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DM acts as a classical wave
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Quantum questions
What is the quantum state of dark matter?

Lore: large occupation number ⇒ classical

Coherent state?

Fock state |N⟩, with N ≫ 1?
A mixed state?

How “quantum” is it? 

Difference between quantum and classical?



This talk
The likely quantum state of wave-like DM.


Emergence of classical limit.


Quantum effects of this state.

A number slides taken from my collaborator: Dhong Yeon Cheong

Mainly about understanding the quantum properties,  
not new detection method



Using a coherent state  as a basis ̂a |α⟩ = α |α⟩
<latexit sha1_base64="ByYN2im2nOK05RtDC1/R22DzhDk="></latexit>

⇢̂ =

Z
d2↵P (↵)|↵ih↵|

Coherent state basis overcomplete, diagonal decomposition of ̂ρ

Density matrix

[ Glauber-Sudharshan  - distribution function ]P [Glauber, 1963] 
[Sudharshan 1963]
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 for wave-like DMP(α)
State in the early universe depends on the production mechanism. 
For example, could be in coherent state from misalignment. 

However, DM today went through a lot late time processing 
virtualization, galaxy merging, etc. 

Fortunately, there is an universal distribution for “very” random system

Moreover, no experiment can resolve infinite finely, so we are 
necessarily coarse graining

It is also an open system going through decoherence.



 for wave-like DMP(α)
Gaussian state: 

<latexit sha1_base64="W9eWIv66PgX+lKIYwmJ4dDy3a5U="></latexit>

P (↵) =
1

⇡ hNi exp
"
� |↵|2

hNi

#

Quantum central limit theorem (QCLT) [Glauber, 1963]: 

Superposition of  similar yet independent fields gives this state as n n → ∞

Basically, for something which is “random enough”, it 
approaches Gaussian.



Example: adding Fock states

Fock state: |n⟩

Consider equal mixture of  such states𝒩

For large , this becomes𝒩

Using Fourier transform:

we have C010(0) = →2/j01, recovering the commonly used cylindrical form factor expression

|C010(0)|2 = 4/j201 ↑ 0.69. Lastly, to determine the mode normalization we need to consider

arbitrary momentum k, as this is determined without any reference to the DM state. Taking

again the lowest lying mode, the result can be expressed as

!010 =
5j01
4ω

∫
→

0
dxω

xωJ
2
0 (j01xω)

(1→ x2ω)
2

∫
→

↑→

dxz
1√

1 + x2z + x2ω

sinc

(
5j01xz

2

)
↑ 0.183. (3.17)

This is in agreement with our argument in Ref. [19] that !ε is order-one for low-lying modes.

3.2 Gaussian States and the Quantum Central Limit Theorem

Next, we focus on a single e”ective mode Pε(ε) = Pe!(ε). For the following discussion, it

will be convenient to switch to discrete mode normalization (see App. B.1 for a review). We

let the e”ective mode operator be ae! =
∑

p cpap where p indexes discrete DM modes, and

normalization implies
∑

p |cp|
2 = 1. The full state of the DM field can be written as

ϑ =

∫ ∏

p

(dεp |εp↓↔εp|)P (ε1,ε2, . . .) =

∫
dω |ω↓↔ω|P (ω) (3.18)

and defining εe! =
∑

p cpεp, the P -function of the e”ective mode is

Pe!(ε) =

∫
dωP (ω) ϖ(ε→ εe!). (3.19)

To make further progress, we must make some assumption about the joint P -function P (ω).

The Quantum Central Limit Theorem. One reasonable assumption is that the P -

function factorizes, P (ω) =
∏

p Pp(εp), so that we can neglect correlations between the plane

wave modes. In this case we can apply the quantum analogue of the central limit theorem, as

was discussed by Glauber [9], and later explored in e.g. [48, 49]. [DYC: added two references

about quantum CLT]

To derive this result, it will be useful to introduce the characteristic function P̃ (ϱ), which

is the complex Fourier transform of the P -function,6

P̃ (ϱ) =

∫
dεP (ε) eϑϖ

→
↑ϑ→ϖ = tr

(
e
↑ϑ→a

ϑ e
ϑa†

)
, (3.20)

P (ε) =
1

ω2

∫
dϱ P̃ (ϱ) e↑ϑϖ→+ϑ→ϖ

. (3.21)

Note that since P (ε) is real, we have P̃ (ϱ)↓ = P̃ (→ϱ). In addition, a Gaussian P -function

corresponds to a Gaussian characteristic function.

Now, the characteristic function of the e”ective P -function is

P̃e!(ϱ) =

∫
dωP (ω) eϑϖ

→
e!↑ϑ→ϖe! =

∫
dωP (ω)

∏

p

exp
(
ϱc

↓

pε
↓

p → ϱ
↓
cpεp

)
. (3.22)

6
The characteristic functions for the Wigner W and the Husimi Q functions are defined in App. A.1.

– 15 –

Gaussian!

even if the fundamental modes are pure. This occurs because Pe! is defined through coarse

graining: information about the fundamental modes is lost. Nonetheless, this fact can be

somewhat counterintuitive and therefore we next demonstrate this with an explicit example

where the fundamental modes are in Fock states. The discussion also provides an opportunity

to derive several results that prove useful for the treatment of decoherence in Sec. 5.

To begin with, using the overlap of coherent states, |→ω|ε↑|
2 = e

→|ω→ε|2 , we can derive a

simple expression for the purity of a quantum system in terms of the characteristic function,

ϑ = tr(ϖ2) =

∫
dω dε P (ω)P (ε) e→|ω→ε|2 =

∫
dϱ

ς
|P̃ (ϱ)|2 e→|ϑ|2

. (3.31)

This formula can be used, for instance, to derive Eq. (2.25). Recall that the purity ϑ ↓ (0, 1]

achieves unity only for a pure state, with mixed states falling in the range 0 < ϑ < 1.

Turning to the example, we imagine an e!ective mode constructed by equally weighting

N fundamental modes, ck = 1/
↔

N . Assuming they are all independent, then using Eq. (3.26)

we can write the characteristic function as

P̃e!(ϱ) =
N∏

k=1

P̃k

(
ϱ/

↔

N

)
. (3.32)

Next, we take each of the fundamental modes to be in an n-particle Fock state. The char-

acteristic function of a Fock state can be written in terms of the Laguerre polynomials,

P̃k(ϱ) = Ln(|ϱ|
2). The Fock state is pure, as can be confirmed using Eq. (3.31) and the

orthogonality condition for the Laguerre polynomials. However, the e!ective mode has

P̃e!(ϱ) =
[
Ln

(
|ϱ|

2
/N

)]N
=

[
1 ↗

n

N
|ϱ|

2 + O
(
N

→2
)]N

, (3.33)

and in the limit N ↘ ≃, we see P̃e! ↘ e
→n|ϑ|2 , a Gaussian form as expected from the

quantum CLT.8 The purity has been reduced to

ϑe! =

∫
↑

0
d|ϱ| 2|ϱ|e

→2n|ϑ|2
e
→|ϑ|2 =

1

1 + 2n
(3.34)

corresponding to precisely to that of the mixed thermal Gaussian state in Eq. (2.26).

For a large occupancy Fock state, the leading deviation at finite number of modes N

between ϑe! and the Gaussian state’s purity ϑG is controlled purely by N . To see this,

observe the di!erence can be computed as

|ϑe! ↗ ϑG|

ϑG
=

n(n+ 1)

N (2n+ 1)2
+ O

(
N

→2
)
, (3.35)

which for n ⇐ 1 scales simply as 1/N , independent of n, as is illustrated in Fig. 4. Conse-

quently, convergence is rapid even for the very high n relevant for ultralight DM (although

we are not suggesting this is a physical model for DM). Note that it is sometimes stated that

ultralight DM appears classical specifically because of its high mode occupancy n ⇐ 1, but

this is incorrect, because convergence is also rapid for n ⇒ 1.
8In App. A.2 we demonstrate that the same result can be reached working directly with P -functions, even

though the P -function of a Fock state is highly singular.
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Now we consider an e!ective mode which is constructed by equally weighting m funda-

mental modes, ωe! =
∑m

p=1 ωi/
→
m. The e!ective mode has characteristic function

P̃e!(ε) =
m∏

p=1

P̃p(ε/
→
m). (3.32)

We take the fundamental modes to be in N -particle Fock states, P̃p(ε) = LN (|ε|2), where

LN is a Laguerre polynomial, which implies

P̃e!(ε) =
[
LN

(
|ε|

2
/m

)]m
=

(
1↑

N

m
|ε|

2 +O
(
1/m2

))m

. (3.33)

In the limit m ↓ ↔, plugging this into Eq. (3.31) gives an e!ective mode purity

ϑe! = lim
m→↑

∫
↑

0
d|ε| 2|ε|

(
1↑

N |ε|
2

m

)2m

e
↓|ω|2 (3.34)

=

∫
↑

0
d|ε| 2|ε|e↓2N |ω|2

e
↓|ω|2 =

1

1 + 2N
. (3.35)

This precisely matches the expectation from the central limit theorem, which predicts a

Gaussian state with mean occupancy N , with characteristic function P̃G(ε) = e
↓N |ω|2 . This

is also illustrated in Fig. 3, which shows the purity ϑe! as a function of m. In App. A.2, we

show that this conclusion can also be reached by working directly with P -functions.

3.3 Scalars, Dark Photons, and Gravitational Waves

[NR: I think it might be useful to have a brief section outlining that our formalism should

hold true for many couplings, e.g. dark photon (as below), scalars, gravitational waves.

Maybe work the dark photon out explicitly? Can also emphasize it doesn’t just hold for

non-relativistic states.] [DYC: Would it be possible to include any nontrivial discussions

on e.g. the polarization?] [KZ: I don’t think so, that just introduces several copies of the

same physics. Plus, dark photons or gravitational waves might be polarized, and then there’s

no real di!erence.] Note that while we focused on the axion-photon coupling here, similar

expressions could be derived for, e.g. a kinetically mixed dark photon, for which Hint =

ϖm
2
A→

∫
Vc

d
3
x A

µ(x)A↔
µ(x).

[NR: As another example here, there are papers that look for light-shining-through-walls

with two cavities, e.g. 2011.01350. We should in that case be able to see the Gaussian issue

being avoided, as the emitted and detected mode should have good overlap. Can we figure

that out explicitly? Would also explain why one can detect non-Gaussian statistics in the lab]

[KZ: indeed, for sourcing with a laser we would expect a coherent axion state to be produced.]

[NR: Another point Joey raised we may want to comment somewhere in this section is

that DM has a mass and therefore is dispersive, another key di!erence from light.] [KZ:

I would emphasize the other direction: light is more “dispersive” in the way that matters

for us. di!erent modes of light clearly have di!erent frequencies. nonrelativistic DM modes

almost have the same frequency (up to velocity corrections) and that’s what allows us to

define e!ective modes.]

– 19 –

Consider equal mixture



Fast approach to Gaussian
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Figure 4. The purity of a system that coarse grains N identical and independent Fock states, ωe! , as
defined in Eq. (3.34). Results are shown for three di!erent Fock states, n = 1, 10, 100. Convergence
away from a pure (ωe! = 1) state towards the mixed thermal Gaussian prediction of ωG = (1 + 2n)→1

is rapid, and occurs roughly independent of n.

4 Discrete Projective Measurements

We now turn to the calculation of experimental observables. In this section, we consider the

case where the cavity is prepared in a given state at time t = 0, interacts with the axion on

resonance, then undergoes a projective measurement at time tm. We assume tm ↭ Qc/ma,

so that cavity dissipation can be neglected during this time interval. Since cavity haloscopes

operate at Qc ↭ 1/v2DM → 106, this automatically implies tm ↭ 1/”εa → 1/(mav
2
DM), so that

the evolution of the e!ective mode’s state can be neglected as well. Furthermore, we assume

this process can be repeated independently arbitrarily many times. These are idealizations

we comment on below.

Our goal is to exhibit the di#culty of observing nonclassical e!ects, even under such

optimistic assumptions. We thus allow the initial state of the axion e!ective mode to be

arbitrarily nonclassical, and assume the initial cavity state can be prepared without any

thermal fluctuations. Though one can prepare the cavity in, e.g. a Fock or cat state, we will

generally assume for simplicity that it starts in the vacuum state, so that the final cavity

P -function in Eq. (2.19) is simply a rescaled version of the initial axion P -function Pa,

P
f
c (ϑ) =

Pa(ϑ/
↑
ϖ)

ϖ
. (4.1)

This shows that any negativity in Pa is automatically transferred to P
f
c . However, we will

show that the observability of the associated nonclassical e!ects is suppressed by additional
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 : number of Fock state  in the sum𝒩 |n⟩



Applying this to DM halo

4

explicitly,

→N̂k↑ = Tr[ω̂k â
†
kâk] = Nk. (8)

The mean number of states in a given mode can be ex-
pressed in a frame-independent manner as the ratio of the
density of particles to the density of states. The density
of states for a free field is given directly by Ns = gs/(2ε)

3,
where gs is the number of degrees of freedom associated
with the field: one for a scalar, two for a massless vec-
tor or graviton, and three for a massive dark photon.6

The density of field quanta is described by the phase
space density, N (x,k, t). In scenarios where the spatial
distribution is stationary and homogeneous, as we often
approximate to be the case locally for DM, we can write
N (x,k, t) = n̄ p(k), where n̄ is the number density and
p(k) is the momentum distribution of the field, for in-
stance, in the case of DM we can approximate it using
the standard halo model studied in Sec. III.7 We then
arrive at,

Nk =
(2ε)3

gs
n̄ p(k). (9)

Although this provides us a form of the variance for the
Gaussian weighting in Eq. (7), the result is more general
and gives the expected occupation number according to
Eq. (8) independent of the form of ω̂k.

Physically Nk represents the mean number of states
in a given k mode. It therefore contains information re-
garding distinguishability: for Nk > 1 there is no quan-
tum number or label that distinguishes these states and
they therefore must be regarded as identical. This purely
bosonic phenomena where we can have a large number of
identical states is intimately related to the wave-particle
transition, with Nk ↓ 1 playing a role in diagnosing
when the classical field description becomes appropriate,
as we show in Sec. II. It is also related to the coherence
volume, Vc, that is a measure of the physical volume oc-
cupied by the indistinguishable states. We demonstrate
this explicitly in Sec. IV.

In order to incorporate the information in Eq. (9) we
need to generalize our description of the density matrix
to multiple modes. Whilst conceptually straightforward,
let us briefly outline our notation for doing so, as we

6
Although we include a general gs in the present discussion, we
emphasize that our primary focus is scalar fields. To extend
beyond this, we would need to include a sum over polarizations
in Eq. (2).

7
In actuality the DM phase space is neither stationary nor homo-
geneous. E!ects such as daily and annual modulation or grav-
itational focusing induce time and position dependent shifts in
N (x,k, t), as discussed in e.g. Refs. [12, 13, 30, 31]. However, as
we discuss in the conclusion of Sec. IV, the question is the sta-
bility of the phase space (or even the density matrix as a whole)
on scales over which the DM field is correlated: the coherence
length and time. For a wide range of DM masses this condition
is satisfied.

make regular use of it in what follows. Especially for
manipulations involving coherent states it is convenient
to to discretize the modes by placing the scalar field in
a box of volume V , in which case the field operator and
commutation relations become,

ϑ̂(t,x) =
∑

k

1
↔
2V ϖk

(
âke

→ik·x + â
†
ke

ik·x
)
,

[âk, â
†
q] = ϱk,q.

(10)

We use the discrete and continuum normalizations inter-
changeably below as convenient. We review the details of
how to move between the two normalizations in App. B,
as well as discussing the challenge of working exclusively
with the continuum. A general density matrix in the
Glauber-Sudarshan P -representation is written as

ω̂ =

∫
d{ς}P ({ς})|{ς}↑→{ς}|. (11)

Here we have adopted the notation of Ref. [32], where
{ς} denotes the set of all ςk modes. For example,
|{ς}↑ =

∏
k |ςk↑ and where the Gaussian weighting is

appropriate, we take

P ({ς}) =
∏

k

1

εNk
e
→|ωk|

2
/Nk . (12)

Before continuing to determine the implications of
Eq. (12) for the DM field, we briefly collect several addi-
tional properties of P (ς). The Glauber-Sudarshan rep-
resentation has several advantages beyond the quantum
central limit theorem. If we have an operator that de-
pends on creation and annihilation operators, we can
evaluate its normally ordered expectation value as8
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sion, which is often denoted as the optical equivalence
theorem (see e.g. Ref. [32]) shows that we can rewrite
quantum expectation values of normally ordered opera-
tors as seemingly classical expectation values, albeit over
a quasi-probability distribution P (ς). A further unique
property of P (ς) is that its negativity is the signature of
a quantum state, by which we mean a state whose predic-
tions cannot be reproduced by any classical field (exam-
ples include a Fock state or squeezed state). The intuition
behind this result is that if P (ς) ↘ 0 then the density ma-
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3,
where gs is the number of degrees of freedom associated
with the field: one for a scalar, two for a massless vec-
tor or graviton, and three for a massive dark photon.6

The density of field quanta is described by the phase
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approximate to be the case locally for DM, we can write
N (x,k, t) = n̄ p(k), where n̄ is the number density and
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stance, in the case of DM we can approximate it using
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Although this provides us a form of the variance for the
Gaussian weighting in Eq. (7), the result is more general
and gives the expected occupation number according to
Eq. (8) independent of the form of ω̂k.

Physically Nk represents the mean number of states
in a given k mode. It therefore contains information re-
garding distinguishability: for Nk > 1 there is no quan-
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they therefore must be regarded as identical. This purely
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when the classical field description becomes appropriate,
as we show in Sec. II. It is also related to the coherence
volume, Vc, that is a measure of the physical volume oc-
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†
ke

ik·x
)
,
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kâk] = Nk. (8)

The mean number of states in a given mode can be ex-
pressed in a frame-independent manner as the ratio of the
density of particles to the density of states. The density
of states for a free field is given directly by Ns = gs/(2ε)

3,
where gs is the number of degrees of freedom associated
with the field: one for a scalar, two for a massless vec-
tor or graviton, and three for a massive dark photon.6

The density of field quanta is described by the phase
space density, N (x,k, t). In scenarios where the spatial
distribution is stationary and homogeneous, as we often
approximate to be the case locally for DM, we can write
N (x,k, t) = n̄ p(k), where n̄ is the number density and
p(k) is the momentum distribution of the field, for in-
stance, in the case of DM we can approximate it using
the standard halo model studied in Sec. III.7 We then
arrive at,

Nk =
(2ε)3

gs
n̄ p(k). (9)

Although this provides us a form of the variance for the
Gaussian weighting in Eq. (7), the result is more general
and gives the expected occupation number according to
Eq. (8) independent of the form of ω̂k.

