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Fluctuations measured in BES-IIQCD phase diagram

CEP in QCD phase diagram

STAR Collaboration, PRL 135 (2025) 142301, 
arXiv:2504.00817

• Is there a “peak” structure serving as the smoking gun signal for the 
critical end point in the QCD phase diagram?

2

Non-monotonicity: 
M. Stephanov, PRL 107 (2011) 052301
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Theoretical predictions of CEP

•There have been continuous efforts for more than two decades to predict 
the location of CEP from theoretical computations, and researchers in 
China have made significant contributions.



Introduction  

Recent estimates of the location of CEP 

QCD phase diagram with Fierz-complete 
four-quark interactions  

Net-proton fluctuations with hydrodynamics 

Summary and outlook
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Outline



fRG:WF, Pawlowski, Rennecke, 
PRD 101 (2020) 054032
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Matter sector:

Quark 
condensate:

Lattice: Borsanyi et al. (WB), 
JHEP 09 (2010) 073
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Quantitative errors analysis in fRG:  
Ihssen, Pawlowski, Sattler, Wink, 
arXiv:2408.08413

QCD within fRG



WF, Pawlowski, Rennecke, PRD 101 (2020) 
054032, arXiv:1909.02991

  MeV(T, μB)CEP = (107, 635)
fRG:

DSE:

  MeV(T, μB)CEP = (109, 610)
Gao, Pawlowski, PLB 820 (2021) 136584, arXiv:2010.13705

  MeV(T, μB)CEP = (117, 600)

• Recent studies of QCD phase structure from both 
fRG and DSE have shown convergent estimate for 
the location of CEP: 

 MeV(T, μB)CEP ≈ (110 ± 10, 630 ± 30)

Gunkel, Fischer, PRD 104 (2021) 054022, arXiv:2106.08356

Estimates of the location of CEP from 
first-principles functional QCD:

Passing through strict benchmark 
tests in comparison to lattice QCD 
at vanishing and small .μB

Regime of quantitative 
reliability of functional QCD 
with .μB /T ≲ 4

6

CEP from functional QCD around the 
year 2020



Lattice extrapolation:

• Combined results of different approaches 
indicate the location of CEP is not 
favored in the region .μB /T ≲ 4 ∼ 5
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CEP from different approaches

  MeV(T, μB)CEP = (97+18
−18, 579+172

−160)
Basar, PRC 110 (2024) 015203, arXiv:2312.06952.

  MeV(T, μB)CEP = (105+8
−18, 422+80

−35)
Clarke et al., PRD 112 (2025) L091504, arXiv:2405.10196.

Adam et al., arXiv:2507.13254.
 MeV (84 % level) or no CEPTCEP ≤ 103

Shah et al., PRC 113 (2026) L012201, arXiv:2410.16206.
  MeV(T, μB)CEP = (114.3 ± 6.9, 602.1 ± 62.1)

Borsanyi et al., PRD 112 (2025) L111505, arXiv:2502.10267.

 No CEP at  MeV at the  levelμBCEP < 450 2σ

Hippert et al., PRD 110 (2024) 094006, arXiv:2309.00579.

  MeV (95% level)(T, μB)CEP = (104 ± 3, 589+36
−26)

Zhu et al., PRD 112 (2025) 026019, arXiv:2501.17763.
  MeV (95% level) (T, μB)CEP = (81.6 − 89.8, 710 − 790)

Yang-Lee edge singularities

Contours of constant entropy density

(Bayesian) holography:fRG:  
Pawlowski et al., arXiv:2512.20510. 
Fu et al., arXiv:2603.13455. 
DSE:  
Lu et al., PRD 113 (2026) 054019, arXiv:2504.05099. 
Lu et al., arXiv:2603.09336.

Functional QCD (recent results):

  MeV(T, μB)CEP = (105, 555)
Cai et al., PRD 106 (2022) L121902, arXiv:2201.02004.



Beta function of four-quark couplings:
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Four-quark interactions and chiral symmetry  
breaking

g=0

g≳0

g>gc

g=0, T>0

λ

∂t λ

Braun, Gies, JHEP 06 (2006) 024.

∂tλ̄ = (d − 2)λ̄ − aλ̄2 − bλ̄g2 − cg4 ,

Four-quark interactions 

 

 with Fierz-complete four-quark basis of ten tensors 

 

Yukawa couplings via dynamical hadronization 

 

Γ4q = − ∫x
∑
α∈ℱ

λα 𝒯(α)
ijmn q̄liqljq̄lmqln

ℱ = {σ, π, a, η, (V ± A) , (V − A)adj ,

(S ± P)adj
− , (S + P)adj

+ }

Γq̄qϕ = hσq̄lT0σql + hπq̄liγ5
⃗T ⋅ ⃗πql

Wang, Zhou, Huang, Wen, Yin, WF, arXiv:2607.07354.
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Four-quark flows

ωt
( )

= ω̃t

(
+ + + + +

)

Flow equations of four-quark vertices:

Wang, Zhou, Huang, Wen, Yin, WF, arXiv:2607.07354.

vacuum near CEP

• Diagrams of gluon and meson interactions show dominance at different 
RG scales.
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Four-quark couplings of different channels

Wang, Zhou, Huang, Wen, Yin, WF, arXiv:2607.07354.

