2 Wy, gTGM Wy,

+ 01 (T, (V997 + §0T) 0, T 4 D0, (7497 + VP9H) [0, — (s > v}

o
+ Oy (lllfa (Y —imy, )y . TA g + gAPT AY (Y +imy,) | Wy, — {p <> V})

+ C Efa. (gzg‘uv.l1 + F.a”"Vz)lIrfb

+C5 Uy, (" T +T4°)i et G, Uy,

+ Cs (Efa. lio"' T +il.0 |GV, — {p V})

+ C7 (Wfa [%“’y”’l‘mfa +my, T AV O, —{p V})
+Cs Uy, (J“V.Fm%a + m?cbI’.cr“”)‘llfb

+Co Wt v A L7, Gy,

2
+Cio 04, 4, (Tr [F.aaﬁ]mfa GG+ gTr [F.’ya} G""pg"tG™ O‘ﬁ) :

«

Co 4 Cs C3 Cy C’
3Cayg Cryg* Cag* Crg® _ Cag Cag®
3272 19272¢ 12872¢ 9672e 1672¢e 12872¢

Cs C Cs Cy Cho

(3C3+1)g° Crg® Crg® g° g°
128C 4 m2e 3272e 3272e 128C 4 m3e 64m2e

In Feynman gauge
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Backup: Infrared divergence

Perturbative (GG)
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Backup: Error Estimation

N
2 (@50) = ) [6(,51,50) = Ga(T 5]’
i=0

S; = Smin + 1 05,
Smin = —15 GeV?,

Error is defined by:

o=+62+ A2

5s = 0.2 GeV?
Smax = 30 GeV?

62 variance of 2000 fitted values ~ statistic error

A= \/ZszninH_l(sznin)

H(x?) =

i aZXZ 62)(2 ]
asg aSOam
02)(2 62)(2

|0sgdm  dm? |

~ systemtic error

o.10f

0.08}

20 0.06}

0.04}

002}

T 0 . 0 20 0
for small és sV
1
)(2 ~6_ , H1~6s - )(ZH_1~1

S

for Spmin and Smax away from the peak
G(t,5;,50), Gn(1,s;) = 0, irrelevant to the specific Smin, Smax

(if average the A as A/(Smax — Smin), Choose large Sypmax — Smin
manually reduce the error)
=
A in the left is irrelevant to the choice of 85, Smin, Smax
reflect the intrinsic error of the fitting procedure 18
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   1  − −


  ≈ 2 . 9 GeV    ( s  s - g )


  1 . 8 − 1 . 9 GeV    ( u  u - g ) ;


  2 . 1 − 2 . 2 GeV    ( s  s - g )


  2 . 2 − 2 . 3 GeV    ( I = 1 ) ;


  2 . 4 − 2 . 5 GeV    ( I = 0 )


    𝜙  ( 2170 ) ,    I G   ( J  P C ) =  0 − ( 1  − − )


  𝜙  f 0  ( 980 ) ,   𝜙 𝜂 , …


   J  P C =  1  − −


   J 𝜇 = g  𝛹 -  𝛾 𝜌  𝛾 5    G ~  𝜌 𝜇 𝛹 ;                G ~  𝜌 𝜇 =  1 2  𝜀  𝜌 𝜇 𝛼 𝛽  G  𝛼 𝛽 n  T n   ;          T n =    𝜆 n 2


   Π  𝜇 𝜈 ( q ) = i ∫  d 4 x    e  − i p x  ⟨ Ω | T    J 𝜇  ( x )    J 𝜈  ( 0 )  | Ω ⟩ =  (    q 𝜇  q 𝜈   q 2 −  g  𝜇 𝜈 )  Π v  (  q 2 ) +    q 𝜇  q 𝜈   q 2  Π s  (  q 2 )


  𝛿


   1 𝜋 Im Π  ( s ) ∼  f 2 𝛿  ( s −  m 2 ) + 𝜃 ( s −  s 0 ) 𝜌 ( s )