Physically Nk represents the mean number of states
in a given k mode. It therefore contains information re-
garding distinguishability: for Nk > 1 there is no quan-
tum number or label that distinguishes these states and
they therefore must be regarded as identical. This purely
bosonic phenomena where we can have a large number of
identical states is intimately related to the wave-particle
transition, with Nk ↓ 1 playing a role in diagnosing
when the classical field description becomes appropriate,
as we show in Sec. II. It is also related to the coherence
volume, Vc, that is a measure of the physical volume oc-
cupied by the indistinguishable states. We demonstrate
this explicitly in Sec. IV.

In order to incorporate the information in Eq. (9) we
need to generalize our description of the density matrix
to multiple modes. Whilst conceptually straightforward,
let us briefly outline our notation for doing so, as we

6
Although we include a general gs in the present discussion, we
emphasize that our primary focus is scalar fields. To extend
beyond this, we would need to include a sum over polarizations
in Eq. (2).

7
In actuality the DM phase space is neither stationary nor homo-
geneous. E!ects such as daily and annual modulation or grav-
itational focusing induce time and position dependent shifts in
N (x,k, t), as discussed in e.g. Refs. [12, 13, 30, 31]. However, as
we discuss in the conclusion of Sec. IV, the question is the sta-
bility of the phase space (or even the density matrix as a whole)
on scales over which the DM field is correlated: the coherence
length and time. For a wide range of DM masses this condition
is satisfied.

make regular use of it in what follows. Especially for
manipulations involving coherent states it is convenient
to to discretize the modes by placing the scalar field in
a box of volume V , in which case the field operator and
commutation relations become,

ϑ̂(t,x) =
∑

k

1
↔
2V ϖk

(
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âke

→ik·x + â
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†
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DM field operator: 
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Note: this is not simple since  is not an eigenstate of  |α⟩ ̂a†

 Quantum mechanics:  aa† = a†a + 1



Wave DM field
DM field operator: 
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ik·x

⌘

General expectation value:
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Note: this is not simple since  is not an eigenstate of  |α⟩ ̂a†

 Quantum mechanics:  aa† = a†a + 1

Obstruction of being classical



Wave DM field



Wave DM field
Large occupation number limit: ⟨ ̂ak ̂a†
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k ̂ak⟩ + 1 ≃ Nk Nk ≫ 1



Wave DM field
Large occupation number limit: ⟨ ̂ak ̂a†

k⟩ = ⟨ ̂a†
k ̂ak⟩ + 1 ≃ Nk Nk ≫ 1

Then in any evaluation of , we can make 
the replacement  

⟨ϕ(t, x)n⟩
̂a → α, ̂a → α∗



Wave DM field
Large occupation number limit: ⟨ ̂ak ̂a†

k⟩ = ⟨ ̂a†
k ̂ak⟩ + 1 ≃ Nk Nk ≫ 1

with each  having a statistical weight αk P(αk)

Field operator can be replaced by
<latexit sha1_base64="xrbxiQUfmEEfqGpuJkUgMKluX0Y="></latexit>

�(t,x) =
X

k

r
2

V!k
Re

⇥
↵ke

�ik·x⇤

Then in any evaluation of , we can make 
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̂a → α, ̂a → α∗



Wave DM field

with each  having a statistical weight αk P(αk)

Field operator can be replaced by
<latexit sha1_base64="xrbxiQUfmEEfqGpuJkUgMKluX0Y="></latexit>

�(t,x) =
X

k

r
2

V!k
Re

⇥
↵ke

�ik·x⇤



Wave DM field

For ,  a classical random field.P(αk) > 0 ϕ(t, x)
For Gaussian ,  a Gaussian random field.P(αk) ϕ(t, x)

In particular, 
<latexit sha1_base64="JievzbU+qLyiY/AkcaN0GS48+so="></latexit>
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Wave DM field
For ,  a classical random field.P(αk) > 0 ϕ(t, x)
For Gaussian ,  a Gaussian random field.P(αk) ϕ(t, x)



Wave DM field
For ,  a classical random field.P(αk) > 0 ϕ(t, x)
For Gaussian ,  a Gaussian random field.P(αk) ϕ(t, x)

This is the typical classical approximation used in the simulations.
We see it emerges in the classical limit of a quantum state. 



Wave DM field
For ,  a classical random field.P(αk) > 0 ϕ(t, x)
For Gaussian ,  a Gaussian random field.P(αk) ϕ(t, x)

This is the typical classical approximation used in the simulations.
We see it emerges in the classical limit of a quantum state. 

We can do the computation from the quantum state without 
classical approximation, and understands its applicability.



Quantum properties.



Correlation function
How correlated are the field in space and time?

<latexit sha1_base64="s45sKGf9LcH8o6FNuRetbtsImPs="></latexit>

h�(⌧,d)i = h�(t,x)�(t+ ⌧,x+ d)i



Correlation function
How correlated are the field in space and time?

<latexit sha1_base64="s45sKGf9LcH8o6FNuRetbtsImPs="></latexit>

h�(⌧,d)i = h�(t,x)�(t+ ⌧,x+ d)i

With Gaussian state: 
<latexit sha1_base64="msDNg4xz6R3yy3/jzMCHPa4tfEI="></latexit>
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e.g. The Standard Halo Model (Maxwell-Boltzmann)
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Wave-DM, temporal 
correlation
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Realistically, 
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Wave-DM, temporal 
correlation
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Realistically, 
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Coherence time
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Exponential decay: 
a time scale at which the field 
is “coherent”.



Coherence time
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Exponential decay: 
a time scale at which the field 
is “coherent”.

Within this coherent time, the field can be approximated by
<latexit sha1_base64="7AX/kUEqSXrFprH3kYJwjA9K8P0="></latexit>

ω(t) →
↑
2εDM

mDM
cos(mDMt+ ϑ)

Beyond coherence time, DM field not correlated. Can be 
approximated by a random phase φ



Coherence time, a rigorous definition
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Higher order coherence?
Coherence properties also important in higher order correlations. 

Glauber correlation functions for higher order quantum coherence 
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âke
�ik·x

<latexit sha1_base64="48OrBTX5oj+C8GW9AZ1Bq95MOKw="></latexit>

g(1) (x1, x2) =

D
�̂� (x1) �̂+ (x2)

E

rD
�̂� (x1) �̂+ (x1)

ED
�̂� (x2) �̂+ (x2)

E ,

<latexit sha1_base64="7kQWsosCnKvCLiy8xzsVQ9wMs9I="></latexit>

g(2) (x1, x2) =

D
�̂� (x1) �̂� (x2) �̂+ (x2) �̂+ (x1)

E

D
�̂� (x1) �̂+ (x1)

ED
�̂� (x2) �̂+ (x2)

E

<latexit sha1_base64="BUtYJRHIED5rP48azEIR38RTtxs="></latexit>

g(1)(⌧,d) =
1

h1/!i

Z
d3k

p(k)

!k
e�ik·d

<latexit sha1_base64="2C7T75yNfhOaRn2lzhuA7oNe+CA="></latexit>

g(2)(⌧,d) = 1 +
���g(1)(⌧,d)

���
2

Inserting the Gaussian , and the occupation number ,P(α) ⟨Nk⟩

[Glauber, 1963]



Quantum and classical



Boundary between  
wave and particle

Where is this boundary?

What’s the transition look like?

For this, we focus on a specific calculation.



Number of axion in a box
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Volume ≡ coherence volume Vc

Side = coherence length dc

For simplicity, consider a single  modek



Wave-particle boundary
Useful to rewrite the Gaussian state in Fock basis
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Number statistics
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Wave-particle boundary
Number statistics
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Wave-particle boundary
Number statistics
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Wave-particle boundary
Number statistics
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Wave-particle boundary
Number statistics

<latexit sha1_base64="ZNVw//2o+5Hn2qTz0dRCq56PYBs="></latexit>

µk = hki = hNi
�2
k =

⌦
k2

↵
� hki2 = hNi(1 + hNi)

⟨N⟩ ≫ 1, σ2
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k ≃ N = μk, Poisson

⟨N⟩ ∼ 1 Neither Poisson or Exponential! 

Axion ∼ 18.7 eV
Dark Photon ∼ 14.2 eV
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More general volume
V = L3 ≠ Vc
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Exponential when , Poisson when NNc ≫ 1 NNc ≪ 1

Statistics in the particle-wave boundary depends on volume!



More general volume
V = L3 ≠ Vc
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Different statistics
V = L3 ≠ Vc
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Any observational implications?



Intrinsically quantum?
“quantum”: can not be mimicked by a stochastic classical signal

For details, see talk by Dhong Yeon Chong yesterday

even if n ≫ 1
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Intrinsically quantum?

Need P(α) < 0

“quantum”: can not be mimicked by a stochastic classical signal

Similar question have been asked in “testing gravity is quantum” 

For details, see talk by Dhong Yeon Chong yesterday

even if n ≫ 1



Seeing “quantum”

e.g. 7 quanta added 
thermal state

3

Measurements spaced out over a time tm ↭ ωDM would
involve a time-varying e!ective mode, or equivalently
would require multiple e!ective modes to describe. This
variation tends to suppress the visibility of nonclassical
e!ects, so we optimistically assume tm ↫ ωDM, during
which the e!ective mode’s state is fixed.

So far, no assumption regarding the axion state has
been made. Assuming standard virialization, one could
argue that the DM modes should become independent,
so that the state factorizes as PDM(ω) =

∏
j
P

j

DM(εj) (cf.
Refs. [36, 65]). In that case, Eq. (10) reduces to a con-
volution over all P j

DM, weighted by the coupling between
the mode and the detector. Then by the (quantum) cen-
tral limit theorem [39] (reviewed in detail in Ref. [38]),
P

e!
DM(ε) becomes a Gaussian, and therefore e!ectively

classical. This remains true even if one can resolve the
axion linewidth, as one can define an e!ective mode for
each frequency bin. The argument holds until the funda-
mental modes of the field are resolved.

This justifies the common assumption that the axion
as seen by a detector is described by a classical Gaus-
sian random field [36, 65]. To see nonclassical e!ects,
it is insu”cient for individual modes to be nonclassi-
cal. Instead, correlations between the modes must be
strong enough to cause the central limit theorem to fail.
This could occur, e.g. if the axion condenses into a single
mode, so we let P e!

DM(ε) be arbitrarily nonclassical below.

Washing Out Quantum E!ects. The model in
Eq. (8) can be solved exactly. To see this, note Hint

rotates the modes into one another by an angle gt, e.g.

e
iHintt c e

→iHintt = c cos gt+ ae! sin gt. (11)

Accordingly, an initial interaction picture coherent state
|ε→DM|ϑ→cav evolves to |ε cos gt ↑ ϑ sin gt→DM|ϑ cos gt +
ε sin gt→cav. This implies (see the End Matter) that if
the cavity state P -function is initially P

i

cav(ε), after a
time tm it evolves to

P
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∫
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P
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↓
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which is simply a scaled convolution of the P -functions
for the e!ective axion mode and the initial cavity mode.
Above, the very small conversion e”ciency is

ϖ = sin2(gtm)

↔ 10→22

(
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where we took C0 ↔ 1 and normalized to typical values
for cavity haloscopes. Equation (12) is our main result.
It provides a direct path to testing whether DM can pro-
duce observable nonclassical signatures in a haloscope.

At first glance, it may seem that nonclassical e!ects
are easy to observe. If the cavity is perfectly initialized

FIG. 1. If the DM P -function (left) is imprinted on a noise-
free cavity, its negativity can be preserved. However, it can
be washed out by an extremely small amount of thermal noise
(right), yielding measurement statistics equivalent to a classi-
cal ensemble. The DM P -function shown is a Fock state with
Gaussian noise; see the End Matter for details.

in the vacuum state, P i

cav(ε) = ϱ(ε), then the final cavity
state is related to the DM state by scaling,

P
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cav(ε) =
P
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↓
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ϖ
. (14)

Thus, any negativity in the DM P -function is imprinted
on the cavity mode, driving it into a nonclassical state.
Yet as we show below, the minute value of ϖ proves a key
obstruction to observing the nonclassicality.
Moreover, in practice, the cavity cannot be perfectly

prepared in the vacuum state. Instead, it always carries
a Gaussian spread due to thermal excitation [66],

P
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cav(ε) =
e
→|ε|2/nt

ς nt

(15)

with nt the mean thermal occupancy. If nt = 1, then con-
volving this Gaussian with any other P -function would
yield the Husimi function, which is nonnegative [67]. In
our case, the DM P -function begins scaled down by a
factor of

↓
ϖ, so its negativity survives only under the

more stringent condition nt ↫ ϖ, which follows directly
from Eqs. (12) and (15). This corresponds to requiring a
temperature

T ↫ mDM

log(1/ϖ)
↗ 2mK

(
mDM

10→5 eV

)
(16)

where we used nt ↗ exp(↑mDM/T ), valid for T ↫ mDM,
and the e”ciency in Eq. (13).
At microwave frequencies and below, this is a stringent

requirement on the physical temperature, and it also ap-
plies to all other sources of noise in the readout chain.
Therefore, for most haloscopes, nonclassical e!ects are
already washed out before measurement, as we illustrate
in Fig. 1, though this might be avoided for haloscopes
targeting mDM ↭ meV. In principle, for temperatures
exceeding this bound, one could still infer negativity of
P

e!
DM if nt was known accurately. However, as shown in

the End Matter, this requires determining nt to ↔ϖ pre-
cision, which is highly unrealistic. We further show there
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for cavity haloscopes. Equation (12) is our main result.
It provides a direct path to testing whether DM can pro-
duce observable nonclassical signatures in a haloscope.

At first glance, it may seem that nonclassical e!ects
are easy to observe. If the cavity is perfectly initialized

FIG. 1. If the DM P -function (left) is imprinted on a noise-
free cavity, its negativity can be preserved. However, it can
be washed out by an extremely small amount of thermal noise
(right), yielding measurement statistics equivalent to a classi-
cal ensemble. The DM P -function shown is a Fock state with
Gaussian noise; see the End Matter for details.

in the vacuum state, P i

cav(ε) = ϱ(ε), then the final cavity
state is related to the DM state by scaling,

P
f

cav(ε) =
P

e!
DM(ε/

↓
ϖ)

ϖ
. (14)

Thus, any negativity in the DM P -function is imprinted
on the cavity mode, driving it into a nonclassical state.
Yet as we show below, the minute value of ϖ proves a key
obstruction to observing the nonclassicality.
Moreover, in practice, the cavity cannot be perfectly

prepared in the vacuum state. Instead, it always carries
a Gaussian spread due to thermal excitation [66],

P
i

cav(ε) =
e
→|ε|2/nt

ς nt

(15)

with nt the mean thermal occupancy. If nt = 1, then con-
volving this Gaussian with any other P -function would
yield the Husimi function, which is nonnegative [67]. In
our case, the DM P -function begins scaled down by a
factor of

↓
ϖ, so its negativity survives only under the

more stringent condition nt ↫ ϖ, which follows directly
from Eqs. (12) and (15). This corresponds to requiring a
temperature

T ↫ mDM

log(1/ϖ)
↗ 2mK

(
mDM

10→5 eV

)
(16)

where we used nt ↗ exp(↑mDM/T ), valid for T ↫ mDM,
and the e”ciency in Eq. (13).
At microwave frequencies and below, this is a stringent

requirement on the physical temperature, and it also ap-
plies to all other sources of noise in the readout chain.
Therefore, for most haloscopes, nonclassical e!ects are
already washed out before measurement, as we illustrate
in Fig. 1, though this might be avoided for haloscopes
targeting mDM ↭ meV. In principle, for temperatures
exceeding this bound, one could still infer negativity of
P

e!
DM if nt was known accurately. However, as shown in

the End Matter, this requires determining nt to ↔ϖ pre-
cision, which is highly unrealistic. We further show there
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2

e.g. Refs. [43–46], is not a pure coherent state. Further-
more, during the collapse and subsequent evolution of
our galaxy, the axion state should change substantially
due to gravitational interactions. In the end, the state of
DM in the laboratory is described by a joint P -function
over the modes of the field,

ω̂DM =

∫
dωPDM(ω) |ω→↑ω| (2)

where ω = (ε1,ε2, . . .) denotes the DMmodes, and again
the system can be described classically if PDM ↓ 0.

Simulations indicate that quantum corrections gener-
ically grow exponentially during halo collapse, but are
simultaneously suppressed by decoherence [47, 48]. How-
ever, cat states with |ε| = |ϑ| do not decohere rapidly be-
cause both branches of the wavefunction have the same
average gravitational potential [49–51]. Further, there is
an extensive debate over whether the axion evolves to a
state where only one mode is occupied, which would dras-
tically increase its coherence time and could be a descrip-
tion of a Bose–Einstein condensate; see e.g. Refs. [52–56].

Identifying the quantum state of local axion DM is
evidently a highly nontrivial question, which we do not
aim to resolve here. Instead, we remain agnostic as to
the form of ω̂DM and determine the requirements for a
detector to observe a genuinely quantum e!ect.

A Model of DM Detection. Cavity haloscopes search
for axion DM, ϖ, coupled to photons through Lint =
gaωωϖE · B. The DM resonantly converts to photons
within the cavity volume Vc and background magnetic
field B0ẑ. The Hamiltonian describing the interaction is

Hint = ↔gaωω B0

∫

Vc

d
3
xϖ(x)Ez(x). (3)

The fields have the following mode expansion,

Ez(x) =
∑

ε

√
ϱε

2

(
icεẼ

→
ε,z(x) + h.c.

)

ϖ(x) =
∑

p

1√
2ϱpV

(
ape

ip·x + h.c.
) (4)

where ϱε is the cavity mode angular frequency, Ẽε,z

is the z-component of the mode profile normalized to∫
Vc
d
3
x |Ẽε|

2 = 1, ϱp = mDM + Kp is the axion energy

(with Kp the kinetic energy), and V is a fiducial axion
quantization volume.

We suppose a cavity mode is on resonance with the ax-
ion field, ϱε ↗ mDM, and neglect the modes o! resonance.
Working in the interaction picture, applying the rotating
wave approximation, and suppressing the resonant mode
subscript, the Hamiltonian becomes

Hint(t) ↗
1

2
gaωωB0

√
Vc

V

(
ic

† ∑

p

Cpe
↑iKptap+h.c.