Four-quark couplings in the vacuum: Four-quark couplings near CEP:

• The pion and sigma channels play the dominant roles. 
• Channels other than the scalar-pseudoscalar channels become more relevant towards CEP.
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QCD phase diagram:

QCD phase diagram with Fierz-complete four-
quark interactions

• The dynamics of Fierz-complete four-quark interactions 
increases a bit the curvature of the phase boundary, and 
moves the CEP to location of larger baryon chemical 
potential and smaller temperature.

Light quark condensate:

Reduced condensate:

Lattice: S. Borsanyi et al., JHEP 09 (2010) 073.

Phase boundary: 

 

Curvature coefficients: 
 

CEP: 
 

Tc(μB)
Tc

= 1 − κ2 ( μB

Tc )
2

− κ4 ( μB

Tc )
4

+ ⋯

κ2 = 0.0151(1) , κ4 = 0.00023(2)

(T
CEP

, μBCEP
) = (102,647) MeV

fRG:Wang, Zhou, Huang, Wen, Yin, WF, arXiv:2607.07354.



:     MeVμS = 0 (T, μB)CEP = (102, 644)
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CEP and strangeness neutrality
 with constraint μS nS = 0 Phase diagram with nS = 0

Curvature of the phase boundary:

fRG:  
κnS=0

2

κμS=0
2

= 0.897(20)

Lattice: Ding et al., PRD 109 (2024) 114516, 
arXiv:2403.09390. 
Lattice: Borsanyi et al., arXiv:2510.26455.

Lattice:  
κnS=0

2,lat
κμS=0

2,lat
= 0.893(35) fRG: WF, Huang, Pawlowski, Rennecke, 

Wen, Yin, arXiv:2603.13455.

 μl = μB /3

μs = μB /3 − μS

:     MeVnS = 0 (T, μB)CEP = (92, 696)
  
Tc(μB)

Tc
= 1 − κ2 ( μB

Tc )
2

− κ4 ( μB

Tc )
4

+ ⋯

• Strangeness neutrality flattens a bit the 
phase boundary and moves CEP to larger .μB



μB = 0

Baryon number fluctuations

Relation to the cumulants

HotQCD: A. Bazavov et al., PRD 95 (2017), 054504; PRD 101 
(2020), 074502.
WB: S. Borsanyi et al., JHEP 10 (2018) 205.

fRG: WF, Luo, Pawlowski, Rennecke, Yin, PRD 111 (2025) 
L031502, arXiv: 2308.15508; WF, Luo, Pawlowski, Rennecke, 
Wen, Yin, PRD 104 (2021) 094047.

• In comparison to lattice results and our 
former results, the improved results of 
baryon number fluctuations at vanishing 
chemical potential in the QCD-assisted 
LEFT are convergent and consistent.

χB
n =

∂n

∂(μB /T )n

p
T4

M
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Baryon number fluctuations



STAR: Adam et al. (STAR), PRL 126 (2021) 092301;  
            Abdallah et al. (STAR), PRL 128 (2022) 202303;  
            Aboona et al. (STAR), PRL 130 (2023) 082301.

• Peak structure is found in 3 GeV
7.7 GeV. 

• Position of peak in  is 

536, 541 and 486 MeV for the three 
freeze-out curves, significantly 
smaller than  MeV.

≲ sNN ≲
R42 μBpeak

=

μBCEP
= 643

(TCEP, μBCEP
) = (98,643) MeV
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fRG: WF, Luo, Pawlowski, Rennecke, Yin, PRD 111 (2025) 
L031502, arXiv: 2308.15508.

Fluctuations at the freeze-out curve



• Theoretical prediction with critical fluctuations (fRG and DSE) is 
consistent with STAR data. 

• A peak structure is predicted in the energy regime of fixed-target 
experiments, i.e. 3 GeV 7.7 GeV. Experimental search of this 
peak is very important.

≲ sNN ≲

Net baryon (proton) number kurtosis:
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fRG: WF, Luo, Pawlowski, Rennecke, Yin, PRD 
111 (2025) L031502, arXiv: 2308.15508.

DSE: Lu, Fischer, Gao, Liu, Pawlowski, arXiv:2603.09336; Lu, 
Gao, Liu, Pawlowski, PRD 113 (2026) 054019, arXiv:2504.05099.

