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Quantum questions

* \What is the quantum state of dark matter?

* L ore: large occupation number = classical

* Coherent state?

* Fock state |N), with N > 17
* A mixed state?
* How “quantum” is it?

* Difference between quantum and classical?




This talk

* The likely quantum state of wave-like DM.
* Emergence of classical limit.

* Quantum effects of this state.

Mainly about understanding the quantum properties,
not new detection method

A number slides taken from my collaborator: Dhong Yeon Cheong




Density matrix

Using a coherent state d | a) = a|a) as a basis

5= / P P(a)|a) (ol

Coherent state basis overcomplete, diagonal decomposition of p

[ Glauber-Sudharshan P - distribution function ] [Seuber 1963

[Sudharshan 1963]
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P(a) for wave-like DM

State in the early universe depends on the production mechanism.
For example, could be in coherent state from misalignment.

However, DM today went through a lot late time processing
virtualization, galaxy merging, etc.

It is also an open system going through decoherence.

Moreover, no experiment can resolve infinite finely, so we are
necessarily coarse graining

Fortunately, there is an universal distribution for “very” random system




P(a) for wave-like DM

(Gaussian state:

1 a)®

Plo)=w o |~

Quantum central limit theorem (QCLT) [Glauber, 1963]:

Superposition of n similar yet independent fields gives this state asn — oo

Basically, for something which is “random enough”, it
approaches Gaussian.




Example: adding Fock states

Fock state: |n)

Consider equal mixture of A" such states

Consider equal mixture et = >_p—1 i/ v/m.

USiﬂg FOurier tranSfOrm: f’(k) = /da P(a) AT oy (e_)‘*“p eAaT)
~ N ~
P () = [T Be(W/VV)
k=1

Par) = [La(WPN)] " = [1 = e o]

For large ., this becomes P — e ™" Gaussian!




Fast approach to Gaussian
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A number of Fock state |n) in the sum




Applying this to DM halo

Dark matter field has many momentum modes

5= / d{a} PAapl{ah){a}]  Hab) = TTilaw)

1 B 2
P({a}) = H 7T—Nk€ ™/ N g momentum of dark matter
k




Applying this to DM halo

Dark matter field has many momentum modes

p= [ dfa} Plaplabilall Ko} = Tllow
P({Oz}):H ! e loal" /N omentum of dark matter

IV
. k

(27)°

(B = Tr [a;;akﬁk] ~ 2 in(k) = N,

i . average number density

p(K) : momentum space distribution, e.g. from a halo model

Wave-like: (N) > 1 Particle-like: (M,) < 1

More on this later




Emergence of classical




Wave DM field

DM field operator:
N 1 : :
t, _ ~  _—tk-x + ~T _ik-x
o(t, x) Ek Voo (ake a,e )

General expectation value:

A

(@(t.)) = [ o Pla)(al |30 <

(&ke—zk-w 4+ &Lezk-w)




Wave DM field

DM field operator:

A

~ 1
¢(t,X) :zk: \/m (

General expectation value:

(" (t, %)) = / P P(a) (o]

>

Lk

are T 4 &Le

1

\ 2Vwk

(

A

Ak

€

—ik-x

+ &Leik'w)

Note: this is not simple since | @) is not an eigenstate of a’

Quantum mechanics: aa’' = a'a + 1




Wave DM field

DM field operator:

&ke—zkm _|_CALlT<ezk:r;)

~ 1
¢(t,X) :zk: \/m (

General expectation value:

(0" (8,%)) = / d*a P(a){al Z Tl}wk (&ke‘i“ +&Lei’f'w)

Note: this is not simple since | @) is not an eigenstate of a’

Quantum mechanics: aa® = a'a

Obstruction of being classical
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Wave DM field

Large occupation number limit:  {(ddy) = (@ a) + 1 =N, N> |

Then in any evaluation of (¢ (t, X)"), we can make
the replacement d - a, d = a*

Field operator can be replaced by
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Wave DM field

Field operator can be replaced by

o(t,x) = Z \/ Viwk Re [agee ™"

with each o having a statistical weight P(«.)

For P(ey) > 0, ¢(t, X) a classical random field.

For Gaussian P(ay), ¢(t, X) a Gaussian random field.

In particular,  (#(t,x)) =0, & (¢°(t,x)) = #
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Wave DM field

For P(aq) > 0, ¢(¢, X) a classical random field.

For Gaussian P(ay), ¢(t, X) a Gaussian random field.

This is the typical classical approximation used in the simulations.

We see it emerges in the classical limit of a quantum state.

We can do the computation from the quantum state without
classical approximation, and understands its applicability.




Quantum properties.
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How correlated are the field in space and time?
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Correlation function

How correlated are the field in space and time?