)
(5)

when written in terms of a dimensionless overlap factor

Cp =
√

mDM

ϱp Vc

∫

Vc

d
3
x e

ip·x
Ẽz(x) (6)

that generalizes the cavity form factor to arbitrary DM
momenta; cf. Ref. [57]. The conventional form factor can
be identified as |C0|

2.
Equation (5) reveals that the cavity couples to an ef-

fective axion mode, defined as

ae!(t) ↘
1

2

√
Vc

”V
∑

p

Cpe
↑iKptap. (7)

An analogous reorganization of modes is used for interfer-
ometers [58, 59] and the double slit experiment [60, 61].
Using this, the Hamiltonian simplifies considerably to

Hint(t) ↗ ig
(
c
†
ae!(t)↔ c a

†
e!(t)

)
(8)

where g = gaωωB0

≃
” is a coupling with units of fre-

quency. We normalize ae! with [ae! , a
†
e! ] = 1, which then

determines ” ⇐ |C0|
2. The e!ective mode’s mean occu-

pancy is equal to the expected number of axions in the
cavity volume, Ne! = ↑a†e!ae!→ ↗ ωDMVc/mDM. These
results are justified in the End Matter, and further dis-
cussion of e!ective modes is provided in Ref. [38].
Many haloscopes continuously monitor the cavity

through a port with coupling rate 1/tm, where tm is the
e!ective measurement interval. This can be treated with
input-output theory, as reviewed in Refs. [7, 62–64]. We
discuss that case in Ref. [38]. Here we take the sim-
plifying case where information is read out by repeat-
edly preparing and projectively measuring the cavity af-
ter each time tm. Critical coupling roughly corresponds
to setting tm to the cavity decay time Qc/mDM, where
Qc is the cavity’s intrinsic quality factor, and we opti-
mistically neglect cavity damping on this timescale. We
adopt this model below.
Within an axion coherence time ςDM ⇐ 1/#ϱ, with #ϱ

the energy width of the occupied DM modes, the phase
factors e↑iKpt in Eq. (7) do not substantially change rel-
ative to each other. (This is essentially by definition, the
coherence time specifies how long it takes the di!erent
modes to develop an ⇐2φ phase relative to one another;
see Ref. [36] for further discussion.) Then, the e!ective
mode can be regarded as having a fixed state, with the
following density matrix weighting the di!erent values,

ω̂
e!
DM =

∫
dωPDM(ω) |εe!(t0)→↑εe!(t0)| (9)

where ae!(t0)|ω→ = εe!(t0)|ω→, and t0 is the initial time.
From this density matrix we can infer that the e!ective
mode is controlled by the following P -function,

P
e!
DM(ϑ) =

∫
dωPDM(ω) ↼

(
ϑ ↔ εe!(t0)

)
. (10)
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We suppose a cavity mode is on resonance with the ax-
ion field, ϱε ↗ mDM, and neglect the modes o! resonance.
Working in the interaction picture, applying the rotating
wave approximation, and suppressing the resonant mode
subscript, the Hamiltonian becomes

Hint(t) ↗
1
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(
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when written in terms of a dimensionless overlap factor
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that generalizes the cavity form factor to arbitrary DM
momenta; cf. Ref. [57]. The conventional form factor can
be identified as |C0|
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Equation (5) reveals that the cavity couples to an ef-

fective axion mode, defined as

ae!(t) ↘
1

2
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∑
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Cpe
↑iKptap. (7)

An analogous reorganization of modes is used for interfer-
ometers [58, 59] and the double slit experiment [60, 61].
Using this, the Hamiltonian simplifies considerably to

Hint(t) ↗ ig
(
c
†
ae!(t)↔ c a

†
e!(t)

)
(8)

where g = gaωωB0

≃
” is a coupling with units of fre-

quency. We normalize ae! with [ae! , a
†
e! ] = 1, which then

determines ” ⇐ |C0|
2. The e!ective mode’s mean occu-

pancy is equal to the expected number of axions in the
cavity volume, Ne! = ↑a†e!ae!→ ↗ ωDMVc/mDM. These
results are justified in the End Matter, and further dis-
cussion of e!ective modes is provided in Ref. [38].
Many haloscopes continuously monitor the cavity

through a port with coupling rate 1/tm, where tm is the
e!ective measurement interval. This can be treated with
input-output theory, as reviewed in Refs. [7, 62–64]. We
discuss that case in Ref. [38]. Here we take the sim-
plifying case where information is read out by repeat-
edly preparing and projectively measuring the cavity af-
ter each time tm. Critical coupling roughly corresponds
to setting tm to the cavity decay time Qc/mDM, where
Qc is the cavity’s intrinsic quality factor, and we opti-
mistically neglect cavity damping on this timescale. We
adopt this model below.
Within an axion coherence time ςDM ⇐ 1/#ϱ, with #ϱ

the energy width of the occupied DM modes, the phase
factors e↑iKpt in Eq. (7) do not substantially change rel-
ative to each other. (This is essentially by definition, the
coherence time specifies how long it takes the di!erent
modes to develop an ⇐2φ phase relative to one another;
see Ref. [36] for further discussion.) Then, the e!ective
mode can be regarded as having a fixed state, with the
following density matrix weighting the di!erent values,

ω̂
e!
DM =

∫
dωPDM(ω) |εe!(t0)→↑εe!(t0)| (9)

where ae!(t0)|ω→ = εe!(t0)|ω→, and t0 is the initial time.
From this density matrix we can infer that the e!ective
mode is controlled by the following P -function,

P
e!
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∫
dωPDM(ω) ↼

(
ϑ ↔ εe!(t0)

)
. (10)

2

e.g. Refs. [43–46], is not a pure coherent state. Further-
more, during the collapse and subsequent evolution of
our galaxy, the axion state should change substantially
due to gravitational interactions. In the end, the state of
DM in the laboratory is described by a joint P -function
over the modes of the field,

ω̂DM =

∫
dωPDM(ω) |ω→↑ω| (2)

where ω = (ε1,ε2, . . .) denotes the DMmodes, and again
the system can be described classically if PDM ↓ 0.

Simulations indicate that quantum corrections gener-
ically grow exponentially during halo collapse, but are
simultaneously suppressed by decoherence [47, 48]. How-
ever, cat states with |ε| = |ϑ| do not decohere rapidly be-
cause both branches of the wavefunction have the same
average gravitational potential [49–51]. Further, there is
an extensive debate over whether the axion evolves to a
state where only one mode is occupied, which would dras-
tically increase its coherence time and could be a descrip-
tion of a Bose–Einstein condensate; see e.g. Refs. [52–56].

Identifying the quantum state of local axion DM is
evidently a highly nontrivial question, which we do not
aim to resolve here. Instead, we remain agnostic as to
the form of ω̂DM and determine the requirements for a
detector to observe a genuinely quantum e!ect.

A Model of DM Detection. Cavity haloscopes search
for axion DM, ϖ, coupled to photons through Lint =
gaωωϖE · B. The DM resonantly converts to photons
within the cavity volume Vc and background magnetic
field B0ẑ. The Hamiltonian describing the interaction is
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where ϱε is the cavity mode angular frequency, Ẽε,z

is the z-component of the mode profile normalized to∫
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x |Ẽε|

2 = 1, ϱp = mDM + Kp is the axion energy

(with Kp the kinetic energy), and V is a fiducial axion
quantization volume.

We suppose a cavity mode is on resonance with the ax-
ion field, ϱε ↗ mDM, and neglect the modes o! resonance.
Working in the interaction picture, applying the rotating
wave approximation, and suppressing the resonant mode
subscript, the Hamiltonian becomes

Hint(t) ↗
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when written in terms of a dimensionless overlap factor
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that generalizes the cavity form factor to arbitrary DM
momenta; cf. Ref. [57]. The conventional form factor can
be identified as |C0|
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Equation (5) reveals that the cavity couples to an ef-

fective axion mode, defined as
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An analogous reorganization of modes is used for interfer-
ometers [58, 59] and the double slit experiment [60, 61].
Using this, the Hamiltonian simplifies considerably to

Hint(t) ↗ ig
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where g = gaωωB0

≃
” is a coupling with units of fre-
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e! ] = 1, which then

determines ” ⇐ |C0|
2. The e!ective mode’s mean occu-

pancy is equal to the expected number of axions in the
cavity volume, Ne! = ↑a†e!ae!→ ↗ ωDMVc/mDM. These
results are justified in the End Matter, and further dis-
cussion of e!ective modes is provided in Ref. [38].
Many haloscopes continuously monitor the cavity

through a port with coupling rate 1/tm, where tm is the
e!ective measurement interval. This can be treated with
input-output theory, as reviewed in Refs. [7, 62–64]. We
discuss that case in Ref. [38]. Here we take the sim-
plifying case where information is read out by repeat-
edly preparing and projectively measuring the cavity af-
ter each time tm. Critical coupling roughly corresponds
to setting tm to the cavity decay time Qc/mDM, where
Qc is the cavity’s intrinsic quality factor, and we opti-
mistically neglect cavity damping on this timescale. We
adopt this model below.
Within an axion coherence time ςDM ⇐ 1/#ϱ, with #ϱ

the energy width of the occupied DM modes, the phase
factors e↑iKpt in Eq. (7) do not substantially change rel-
ative to each other. (This is essentially by definition, the
coherence time specifies how long it takes the di!erent
modes to develop an ⇐2φ phase relative to one another;
see Ref. [36] for further discussion.) Then, the e!ective
mode can be regarded as having a fixed state, with the
following density matrix weighting the di!erent values,

ω̂
e!
DM =

∫
dωPDM(ω) |εe!(t0)→↑εe!(t0)| (9)

where ae!(t0)|ω→ = εe!(t0)|ω→, and t0 is the initial time.
From this density matrix we can infer that the e!ective
mode is controlled by the following P -function,

P
e!
DM(ϑ) =

∫
dωPDM(ω) ↼

(
ϑ ↔ εe!(t0)

)
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e.g. Refs. [43–46], is not a pure coherent state. Further-
more, during the collapse and subsequent evolution of
our galaxy, the axion state should change substantially
due to gravitational interactions. In the end, the state of
DM in the laboratory is described by a joint P -function
over the modes of the field,

ω̂DM =

∫
dωPDM(ω) |ω→↑ω| (2)

where ω = (ε1,ε2, . . .) denotes the DMmodes, and again
the system can be described classically if PDM ↓ 0.

Simulations indicate that quantum corrections gener-
ically grow exponentially during halo collapse, but are
simultaneously suppressed by decoherence [47, 48]. How-
ever, cat states with |ε| = |ϑ| do not decohere rapidly be-
cause both branches of the wavefunction have the same
average gravitational potential [49–51]. Further, there is
an extensive debate over whether the axion evolves to a
state where only one mode is occupied, which would dras-
tically increase its coherence time and could be a descrip-
tion of a Bose–Einstein condensate; see e.g. Refs. [52–56].

Identifying the quantum state of local axion DM is
evidently a highly nontrivial question, which we do not
aim to resolve here. Instead, we remain agnostic as to
the form of ω̂DM and determine the requirements for a
detector to observe a genuinely quantum e!ect.

A Model of DM Detection. Cavity haloscopes search
for axion DM, ϖ, coupled to photons through Lint =
gaωωϖE · B. The DM resonantly converts to photons
within the cavity volume Vc and background magnetic
field B0ẑ. The Hamiltonian describing the interaction is

Hint = ↔gaωω B0

∫
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3
xϖ(x)Ez(x). (3)

The fields have the following mode expansion,
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where ϱε is the cavity mode angular frequency, Ẽε,z

is the z-component of the mode profile normalized to∫
Vc
d
3
x |Ẽε|

2 = 1, ϱp = mDM + Kp is the axion energy

(with Kp the kinetic energy), and V is a fiducial axion
quantization volume.

We suppose a cavity mode is on resonance with the ax-
ion field, ϱε ↗ mDM, and neglect the modes o! resonance.
Working in the interaction picture, applying the rotating
wave approximation, and suppressing the resonant mode
subscript, the Hamiltonian becomes

Hint(t) ↗
1

2
gaωωB0
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when written in terms of a dimensionless overlap factor
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that generalizes the cavity form factor to arbitrary DM
momenta; cf. Ref. [57]. The conventional form factor can
be identified as |C0|
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Equation (5) reveals that the cavity couples to an ef-

fective axion mode, defined as

ae!(t) ↘
1

2

√
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∑
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↑iKptap. (7)

An analogous reorganization of modes is used for interfer-
ometers [58, 59] and the double slit experiment [60, 61].
Using this, the Hamiltonian simplifies considerably to

Hint(t) ↗ ig
(
c
†
ae!(t)↔ c a

†
e!(t)

)
(8)

where g = gaωωB0

≃
” is a coupling with units of fre-

quency. We normalize ae! with [ae! , a
†
e! ] = 1, which then

determines ” ⇐ |C0|
2. The e!ective mode’s mean occu-

pancy is equal to the expected number of axions in the
cavity volume, Ne! = ↑a†e!ae!→ ↗ ωDMVc/mDM. These
results are justified in the End Matter, and further dis-
cussion of e!ective modes is provided in Ref. [38].
Many haloscopes continuously monitor the cavity

through a port with coupling rate 1/tm, where tm is the
e!ective measurement interval. This can be treated with
input-output theory, as reviewed in Refs. [7, 62–64]. We
discuss that case in Ref. [38]. Here we take the sim-
plifying case where information is read out by repeat-
edly preparing and projectively measuring the cavity af-
ter each time tm. Critical coupling roughly corresponds
to setting tm to the cavity decay time Qc/mDM, where
Qc is the cavity’s intrinsic quality factor, and we opti-
mistically neglect cavity damping on this timescale. We
adopt this model below.
Within an axion coherence time ςDM ⇐ 1/#ϱ, with #ϱ

the energy width of the occupied DM modes, the phase
factors e↑iKpt in Eq. (7) do not substantially change rel-
ative to each other. (This is essentially by definition, the
coherence time specifies how long it takes the di!erent
modes to develop an ⇐2φ phase relative to one another;
see Ref. [36] for further discussion.) Then, the e!ective
mode can be regarded as having a fixed state, with the
following density matrix weighting the di!erent values,

ω̂
e!
DM =

∫
dωPDM(ω) |εe!(t0)→↑εe!(t0)| (9)

where ae!(t0)|ω→ = εe!(t0)|ω→, and t0 is the initial time.
From this density matrix we can infer that the e!ective
mode is controlled by the following P -function,

P
e!
DM(ϑ) =

∫
dωPDM(ω) ↼

(
ϑ ↔ εe!(t0)

)
. (10)
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e.g. Refs. [43–46], is not a pure coherent state. Further-
more, during the collapse and subsequent evolution of
our galaxy, the axion state should change substantially
due to gravitational interactions. In the end, the state of
DM in the laboratory is described by a joint P -function
over the modes of the field,

ω̂DM =

∫
dωPDM(ω) |ω→↑ω| (2)

where ω = (ε1,ε2, . . .) denotes the DMmodes, and again
the system can be described classically if PDM ↓ 0.

Simulations indicate that quantum corrections gener-
ically grow exponentially during halo collapse, but are
simultaneously suppressed by decoherence [47, 48]. How-
ever, cat states with |ε| = |ϑ| do not decohere rapidly be-
cause both branches of the wavefunction have the same
average gravitational potential [49–51]. Further, there is
an extensive debate over whether the axion evolves to a
state where only one mode is occupied, which would dras-
tically increase its coherence time and could be a descrip-
tion of a Bose–Einstein condensate; see e.g. Refs. [52–56].

Identifying the quantum state of local axion DM is
evidently a highly nontrivial question, which we do not
aim to resolve here. Instead, we remain agnostic as to
the form of ω̂DM and determine the requirements for a
detector to observe a genuinely quantum e!ect.

A Model of DM Detection. Cavity haloscopes search
for axion DM, ϖ, coupled to photons through Lint =
gaωωϖE · B. The DM resonantly converts to photons
within the cavity volume Vc and background magnetic
field B0ẑ. The Hamiltonian describing the interaction is

Hint = ↔gaωω B0

∫

Vc

d
3
xϖ(x)Ez(x). (3)

The fields have the following mode expansion,

Ez(x) =
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)
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(
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) (4)

where ϱε is the cavity mode angular frequency, Ẽε,z

is the z-component of the mode profile normalized to∫
Vc
d
3
x |Ẽε|

2 = 1, ϱp = mDM + Kp is the axion energy

(with Kp the kinetic energy), and V is a fiducial axion
quantization volume.

We suppose a cavity mode is on resonance with the ax-
ion field, ϱε ↗ mDM, and neglect the modes o! resonance.
Working in the interaction picture, applying the rotating
wave approximation, and suppressing the resonant mode
subscript, the Hamiltonian becomes

Hint(t) ↗
1

2
gaωωB0

√
Vc

V

(
ic

† ∑

p

Cpe
↑iKptap+h.c.

)
(5)

when written in terms of a dimensionless overlap factor

Cp =
√

mDM

ϱp Vc

∫

Vc

d
3
x e

ip·x
Ẽz(x) (6)

that generalizes the cavity form factor to arbitrary DM
momenta; cf. Ref. [57]. The conventional form factor can
be identified as |C0|

2.
Equation (5) reveals that the cavity couples to an ef-

fective axion mode, defined as

ae!(t) ↘
1

2

√
Vc

”V
∑

p

Cpe
↑iKptap. (7)

An analogous reorganization of modes is used for interfer-
ometers [58, 59] and the double slit experiment [60, 61].
Using this, the Hamiltonian simplifies considerably to

Hint(t) ↗ ig
(
c
†
ae!(t)↔ c a

†
e!(t)

)
(8)

where g = gaωωB0

≃
” is a coupling with units of fre-

quency. We normalize ae! with [ae! , a
†
e! ] = 1, which then

determines ” ⇐ |C0|
2. The e!ective mode’s mean occu-

pancy is equal to the expected number of axions in the
cavity volume, Ne! = ↑a†e!ae!→ ↗ ωDMVc/mDM. These
results are justified in the End Matter, and further dis-
cussion of e!ective modes is provided in Ref. [38].
Many haloscopes continuously monitor the cavity

through a port with coupling rate 1/tm, where tm is the
e!ective measurement interval. This can be treated with
input-output theory, as reviewed in Refs. [7, 62–64]. We
discuss that case in Ref. [38]. Here we take the sim-
plifying case where information is read out by repeat-
edly preparing and projectively measuring the cavity af-
ter each time tm. Critical coupling roughly corresponds
to setting tm to the cavity decay time Qc/mDM, where
Qc is the cavity’s intrinsic quality factor, and we opti-
mistically neglect cavity damping on this timescale. We
adopt this model below.
Within an axion coherence time ςDM ⇐ 1/#ϱ, with #ϱ

the energy width of the occupied DM modes, the phase
factors e↑iKpt in Eq. (7) do not substantially change rel-
ative to each other. (This is essentially by definition, the
coherence time specifies how long it takes the di!erent
modes to develop an ⇐2φ phase relative to one another;
see Ref. [36] for further discussion.) Then, the e!ective
mode can be regarded as having a fixed state, with the
following density matrix weighting the di!erent values,

ω̂
e!
DM =

∫
dωPDM(ω) |εe!(t0)→↑εe!(t0)| (9)

where ae!(t0)|ω→ = εe!(t0)|ω→, and t0 is the initial time.
From this density matrix we can infer that the e!ective
mode is controlled by the following P -function,

P
e!
DM(ϑ) =

∫
dωPDM(ω) ↼

(
ϑ ↔ εe!(t0)

)
. (10)
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e.g. Refs. [43–46], is not a pure coherent state. Further-
more, during the collapse and subsequent evolution of
our galaxy, the axion state should change substantially
due to gravitational interactions. In the end, the state of
DM in the laboratory is described by a joint P -function
over the modes of the field,

ω̂DM =

∫
dωPDM(ω) |ω→↑ω| (2)

where ω = (ε1,ε2, . . .) denotes the DMmodes, and again
the system can be described classically if PDM ↓ 0.

