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1. Backgrounds--\What is the Efimov effect?



** What is the Efimov effect?

O Solving bound states in three body system with only two-body potentials

Two-body system ’I? — (T; 97 Cb)

r=nrn—1I

fo
©

1 w(rv Q) = Zlm mmT(T)YEm(Q)

[ I (e

B P ] () + S Vit (P (r) = 0

; w2 2 o A s
Thrsebodysystem R = \/[af* + 31", = (a..1) |

x=7y—7T1, Yy=73 — Ry
ng = (Tﬂ,l’]"] + 7n2r2)/(m1 -+ Tﬂg)

O O

>

B (ot Bk ) +V(R,Q)| W(R,Q) = BU(R,Q)

l U(R,Q) = R2Y, fu(R)®,(R: Q)

4

ﬁQ (R)®,,(R; Q) = Up(R)®n(R; Q)

) _%% + UTI(R) — F ]LH(R)
L Y [2Pun(B) s + Quin(R)] fun(R) = 0

| I
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** What is the Efimov effect?

Owhen 79 < R < |a]

2 s —1 4
Un(R) = 5l (52 = 1) = |~ dhr + 22| fu(R) = ZE [u(B)
" g, is real: n(R) = ARY/2tsn L BRY/2—5n

¥ s, = tisy IS pure imaginary :
fn(R) = ARY?%is0  BR1/271%0  \/Rsin {so In (Rﬁ)}
O Discrete scaling symmetry

R — AR, f(AR)usm{soln( )+301n>\}

® whentaking splnlg =7 — \g = ™/ %0 (a2 22.7 for three identical scalar bosons)

f()\OR) — j:f(R)a En—l—l - )\3En Nnode 80 In la|

To

[ Efimov effect: discrete scale invariance in a resonant three-body system }
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** What is the Efimov effect?

O Efimov plot & Braaten HWH. Phys. Rept. 428 259 (2006)
a>0 for bound state

A K
AAA AAA
(n)
mB5 " (a) AD
S
L 1/a
CMap
AD
EYy =—By=—1+ K
T
N\
0

fBlzn: wmix(2n+1p), 211 ($89+2n)

v AEFZRGSLI  Nature 440, 315 (2016); Nat. Phys. 5, 227 (2009)
(i@31d Feshbach i#RiIETabT)




* Efimov effect in momentum space

O Scale separation

N = ﬁ Lp,qg <N\~ % ~ M. — Pionless EFT

O Auxiliary field: dimer-particle scattering . """ = X +
A(p) = ﬁ [, dz In (%) A(px), with ¢ = px

. - _ 4 oo —1 1+z+a” ' 6 .
considering A(p) = p** —— 1= —=— [;" dza® ' In (%) — 1= jgsségé?;g{/%) s = +i1.00624

O RGI requires an oscillating three-body force at LO

A(p) X %Sin [50 In (%)] - S gS(A) — _%\Lj (A)’ with H = cos[so In A/Aog+arctan sg|

cos[so In A/Ag—arctan so]

H(M\A) = H(A)



s* Hadronic Molecule: rla — 0

O Successful in deuteron description: the Weinberg compositeness criterion

w=(am V() ()= e ()

Deuteron--np bound state: a<0 for bound state

. 5 2 1
np scattering Tae(E) = = Efl S(E) +non-pole terms. <«———> T\r(E) = —f Uat (r/20k2 — ik
1—-X /1 1 )2 1 1
= —2 — 1 +0|( ) = — — — 1.
=2 (3)+0(5) -2 (3) o (3)

S. Weinberg, Phys. Rev. 137 B672 (1965);
Guo et al. RMP (2018)

—4.3(14) fm[-5.419(7)]  r = 0.0(14) fm[1.764(8)]

O Emergence of near-threshold structures

z;ﬁ" b

A R I B B :
\’} 60F LHCb iif, s | we
= F 9fb™ 1
2 so- ‘ ) +'Jr e ch @2021 51 S Pcé @2015
V. CURE 0 M0+ EF Y 7 (%) 3(+)

0 o e T oy DTV DE-DTD ook . DY,

g gl S . ; T

200 Ji - n::n:J :.1}1:':‘”” A % w 1

'y ++“+' '”H : W w5

(];.+.+.ff_ - + I + H $+ + 200 3 A_L

3.87 T 3.‘88 3.89 | 4%00 4250 4300 4350 4400 4450 4500I I4I5I5-;). .4Isoo

[Ge \/]

LHCDb Nature Commun 13 3351 (2022)

m ., [MeV]

LHCb PRL 122 222001 (2019)
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2. Efimov study in three B/D mesons



+* Three-B-Mesons in Pionless EFT

O Zb(10610) and Zb ' (10650) are weak bound states of two B mesons

(BB* + BB*)/V?2 B*B*
Exp. E% = —3(2)MeV, EZ = —2.7(16) MeV  PDG, hitps://pdg.Ibl.gov
HQEFT E% =5.0(2.5)MeV, EZ = 1.0(0.5) MeV M. Cleven et al., EPJA 47 120 (2011)
1

Qy — 12(3) fm, Az — 27(07) fm,r ~ ﬁ = 14fm

T

O The leading order pionless EFT for three-B-meson dynamics

LO: =< ~ gzQOrs

Dressed dimer propagator: —— - 2 1

2 D )
g°pupSycp 72 .
! —YD + \/_2,“D (p(] - Q(m;:)+mj)) — e

+

+ _,\/ \)_f\/ \)_ + N ng(po’m = —Z

Independent transitions: —\— Mzpoz, Mz sz, Mz sz'B, Mz B« 7/ B 10




<+ Dimer-particle scattering

O The single-channel integral equations

S-wave ZB : (I,S) =(3/2,1),(1/2,1) "@ L ) 7?
S-wave ZB* : (I,S) = (1/2(3/2),0(2)) -