(L(7,d)) = (o(t, x)o(t +7,x + d))

With Gaussian state:
p(k)

T(r.d)) = 7 / P

. 2
~ %/dgvf(v)cos (m (1+%>T—mv-d)

e.g. The Standard Halo Model (Maxwell-Boltzmann)

1 —(V+V®)2}

f(V> — WB/QUS) U(%

cos (wkT — k - d)

exp




Wave-DM, temporal

correlation




Wave-DM, temporal
correlation

10




Coherence tlme
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Exponential decay:
a time scale at which the field
IS “coherent”.




Coherence tlme

= ool VUV | Exponential decay:
= | | u \/ | atime scale at which the field
- U s “coherent”.

M

Within this coherent time, the field can be approximated by

Vv 2pDM

mpwMm

cos(mpnt + @)

Beyond coherence time, DM field not correlated. Can be
approximated by a random phase @




Coherence time, a rigorous definition

1.0_—‘ .
5 % A time scale at which the field

o V\/VVVVVV | Is “coherent”.

=2 far [N 2 [ 2T

DM - SHM

TDM = v Erf [V2ve /v 1 (9(112)] ~ 2.80ms (

mugUe




Coherence Volume / Length

) 1.0

- SHM, vy =0.1, v5, = 0.2
| 08 | (D) = (Bx)o(x +d)

201 . 0.6

md L vg
-
-

)) /(L




Higher order coherence?

Coherence properties also important in higher order correlations.

Glauber correlation functions for higher order qguantum coherence

[Glauber, 1963]

~ 1 )
ot (z) = ae ke
( ) ; vV 2Vwk K

(6 (@) 6" (@2)) (07 (@)™ (@2) §* (22) 6" (1))

9(1) (wlv x2) —

(2) T1,T9) = — . - -
\/<¢_ (1) ($1)> <¢‘ (z2) $F (1’2)> a ) <¢_ (z1) ¢ (5'51)> <¢_ (z2) 9T ($2)>

Inserting the Gaussian P(a), and the occupation number (Ny),

1 k) _.
9 (rd) =y [ @R a1y |0

(1/w) Wk ‘




Quantum and classical




Boundary between
wave and particle

Where is this boundary”?
What’s the transition look like”?

For this, we focus on a specific calculation.




Number of axion In a box

g,  Side=coherence length d,

Volume = coherence volume V.,

de

For simplicity, consider a single k mode




Wave-particle boundary

Useful to rewrite the Gaussian state in Fock basis

[, el -G A
o= [ el = i 3 () W6

k=0

| k) : Fock state with occupation number k, and weight
(V)"
Pk = e
(14 (N))*F




Wave-particle boundary

Useful to rewrite the Gaussian state in Fock basis

- , e~ lal /() 1 0 (NY \"
o= [ el = i 3 () W6

k=0

| k) : Fock state with occupation number k, and weight
(V)"
Pk = e
(14 (N))*F

Number statistics

Mean: e = (k) = (N)
Variance: oy, = (k%) — (k)* = (N)(1 4 (N))




Wave-particle boundary

pr = (k) = (N)

Number statistics 01% _ <k2> B <k>2 = (N)(1 + (N))




Wave-particle boundary

pr = (k) = (N)

Number statistics o2 = (K*) — (k)2 = (N)(1 + (N))

(N) > 1, 6} ~ N*, exponential

wave




Wave-particle boundary

Number statistics

pr = (k) = (N)
o = (k*) — (k)* = (N)(1 + (N))
(N) > 1, 6} ~ N*, exponential (NYy < 1, 6} ~ N = p;, Poisson
¢ ¢ @
¢ -

wave

particle




Wave-particle boundary

Numb tatistl S <k> N <N>
umber statistics
o = (k%) — (k) = (N)(1 4 (N))
(N) > 1, 6} ~ N*, exponential (NYy < 1, 6} ~ N = p;, Poisson

(N)Y ~ 1  Neither Poisson or Exponentiall

18.7eV Axion ~ 18.7 eV
(93<N>)1/4 Dark Photon ~ 14.2 eV

m =




More general volume

V=L>#V. |N.=V/V.

Statistics in the particle-wave boundary depends on volume!

V<V, pp=nV=(N)N, oi=pu(us-+1)

Exponential when NN, > 1, Poisson when NN, < 1




More general volume

V=L>#V.|N.=V/V.

Statistics in the particle-wave boundary depends on volume!

V<V, pp=nV=(N)N, oi=pu(us-+1)

Exponential when NN, > 1, Poisson when NN, < 1

V>V, : ,Uk:<N>Nca Uzzﬂk[<N>+1]

Poisson when (N) <1 Erlang when (V) > 1




Different statistics

V=L>#V, |N.=

V/V,

10° |

r -----1--00- 101 | 102 ----103 104

V/Ve

Any observational implications?
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Intrinsically quantum®

“quantum™: can not be mimicked by a stochastic classical signal
evenifn > 1

Need P(a) < 0O

Similar question have been asked in “testing gravity is quantum”

For details, see talk by Dhong Yeon Chong yesterday




Seelng “quantum” Need P(a) < 0

[BIISSe])

| e.g. 7 quanta added

thermal state

wnjuen ()

Q: can we Dbe sensitive to the quantum P(a) < 0 regions?