Simulations indicate that quantum corrections gener-
ically grow exponentially during halo collapse, but are
simultaneously suppressed by decoherence [47, 48]. How-
ever, cat states with |ε| = |ϑ| do not decohere rapidly be-
cause both branches of the wavefunction have the same
average gravitational potential [49–51]. Further, there is
an extensive debate over whether the axion evolves to a
state where only one mode is occupied, which would dras-
tically increase its coherence time and could be a descrip-
tion of a Bose–Einstein condensate; see e.g. Refs. [52–56].

Identifying the quantum state of local axion DM is
evidently a highly nontrivial question, which we do not
aim to resolve here. Instead, we remain agnostic as to
the form of ω̂DM and determine the requirements for a
detector to observe a genuinely quantum e!ect.

A Model of DM Detection. Cavity haloscopes search
for axion DM, ϖ, coupled to photons through Lint =
gaωωϖE · B. The DM resonantly converts to photons
within the cavity volume Vc and background magnetic
field B0ẑ. The Hamiltonian describing the interaction is

Hint = ↔gaωω B0

∫

Vc
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3
xϖ(x)Ez(x). (3)

The fields have the following mode expansion,
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)
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where ϱε is the cavity mode angular frequency, Ẽε,z

is the z-component of the mode profile normalized to∫
Vc
d
3
x |Ẽε|

2 = 1, ϱp = mDM + Kp is the axion energy

(with Kp the kinetic energy), and V is a fiducial axion
quantization volume.

We suppose a cavity mode is on resonance with the ax-
ion field, ϱε ↗ mDM, and neglect the modes o! resonance.
Working in the interaction picture, applying the rotating
wave approximation, and suppressing the resonant mode
subscript, the Hamiltonian becomes

Hint(t) ↗
1

2
gaωωB0

√
Vc

V

(
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† ∑
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Cpe
↑iKptap+h.c.

)
(5)

when written in terms of a dimensionless overlap factor

Cp =
√

mDM

ϱp Vc

∫

Vc

d
3
x e

ip·x
Ẽz(x) (6)

that generalizes the cavity form factor to arbitrary DM
momenta; cf. Ref. [57]. The conventional form factor can
be identified as |C0|

2.
Equation (5) reveals that the cavity couples to an ef-

fective axion mode, defined as

ae!(t) ↘
1

2

√
Vc

”V
∑

p

Cpe
↑iKptap. (7)

An analogous reorganization of modes is used for interfer-
ometers [58, 59] and the double slit experiment [60, 61].
Using this, the Hamiltonian simplifies considerably to

Hint(t) ↗ ig
(
c
†
ae!(t)↔ c a

†
e!(t)

)
(8)

where g = gaωωB0

≃
” is a coupling with units of fre-

quency. We normalize ae! with [ae! , a
†
e! ] = 1, which then

determines ” ⇐ |C0|
2. The e!ective mode’s mean occu-

pancy is equal to the expected number of axions in the
cavity volume, Ne! = ↑a†e!ae!→ ↗ ωDMVc/mDM. These
results are justified in the End Matter, and further dis-
cussion of e!ective modes is provided in Ref. [38].
Many haloscopes continuously monitor the cavity

through a port with coupling rate 1/tm, where tm is the
e!ective measurement interval. This can be treated with
input-output theory, as reviewed in Refs. [7, 62–64]. We
discuss that case in Ref. [38]. Here we take the sim-
plifying case where information is read out by repeat-
edly preparing and projectively measuring the cavity af-
ter each time tm. Critical coupling roughly corresponds
to setting tm to the cavity decay time Qc/mDM, where
Qc is the cavity’s intrinsic quality factor, and we opti-
mistically neglect cavity damping on this timescale. We
adopt this model below.
Within an axion coherence time ςDM ⇐ 1/#ϱ, with #ϱ

the energy width of the occupied DM modes, the phase
factors e↑iKpt in Eq. (7) do not substantially change rel-
ative to each other. (This is essentially by definition, the
coherence time specifies how long it takes the di!erent
modes to develop an ⇐2φ phase relative to one another;
see Ref. [36] for further discussion.) Then, the e!ective
mode can be regarded as having a fixed state, with the
following density matrix weighting the di!erent values,

ω̂
e!
DM =

∫
dωPDM(ω) |εe!(t0)→↑εe!(t0)| (9)

where ae!(t0)|ω→ = εe!(t0)|ω→, and t0 is the initial time.
From this density matrix we can infer that the e!ective
mode is controlled by the following P -function,

P
e!
DM(ϑ) =

∫
dωPDM(ω) ↼

(
ϑ ↔ εe!(t0)

)
. (10)

Solve evolution

3

Measurements spaced out over a time tm ↭ ωDM would
involve a time-varying e!ective mode, or equivalently
would require multiple e!ective modes to describe. This
variation tends to suppress the visibility of nonclassical
e!ects, so we optimistically assume tm ↫ ωDM, during
which the e!ective mode’s state is fixed.

So far, no assumption regarding the axion state has
been made. Assuming standard virialization, one could
argue that the DM modes should become independent,
so that the state factorizes as PDM(ω) =

∏
j
P

j

DM(εj) (cf.
Refs. [36, 65]). In that case, Eq. (10) reduces to a con-
volution over all P j

DM, weighted by the coupling between
the mode and the detector. Then by the (quantum) cen-
tral limit theorem [39] (reviewed in detail in Ref. [38]),
P

e!
DM(ε) becomes a Gaussian, and therefore e!ectively

classical. This remains true even if one can resolve the
axion linewidth, as one can define an e!ective mode for
each frequency bin. The argument holds until the funda-
mental modes of the field are resolved.

This justifies the common assumption that the axion
as seen by a detector is described by a classical Gaus-
sian random field [36, 65]. To see nonclassical e!ects,
it is insu”cient for individual modes to be nonclassi-
cal. Instead, correlations between the modes must be
strong enough to cause the central limit theorem to fail.
This could occur, e.g. if the axion condenses into a single
mode, so we let P e!

DM(ε) be arbitrarily nonclassical below.

Washing Out Quantum E!ects. The model in
Eq. (8) can be solved exactly. To see this, note Hint

rotates the modes into one another by an angle gt, e.g.

e
iHintt c e

→iHintt = c cos gt+ ae! sin gt. (11)

Accordingly, an initial interaction picture coherent state
|ε→DM|ϑ→cav evolves to |ε cos gt ↑ ϑ sin gt→DM|ϑ cos gt +
ε sin gt→cav. This implies (see the End Matter) that if
the cavity state P -function is initially P

i

cav(ε), after a
time tm it evolves to

P
f

cav(ε) =

∫
dϑ

P
e!
DM(ϑ/

↓
ϖ)

ϖ
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cav

(
(ε↑ ϑ)/

↓
1↑ ϖ

)

1↑ ϖ
(12)

which is simply a scaled convolution of the P -functions
for the e!ective axion mode and the initial cavity mode.
Above, the very small conversion e”ciency is

ϖ = sin2(gtm)

↔ 10→22

(
gaωω

10→15 GeV→1

B0

10T

Qc

105
10→5 eV

mDM

)2
(13)

where we took C0 ↔ 1 and normalized to typical values
for cavity haloscopes. Equation (12) is our main result.
It provides a direct path to testing whether DM can pro-
duce observable nonclassical signatures in a haloscope.

At first glance, it may seem that nonclassical e!ects
are easy to observe. If the cavity is perfectly initialized

FIG. 1. If the DM P -function (left) is imprinted on a noise-
free cavity, its negativity can be preserved. However, it can
be washed out by an extremely small amount of thermal noise
(right), yielding measurement statistics equivalent to a classi-
cal ensemble. The DM P -function shown is a Fock state with
Gaussian noise; see the End Matter for details.

in the vacuum state, P i

cav(ε) = ϱ(ε), then the final cavity
state is related to the DM state by scaling,

P
f

cav(ε) =
P

e!
DM(ε/

↓
ϖ)

ϖ
. (14)

Thus, any negativity in the DM P -function is imprinted
on the cavity mode, driving it into a nonclassical state.
Yet as we show below, the minute value of ϖ proves a key
obstruction to observing the nonclassicality.
Moreover, in practice, the cavity cannot be perfectly

prepared in the vacuum state. Instead, it always carries
a Gaussian spread due to thermal excitation [66],

P
i

cav(ε) =
e
→|ε|2/nt

ς nt

(15)

with nt the mean thermal occupancy. If nt = 1, then con-
volving this Gaussian with any other P -function would
yield the Husimi function, which is nonnegative [67]. In
our case, the DM P -function begins scaled down by a
factor of

↓
ϖ, so its negativity survives only under the

more stringent condition nt ↫ ϖ, which follows directly
from Eqs. (12) and (15). This corresponds to requiring a
temperature

T ↫ mDM

log(1/ϖ)
↗ 2mK

(
mDM

10→5 eV

)
(16)

where we used nt ↗ exp(↑mDM/T ), valid for T ↫ mDM,
and the e”ciency in Eq. (13).
At microwave frequencies and below, this is a stringent

requirement on the physical temperature, and it also ap-
plies to all other sources of noise in the readout chain.
Therefore, for most haloscopes, nonclassical e!ects are
already washed out before measurement, as we illustrate
in Fig. 1, though this might be avoided for haloscopes
targeting mDM ↭ meV. In principle, for temperatures
exceeding this bound, one could still infer negativity of
P

e!
DM if nt was known accurately. However, as shown in

the End Matter, this requires determining nt to ↔ϖ pre-
cision, which is highly unrealistic. We further show there
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e.g. Refs. [43–46], is not a pure coherent state. Further-
more, during the collapse and subsequent evolution of
our galaxy, the axion state should change substantially
due to gravitational interactions. In the end, the state of
DM in the laboratory is described by a joint P -function
over the modes of the field,

ω̂DM =

∫
dωPDM(ω) |ω→↑ω| (2)

where ω = (ε1,ε2, . . .) denotes the DMmodes, and again
the system can be described classically if PDM ↓ 0.

Simulations indicate that quantum corrections gener-
ically grow exponentially during halo collapse, but are
simultaneously suppressed by decoherence [47, 48]. How-
ever, cat states with |ε| = |ϑ| do not decohere rapidly be-
cause both branches of the wavefunction have the same
average gravitational potential [49–51]. Further, there is
an extensive debate over whether the axion evolves to a
state where only one mode is occupied, which would dras-
tically increase its coherence time and could be a descrip-
tion of a Bose–Einstein condensate; see e.g. Refs. [52–56].

Identifying the quantum state of local axion DM is
evidently a highly nontrivial question, which we do not
aim to resolve here. Instead, we remain agnostic as to
the form of ω̂DM and determine the requirements for a
detector to observe a genuinely quantum e!ect.

A Model of DM Detection. Cavity haloscopes search
for axion DM, ϖ, coupled to photons through Lint =
gaωωϖE · B. The DM resonantly converts to photons
within the cavity volume Vc and background magnetic
field B0ẑ. The Hamiltonian describing the interaction is

Hint = ↔gaωω B0

∫

Vc

d
3
xϖ(x)Ez(x). (3)

The fields have the following mode expansion,

Ez(x) =
∑

ε

√
ϱε

2

(
icεẼ

→
ε,z(x) + h.c.

)

ϖ(x) =
∑

p

1√
2ϱpV

(
ape

ip·x + h.c.
) (4)

where ϱε is the cavity mode angular frequency, Ẽε,z

is the z-component of the mode profile normalized to∫
Vc
d
3
x |Ẽε|

2 = 1, ϱp = mDM + Kp is the axion energy

(with Kp the kinetic energy), and V is a fiducial axion
quantization volume.

We suppose a cavity mode is on resonance with the ax-
ion field, ϱε ↗ mDM, and neglect the modes o! resonance.
Working in the interaction picture, applying the rotating
wave approximation, and suppressing the resonant mode
subscript, the Hamiltonian becomes

Hint(t) ↗
1

2
gaωωB0

√
Vc

V

(
ic

† ∑

p

Cpe
↑iKptap+h.c.

)
(5)

when written in terms of a dimensionless overlap factor

Cp =
√

mDM

ϱp Vc

∫

Vc

d
3
x e

ip·x
Ẽz(x) (6)

that generalizes the cavity form factor to arbitrary DM
momenta; cf. Ref. [57]. The conventional form factor can
be identified as |C0|

2.
Equation (5) reveals that the cavity couples to an ef-

fective axion mode, defined as

ae!(t) ↘
1

2

√
Vc

”V
∑

p

Cpe
↑iKptap. (7)

An analogous reorganization of modes is used for interfer-
ometers [58, 59] and the double slit experiment [60, 61].
Using this, the Hamiltonian simplifies considerably to

Hint(t) ↗ ig
(
c
†
ae!(t)↔ c a

†
e!(t)

)
(8)

where g = gaωωB0

≃
” is a coupling with units of fre-

quency. We normalize ae! with [ae! , a
†
e! ] = 1, which then

determines ” ⇐ |C0|
2. The e!ective mode’s mean occu-

pancy is equal to the expected number of axions in the
cavity volume, Ne! = ↑a†e!ae!→ ↗ ωDMVc/mDM. These
results are justified in the End Matter, and further dis-
cussion of e!ective modes is provided in Ref. [38].
Many haloscopes continuously monitor the cavity

through a port with coupling rate 1/tm, where tm is the
e!ective measurement interval. This can be treated with
input-output theory, as reviewed in Refs. [7, 62–64]. We
discuss that case in Ref. [38]. Here we take the sim-
plifying case where information is read out by repeat-
edly preparing and projectively measuring the cavity af-
ter each time tm. Critical coupling roughly corresponds
to setting tm to the cavity decay time Qc/mDM, where
Qc is the cavity’s intrinsic quality factor, and we opti-
mistically neglect cavity damping on this timescale. We
adopt this model below.
Within an axion coherence time ςDM ⇐ 1/#ϱ, with #ϱ

the energy width of the occupied DM modes, the phase
factors e↑iKpt in Eq. (7) do not substantially change rel-
ative to each other. (This is essentially by definition, the
coherence time specifies how long it takes the di!erent
modes to develop an ⇐2φ phase relative to one another;
see Ref. [36] for further discussion.) Then, the e!ective
mode can be regarded as having a fixed state, with the
following density matrix weighting the di!erent values,

ω̂
e!
DM =

∫
dωPDM(ω) |εe!(t0)→↑εe!(t0)| (9)

where ae!(t0)|ω→ = εe!(t0)|ω→, and t0 is the initial time.
From this density matrix we can infer that the e!ective
mode is controlled by the following P -function,

P
e!
DM(ϑ) =

∫
dωPDM(ω) ↼

(
ϑ ↔ εe!(t0)

)
. (10)

Solve evolution

3

Measurements spaced out over a time tm ↭ ωDM would
involve a time-varying e!ective mode, or equivalently
would require multiple e!ective modes to describe. This
variation tends to suppress the visibility of nonclassical
e!ects, so we optimistically assume tm ↫ ωDM, during
which the e!ective mode’s state is fixed.

So far, no assumption regarding the axion state has
been made. Assuming standard virialization, one could
argue that the DM modes should become independent,
so that the state factorizes as PDM(ω) =

∏
j
P

j

DM(εj) (cf.
Refs. [36, 65]). In that case, Eq. (10) reduces to a con-
volution over all P j

DM, weighted by the coupling between
the mode and the detector. Then by the (quantum) cen-
tral limit theorem [39] (reviewed in detail in Ref. [38]),
P

e!
DM(ε) becomes a Gaussian, and therefore e!ectively

classical. This remains true even if one can resolve the
axion linewidth, as one can define an e!ective mode for
each frequency bin. The argument holds until the funda-
mental modes of the field are resolved.

This justifies the common assumption that the axion
as seen by a detector is described by a classical Gaus-
sian random field [36, 65]. To see nonclassical e!ects,
it is insu”cient for individual modes to be nonclassi-
cal. Instead, correlations between the modes must be
strong enough to cause the central limit theorem to fail.
This could occur, e.g. if the axion condenses into a single
mode, so we let P e!

DM(ε) be arbitrarily nonclassical below.

Washing Out Quantum E!ects. The model in
Eq. (8) can be solved exactly. To see this, note Hint

rotates the modes into one another by an angle gt, e.g.

e
iHintt c e

→iHintt = c cos gt+ ae! sin gt. (11)

Accordingly, an initial interaction picture coherent state
|ε→DM|ϑ→cav evolves to |ε cos gt ↑ ϑ sin gt→DM|ϑ cos gt +
ε sin gt→cav. This implies (see the End Matter) that if
the cavity state P -function is initially P

i

cav(ε), after a
time tm it evolves to

P
f

cav(ε) =

∫
dϑ

P
e!
DM(ϑ/

↓
ϖ)

ϖ

P
i

cav

(
(ε↑ ϑ)/

↓
1↑ ϖ

)

1↑ ϖ
(12)

which is simply a scaled convolution of the P -functions
for the e!ective axion mode and the initial cavity mode.
Above, the very small conversion e”ciency is

ϖ = sin2(gtm)

↔ 10→22

(
gaωω

10→15 GeV→1

B0

10T

Qc

105
10→5 eV

mDM

)2
(13)

where we took C0 ↔ 1 and normalized to typical values
for cavity haloscopes. Equation (12) is our main result.
It provides a direct path to testing whether DM can pro-
duce observable nonclassical signatures in a haloscope.