S-wave Z'B* : (I,S) = (3/2,1),(3/2,1),(1/2,0)
(1/2,1),(1/2,2)
(3/2,0)

O The coupled-channel integral equations

TTS(E, k,p) = (O1S) Mo(k,p) + [ dg (OTS) M (p, q)T"S (E, k,q)

S-wave ZB* — Z'B :
(Iv S) — (1/27 1)7 (3/27 1)
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<+ Dimer-particle scattering

7B Scattering

60

i (Z,8) = (3/2,1)
40 ]
| —14.072% fm
B 6.0
=, 20- 1
fae] ]
" o1 fm
_20 ‘ Ll Ll Ll \ L. e 1l
0.0 0.2 0.4 0.6 0.8 1.0 1.2
k/M,
60;— IIIIIIII - ZéB* Séattorlng_
¥ (I,S) = (3/2,1(2)),(1/2,0) 1
40- +6.1
= 20:¢ ]
RN ]
o ; (1,S) = (1/2,1(2)) ;-g fm
-20r ...
—40. (1,5) = (3/2,0) 1.4 .
0.5

—-60———— T P B
8.0 0.1 0.2 0.3
/M,

14,8428 iy a<0 for bound state

60" (I,S)=(3/2,02)  Z,B* Scattering
; 10.6 ]
% |
Ry 20- O.—'4 f
I + 1IN
o (1,9) = (3/2,1) gl
0 |
_20 : 1 L P 1 1 L1 L 1 L P | 1 L - L X I(I’ S), :. <1/2? ().(2 I_—
0.0 0.2 0.4 0.6 0.8 1.0 1.2
k/ M 0.6705 fm

Hints that no Efimov state emerges in these ZB channels:
® Convergence achieves as cutoff grows to infinity

® | arge positive phase shift but associated with negative
scattering length

No three body force in LO pionless EFT
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** Three-D-Mesons in Pionless EFT

O 7..D* scattering with
(I

O Three identical scalar scattering with 2-body binding energy artificially set
for illustration

0.3

det(1 — V@)

0.2

0.1

0.0

—-0.14

—0.2

1) =(1/2,0)

—— A =1500 MeV,a;="7.3 fm
-==-- A =2000 MeV,a3="7.3 fm
—=- A=2500 MeV,a;="7.3 fm

—0.4 —0.2 0.0 0.2
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—150 1

=175 A1

physical binding energy of T,

50 1

(L ]) - (1/21 1{2))

(\

—— A=1500 MeV,a3 = — 72.7 fm
-=== A=2000 MeV,a3= —73.5 fm
——- A=2500 MeV, a3 = —73.9 fin

—04 —0.2 0.0 0.2 0.4
E [MeV]

-
~~o
~
~

A =1500 MeV

! ~.

: N Eh*r\_é.: 2000 MeV

% TUs—mi— A =92500-MeV
i

0 50 100 150 200
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** Three-D-Mesons in Pionless EFT

O Coupled channel effects

4 > 1. p*+pg+¢°
Ti(p) :Aij\/_S—ﬂpfo quj(Q)§lnp2—pq—|—q2'

T; ~ p%i=! .
’ P B 4A7, 1 Slﬂ%si

— 1
V3 s; cos T,

2

iImaginary s; solution when A; > 4, =

O S-wave D*D* dimer: (I,]) = Ty(1,0), T,(0,1), T,(1,2)

Only T; Multi-dimer coupled
(1,8) =(1/2,0) D*D*D* A=—1
(I,S) = (1/2,1) D*D*D* A=1/2 To (-3 1 %) A=2-1-1
ry |1 3 -
T2 \-§ -¢ -

(I,S) = (1/2,2) D*D*D* A=1/2 Tl(

[N (] [Jv)

) A=2 -1

3v/3

— =~ 0.827
2T
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** Three-D-Mesons in Pionless EFT

O Coupled channel effects

(I1,S)=(1/2,1) D*D*D*, with Ty, Ty, T5 coupled

Bo[MeV]  ag[fm] BLY B B B /B
0.01 44.03 54.592 0.185 0.011 295
0.5 6.23 64.158 0.980 0.6207 66
1.0 4.40 69.099 1.557 — 44
5.0 1.97 91.365 5.521 — 17

T virtual state.
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Summary
O Two-body hadronic molecule leaves imprints in correspondlng 3body

(1,8) = (3/2,1(2)), (1/2,0)

most attractive
(1/2,1(2)) E

40+
20

(1,8)=

§ [deg]

observables
® Direct evidence by confirmation of Efimov effects

No Efimov effects in Z()BM/T:. D™ scattering
® Coupled-channel effects can promote the emergence of o 0T 02

03 0.4 0.5
k/M,

Efimov effects

In future
® Finite range corrections to mimic real hadron systems

Thank you for your attention!
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   s n = ± i  s 0


  a


  T


  A  ( p ) =  p  s − 1


  s = ± i 1 . 00624


   T  c c ∗  D ∗


   T  c c ∗


   s i


   𝜆 i >  𝜆 c =   3  3  2 𝜋 ≈ 0 . 827


  S


   D ∗  D ∗


   ( I , J ) =  T 0  ( 1 , 0 ) ,      T 1  ( 0 , 1 ) ,      T 2 ( 1 , 2 )


   T 1


   T 0


   T 1


   T 2


   T 1


   T 2


   Z  ( ′ )  B  ( ∗ )


   T  c c ∗  D  ( ∗ )