      ℳ n  =  1 𝜋   ∫ 0   s 0  d s  s n  e  − 𝜏 s Im 𝛱  ( s ) =  f 2  m  2 n  e  − 𝜏  m 2    ℛ n  =    ℳ  n + 1   ℳ n =  m 2


      ( G e V 2 )


      Π v  (  q 2 )  =   ∑ n   C n  (  q 2 )  ⟨  O n ⟩    =  C 0  (  q 2 ) +  C 1 4  (  q 2 )  ⟨ G G ⟩ +  C 2 4  (  q 2 ) m  ⟨  q - q ⟩ +  C 1 6  (  q 2 )    ⟨  q - q ⟩ 2 +  C 2 6  (  q 2 ) m  ⟨  q - G q ⟩ +  C 8  (  q 2 )  ⟨  q - q ⟩  ⟨  q - G q ⟩ + …            +    𝛼 s  C   0 ′  (  q 2 ) +    𝛼 s C 1   4 ′  (  q 2 )  ⟨ G G ⟩ + …            + …


  ⟨ G G ⟩


     ⟨  q - q ⟩ 2


  2 . 2 − 2 . 3 GeV    ( I = 1 ) ;


  2 . 4 − 2 . 5 GeV    ( I = 0 )


      ( G e V 2 )


    ( G e V  − 2 )


    ( G e V  − 2 )


    ( G e V  − 2 )


     ℬ ^     𝛼 s  C   0 ′  (  q 2 )   ℬ ^     C 0  (  q 2 )


     ℬ ^      𝛼 s C 1   4 ′  (  q 2 )  ⟨ G G ⟩   ℬ ^    C 1 4  (  q 2 )  ⟨ G G ⟩


  ⟨ G G ⟩


  ⟨ G G ⟩


   J H 𝜇 = g  𝛹 -  𝛾 𝜌  𝛾 5    G ~  𝜌 𝜇 𝛹


   1  − −


   1 𝜋 Im Π  ( s ) ∼  f 1 2 𝛿  ( s −  m 1 2 ) +  f 2 2 𝛿  ( s −  m 2 2 ) + 𝜃 ( s −  s 0 ′ ) 𝜌 ( s )


   ⟨ Ω  |  J 𝜇 | V  ( q ) ⟩ =  f 1  𝜖 𝜇  ( q ) ,      ⟨ Ω  |  J 𝜇 | H  ( q ) ⟩ =  f 2  𝜖 𝜇 ( q )


   J V 𝜇 =  𝛹 -  𝛾 𝜇 𝛹


      Π  𝜇 𝜈  ( q )  = i ∫  d 4 x    e  − i p x  ⟨ Ω | T    J V 𝜇  ( x )    J H 𝜈  ( 0 )  | Ω ⟩    =  (    q 𝜇  q 𝜈   q 2 −  g  𝜇 𝜈 )  Π v VH  (  q 2 ) +    q 𝜇  q 𝜈   q 2  Π s VH  (  q 2 )


   1 𝜋 Im  Π v VH  ( s ) =  f V  f 1 𝛿  ( s −  m 1 2 ) + 𝜃 ( s −  s 0 ) 𝜌 ( s )


   ⟨ Ω  |  J V 𝜇 | V  ( q ) ⟩ =  f V  𝜖 𝜇 ( q )


  𝜙


   f V ≈ 0 . 235  GeV 2


   f 1


  𝜌


   f V ≈ 0 . 171  GeV 2


   f 1


   f 1 ∼ 0 . 02    GeV 4


    → f 1 /  m 1 3   ~   40 MeV  


  ~   20 − 35   MeV  


  G  ( 𝜏 , s ,  s 0 ) =  1   4 𝜋 𝜏   ∫ 0   s 0  d t    e  −      ( s − t ) 2  4 𝜏  1 𝜋 Im  Π v  ( s )