At first glance, it may seem that nonclassical e!ects
are easy to observe. If the cavity is perfectly initialized

FIG. 1. If the DM P -function (left) is imprinted on a noise-
free cavity, its negativity can be preserved. However, it can
be washed out by an extremely small amount of thermal noise
(right), yielding measurement statistics equivalent to a classi-
cal ensemble. The DM P -function shown is a Fock state with
Gaussian noise; see the End Matter for details.

in the vacuum state, P i

cav(ε) = ϱ(ε), then the final cavity
state is related to the DM state by scaling,

P
f

cav(ε) =
P

e!
DM(ε/

↓
ϖ)

ϖ
. (14)

Thus, any negativity in the DM P -function is imprinted
on the cavity mode, driving it into a nonclassical state.
Yet as we show below, the minute value of ϖ proves a key
obstruction to observing the nonclassicality.
Moreover, in practice, the cavity cannot be perfectly

prepared in the vacuum state. Instead, it always carries
a Gaussian spread due to thermal excitation [66],

P
i

cav(ε) =
e
→|ε|2/nt

ς nt

(15)

with nt the mean thermal occupancy. If nt = 1, then con-
volving this Gaussian with any other P -function would
yield the Husimi function, which is nonnegative [67]. In
our case, the DM P -function begins scaled down by a
factor of

↓
ϖ, so its negativity survives only under the

more stringent condition nt ↫ ϖ, which follows directly
from Eqs. (12) and (15). This corresponds to requiring a
temperature

T ↫ mDM

log(1/ϖ)
↗ 2mK

(
mDM

10→5 eV

)
(16)

where we used nt ↗ exp(↑mDM/T ), valid for T ↫ mDM,
and the e”ciency in Eq. (13).
At microwave frequencies and below, this is a stringent

requirement on the physical temperature, and it also ap-
plies to all other sources of noise in the readout chain.
Therefore, for most haloscopes, nonclassical e!ects are
already washed out before measurement, as we illustrate
in Fig. 1, though this might be avoided for haloscopes
targeting mDM ↭ meV. In principle, for temperatures
exceeding this bound, one could still infer negativity of
P

e!
DM if nt was known accurately. However, as shown in

the End Matter, this requires determining nt to ↔ϖ pre-
cision, which is highly unrealistic. We further show there
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e.g. Refs. [43–46], is not a pure coherent state. Further-
more, during the collapse and subsequent evolution of
our galaxy, the axion state should change substantially
due to gravitational interactions. In the end, the state of
DM in the laboratory is described by a joint P -function
over the modes of the field,

ω̂DM =

∫
dωPDM(ω) |ω→↑ω| (2)

where ω = (ε1,ε2, . . .) denotes the DMmodes, and again
the system can be described classically if PDM ↓ 0.

Simulations indicate that quantum corrections gener-
ically grow exponentially during halo collapse, but are
simultaneously suppressed by decoherence [47, 48]. How-
ever, cat states with |ε| = |ϑ| do not decohere rapidly be-
cause both branches of the wavefunction have the same
average gravitational potential [49–51]. Further, there is
an extensive debate over whether the axion evolves to a
state where only one mode is occupied, which would dras-
tically increase its coherence time and could be a descrip-
tion of a Bose–Einstein condensate; see e.g. Refs. [52–56].

Identifying the quantum state of local axion DM is
evidently a highly nontrivial question, which we do not
aim to resolve here. Instead, we remain agnostic as to
the form of ω̂DM and determine the requirements for a
detector to observe a genuinely quantum e!ect.

A Model of DM Detection. Cavity haloscopes search
for axion DM, ϖ, coupled to photons through Lint =
gaωωϖE · B. The DM resonantly converts to photons
within the cavity volume Vc and background magnetic
field B0ẑ. The Hamiltonian describing the interaction is

Hint = ↔gaωω B0

∫

Vc

d
3
xϖ(x)Ez(x). (3)

The fields have the following mode expansion,

Ez(x) =
∑

ε

√
ϱε

2

(
icεẼ

→
ε,z(x) + h.c.

)

ϖ(x) =
∑

p

1√
2ϱpV

(
ape

ip·x + h.c.
) (4)

where ϱε is the cavity mode angular frequency, Ẽε,z

is the z-component of the mode profile normalized to∫
Vc
d
3
x |Ẽε|

2 = 1, ϱp = mDM + Kp is the axion energy

(with Kp the kinetic energy), and V is a fiducial axion
quantization volume.

We suppose a cavity mode is on resonance with the ax-
ion field, ϱε ↗ mDM, and neglect the modes o! resonance.
Working in the interaction picture, applying the rotating
wave approximation, and suppressing the resonant mode
subscript, the Hamiltonian becomes

Hint(t) ↗
1

2
gaωωB0

√
Vc

V

(
ic

† ∑

p

Cpe
↑iKptap+h.c.

)
(5)

when written in terms of a dimensionless overlap factor

Cp =
√

mDM

ϱp Vc

∫

Vc

d
3
x e

ip·x
Ẽz(x) (6)

that generalizes the cavity form factor to arbitrary DM
momenta; cf. Ref. [57]. The conventional form factor can
be identified as |C0|

2.
Equation (5) reveals that the cavity couples to an ef-

fective axion mode, defined as

ae!(t) ↘
1

2

√
Vc

”V
∑

p

Cpe
↑iKptap. (7)

An analogous reorganization of modes is used for interfer-
ometers [58, 59] and the double slit experiment [60, 61].
Using this, the Hamiltonian simplifies considerably to

Hint(t) ↗ ig
(
c
†
ae!(t)↔ c a

†
e!(t)

)
(8)

where g = gaωωB0

≃
” is a coupling with units of fre-

quency. We normalize ae! with [ae! , a
†
e! ] = 1, which then

determines ” ⇐ |C0|
2. The e!ective mode’s mean occu-

pancy is equal to the expected number of axions in the
cavity volume, Ne! = ↑a†e!ae!→ ↗ ωDMVc/mDM. These
results are justified in the End Matter, and further dis-
cussion of e!ective modes is provided in Ref. [38].
Many haloscopes continuously monitor the cavity

through a port with coupling rate 1/tm, where tm is the
e!ective measurement interval. This can be treated with
input-output theory, as reviewed in Refs. [7, 62–64]. We
discuss that case in Ref. [38]. Here we take the sim-
plifying case where information is read out by repeat-
edly preparing and projectively measuring the cavity af-
ter each time tm. Critical coupling roughly corresponds
to setting tm to the cavity decay time Qc/mDM, where
Qc is the cavity’s intrinsic quality factor, and we opti-
mistically neglect cavity damping on this timescale. We
adopt this model below.
Within an axion coherence time ςDM ⇐ 1/#ϱ, with #ϱ

the energy width of the occupied DM modes, the phase
factors e↑iKpt in Eq. (7) do not substantially change rel-
ative to each other. (This is essentially by definition, the
coherence time specifies how long it takes the di!erent
modes to develop an ⇐2φ phase relative to one another;
see Ref. [36] for further discussion.) Then, the e!ective
mode can be regarded as having a fixed state, with the
following density matrix weighting the di!erent values,

ω̂
e!
DM =

∫
dωPDM(ω) |εe!(t0)→↑εe!(t0)| (9)

where ae!(t0)|ω→ = εe!(t0)|ω→, and t0 is the initial time.
From this density matrix we can infer that the e!ective
mode is controlled by the following P -function,

P
e!
DM(ϑ) =

∫
dωPDM(ω) ↼

(
ϑ ↔ εe!(t0)

)
. (10)

Solve evolution

3

Measurements spaced out over a time tm ↭ ωDM would
involve a time-varying e!ective mode, or equivalently
would require multiple e!ective modes to describe. This
variation tends to suppress the visibility of nonclassical
e!ects, so we optimistically assume tm ↫ ωDM, during
which the e!ective mode’s state is fixed.

So far, no assumption regarding the axion state has
been made. Assuming standard virialization, one could
argue that the DM modes should become independent,
so that the state factorizes as PDM(ω) =

∏
j
P

j

DM(εj) (cf.
Refs. [36, 65]). In that case, Eq. (10) reduces to a con-
volution over all P j

DM, weighted by the coupling between
the mode and the detector. Then by the (quantum) cen-
tral limit theorem [39] (reviewed in detail in Ref. [38]),
P

e!
DM(ε) becomes a Gaussian, and therefore e!ectively

classical. This remains true even if one can resolve the
axion linewidth, as one can define an e!ective mode for
each frequency bin. The argument holds until the funda-
mental modes of the field are resolved.

This justifies the common assumption that the axion
as seen by a detector is described by a classical Gaus-
sian random field [36, 65]. To see nonclassical e!ects,
it is insu”cient for individual modes to be nonclassi-
cal. Instead, correlations between the modes must be
strong enough to cause the central limit theorem to fail.
This could occur, e.g. if the axion condenses into a single
mode, so we let P e!

DM(ε) be arbitrarily nonclassical below.

Washing Out Quantum E!ects. The model in
Eq. (8) can be solved exactly. To see this, note Hint

rotates the modes into one another by an angle gt, e.g.

e
iHintt c e

→iHintt = c cos gt+ ae! sin gt. (11)

Accordingly, an initial interaction picture coherent state
|ε→DM|ϑ→cav evolves to |ε cos gt ↑ ϑ sin gt→DM|ϑ cos gt +
ε sin gt→cav. This implies (see the End Matter) that if
the cavity state P -function is initially P

i

cav(ε), after a
time tm it evolves to
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cav(ε) =

∫
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(
(ε↑ ϑ)/

↓
1↑ ϖ

)
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which is simply a scaled convolution of the P -functions
for the e!ective axion mode and the initial cavity mode.
Above, the very small conversion e”ciency is

ϖ = sin2(gtm)

↔ 10→22
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gaωω

10→15 GeV→1

B0

10T

Qc

105
10→5 eV

mDM

)2
(13)

where we took C0 ↔ 1 and normalized to typical values
for cavity haloscopes. Equation (12) is our main result.
It provides a direct path to testing whether DM can pro-
duce observable nonclassical signatures in a haloscope.

At first glance, it may seem that nonclassical e!ects
are easy to observe. If the cavity is perfectly initialized

FIG. 1. If the DM P -function (left) is imprinted on a noise-
free cavity, its negativity can be preserved. However, it can
be washed out by an extremely small amount of thermal noise
(right), yielding measurement statistics equivalent to a classi-
cal ensemble. The DM P -function shown is a Fock state with
Gaussian noise; see the End Matter for details.

in the vacuum state, P i

cav(ε) = ϱ(ε), then the final cavity
state is related to the DM state by scaling,

P
f

cav(ε) =
P

e!
DM(ε/

↓
ϖ)

ϖ
. (14)

Thus, any negativity in the DM P -function is imprinted
on the cavity mode, driving it into a nonclassical state.
Yet as we show below, the minute value of ϖ proves a key
obstruction to observing the nonclassicality.
Moreover, in practice, the cavity cannot be perfectly

prepared in the vacuum state. Instead, it always carries
a Gaussian spread due to thermal excitation [66],

P
i

cav(ε) =
e
→|ε|2/nt

ς nt

(15)

with nt the mean thermal occupancy. If nt = 1, then con-
volving this Gaussian with any other P -function would
yield the Husimi function, which is nonnegative [67]. In
our case, the DM P -function begins scaled down by a
factor of

↓
ϖ, so its negativity survives only under the

more stringent condition nt ↫ ϖ, which follows directly
from Eqs. (12) and (15). This corresponds to requiring a
temperature

T ↫ mDM

log(1/ϖ)
↗ 2mK

(
mDM

10→5 eV

)
(16)

where we used nt ↗ exp(↑mDM/T ), valid for T ↫ mDM,
and the e”ciency in Eq. (13).
At microwave frequencies and below, this is a stringent

requirement on the physical temperature, and it also ap-
plies to all other sources of noise in the readout chain.
Therefore, for most haloscopes, nonclassical e!ects are
already washed out before measurement, as we illustrate
in Fig. 1, though this might be avoided for haloscopes
targeting mDM ↭ meV. In principle, for temperatures
exceeding this bound, one could still infer negativity of
P

e!
DM if nt was known accurately. However, as shown in

the End Matter, this requires determining nt to ↔ϖ pre-
cision, which is highly unrealistic. We further show there
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e.g. Refs. [43–46], is not a pure coherent state. Further-
more, during the collapse and subsequent evolution of
our galaxy, the axion state should change substantially
due to gravitational interactions. In the end, the state of
DM in the laboratory is described by a joint P -function
over the modes of the field,

ω̂DM =

∫
dωPDM(ω) |ω→↑ω| (2)

where ω = (ε1,ε2, . . .) denotes the DMmodes, and again
the system can be described classically if PDM ↓ 0.

Simulations indicate that quantum corrections gener-
ically grow exponentially during halo collapse, but are
simultaneously suppressed by decoherence [47, 48]. How-
ever, cat states with |ε| = |ϑ| do not decohere rapidly be-
cause both branches of the wavefunction have the same
average gravitational potential [49–51]. Further, there is
an extensive debate over whether the axion evolves to a
state where only one mode is occupied, which would dras-
tically increase its coherence time and could be a descrip-
tion of a Bose–Einstein condensate; see e.g. Refs. [52–56].

Identifying the quantum state of local axion DM is
evidently a highly nontrivial question, which we do not
aim to resolve here. Instead, we remain agnostic as to
the form of ω̂DM and determine the requirements for a
detector to observe a genuinely quantum e!ect.

A Model of DM Detection. Cavity haloscopes search
for axion DM, ϖ, coupled to photons through Lint =
gaωωϖE · B. The DM resonantly converts to photons
within the cavity volume Vc and background magnetic
field B0ẑ. The Hamiltonian describing the interaction is

Hint = ↔gaωω B0

∫

Vc

d
3
xϖ(x)Ez(x). (3)

The fields have the following mode expansion,

Ez(x) =
∑

ε

√
ϱε

2

(
icεẼ

→
ε,z(x) + h.c.

)

ϖ(x) =
∑

p

1√
2ϱpV

(
ape

ip·x + h.c.
) (4)

where ϱε is the cavity mode angular frequency, Ẽε,z

is the z-component of the mode profile normalized to∫
Vc
d
3
x |Ẽε|

2 = 1, ϱp = mDM + Kp is the axion energy

(with Kp the kinetic energy), and V is a fiducial axion
quantization volume.

We suppose a cavity mode is on resonance with the ax-
ion field, ϱε ↗ mDM, and neglect the modes o! resonance.
Working in the interaction picture, applying the rotating
wave approximation, and suppressing the resonant mode
subscript, the Hamiltonian becomes

Hint(t) ↗
1

2
gaωωB0

√
Vc

V

(
ic

† ∑

p

Cpe
↑iKptap+h.c.

)
(5)

when written in terms of a dimensionless overlap factor

Cp =
√

mDM

ϱp Vc

∫

Vc

d
3
x e

ip·x
Ẽz(x) (6)

that generalizes the cavity form factor to arbitrary DM
momenta; cf. Ref. [57]. The conventional form factor can
be identified as |C0|

2.
Equation (5) reveals that the cavity couples to an ef-

fective axion mode, defined as

ae!(t) ↘
1

2

√
Vc

”V
∑

p

Cpe
↑iKptap. (7)

An analogous reorganization of modes is used for interfer-
ometers [58, 59] and the double slit experiment [60, 61].
Using this, the Hamiltonian simplifies considerably to

Hint(t) ↗ ig
(
c
†
ae!(t)↔ c a

†
e!(t)

)
(8)

where g = gaωωB0

≃
” is a coupling with units of fre-

quency. We normalize ae! with [ae! , a
†
e! ] = 1, which then

determines ” ⇐ |C0|
2. The e!ective mode’s mean occu-

pancy is equal to the expected number of axions in the
cavity volume, Ne! = ↑a†e!ae!→ ↗ ωDMVc/mDM. These
results are justified in the End Matter, and further dis-
cussion of e!ective modes is provided in Ref. [38].
Many haloscopes continuously monitor the cavity

through a port with coupling rate 1/tm, where tm is the
e!ective measurement interval. This can be treated with
input-output theory, as reviewed in Refs. [7, 62–64]. We
discuss that case in Ref. [38]. Here we take the sim-
plifying case where information is read out by repeat-
edly preparing and projectively measuring the cavity af-
ter each time tm. Critical coupling roughly corresponds
to setting tm to the cavity decay time Qc/mDM, where
Qc is the cavity’s intrinsic quality factor, and we opti-
mistically neglect cavity damping on this timescale. We
adopt this model below.
Within an axion coherence time ςDM ⇐ 1/#ϱ, with #ϱ

the energy width of the occupied DM modes, the phase
factors e↑iKpt in Eq. (7) do not substantially change rel-
ative to each other. (This is essentially by definition, the
coherence time specifies how long it takes the di!erent
modes to develop an ⇐2φ phase relative to one another;
see Ref. [36] for further discussion.) Then, the e!ective
mode can be regarded as having a fixed state, with the
following density matrix weighting the di!erent values,

ω̂
e!
DM =

∫
dωPDM(ω) |εe!(t0)→↑εe!(t0)| (9)

where ae!(t0)|ω→ = εe!(t0)|ω→, and t0 is the initial time.
From this density matrix we can infer that the e!ective
mode is controlled by the following P -function,

P
e!
DM(ϑ) =

∫
dωPDM(ω) ↼

(
ϑ ↔ εe!(t0)

)
. (10)

Solve evolution

3

Measurements spaced out over a time tm ↭ ωDM would
involve a time-varying e!ective mode, or equivalently
would require multiple e!ective modes to describe. This
variation tends to suppress the visibility of nonclassical
e!ects, so we optimistically assume tm ↫ ωDM, during
which the e!ective mode’s state is fixed.

So far, no assumption regarding the axion state has
been made. Assuming standard virialization, one could
argue that the DM modes should become independent,
so that the state factorizes as PDM(ω) =

∏
j
P

j

DM(εj) (cf.
Refs. [36, 65]). In that case, Eq. (10) reduces to a con-
volution over all P j

DM, weighted by the coupling between
the mode and the detector. Then by the (quantum) cen-
tral limit theorem [39] (reviewed in detail in Ref. [38]),
P

e!
DM(ε) becomes a Gaussian, and therefore e!ectively

classical. This remains true even if one can resolve the
axion linewidth, as one can define an e!ective mode for
each frequency bin. The argument holds until the funda-
mental modes of the field are resolved.

This justifies the common assumption that the axion
as seen by a detector is described by a classical Gaus-
sian random field [36, 65]. To see nonclassical e!ects,
it is insu”cient for individual modes to be nonclassi-
cal. Instead, correlations between the modes must be
strong enough to cause the central limit theorem to fail.
This could occur, e.g. if the axion condenses into a single
mode, so we let P e!