STAR: PRL 135 (2025) 142301, arXiv:2504.00817.

C4/C2: Comparison to STAR data



Fluid elements distributed 
on the phase diagram:
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Critical fluctuations + hydrodynamics

• Hypersurface elements of different  and  obtained 
from hydrodynamics simulations 

. 

• Implementing the baryon number fluctuations calculated 
from fRG 

. 

• Using the Cooper-Frye formula to determine the probability 
within an acceptance window of momenta and rapidity 

. 

• Using the isospin randomization to calculate the 
(anti)proton cumulants. 

• Global baryon number conservation via the subensemble 
acceptance method (SAM).

T μB

δCB±,gce
n (xi) = δVeff

i T3(xi)χB±

n (xi)

χB±

n =
χB±,HRG

n

χB,HRG
n

χB, fRG
n

pacc(xi; Δpacc)

Effects included:

HRG+hydro: Vovchenko, Koch, Shen, PRC 105 (2022) 014904, arXiv:2107.00163. 
hydro: Du, Gao, Jeon, Gale, PRC 109 (2024) 014907, arXiv:2302.13852.  
SAM: Vovchenko, Savchuk, Poberezhnyuk, Gorenstein, Koch, PLB 811 (2020) 
135868.fRG+hydro: Zhao, Yin, Wu, Du, Luo, WF, in preparation.



C2/C1:
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Critical net-proton fluctuations with 
hydrodynamics

fRG+hydro: Zhao, Yin, Wu, Du, Luo, WF, in preparation.

Pre
lim
ina
ry

Pre
lim
ina
ry

C3/C2: C4/C2:

Pre
lim
ina
ry

• Non-monotonic dependence is observed in fRG+hydro, 
in comparison to the HRG+hydro. 

• In comparison to the critical fluctuations computed 
on the parametrized freeze-out curve, fRG+hydro 
shows a better agreement with the experimental 
data.



★ Combined results of different approaches, including functional QCD, lattice, holography,  
indicate that the location of CEP is not favored in the region .  

★ A prominent peak structure is predicted in the baryon number fluctuations in the fixed-
target  energy of 3 GeV 7.7 GeV, which need to be confirmed in experiments.  

★ A non-monotonic dependence on the collision energy is observed in net-proton 
fluctuations calculated with fRG and hydrodynamics.

μB /T ≲ 4 ∼ 5

≲ sNN ≲

18

Summary and outlook
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Thank you very much for your attentions!
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Dalian

Welcome to 
PHD2026 in 

Dalian!

https://indico.ihep.ac.cn/event/29146/



Backup
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Wetterich formula

Rk(q)

1
2

∂tRk(q)

Gk,ab = γc
a(Γ(2)

k [Φ] + ΔS(2)
k [Φ])−1

cb ,

C. Wetterich, PLB, 301 (1993) 90

∂tΓk[Φ] =
1
2

STr[(∂tRk)Gk] =
1
2

Functional integral with an IR regulator 

 

regulator: 

 

flow of the Schwinger function: 

 

Legendre transformation: 

 

flow of the effective action:

Zk[J ] = ∫ (𝒟Φ̂)exp{ − S[Φ̂] − ΔSk[Φ̂] + JaΦ̂a}
Wk[J ] = ln Zk[J ]

ΔSk[φ] =
1
2 ∫

d4q
(2π)4

φ(−q)Rk(q)φ(q)

∂tWk[J ] = −
1
2

STr[(∂tRk)Gk] −
1
2

Φa∂tRab
k Φb

Γk[Φ] = − Wk[J ] + JaΦa − ΔSk[Φ]

Review: WF, CTP 74 (2022) 097304, 
arXiv: 2205.00468 [hep-ph]
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Functional renormalization group 



• Significant deviations from both the non-critical baseline results 
in UrQMD and HRG. 

• fRG results are in accordance with data.

fRG (critical) and HRG (baseline):

22

STAR data and UrQMD (baseline):

STAR: Z. Sweger, Quark Matter 2025 
STAR: arXiv:2504.00817

fRG: WF, Luo, Pawlowski, Rennecke, Yin, PRD 
111 (2025) L031502, arXiv: 2308.15508; Zhao, 
Yin, WF, in preparation

C3/C1: Comparison to STAR data
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Invariant with the transformation of 
, ,  and SUV(Nf ) UV(1) SUA(Nf ) UA(1)

Invariant with the transformation of 
, , , breaking SUV(Nf ) UV(1) SUA(Nf ) UA(1)

Invariant with the transformation of 
, , , breaking SUV(Nf ) UV(1) UA(1) SUA(Nf )

Invariant with the transformation of 
, , breaking , SUV(Nf ) UV(1) SUA(Nf ) UA(1)

Fierz-complete basis of four-quark interactions