   G h  ( 𝜏 , s ) =  1   4 𝜋 𝜏    (  f 1 2  e  −      ( s −  m 1 2 ) 2  4 𝜏 +  f 2 2  e  −      ( s −  m 2 2 ) 2  4 𝜏 )


   𝜒 2  ( 𝜏 ,  s 0 ) =   ∑  i = 0 N     [ G  ( 𝜏 ,  s i   ,  s 0 ) −  G h  ( 𝜏 ,  s i ) ] 2


   s i =  s min + i   𝛿 s ,       𝛿 s = 0 . 2 G e  V 2


   s min = − 15 G e  V 2 ,        s max = 30 G e  V 2


   f 1 ,    m 1


     f 1 2   f 2 2 ~  1 200


   ⟨ G G ⟩ = 0 . 07 ± 0 . 02    GeV 4


   ⟨  q - G q ⟩ =  M 0 2  ⟨  q - q ⟩ ,      M 0 2 = 0 . 8 ± 0 . 2    GeV 2  


  10 %


   ⟨  q - q ⟩


   G ~  ( 𝜏 , s ,  s 0 ) =   G  ( 𝜏 , s ,  s 0 )    ∫ ∞ ∞  d s   G  ( 𝜏 , s ,  s 0 )


     G ~ h  ( 𝜏 , s ) =  1   4 𝜋 𝜏  e  −      ( s −  m 2 ) 2  4 𝜏


     ℳ  ( 𝜏 ,  s 0 )  =  1 𝜋   ∫ 0   s 0  d s    e  − 𝜏 s   Im Π  ( s ) =  f 1 2  e  − 𝜏  m 1 2 +  f 2 2  e  − 𝜏  m 2 2    ℳ ~  ( 𝜏 ,  s 0 )  ≡ ℳ  ( 𝜏 ,  s 0 )    e  𝜏  m 1 2 =  f 1 2 +  f 2 2  e  𝜏  (  m 1 2 −  m 2 2 )


     𝜕 𝜏 2  ℳ ~  ( 𝜏 ,  s 0 )   𝜕 𝜏  ℳ ~  ( 𝜏 ,  s 0 ) =  m 1 2 −  m 2 2


   m 1


      ( G e V 2 )


     ⟨  q - q ⟩ 2 →  𝜅 6      ⟨  q - q ⟩ 2


   ⟨  q - q ⟩  ⟨  q - G q ⟩ →  𝜅 8


   ⟨  q - q ⟩  ⟨  q - G q ⟩


  s  s - g :         2 . 31 ± 0 . 23   GeV


  u  u - g :       2 . 25 ± 0 . 23   GeV


  2 . 2 − 2 . 3   GeV    ( I = 1 ) ;


  2 . 4 − 2 . 5   GeV    ( I = 0 )


  2 . 1 − 2 . 3   GeV   ( s  s - g )


  ≈ 2 . 1   GeV    ( I = 1 )


  2 . 2 − 2 . 3   GeV


  𝜌


  𝜙


  𝜙 ( 2170 )


   1  − −


   1  − −


  2 D  


  3 S


  K    K - ∗


  𝜙  f 0 ( 980 )  


  → q  q -


  → q  q -


   | p |   ~    m  q  q -


  𝜙  ( 2170 )


  𝜙  f 0 ( 980 )


  ~ 100   MeV  


   1  − −   c  c - g     →        D  ( ∗ )    D -  ( ∗ )