For details, see talk by Dhong Yeon Chong yesterday
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AN Axion Haloscope :

Axion - Photon Interaction
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AN Axion Haloscope :

Axion - Photon Interaction

1 nIn%
L= _Zgafy’y¢F,ul/F'u — ga’yfy¢E - B

Interaction Hamiltonian

Hint = Garry Bo / Px(x) B (%)
V.

E.(x) = ; \/g (ibeti ,(x) + h.c.)

P(x) = Z \/Qiuv (ape™®™ + h.c.)




Axion haloscope: effective mode

1 W, = My +K

Ve (. i
Hi (1) >~ §ga7,yBO v (ch ZC’pe Kptap—l—h.c.)
P N
Wy V/




Axion haloscope: effective mode

1 ch . Kt Wy :mDM+Kp
Hi (1) >~ §ga7,yBo v (ZCTZCpe t5p ap—l—h.c.) — s o »
P Cp = =t /d xeP*F, (x

Cdp VC V.,

Effective (single) mode:

—iK t

Measuring coherence time tpyy ~ 1/Awpy,, €7 ~ constant

We can’t resolve these modes
Can only be sensitive 10 a coarse grained effective mode

Az i
Ao (1) = 5\ oy ZC’pe Kptap
P




Fffect and effective mode

Consider effective mode loses information

If modes are independent

coarse graining + QCLT — Gaussian, quantum-ness washed out




Fffect and effective mode

Consider effective mode loses information

If modes are independent

coarse graining + QCLT — Gaussian, quantum-ness washed out

If, for some reason, QCLT does not apply:




Cavity state evolution

Hine (1) = ig (CTaeff(t) - Caiﬂ-’(t))

Solve evolution e = ccos gt + a.g sin gt
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Cavity state evolution

Hine (1) = ig (CTaeff(t) - Caiﬂ-’(t))

Solve evolution e = ccos gt + a.g sin gt

Evolve p(?) l

State of cavity: P (a) ~ / d*s Peﬁ(i/\/ﬁ) P (a—B)

Axion conversion probability 7 ~ (gt)?




Cavity state evolution

Hine (1) = ig (CTUJeﬂ:‘(t) - Caiﬂ-‘(t))

Solve evolution e = ccos gt + a.g sin gt

Evolve p(?) l

State of cavity: P (a) ~ / d*s Peﬁ(i/\/ﬁ) P (a—B)

Axion conversion probability 7 ~ (gt)?

N~ 10722 Garyy By Q.107%V\" Very small
10-15QeV 1 10 T 10° mpy detection rate




Non-classical Effects on P(ar)

pt (Oé)ﬁ/d2ﬁpeﬂ:(5/\/ﬁ)Pz (a—ﬁ)

Ccav cav
Y

b 102 ( Garr By Q. 105eV>2 Very small
10-15GeV " 10 T 105 mpy detection rate

Regions of P{av(a) < 0 restricted to @(\/ﬁ) regions in a space.

Typically very small. Need extremely good sensitivity.




Effect of (tiny) noise

@)
&
.
(@)
&,
e.g. 7 quanta
added thermal
state
O
-
&
=4
o
=

Regions of P{av(a) < 0 restricted to @(\/ﬁ) regions in a space.




Effect of (tiny) noise

@)
&
.
(@)
&,
e.g. 7 quanta
added thermal
state
O
-
&
=4
o
=

Regions of P/_(a) < O restricted to @(\/ﬁ) regions in a space.

Effects washed out by e.g thermal noise n, 2 7 T > — 2% ZQK(WDM)
€Cts washned out by e.g thermal noise n, < n Nlog(l/n) m {05V




Coarse Graining

|

Nonclassical P,

l

Weak Coupling

Gaussian P.g

Compressed P,

_______________________ b




Imprints of non-classicality

Quadrature|x=; ¢+

Number ﬁnszb

1

S(X) = Var(X) — = Q =

2

Var(n)
()

1,

Classical states: O, S > 0,
Quantum states: Q0,5 < 0

S > -
=9

Saturated by Infinitely squeezed state

Q> -1

Saturated by number state




Detection of non-classicality

Quadrature Number

po) = [ daP@)a | Vi)l | b= [ daPgh@ln | via)l

7]
ScaV — 77SDM > _5 Qcav — 7762D1\/[ > —1]

Negativities at most O(#), even in vacuum cavity

- Gayy = 107 GeV
By=10T

Q. =10°

mg = 107° eV

Time required to observe tm,

. AN AL 20
SC&V? QcaV <0 tlnt 772 10 years




What about distinguishing
states”/

In a post-discovery scenario : | G: Gaussian  C': Coberent

G G _
QDM =~ Neff cav — 77Neff - nS
c Cc _
DM — O cav O
Feasible*

Ja B
Time required to distinguish : lint ~ n_?g ~ (.06 (10_1;&6\/) yTS
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Future directions

* Closer connection with the detection experiment.
* Fully optimized quantum sensing.