DM(ε) be arbitrarily nonclassical below.

Washing Out Quantum E!ects. The model in
Eq. (8) can be solved exactly. To see this, note Hint

rotates the modes into one another by an angle gt, e.g.

e
iHintt c e

→iHintt = c cos gt+ ae! sin gt. (11)

Accordingly, an initial interaction picture coherent state
|ε→DM|ϑ→cav evolves to |ε cos gt ↑ ϑ sin gt→DM|ϑ cos gt +
ε sin gt→cav. This implies (see the End Matter) that if
the cavity state P -function is initially P

i

cav(ε), after a
time tm it evolves to

P
f

cav(ε) =

∫
dϑ

P
e!
DM(ϑ/

↓
ϖ)

ϖ

P
i

cav

(
(ε↑ ϑ)/

↓
1↑ ϖ

)

1↑ ϖ
(12)

which is simply a scaled convolution of the P -functions
for the e!ective axion mode and the initial cavity mode.
Above, the very small conversion e”ciency is

ϖ = sin2(gtm)

↔ 10→22

(
gaωω

10→15 GeV→1

B0

10T

Qc

105
10→5 eV

mDM

)2
(13)

where we took C0 ↔ 1 and normalized to typical values
for cavity haloscopes. Equation (12) is our main result.
It provides a direct path to testing whether DM can pro-
duce observable nonclassical signatures in a haloscope.

At first glance, it may seem that nonclassical e!ects
are easy to observe. If the cavity is perfectly initialized

FIG. 1. If the DM P -function (left) is imprinted on a noise-
free cavity, its negativity can be preserved. However, it can
be washed out by an extremely small amount of thermal noise
(right), yielding measurement statistics equivalent to a classi-
cal ensemble. The DM P -function shown is a Fock state with
Gaussian noise; see the End Matter for details.

in the vacuum state, P i

cav(ε) = ϱ(ε), then the final cavity
state is related to the DM state by scaling,

P
f

cav(ε) =
P

e!
DM(ε/

↓
ϖ)

ϖ
. (14)

Thus, any negativity in the DM P -function is imprinted
on the cavity mode, driving it into a nonclassical state.
Yet as we show below, the minute value of ϖ proves a key
obstruction to observing the nonclassicality.
Moreover, in practice, the cavity cannot be perfectly

prepared in the vacuum state. Instead, it always carries
a Gaussian spread due to thermal excitation [66],

P
i

cav(ε) =
e
→|ε|2/nt

ς nt

(15)

with nt the mean thermal occupancy. If nt = 1, then con-
volving this Gaussian with any other P -function would
yield the Husimi function, which is nonnegative [67]. In
our case, the DM P -function begins scaled down by a
factor of

↓
ϖ, so its negativity survives only under the

more stringent condition nt ↫ ϖ, which follows directly
from Eqs. (12) and (15). This corresponds to requiring a
temperature

T ↫ mDM

log(1/ϖ)
↗ 2mK

(
mDM

10→5 eV

)
(16)

where we used nt ↗ exp(↑mDM/T ), valid for T ↫ mDM,
and the e”ciency in Eq. (13).
At microwave frequencies and below, this is a stringent

requirement on the physical temperature, and it also ap-
plies to all other sources of noise in the readout chain.
Therefore, for most haloscopes, nonclassical e!ects are
already washed out before measurement, as we illustrate
in Fig. 1, though this might be avoided for haloscopes
targeting mDM ↭ meV. In principle, for temperatures
exceeding this bound, one could still infer negativity of
P

e!
DM if nt was known accurately. However, as shown in

the End Matter, this requires determining nt to ↔ϖ pre-
cision, which is highly unrealistic. We further show there
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P f
cav(ω) →

∫
d2ε

Pe!(ε/
↑
ϑ)

ϑ
P i
cav(ω↓ ε)State of cavity:

Axion conversion probability η ∼ (gt)2
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P f
cav(ω) →

∫
d2ε

Pe!(ε/
↑
ϑ)

ϑ
P i
cav(ω↓ ε)
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detection rate
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Figure 1. Two obstructions to observing intrinsically nonclassical e!ects from weakly coupled waves,
such as axion dark matter. Even if the axion state Pa is nonclassical, the haloscope only couples to
a coarse-grained e!ective mode Pe! , which is often in a thermal Gaussian state, erasing nonclassical
e!ects. Weak coupling maps the axion state onto the cavity Pc in a compressed form with finely spaced
sign oscillations, suppressing the magnitude of observable nonclassical e!ects. These issues are neither
caused nor avoided by high mode occupancy.

intrinsically quantum, in the sense that they can yield measurement statistics that cannot

be realized by any classical ensemble. This broad definition of nonclassicality encompasses

squeezing, entanglement, and Wigner negativity, which is related to quantum magic [32].

Examples of nonclassical states include squeezed states, Fock states, and “cat” states such as

|ω→ ↑ |ε→ + |↓ε→, all of which can have arbitrarily high occupancy.

Given this definition of nonclassicality, there are two independent obstructions to observing

nonclassical behavior even if the field exists in such a state, illustrated in Fig. 1. First, the axion

(or gravitational) field actually has infinitely many modes. However, detectors cannot resolve

these modes individually; instead one can regard them as coupling to “e!ective” modes, each

constructed from many approximately plane-wave fundamental modes. When the (quantum)

central limit theorem (CLT) applies, this coarse-graining generically erases negativity in the

e!ective mode’s P -function Pe!(ε).

Second, intrinsically quantum modifications to measurement statistics are always penalized

by additional powers of gt, as we showed in Ref. [33] for the simplest nonclassicality measures,

entering without a compensating power of ε. In this work we greatly extend these results,

showing that for any nonclassical state, there always exists a classical ensemble whose statistics

are identical up to e!ects that are higher-order in gt. This implies that detecting nonclassical

features of a wave is always parametrically more di”cult than detecting the wave itself.

However, this fact was not accounted for in dozens of previous studies, which either compared

a nonclassical state to a single fixed classical state, or considered signatures that were not

intrinsically quantum.

We organize our discussion around these two obstructions as follows. In Sec. 2 we study the

toy Hamiltonian in Eq. (1.1) in detail; we solve the model explicitly, compute the evolution of
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Imprints of non-classicality

<latexit sha1_base64="zeOt5elenuoHiHlYCMBfsEdjQ9E=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCXbTMFKluhIIblxXtBTqlZNJMG5pJhiQjlGGewo2v4saFIm7FnW9jZtqFth4I/Pz/Ceecz48YVdpxvq2V1bX1jc3CVnF7Z3dv3z44bCsRS0xaWDAhuz5ShFFOWppqRrqRJCj0Gen4k+ss7zwQqajg93oakX6IRpwGFCNtrIFduYPl7hmEV9ATEZFIC8lRSJI2kmmeVKAXSIQTN01q6cAuOVUnL7gs3LkogXk1B/aXNxQ4DgnXmCGleq4T6X6CpKaYkbToxYpECE/QiPSMzEarfpKflcJT4wxhIKR5XMPc/f0jQaFS09A3nSHSY7WYZeZ/WS/WwWU/oTyKNeF4NiiIGdQCZozgkEqCNZsagbCkZleIx8hQ0IZk0UBwF09eFu1a1a1X67fnpUazMcNRAMfgBJSBCy5AA9yAJmgBDB7BM3gFb9aT9WK9Wx+z1hVrjvAI/Cnr8we7Zp2K</latexit>

S(X) = Var(X)→ 1

2

<latexit sha1_base64="S5DyzvnzpU+hthbQvXRmwd17Ngg=">AAACHXicbZDLSgMxFIYz9VbrrerSTbAIFbTMSKluhIIbly3YC3RKOZNm2tBMMiQZoQx9ETe+ihsXirhwI76N6WWh1QOBj/8/Sc75g5gzbVz3y8msrK6tb2Q3c1vbO7t7+f2DppaJIrRBJJeqHYCmnAnaMMxw2o4VhSjgtBWMbqZ+654qzaS4M+OYdiMYCBYyAsZKvXy5fu2HCkjqy5gqMFIJiGjaBDUpilM8SX0OYsApFr6aweTcO+vlC27JnRX+C94CCmhRtV7+w+9LkkRUGMJB647nxqabgjKM2CdzfqJpDGQEA9qxOB1Bd9PZdhN8YpU+DqWyRxg8U3/eSCHSehwFtjMCM9TL3lT8z+skJrzqpkzEiaGCzD8KE46NxNOocJ8pSgwfWwCimJ0VkyHYsIwNNGdD8JZX/gvNi5JXKVXq5UK1Vp3HkUVH6BgVkYcuURXdohpqIIIe0BN6Qa/Oo/PsvDnv89aMs4jwEP0q5/Mb5nWipw==</latexit>

Q =
Var(n)

→n↑ ↓ 1,

Classical states : , 
Quantum states : 

Q, S > 0
Q, S < 0

<latexit sha1_base64="/IkH3k8uPpxeWM0POhho7BtIwzk=">AAAB/HicbZBLSwMxFIUz9VXra7RLN8EiuLHMFKkuC25cVrQP6Awlk95pQzOZMckIw1D/ihsXirj1h7jz35g+Ftp6IHA454bcfEHCmdKO820V1tY3NreK26Wd3b39A/vwqK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8fW07zyCVCwW9zpLwI/IULCQUaJN1LfLd9gbwgM+90JJaO5O8tqkb1ecqjMTXjXuwlTQQs2+/eUNYppGIDTlRKme6yTaz4nUjHKYlLxUQULomAyhZ6wgESg/ny0/wacmGeAwluYIjWfp7xs5iZTKosBMRkSP1HI3Df/reqkOr/yciSTVIOj8oTDlWMd4SgIPmASqeWYMoZKZXTEdEUNBG14lA8Fd/vKqadeqbr1av72oNJqNOY4iOkYn6Ay56BI10A1qohaiKEPP6BW9WU/Wi/VufcxHC9YCYRn9kfX5A6XRlGY=</latexit>

S → ↑1

2

Saturated by Infinitely squeezed state Saturated by number state

<latexit sha1_base64="6zFItx1nLy9uTT+9WjNWuFnwVng=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvHhMwDwkWcLspDcZMrO7zswKYclXePGgiFc/x5t/4+Rx0MSChqKqm+6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLR7dRvPaHSPI7uzThBX9JBxEPOqLHSQ510B/hILrxeseSW3RnIKvEWpAQL1HrFr24/ZqnEyDBBte54bmL8jCrDmcBJoZtqTCgb0QF2LI2oRO1ns4Mn5MwqfRLGylZkyEz9PZFRqfVYBrZTUjPUy95U/M/rpCa88TMeJanBiM0XhakgJibT70mfK2RGjC2hTHF7K2FDqigzNqOCDcFbfnmVNC/LXqVcqV+VqrXqPI48nMApnIMH11CFO6hBAxhIeIZXeHOU8+K8Ox/z1pyziPAY/sD5/AFTy4+1</latexit>

Q → ↑1

Quadrature  
<latexit sha1_base64="iU9zoKx9F3z9Z55n/c/zkxU1zgs=">AAACGHicbZBLSwMxFIUz9VXrq+rSTbAIilBnilQ3QsGNywpWC51aMumdaWjmYXJHKMP8DDf+FTcuFHHrzn9j+lj4OhA4nHNDcj8vkUKjbX9ahbn5hcWl4nJpZXVtfaO8uXWt41RxaPFYxqrtMQ1SRNBCgRLaiQIWehJuvOH5uL+5B6VFHF3hKIFuyIJI+IIzNFGvfNQ+c33FeObkmavvFGa1PKeuBB/3vUPvNnP7LAhA5a4SwQAPeuWKXbUnon+NMzMVMlOzV/5w+zFPQ4iQS6Z1x7ET7GZMoeAS8pKbakgYH7IAOsZGLATdzSaL5XTPJH3qx8qcCOkk/X4jY6HWo9AzkyHDgf7djcP/uk6K/mk3E1GSIkR8+pCfSooxHVOifaGAoxwZw7gS5q+UD5jhhIZlyUBwfq/811zXqk69Wr88rjSajSmOItkhu2SfOOSENMgFaZIW4eSBPJEX8mo9Ws/Wm/U+HS1YM4Tb5Iesjy9PXqDV</latexit>

X =
1→
2

(
b+ b†

) Number  
<latexit sha1_base64="5MWLAFwyjMEEDzqKCsMrDc0HwSs=">AAAB+nicbZBLSwMxFIXv+Kz1NdWlm2ARXJUZkepGKLhxWcE+oB1LJr1tQzOZIckoZexPceNCEbf+Enf+G9PHQlsPBD7OuSE3J0wE18bzvp2V1bX1jc3cVn57Z3dv3y0c1HWcKoY1FotYNUOqUXCJNcONwGaikEahwEY4vJ7kjQdUmsfyzowSDCLal7zHGTXW6rgFSa5IeJ+1u7TfRzUmYccteiVvKrIM/hyKMFe14361uzFLI5SGCap1y/cSE2RUGc4EjvPtVGNC2ZD2sWVR0gh1kE1XH5MT63RJL1b2SEOm7u8bGY20HkWhnYyoGejFbGL+l7VS07sMMi6T1KBks4d6qSAmJpMeSJcrZEaMLFCmuN2VsAFVlBnbVt6W4C9+eRnqZyW/XCrfnhcr1cqsjhwcwTGcgg8XUIEbqEINGDzCM7zCm/PkvDjvzsdsdMWZV3gIf+R8/gA3vpOZ</latexit>

n = b†b



Detection of non-classicality

<latexit sha1_base64="NSI0QQJJ7PX/GvZcs3yVZw8lSyc="></latexit>

p(x) =

∫
dωP e!

DM(ω)|→x | ↑εω↓|2.
<latexit sha1_base64="19xnjFOBa1InoZz7t0ulKG8yb7U="></latexit>

pn =

∫
dωP e!

DM(ω)|→n | ↑εω↓|2
<latexit sha1_base64="WTRyghFqf3jZKbvev5wKCU3hkCY=">AAACInicbZDLSgMxFIYz9VbrrerSTbAIbiwzRaouhIIu3AgV7QU6pWTSM21o5mKSKZRhnsWNr+LGhaKuBB/GTNtFbT0Q+Pn/E845nxNyJpVpfhuZpeWV1bXsem5jc2t7J7+7V5dBJCjUaMAD0XSIBM58qCmmODRDAcRzODScwVWaN4YgJAv8BzUKoe2Rns9cRonSVid/cd+JbY+ovvBiSoZJcmmDInjGvb5NEmz34PHEdgWhcZoncSnp5Atm0RwXXhTWVBTQtKqd/KfdDWjkga8oJ1K2LDNU7ZgIxSiHJGdHEkJCB6QHLS194oFsx+MTE3yknS52A6Gfr/DYnf0RE0/KkefoznRvOZ+l5n9ZK1LueTtmfhgp8OlkkBtxrAKc8sJdJoAqPtKCUMH0rpj2iQahNNWchmDNn7wo6qWiVS6W704LlWplgiOLDtAhOkYWOkMVdIOqqIYoekIv6A29G8/Gq/FhfE1aM8YU4T76U8bPL0tYpaA=</latexit>

Scav = ωSDM → ↑ω

2

<latexit sha1_base64="6BqhwNWsUKU5ACFDck5CBSLj/2E=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBC8GHdFohchoAcvQgLmAdmwzE56kyGzD2dmA2HZz/Dir3jxoIjX3PwbZ5McYmJBQ1HVTXeXG3EmlWn+GCura+sbm7mt/PbO7t5+4eCwIcNYUKjTkIei5RIJnAVQV0xxaEUCiO9yaLqDu8xvDkFIFgZPahRBxye9gHmMEqUlp3BRcxLbJ6ov/ISSYZre2qAInlPvH9MU2z14Ps8cp1A0S+YEeJlYM1JEM1SdwtjuhjT2IVCUEynblhmpTkKEYpRDmrdjCRGhA9KDtqYB8UF2ksljKT7VShd7odAVKDxR5ycS4ks58l3dmV0rF71M/M9rx8q76SQsiGIFAZ0u8mKOVYizlHCXCaCKjzQhVDB9K6Z9IghVOsu8DsFafHmZNC5LVrlUrl0VK9XKNI4cOkYn6AxZ6BpV0AOqojqi6AW9oQ/0abwa78aX8T1tXTFmER6hPzDGv81boR4=</latexit>

Qcav = ωQDM → ↑ω

Time required to observe 
Scav, Qcav < 0

<latexit sha1_base64="T+7JLyDRt7OAjuyMmtmosHtMFmU=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KUmR6rLgxmUF+4Cmhsl00g6dScLMjVBCvsGNv+LGhSJuXbnzb5y0XWjrgYHDOXe495wgEVyD43xbK6tr6xubpa3y9s7u3r59cNjWcaooa9FYxKobEM0Ej1gLOAjWTRQjMhCsE4yvC7/zwJTmcXQHk4T1JRlGPOSUgJF8+xz8zJMERkpmPII8x57mEnuhIjQDX+YZ9hiQ+1ru2xWn6kyBl4k7JxU0R9O3v7xBTFPJIqCCaN1znQT6GVHAqWB52Us1SwgdkyHrGRoRyXQ/m0bK8alRBjiMlXkR4Kn6+0dGpNYTGZjJ4nq96BXif14vhfCqb6ImKbCIzhaFqcAQ46IfPOCKURATQwhV3NyK6YiYNsC0WDYluIuRl0m7VnXr1frtRaXRbMzqKKFjdILOkIsuUQPdoCZqIYoe0TN6RW/Wk/VivVsfs9EVa17hEfoD6/MHiWqe5A==</latexit>

tint →
tm
ω2

<latexit sha1_base64="MOWwcG1xYJJc9JA0qxzMAzuwbok="></latexit>

→ 1026 years

(
10→14GeV→1

gaωω

10 T

B0

)4 (
105

Qc

mDM

10→5eV

)3

 

<latexit sha1_base64="muijUFsv3LNPpdA4JGBcToue32U="></latexit>

gaωω = 10→14 GeV→1

B0 = 10T

Qc = 105

ma = 10→5 eV

  Quadrature Number

Negativities at most , even in vacuum cavity𝒪(η)



What about distinguishing 
states?
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What about classical signatures?
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In a post-discovery scenario : 