   1 𝜀  𝛹 - Γ × { opeators   acting   on   𝛹 }


   1 𝜀  𝛹 - Γ . Γ ′ G 𝛹


   1 𝜀  𝛹 - Γ . Γ ′ ∇ ∇ 𝛹


   1 𝜀  𝛹 - Γ . Γ ′ A (    𝛾 𝜇 ∇ 𝜇 + i   m )   𝛹


   1 𝜀  𝛹 - Γ .  Γ ′  m 2 𝛹


  J = g  𝛹 - Γ G 𝛹


  ⟨ T   J  ( 0 )   𝛹  (  q 1 )   A (  q 2 )    𝛹 - (  q 3 ) ⟩


  ⟨ T   J  ( 0 )   𝛹  (  q 1 )    𝛹 - (  q 2 ) ⟩


  ⟨ T   J  ( 0 )   A  (  q 1 )   A (  q 2 ) ⟩


   1 𝜀  𝛹 -  Γ 1 . Γ .  Γ 2    T n 𝛹 ×  G  𝜇 𝜈 n


   𝛹 - Γ  T n 𝛹 ×    1 𝜀 G  𝜇 𝜈 n


   1 𝜀 m G G


   1 𝜀 G D G


   Γ ′ G     ~      G  𝜇 𝜈 ,          𝜎  𝜇 𝜌    G 𝜌 𝜈 ,         i    𝛾 5  𝜖  𝜇 𝜈 𝜌 𝜂  G  𝜌 𝜂


   Γ ′ 𝛻 𝛻   ~        𝜎 𝜈 𝜌    𝛻 𝜇  𝛻 𝜌   ,          𝜎  𝜇 𝜈  𝛻 2


  J = g  𝛹 - Γ  G  𝜇 𝜈 𝛹


   (  C 0 +  Z 3  − 1 / 2  Z g  − 1 − 1 )  g 0  𝛹 - 𝛤  G  𝜇 𝜈 𝛹


   ⟨ T    G  𝜇 𝜈  ( k )  G  𝛼 𝛽  ( k ) ⟩     ~      ⟨ G G ⟩   k 4  (  g  𝜇 𝛼  g  𝜈 𝛽 + … )


  ∫  d d k    1   k 4 ,     d = 4 − 2 𝜖 ,     ⇒ ~  1 𝜖   for   k ≈ 0  


   J r =  ( 1 +  C 0 +  C 4 )  Z 2  − 1  Z 3  − 1 / 2 g  𝛹 - 𝛤  G  𝜇 𝜈 𝛹 + …  


   C 0 g  𝛹 - 𝛤 G 𝛹   ↔


  ⟨ G G ⟩


   Z 3 = 1 −    g 2  16  𝜋 2 𝜀  [ −  5 3  C A +  2 3  n f ]   ,      Z g = 1 +    g 2  16  𝜋 2 𝜀  (  11 6  C A −  1 3  n f )


   Z 3       ↔


   A 0 𝜇 =  Z 3  A 𝜇


  𝜎 =     𝜎 ^ 2 +      Δ 2 -


   𝜒 2  ( 𝜏 ,  s 0 ) =   ∑  i = 0 N     [  G ~  ( 𝜏 ,  s i   ,  s 0 ) −    G ~ h  ( 𝜏 ,  s i ) ] 2


   s i =  s min + i   𝛿 s ,       𝛿 s = 0 . 2    GeV 2


   s min = − 15    GeV 2 ,        s max = 30    GeV 2


  Δ =  2  𝜒 min 2  H  − 1 (  𝜒 min 2 )


  H  (  𝜒 2 ) =  [       𝜕 2  𝜒 2  𝜕  s 0 2     𝜕 2  𝜒 2  𝜕  s 0 𝜕 m      𝜕 2  𝜒 2  𝜕  s 0 𝜕 m     𝜕 2  𝜒 2  𝜕  m 2 ]


     𝜎 ^ 2


  ~


  ~


  𝛿 s


   𝜒 2     ~  1  𝛿 s     ,      H  − 1     ~     𝛿 s       →          𝜒 2  H  − 1   ~   1


   s min


   s max


   G ~  ( 𝜏 ,  s i   ,  s 0 ) ,        G ~ h  ( 𝜏 ,  s i ) → 0


   s min ,  s max


  Δ


  Δ / (  s max −  s min )


   s max −  s min


  ⇒


  Δ


  𝛿 s ,  s min ,  s max