* Does other possible state lead to different
observations? How to best distinguish states?

* Any place we can explore the classical quantum
boundary/transition?

* A better computation of the evolution of the state
after its production?

We are currently investigating some of these questions.
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Density matrix

Using a coherent state d|a) = a | a) as a basis
p= [ daP@laa

Coherent state basis overcomplete, diagonal decomposition of p

| Glauber-Sudharshan P - distribution function | [Gauber 1963

[Sudharshan 1963]

Unique P(ar) for a generic p in coherent state basis [Metha, 1967]

df3 A la|?+] 6% +2i Im[a8*]
Pla) = [ S5 (~BlplB)e

Expectation values ( ensemble averages now described with P(a) )

(O) = Tr [@,3} - / d2aP(a)Tr [@@@4] - / 2aP(a){a|O]a)



Energy density

The energy density with quadratures ax - 2<1Nk> (i) . & di= - 2ZNk> (s — .
1 2,2
p =35 [(@10)° + (V) +m*¢?|
1 NxNg
Z V\/ Wk W (wkwq +k-q) YxlYq T mkaxQ}
k.q q

See also.
e.g) Kim 2021, 2023

In the non-relativistic limit, sum of two y? distributions with single dof.

m
p Z e vV NiNqg [Ykyq + 2x2q] Exponentially distributed!
k,q

(p) = mn (0) = nlpy




Quantum central limit
theorem  ceuwer 10

Pur) = [ devPle) Xt = [ e (@) [ exp (A — X epey) Per(3) =[] Bl
p p
D (% * % * 1 * % *
Py(cp)) = /dap P,(ap) [1 + (Ao, — A cpay) + 5()\cpozp — Nepap)? + (’)((cp)\)B)} (3.24)

* * 1 * *
=1+ )\cp<a;;> — N eplap) + 3 ()\QCpQ(a;f) + A 202%(@12)) — |cp)\|2(a;r,ap> + O((cpN)?)

Many modes contributing: ¢ <1

M= Z cplap),

r * * 1 *
log Pag(\) =~ A\u* — X\ + 5 [(NA* 4 c.c.] — |A* Neg A= ((a2) — (ap)?),

Net = ) ol ({afap) — (a])(ap))

1 Negrlp — @|* — Re (A*(p — a)?)
Peg(ar) = exp | — e N
N2 — A2 o — 1A




Quantum central limit
theorem ceuwer 16

Number of modes: N ~ (mpuvonR)? R: halo radius

Coarse graining Ap: N ~ (mpxvou/Ap)?

Detalls require numerical simulation.




Characteristic functions

/

tr :e_)‘*a peMT] s=1
~ 2 I - «
P('S)()\) — SIAT/2 ¢y [,0 e —A a} = trip era’ =2 “} s=20
 tr :eAane_A*a} s=—1
 Glauber—Sudarshan Pla) s=1
PY)(a /— PO\ e VY = L Wigner W (a) s=0
 Husimi Q(«) s=—1
2 ~2la—pJ? L ~la—pf?
Wia) = - dB P(f) e : Qla) = - ds P(f)e
State PEI(N) P(a) W () Q(e)
Coherent |ap) e(s—DIAZ/2 Aag— A ag (o — o) 26—2|a_a0|2 1 ja—aop
Gaussian, (n) = N | e [N+(1=s)/2\P %G—WZ/N Y i 73 e~ lal?/(N+1/2) 7r(N1+ 1)6—|a|2/(N+1)
Fockln) | eC"UPPRL () | Lu(-0000r)6(@) | 2(-11'La(dlaf)e2e | LI oior




(Gaussian and thermal

(Gaussian state can be written as

=1 +1<n> 2 <<n<>n—|>— 1)” ) n

n

Same as a thermal ensemble of harmonic oscillators and

H = wa'a <TL> :‘(66“1 — 1)_1




Example: adding Fock states

Fock state:  |N)

Consider equal mixture of m such state Qeff = ) e O /v/M

Using Fourier transform: 2 = / dac P(a) XN = tr (e N ep )
P = TLARONVM - By(3) = In(AR)
p=1

Peff()\) _ [LN (|)\|2/m)]m — (1 — %|)\|2 + 0(1/m2)>m

For large m, this becomes Pg(A) = e MM Gaussian!