<latexit sha1_base64="HAhzu+Iq7yAU3qJfyQDRMeFwTao=">AAACKXicdZBLSwMxFIUzPmt9VV26CRbBVZkRqS4LCrpRWrSt0NaSSe9oaOZhckcsw/wdN/4VNwqKuvWPmD4EtXogcDjnhuR+biSFRtt+syYmp6ZnZjNz2fmFxaXl3MpqTYex4lDloQzVucs0SBFAFQVKOI8UMN+VUHe7+/2+fgNKizA4w14ELZ9dBsITnKGJ2rnSaTtpItxicnCcphfJYUqbWvhwTSv/FSdfBXhemrZzebtgD0THjTMyeTJSuZ17anZCHvsQIJdM64ZjR9hKmELBJaTZZqwhYrzLLqFhbMB80K1ksGlKN03SoV6ozAmQDtLvNxLma93zXTPpM7zSv7t++FfXiNHbayUiiGKEgA8f8mJJMaR9bLQjFHCUPWMYV8L8lfIrphhHAzdrIDi/Vx43te2CUywUKzv5Urk0xJEh62SDbBGH7JISOSJlUiWc3JEH8kxerHvr0Xq13oejE9YI4Rr5IevjE1DLqMk=</latexit>

SG
DM → QG

DM → Ne!

vs
<latexit sha1_base64="qWvG1CZ1168QQOIlu/qKwjcUdwA=">AAACEnicbZBLSwMxFIUz9VXra9Slm2ARdFNmRKoboVAXboQW7QPaccikaRuaeZDcEcswv8GNf8WNC0XcunLnvzF9LLTtgcDhOzck93iR4Aos68fILC2vrK5l13Mbm1vbO+buXl2FsaSsRkMRyqZHFBM8YDXgIFgzkoz4nmANb1Ae5Y0HJhUPgzsYRszxSS/gXU4JaOSaJ7du0gb2CMnVTZreJ+UUX+LqAma5Zt4qWGPheWNPTR5NVXHN73YnpLHPAqCCKNWyrQichEjgVLA0144ViwgdkB5raRsQnyknGa+U4iNNOrgbSn0CwGP690ZCfKWGvqcnfQJ9NZuN4KKsFUP3wkl4EMXAAjp5qBsLDCEe9YM7XDIKYqgNoZLrv2LaJ5JQ0C3mdAn27Mrzpn5asIuFYvUsX6qUJnVk0QE6RMfIRueohK5RBdUQRU/oBb2hd+PZeDU+jM/JaMaYVriP/sn4+gWL0p2g</latexit>

SC
DM = QC

DM = 0

<latexit sha1_base64="MxgPXyAJWPoVUy8XVjbxe5o03QU="></latexit>

SG
cav → QG

cav → ωNe! = ns

vs
<latexit sha1_base64="fb/KVZVX5KIkdtdZN6zFl+hjgpg=">AAACFHicbZBLSwMxFIUzPmt9jbp0EyyCIJQZkepGKHTjskX7gHYcMmmmDc08SO4UyzA/wo1/xY0LRdy6cOe/MX0stO2BwOE7NyT3eLHgCizrx1hZXVvf2Mxt5bd3dvf2zYPDhooSSVmdRiKSLY8oJnjI6sBBsFYsGQk8wZreoDLOm0MmFY/CexjFzAlIL+Q+pwQ0cs3zOzftAHuElJJhlj2klQzf4NoyaLlmwSpaE+FFY89MAc1Udc3vTjeiScBCoIIo1batGJyUSOBUsCzfSRSLCR2QHmtrG5KAKSedLJXhU0262I+kPiHgCf17IyWBUqPA05MBgb6az8ZwWdZOwL92Uh7GCbCQTh/yE4EhwuOGcJdLRkGMtCFUcv1XTPtEEgq6x7wuwZ5fedE0Lop2qViqXRbK1fK0jhw6RifoDNnoCpXRLaqiOqLoCb2gN/RuPBuvxofxOR1dMWYVHqF/Mr5+AQLAnwY=</latexit>

SC
cav = QC

cav = 0

Time required to distinguish :

<latexit sha1_base64="S0dHyFGT7sGn4pcs/+WEb2uN8ds=">AAACFHicbZBLSwMxFIUzPmt9jbp0EyyCIJQZkeqy4MZlBfuATh0yaaYGk8yQ3BHLMD/CjX/FjQtF3Lpw578xfSy09ULgcM4NyfmiVHADnvftLCwuLa+sltbK6xubW9vuzm7LJJmmrEkTkehORAwTXLEmcBCsk2pGZCRYO7q7GOXte6YNT9Q1DFPWk2SgeMwpAWuF7jGEeQDsAXKuoChwYLjEQawJzW0iiyJXYW6Km5MC49CteFVvPHhe+FNRQdNphO5X0E9oJpkCKogxXd9LoZcTDZwKVpSDzLCU0DsyYF0rFZHM9PJxqQIfWqeP40TbowCP3d83ciKNGcrIbkoCt2Y2G5n/Zd0M4vOerZtmwBSdPBRnAkOCR4Rwn2tGQQytIFRz+1dMb4klApZj2ULwZyvPi9ZJ1a9Va1enlXqjPsFRQvvoAB0hH52hOrpEDdREFD2iZ/SK3pwn58V5dz4mqwvOFOEe+jPO5w9xJJ/u</latexit>

tint →
tm
n2
s

Feasible*

 
<latexit sha1_base64="VNrzw0eOh+Ojtvt2d6qSWcDC4Pw=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIVPFU9FCPFewHtKFstpt26WYTdidiCPWvePGgiFd/iDf/jds2B60+GHi8N8PMPD8WXIPjfFmFldW19Y3iZmlre2d3z94/aOsoUZS1aCQi1fWJZoJL1gIOgnVjxUjoC9bxJ9czv3PPlOaRvIM0Zl5IRpIHnBIw0sAuN/Al7gN7gKxBEq05kdOBXXGqzhz4L3FzUkE5mgP7sz+MaBIyCVQQrXuuE4OXEQWcCjYt9RPNYkInZMR6hkoSMu1l8+On+NgoQxxEypQEPFd/TmQk1DoNfdMZEhjrZW8m/uf1EgguvIzLOAEm6WJRkAgMEZ4lgYdcMQoiNYRQxc2tmI6JIhRMXiUTgrv88l/SPq26tWrt9qxSv8rjKKJDdIROkIvOUR3doCZqIYpS9IRe0Kv1aD1bb9b7orVg5TNl9AvWxzc6WJSJ</latexit>

G : Gaussian
<latexit sha1_base64="KxbIVXJXqYH9I/PGZsOPv4oBNjg=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCp7ArEsVTMBePEcwDkhBmJ51kyOyDmV5xWeKvePGgiFc/xJt/4yTZgyYWDBRVXXRPeZEUGh3n28qtrW9sbuW3Czu7e/sH9uFRU4ex4tDgoQxV22MapAiggQIltCMFzPcktLxJbea3HkBpEQb3mETQ89koEEPBGRqpbxdr9Jp2ER4xrYVjUBDgtG+XnLIzB10lbkZKJEO9b391ByGPfRPmkmndcZ0IeylTKLiEaaEba4gYn7ARdAwNmA+6l86Pn9JTowzoMFTmBUjn6u9EynytE98zkz7DsV72ZuJ/XifG4VUvFUEUIwR8sWgYS4ohnTVBB0IBR5kYwrgS5lbKx0wxjqavginBXf7yKmmel91KuXJ3UareZHXkyTE5IWfEJZekSm5JnTQIJwl5Jq/kzXqyXqx362MxmrOyTJH8gfX5Ay8ylII=</latexit>

C : Coherent

<latexit sha1_base64="z5A9g6sIeYJrqy+taThjN2qtVFU="></latexit>

→ 0.06
( gaωω
10→14 GeV

)→4
yrs
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Future directions
Closer connection with the detection experiment. 

Fully optimized quantum sensing.

Does other possible state lead to different 
observations? How to best distinguish states?

Any place we can explore the classical quantum 
boundary/transition?

A better computation of the evolution of the state 
after its production? 

We are currently investigating some of these questions.



extra



Using a coherent state  as a basis ̂a |α⟩ = α |α⟩

Expectation values ( ensemble averages now described with  ) P(α)
<latexit sha1_base64="axmPp+nD9OBm4omW5K6jVOo1AHs="></latexit>

hÔi = Tr
h
Ô⇢̂

i
=

Z
d2↵P (↵) Tr

h
Ô|↵ih↵|

i
=

Z
d2↵P (↵)h↵|Ô|↵i

<latexit sha1_base64="ByYN2im2nOK05RtDC1/R22DzhDk="></latexit>

⇢̂ =

Z
d2↵P (↵)|↵ih↵|

Coherent state basis overcomplete, diagonal decomposition of ̂ρ

<latexit sha1_base64="M3ZWNYzEpf/QvL5KwXgBpin3RG8="></latexit>

P (↵) =

Z
d2�

⇡2
h��|⇢̂|�ie|↵|

2+|�|2+2i Im[↵�⇤]

Unique  for a generic  in coherent state basis              [Metha, 1967]P(α) ̂ρ

Density matrix

[ Glauber-Sudharshan  - distribution function ]P [Glauber, 1963] 
[Sudharshan 1963]



Energy density
The energy density

<latexit sha1_base64="DH4pzbC/DSGap6dxaZc1JEjMD5s="></latexit>

⇢ =
1

2

h
(@t�)

2 + (r�)2 +m2�2
i

=
X

k,q

1

2V

s
NkNq

!k!q

⇥
(!k!q + k · q) ykyq +m2xkxq

⇤

with quadratures 
<latexit sha1_base64="kILScGKyjCShwkMlaphfq/jz+2E="></latexit>

x̂k =
1p

2hNki

⇣
âk + â†k

⌘
, & ŷk = � ip

2hNki

⇣
âk � â†k

⌘

In the non-relativistic limit, sum of two  distributions with single dof.δ2

<latexit sha1_base64="dx6y7Kk4tRRybisgeynbmnMz4/o="></latexit>

⇢ '
X

k,q

m

2V

p
NkNq [ykyq + xkxq]

<latexit sha1_base64="7LMQvWFHSdhAWQ4aanbkUvKvw74=">AAACIHicbVDLSgMxFM34tr6qLt0Ei+CqzIhUl6IblxXsAzqD3Elv22CSGZOMUIZ+gL/hD7jVP3AnLvUD/A7TdhZaPRA4nHMu9+bEqeDG+v6HNze/sLi0vLJaWlvf2Nwqb+80TZJphg2WiES3YzAouMKG5VZgO9UIMhbYim8vxn7rHrXhibq2wxQjCX3Fe5yBddJNuRIKUH2BoR4koZ5QGhou8Y5KGsagczVyKb/qT0D/kqAgFVKgflP+CrsJyyQqywQY0wn81EY5aMuZwFEpzAymwG6hjx1HFUg0UT75zIgeOKVLe4l2T1k6UX9O5CCNGcrYJSXYgZn1xuJ/XiezvdMo5yrNLCo2XdTLBLUJHTdDu1wjs2LoCDDN3a2UDUADs66/X1sYKIZiVHLFBLM1/CXNo2pQq9aujitn50VFK2SP7JNDEpATckYuSZ00CCMP5Ik8kxfv0Xv13rz3aXTOK2Z2yS94n98bz6Px</latexit>

h⇢i ' mn̄

Exponentially distributed!

<latexit sha1_base64="jzmsEYoisMpbpuTz/p9c6S0+GLQ=">AAACLHicbVDLSsNAFJ34tr6qLt1Ei+CqJiLVjVB041LBPqBpy2R60wydTMLMjVBKP8Pf8Afc6h+4EXHrdziNWdjWAwOHc+7h3jl+IrhGx/mwFhaXlldW19YLG5tb2zvF3b26jlPFoMZiEaumTzUILqGGHAU0EwU08gU0/MHNxG88gtI8lg84TKAd0b7kAWcUjdQtnnoCAvQElX0BngrjrpeEvCM9xfsheirTr+RhZjkdkyg5ZSeDPU/cnJRIjrtu8dvrxSyNQCITVOuW6yTYHlGFnAkYF7xUQ0LZgPahZaikEej2KPvY2D42Ss8OYmWeRDtT/yZGNNJ6GPlmMqIY6llvIv7ntVIMLtsjLpMUQbLfRUEqbIztSUt2jytgKIaGUKa4udVmIVWUoelyagujkoEYF0wx7mwN86R+VnYr5cr9eal6nVe0Rg7IETkhLrkgVXJL7kiNMPJEXsgrebOerXfr0/r6HV2w8sw+mYL1/QNae6k/</latexit>⌦
⇢n�

↵
= n!⇢n0

See also.  
e.g) Kim 2021, 2023



Quantum central limit 
theorem Glauber, 1963

When the P -function factorizes, the e!ective mode’s characteristic function can be written

as a product of the individual characteristic functions,

P̃e!(ω) =
∏

p

P̃p(c
→

pω). (3.23)

Each characteristic function can be Taylor expanded in its argument,

P̃p(c
→

pω) =

∫
dεp Pp(εp)

[
1 + (ωc→pε

→

p → ω
→
cpεp) +

1

2
(ωc→pε

→

p → ω
→
cpεp)

2 +O((cpω)
3)
]

(3.24)

= 1 + ωc
→

p↑a
†

p↓ → ω
→
cp↑ap↓+

1

2

(
ω
2
c
→2
p ↑a

†2
p ↓+ ω

→2
c
2
p↑a

2
p↓

)
→ |cpω|

2
↑a

†

pap↓+O((cpω)
3)

(3.25)

where we used the optical equivalence theorem. That is, the expansion coe”cients are related

to expectation values of normally-ordered operators.

In the limit where many modes contribute to the e!ective mode, we have cp ↔ 1, and we

may drop third-order and higher terms. In this case taking the logarithm of Eq. (3.23) yields

log P̃e!(ω) ↗ ωµ
→
→ ω

→
µ+

1

2

[
ω
2#→ + c.c.

]
→ |ω|

2
Ne! (3.26)

where we defined the sums

µ =
∑

p

cp↑ap↓, (3.27)

# =
∑

p

c
2
p (↑a

2
p↓ → ↑ap↓

2), (3.28)

Ne! =
∑

p

|cp|
2 (↑a†pap↓ → ↑a

†

p↓↑ap↓). (3.29)

This is precisely the characteristic function of a multivariate Gaussian, corresponding to

Pe!(ε) =
1

ϑ

√
N

2
e! → |#|2

exp

[
→
Ne!|µ→ ε|

2
→ Re

(
#→(µ→ ε)2

)

N
2
e! → |#|2

]
. (3.30)

In the simple case where the DM state is stationary (see App. A.3), ↑ap↓ and ↑a
2
p↓ vanish, and

we are left with the Gaussian state in Eq. (2.26), with mean occupancy Ne!.

Evading the Central Limit Theorem. If the DM state is stationary, and the quantum

central limit theorem applies, then the state of the e!ective mode is automatically a Gaussian.

This justifies the treatment of axion DM as a classical Gaussian random field, e.g. as described

in Ref. [50] and commonly used in experimental analyses. [JT: I think there’s a little bit

more subtlety here because to truly model the DM as a gaussian random field, we need

every correlation between any two measurements to also be described by a GRF, not just the

single measurements we are considering in this first bit of the paper.] [DYC: Naive question :

– 16 –

we have C010(0) = →2/j01, recovering the commonly used cylindrical form factor expression

|C010(0)|2 = 4/j201 ↑ 0.69. Lastly, to determine the mode normalization we need to consider

arbitrary momentum k, as this is determined without any reference to the DM state. Taking

again the lowest lying mode, the result can be expressed as

!010 =
5j01
4ω

∫
→

0
dxω

xωJ
2
0 (j01xω)

(1→ x2ω)
2

∫
→

↑→

dxz
1√

1 + x2z + x2ω

sinc

(
5j01xz

2

)
↑ 0.183. (3.17)

This is in agreement with our argument in Ref. [19] that !ε is order-one for low-lying modes.

3.2 Gaussian States and the Quantum Central Limit Theorem

Next, we focus on a single e”ective mode Pε(ε) = Pe!(ε). For the following discussion, it

will be convenient to switch to discrete mode normalization (see App. B.1 for a review). We

let the e”ective mode operator be ae! =
∑

p cpap where p indexes discrete DM modes, and

normalization implies
∑

p |cp|
2 = 1. The full state of the DM field can be written as

ϑ =

∫ ∏

p

(dεp |εp↓↔εp|)P (ε1,ε2, . . .) =

∫
dω |ω↓↔ω|P (ω) (3.18)

and defining εe! =
∑

p cpεp, the P -function of the e”ective mode is

Pe!(ε) =

∫
dωP (ω) ϖ(ε→ εe!). (3.19)

To make further progress, we must make some assumption about the joint P -function P (ω).

The Quantum Central Limit Theorem. One reasonable assumption is that the P -

function factorizes, P (ω) =
∏

p Pp(εp), so that we can neglect correlations between the plane

wave modes. In this case we can apply the quantum analogue of the central limit theorem, as

was discussed by Glauber [9], and later explored in e.g. [48, 49]. [DYC: added two references

about quantum CLT]

To derive this result, it will be useful to introduce the characteristic function P̃ (ϱ), which

is the complex Fourier transform of the P -function,6

P̃ (ϱ) =

∫
dεP (ε) eϑϖ

→
↑ϑ→ϖ = tr

(
e
↑ϑ→a

ϑ e
ϑa†

)
, (3.20)

P (ε) =
1

ω2

∫
dϱ P̃ (ϱ) e↑ϑϖ→+ϑ→ϖ

. (3.21)

Note that since P (ε) is real, we have P̃ (ϱ)↓ = P̃ (→ϱ). In addition, a Gaussian P -function

corresponds to a Gaussian characteristic function.

Now, the characteristic function of the e”ective P -function is

P̃e!(ϱ) =

∫
dωP (ω) eϑϖ

→
e!↑ϑ→ϖe! =

∫
dωP (ω)

∏

p

exp
(
ϱc

↓

pε
↓

p → ϱ
↓
cpεp

)
. (3.22)

6
The characteristic functions for the Wigner W and the Husimi Q functions are defined in App. A.1.
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as a product of the individual characteristic functions,
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where we used the optical equivalence theorem. That is, the expansion coe”cients are related

to expectation values of normally-ordered operators.

In the limit where many modes contribute to the e!ective mode, we have cp ↔ 1, and we

may drop third-order and higher terms. In this case taking the logarithm of Eq. (3.23) yields
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In the simple case where the DM state is stationary (see App. A.3), ↑ap↓ and ↑a
2
p↓ vanish, and

we are left with the Gaussian state in Eq. (2.26), with mean occupancy Ne!.

Evading the Central Limit Theorem. If the DM state is stationary, and the quantum

central limit theorem applies, then the state of the e!ective mode is automatically a Gaussian.

This justifies the treatment of axion DM as a classical Gaussian random field, e.g. as described

in Ref. [50] and commonly used in experimental analyses. [JT: I think there’s a little bit

more subtlety here because to truly model the DM as a gaussian random field, we need

every correlation between any two measurements to also be described by a GRF, not just the

single measurements we are considering in this first bit of the paper.] [DYC: Naive question :
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Many modes contributing:

When the P -function factorizes, the e!ective mode’s characteristic function can be written

as a product of the individual characteristic functions,

P̃e!(ω) =
∏

p

P̃p(c
→

pω). (3.23)

Each characteristic function can be Taylor expanded in its argument,

P̃p(c
→

pω) =

∫
dεp Pp(εp)
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where we used the optical equivalence theorem. That is, the expansion coe”cients are related

to expectation values of normally-ordered operators.
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In the simple case where the DM state is stationary (see App. A.3), ↑ap↓ and ↑a
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p↓ vanish, and

we are left with the Gaussian state in Eq. (2.26), with mean occupancy Ne!.

Evading the Central Limit Theorem. If the DM state is stationary, and the quantum

central limit theorem applies, then the state of the e!ective mode is automatically a Gaussian.

This justifies the treatment of axion DM as a classical Gaussian random field, e.g. as described

in Ref. [50] and commonly used in experimental analyses. [JT: I think there’s a little bit

more subtlety here because to truly model the DM as a gaussian random field, we need

every correlation between any two measurements to also be described by a GRF, not just the

single measurements we are considering in this first bit of the paper.] [DYC: Naive question :
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Quantum central limit 
theorem Glauber, 1963

Number of modes:

Would there be a case where the CLT induced Gaussian state have non-Gaussian correlations

between two measurements? ][JT: Not naive at all, very subtle actually! If both of your

measurements are of the same quantum system, then that will never happen. However, the

thing to keep in mind is that since the e!ective mode is time dependent (di!erent contributing

modes evolve with di!erent phases), the quantum system that you are probing, and therefore

the relevant P function, changes with each measurement. This means that the correlations for

many measurements are not given by a single gaussian e!ective mode P function, but rather

the entire DM P function that was just sampled at di!erent times.] [KZ: I should note that I

skipped a step in the discussion above. When people treat DM as a Gaussian random field,

they are not saying it is a single sinusoid with a Gaussian-distributed amplitude and phase.

They are treating DM as a sum of many sinusoids with independent Gaussian-distributed

amplitude and phase, one for each frequency bin. The quantum CLT logic justifies this,

because you can apply it to an e!ective mode for each frequency bin. It’s not as simple as

just collapsing everything into one e!ective mode.]

It is thus interesting to consider when the e!ective mode might not be Gaussian. Math-

ematically, to derive the ordinary central limit theorem, we assume that the first and second

moments in Eq. (3.25) are finite; this must hold for any finite-energy state. We also have

assumed that higher moments are finite, which technically could be violated even at finite

energy, but seems to hold for any physically reasonable state. Note that the P -functions of

nonclassical states are not probability distributions, and can be highly singular, as discussed

in App. A.2. However, this does not impact the derivation above because such states still

have well-behaved characteristic functions, with finite Taylor series coe”cients.

There are two physically relevant ways one could avoid a Gaussian state. First, there

might not be su”ciently many occupied plane wave modes to converge to a Gaussian state.

The number N of relevant modes can be naively estimated from the phase space volume,

N → (mDMvDMR)3 where R is the radius of the DM halo. This is extremely large in the

cavity haloscope regime, mDM → 10→6 eV, but not in the fuzzy DM regime. Alternatively, it

may be possible for interactions to drive the axion into a condensate where a single mode

contains a significant fraction of the DM, so that we e!ectively have N → 1.

Second, we have assumed the P -function factorizes, but in reality one would expect

correlations between plane wave modes with su”ciently similar momentum, |pi ↑ pj | ↭ #p.

In this case, we can perform a two-stage coarse-graining, where one first combines the plane

wave modes into roughly uncorrelated mesoscopic modes, each with momentum spread #p.

These mesoscopic modes can be combined into an e!ective mode as above, except that now the

number of contributing independent modes isN → (mDMvDM/#p)3, which may not necessarily

be very large, even outside the fuzzy DM regime.

Determining the e!ective value of N would require detailed numeric simulations of the

full quantum state of the DM halo, which is beyond the scope of this work. Thus, in the

following sections we will allow the state of the e!ective mode to be arbitrary.

[JT: From here, we definitely need some discussion on what happens when the DM P

function doesn’t factorize as assumed above. I feel like there must be some general argument
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Characteristic functions

Appendix

A Properties of Quasiprobability Distributions

The Glauber-Sudarshan P -function, which is a quasiprobability distribution representation

of the density matrix, is the primary tool used in this work to identify genuinely nonclassical

phenomena. In this appendix we collect a number of useful properties of the P -function and

related distributions used in the main text.

A.1 General Quasiprobability Distributions and Characteristic Functions

The characteristic function introduced in Eq. (3.23) can be generalized as follows

P̃
(s)(ω) = e

s|ω|2/2 tr
[
ε e

ωa†→ω→a
]
=


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]
s = 1

tr
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ε e

ωa†→ω→a
]

s = 0

tr
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ωa†

ε e
→ω→a

]
s = →1

(A.1)

for s ↑ [→1, 1]. They are related to quasiprobability distributions by a Fourier transform,

P
(s)(ϑ) =

∫
dω

ϖ2
P̃

(s)(ω) e→ωε→+ω→ε =






Glauber–Sudarshan P (ϑ) s = 1

Wigner W (ϑ) s = 0

Husimi Q(ϑ) s = →1

(A.2)

As discussed below Eq. (2.20), expectation values for normally ordered operators can be

computed by integrating against P (ϑ) (s = 1), while the s = 0 and s = →1 cases fulfill the

same role for symmetric and antinormal ordering. (In addition, marginalizing the Wigner

function over the real or imaginary part of ϑ yields the probability distribution of the other

quadrature.) Table 1 provides several examples of these functions; for a full introduction, see

Ref. [8]. Next we derive several results needed in the main text.

First, Eq. (A.1) encodes that the di!erent characteristic functions are related by mul-

tiplication by a Gaussian. A corollary is that quasiprobability distributions are related by

convolution with a Gaussian. Explicitly, we have

W (ϑ) =
2

ϖ

∫
dϱ P (ϱ) e→2|ε→ϑ|2

, Q(ϑ) =
1

ϖ

∫
dϱ P (ϱ) e→|ε→ϑ|2

. (A.3)

State P̃
(s)(ω) P (ϑ) W (ϑ) Q(ϑ)
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e
ωε→
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Ln
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)
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(→1)nLn

(
4|ϑ|

2
)
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ϖ

|ϑ|
2n

n!
e
→|ε|2

Table 1. Examples of P̃ (s)(ω) and their corresponding quasiprobability distributions. Here, Ln is the
n
th Laguerre polynomial.
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Table 1. Examples of P̃ (s)(ω) and their corresponding quasiprobability distributions. Here, Ln is the
n
th Laguerre polynomial.
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Appendix

A Properties of Quasiprobability Distributions

The Glauber-Sudarshan P -function, which is a quasiprobability distribution representation

of the density matrix, is the primary tool used in this work to identify genuinely nonclassical

phenomena. In this appendix we collect a number of useful properties of the P -function and

related distributions used in the main text.

A.1 General Quasiprobability Distributions and Characteristic Functions

The characteristic function introduced in Eq. (3.23) can be generalized as follows
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[
ε e
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ε e
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ε e

ωa†→ω→a
]

s = 0

tr
[
e
ωa†

ε e
→ω→a

]
s = →1

(A.1)

for s ↑ [→1, 1]. They are related to quasiprobability distributions by a Fourier transform,
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(A.2)
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Gaussian and thermal
Gaussian state can be written as  

4

metric is given as

ds
2 = (1 + 2�)dt

2
� (1 � 2�)d~x 2

. (8)

where d~x
2 = dr

2 + r
2
d⌦ and � is the gravitational po-

tential. Since we are interested in non-relativistic dark
matter, we expand the field as

�̂(x) =
X

i

1
p

2mV

h
âi i(x)e�imt + â

†
i
 

⇤
i
(x)eimt

i
, (9)

where âi and â
†
i
are an annihilation and creation operator,

satisfying the canonical commutation relation [âi, â
†
j
] =

�ij . We have expanded the field in a finite box of volume
V . The index i denotes all possible quantum numbers.
We solve the equation of motion to determine the mode
function  i(x) and specify the density operator in the
following sections as advertised.

A. Wave function

We first solve the equation of motion for the mode func-
tion. The wave function is given by the solution to the
Klein-Gordon equation, (⇤ + m

2)� = 0. In the non-
relativistic liimt, we expand the field as in Eq. (9). In
the limit | ̈/ ̇|, | ̇/ | ⌧ m and |�̇/�| ⌧ m, the Klein-
Gordon equation is reduced to the Schrödinger equation,

i@t =
⇣

�
r

2

2m
+ m�

⌘
 . (10)

The gravitational potential � is determined by the Pois-
son equation, r

2� = 4⇡G(⇢M + ⇢dm), where ⇢M and
⇢dm are the mass density of the source and dark matter,
respectively. Ignoring the self-gravity, the gravitational
potential is approximated as �(r) = �GM/r. In this
case, solving the Schrödinger equation Eq. (10) is iden-
tical to solving the Coulomb scattering problem of an
electron under the central 1/r potential generated by the

proton. With  i(x) ! e
�i(k2

i /2m)t
 i(x), the wave func-

tion is given as [40, 43]

 k(x)=e
ik·x�(1 � i�)e⇡�/2M

⇥
i�, 1, ikr(1 � k̂ · x̂)

⇤
. (11)

where � = GMm
2
/k and M(a, b, c) is the confluent hy-

pergeometric function. Each mode is characterized by the
wavenumber k. For kr � 1 and µ = k̂ · x̂ < 0, the wave
function is approximated a plane wave  k(x) ⇠ e

ik·x.

B. Statistical properties

The discussion in the previous section shows how a
plane wave of wavenumber k responds to the gravita-
tional potential of the source M . A realistic dark matter
halo is a superposition of di↵erent modes, and so is the
field �̂. To determine the statistical properties of �̂, we
must specify the density operator of the system.

1. Density operator

Before we discuss the density operator for the field, let
us begin with a simple harmonic oscillator in quantum
mechanics as a toy model. The statistical properties of
simple harmonic oscillator are described by the density
operator ⇢̂. If the system is in the thermal equilibrium,
the density operator is given by ⇢̂ = e

��Ĥ
/ tr(e��Ĥ) with

a Hamiltonian of the system Ĥ = !a
†
a. Alternatively,

the density matrix can be written as

⇢̂ =
1

1 + hni

X

n

✓
hni

hni + 1

◆n

|nihn|, (12)

where |ni is an eigenstate of the number operator N̂ =
a

†
a. The mean occupation number is hni = (e�! � 1)�1.

While the above form is obtained for the thermal system,
it applies for much broader systems as long as the statis-
tical properties of the excitation are chaotic [44]. More
specifically, the above density matrix maximizes the en-
tropy of the system for a fixed mean occupation number
hni. Without assuming thermal equilibrium, we use the
above form of density matrix for the following discussion.

Since we are interested in a system with a large oc-
cupation number, it is convenient to express the above
density matrix in the coherent state representation. The
coherent state is defined as |↵i = e

�|↵|2/2 P ↵
n

p
n!

|ni with

a complex number ↵. It is an eigenstate of the annihila-
tion operator, â|↵i = ↵|↵i. With the coherent state, the
density operator can be expressed [45, 46],

⇢̂ =

Z
d
2
↵P (↵)|↵ih↵|. (13)

where P (↵) is a quasi-probability distribution, defined as

P (↵) =
1

⇡hni
exp


�

|↵|
2

hni

�
. (14)

For the density matrix Eq. (12), the quasi-probability
distribution has desired properties to be interpreted as
a probability distribution for a complex number ↵; it
is positive, P (↵) � 0, and it is integrated up to unity,R

d
2
↵P (↵) = 1. Moreover, the quasi-probability dis-

tribution can be factorized into two probability distri-
butions, one for the modulus |↵| and one for the phase
✓ = arg(↵),

P (↵) = P (|↵|)P (✓)

where the modulus |↵| follows the Rayleigh distribution,
P (|↵|) = 2(|↵|/hni) exp[�|↵|

2
/hni], while the phase ✓

follows the uniform distribution, P (✓) = 1/2⇡. The
expectation value of any operator Ô(â, â

†) is given by
hÔi = tr(Ô⇢̂) =

R
(d2

↵/⇡)h↵|Ô⇢̂|↵i. Since the coherent
state is the eigenstate of annihilation operator, we may
replace Ô(â, â

†) ! O(↵,↵
⇤) and compute the expecta-
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R
(d2
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Example: adding Fock states

Fock state: 
Now we consider an e!ective mode which is constructed by equally weighting m funda-

mental modes, ωe! =
∑m

p=1 ωi/
→
m. The e!ective mode has characteristic function

P̃e!(ε) =
m∏

p=1

P̃p(ε/
→
m). (3.32)

We take the fundamental modes to be in N -particle Fock states, P̃p(ε) = LN (|ε|2), where

LN is a Laguerre polynomial, which implies

P̃e!(ε) =
[
LN

(
|ε|

2
/m

)]m
=

(
1↑

N

m
|ε|

2 +O
(
1/m2

))m

. (3.33)

In the limit m ↓ ↔, plugging this into Eq. (3.31) gives an e!ective mode purity

ϑe! = lim
m→↑

∫
↑

0
d|ε| 2|ε|

(
1↑

N |ε|
2

m

)2m

e
↓|ω|2 (3.34)

=

∫
↑

0
d|ε| 2|ε|e↓2N |ω|2

e
↓|ω|2 =

1

1 + 2N
. (3.35)

This precisely matches the expectation from the central limit theorem, which predicts a

Gaussian state with mean occupancy N , with characteristic function P̃G(ε) = e
↓N |ω|2 . This

is also illustrated in Fig. 3, which shows the purity ϑe! as a function of m. In App. A.2, we

show that this conclusion can also be reached by working directly with P -functions.

3.3 Scalars, Dark Photons, and Gravitational Waves

[NR: I think it might be useful to have a brief section outlining that our formalism should

hold true for many couplings, e.g. dark photon (as below), scalars, gravitational waves.

Maybe work the dark photon out explicitly? Can also emphasize it doesn’t just hold for

non-relativistic states.] [DYC: Would it be possible to include any nontrivial discussions

on e.g. the polarization?] [KZ: I don’t think so, that just introduces several copies of the

same physics. Plus, dark photons or gravitational waves might be polarized, and then there’s

no real di!erence.] Note that while we focused on the axion-photon coupling here, similar

expressions could be derived for, e.g. a kinetically mixed dark photon, for which Hint =

ϖm
2
A→

∫
Vc

d
3
x A

µ(x)A↔
µ(x).

[NR: As another example here, there are papers that look for light-shining-through-walls

with two cavities, e.g. 2011.01350. We should in that case be able to see the Gaussian issue

being avoided, as the emitted and detected mode should have good overlap. Can we figure

that out explicitly? Would also explain why one can detect non-Gaussian statistics in the lab]

[KZ: indeed, for sourcing with a laser we would expect a coherent axion state to be produced.]

[NR: Another point Joey raised we may want to comment somewhere in this section is

that DM has a mass and therefore is dispersive, another key di!erence from light.] [KZ:

I would emphasize the other direction: light is more “dispersive” in the way that matters

for us. di!erent modes of light clearly have di!erent frequencies. nonrelativistic DM modes

almost have the same frequency (up to velocity corrections) and that’s what allows us to

define e!ective modes.]
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show that this conclusion can also be reached by working directly with P -functions.
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=
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Using Fourier transform:

we have C010(0) = →2/j01, recovering the commonly used cylindrical form factor expression

|C010(0)|2 = 4/j201 ↑ 0.69. Lastly, to determine the mode normalization we need to consider

arbitrary momentum k, as this is determined without any reference to the DM state. Taking

again the lowest lying mode, the result can be expressed as

!010 =
5j01
4ω

∫
→

0
dxω

xωJ
2
0 (j01xω)

(1→ x2ω)
2

∫
→

↑→

dxz
1√

1 + x2z + x2ω

sinc

(
5j01xz

2

)
↑ 0.183. (3.17)

This is in agreement with our argument in Ref. [19] that !ε is order-one for low-lying modes.

3.2 Gaussian States and the Quantum Central Limit Theorem

Next, we focus on a single e”ective mode Pε(ε) = Pe!(ε). For the following discussion, it

will be convenient to switch to discrete mode normalization (see App. B.1 for a review). We

let the e”ective mode operator be ae! =
∑

p cpap where p indexes discrete DM modes, and

normalization implies
∑

p |cp|
2 = 1. The full state of the DM field can be written as

ϑ =

∫ ∏

p

(dεp |εp↓↔εp|)P (ε1,ε2, . . .) =

∫
dω |ω↓↔ω|P (ω) (3.18)

and defining εe! =
∑

p cpεp, the P -function of the e”ective mode is

Pe!(ε) =

∫
dωP (ω) ϖ(ε→ εe!). (3.19)

To make further progress, we must make some assumption about the joint P -function P (ω).

The Quantum Central Limit Theorem. One reasonable assumption is that the P -

function factorizes, P (ω) =
∏

p Pp(εp), so that we can neglect correlations between the plane

wave modes. In this case we can apply the quantum analogue of the central limit theorem, as

was discussed by Glauber [9], and later explored in e.g. [48, 49]. [DYC: added two references

about quantum CLT]

To derive this result, it will be useful to introduce the characteristic function P̃ (ϱ), which

is the complex Fourier transform of the P -function,6

P̃ (ϱ) =

∫
dεP (ε) eϑϖ

→
↑ϑ→ϖ = tr

(
e
↑ϑ→a

ϑ e
ϑa†

)
, (3.20)

P (ε) =
1

ω2

∫
dϱ P̃ (ϱ) e↑ϑϖ→+ϑ→ϖ

. (3.21)

Note that since P (ε) is real, we have P̃ (ϱ)↓ = P̃ (→ϱ). In addition, a Gaussian P -function

corresponds to a Gaussian characteristic function.

Now, the characteristic function of the e”ective P -function is

P̃e!(ϱ) =

∫
dωP (ω) eϑϖ

→
e!↑ϑ→ϖe! =

∫
dωP (ω)

∏

p

exp
(
ϱc

↓

pε
↓

p → ϱ
↓
cpεp

)
. (3.22)

6
The characteristic functions for the Wigner W and the Husimi Q functions are defined in App. A.1.
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Gaussian!


