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Great Promise of the amplitude program
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Great Promise of the amplitude program

How many Feynman diagrams...?
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Table 1: The number of Feynman diagramhs contributing to the scattering process gg — n g

from hep-th/0509223

FERMILAB-Pub-85/118-T
August, 1985

GLUONIC TWO GOES TO FOUR

Parke, Taylor did it in 1985:
Results presented in a 25-page paper

Stephen J. Parke and T.R. Taylor
Fermi National Accelerator Laboratory
P.0. Box 500, Batavia, IL 60510
U.S.A.
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One year later...

VOLUME 56, NUMBER 23 PHYSICAL REVIEW LETTERS 9 JUNE 1986

Amplitude for n-Gluon Scattering

Stephen J. Parke and T. R. Taylor

Fermi National Accelerator Laboratory, Batavia, Iliinois 60510
(Received 17 March 1986)

|, (+++++ ) P=c,(gN)0+0(gY],
| M (—++++ - )?=c,(gN)0+0(gY],
| M (= —+++ - )2=c, (g N)[(p; p)?
X 2pl(p122) (P p3) (p3-pa) -+ (py-p)]17 '+ O(N"2) + O ()],

June, 1987

DUALITY AND MULTI-GLUON SCATTERING . 3 (1)
2.0 (1,2,3.4.5) = 42 |
m.3-|-2 ( g &gy Ly ) ‘\/_Zg <12> (23> (34) (45> (51>

MICHELANGELO MANGANO, STEPHEN PARKE and ZHAN XU *
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The Great Promise of Helicity Amplitudes

*  On-shell recursion relation can be used to remarkably simplify calculation

6-pt MHV gluon p1 - p2)° Parke, Taylor
P g . - ' |A6|2 ~ ( ) y
squared amplitude (P2 - p3)(P3 - Pa)(Pa - P5)(P5 - P6)(Pe - P1) | PhysRevlett.56.2459

MHV: Maximal Helicity Violation
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The Great Promise of Helicity Amplitudes

*  On-shell recursion relation can be used to remarkably simplify calculation

6-pt MHV gluon
squared amplitude

|Ag|? ~

(Pl 'P2)3

(P2 - p3)(P3 - pa)(Pa - P5)(Ps5 - P6)(P6 - P1)

» A powerful calculation tool for recursive construction
* A powerful tool to study structures of quantum field theory (BCJ, double-copy, etc.)

AJ1F i j on

- ij)*

MHV: Maximal Helicity Violation

Zhen Liu Massive Helicity Amplitudes ALT Shift NOPP workshop 2026

~ (12)(23)(nl)

R. Britto, F. Cachazo, B. Feng, and E. Witten
(arXiv: 0501052)

Parke, Taylor
PhysRevlett.56.2459
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Massive Helicity Amplitudes Just Inherit the Promise(?)

* On-shell methods well developed for massless particles

N. Arkani-Hamed, T. C. Huang, Y. Huang,

* Most Particles are Massive (1709.04891)

* Systematic description was introduced by Arkani-Hamed, Huang, and Huang.
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Massive Spinor Variables

SU(2) little group index

v v
. e\ ]
HAI A
¢t ¢t

Chiral Index

Spin index I = 1,2 represents the little group freedom (choice of spin-axis)

We work in the helicity basis On-shell condition
2 = [i)ad” + |m:)ad] (i) = limi] = mi
[ilz= [ilad7 + [maladl In the HE limit — 0
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Massive Spinor Variables

SU(2) little group index

\/ \/
il e

1)g = 10)a6" + [mi)ad} (imi) = [ini] = m;

[il;= [’5|d5£r + [ni]ad” In the HE limitn — 0
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Confusion in QED

* Gluing results in discrepancies for massive ee — uu calculations

_~2 <12> (34> N. Arkani-Hamed, T. C. Huang, Y.
Ag|ppn = € ms (p1 — p2) - p3, Huang, arXiv:1709.04891
é2 9 9 N. Christensen, H. Diaz-Quiroz, B.
A4l cpram = (u —t +2m? 4 2m3) [12][34] 4 2 ([12][3]214] + [34][1[43|2]) |. Field, J. Miles arXiv:2209.15018
2memys Pheno 2023 Talk
. Correct amplitude (Validated b g2
P ( | Yo 4= S [(13)[24] + (14)[23] + (23)[14] + (24)[13]],

Feynman Rule Calculation): P12
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Confusion in QED

* Gluing results in discrepancies for massive ee — Ul calculations

=2 (12) <34) N. Arkani-Hamed, T. C. Huang, Y.
Ag|ppn = € ms (p1 — p2) - p3, Huang, arXiv:1709.04891
62 9 9 N. Christensen, H. Diaz-Quiroz, B.
Aglopram = s—— | (u —t +2m + 2m%) [12][34] 4 2 ([12][3|21]4] + [34][1[43(2]) |.  Field, J. Miles arxiv:2209.15018
2memys Pheno 2023 Talk
° i 1 ~2
Correct amplitude (Valld.ated by A, — eT ((13)[24] + (14)[23] + (23)[14] + (24)[13]].

Feynman Rule Calculation): P12
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In fact, it is a common pattern in amplitudes...

» Write down a 3-point
« Put them together (naively or more consistently, e.g., BCFW) to get a 4-point;

» But it doesn’t stop here at 4-point... next steps are highly non-satisfying...
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In fact, it is a common pattern in amplitudes...

» Write down a 3-point
« Put them together (naively or more consistently, e.g., BCFW) to get a 4-point;
» But it doesn’t stop here at 4-point... next steps are highly non-satisfying...

* (Secretly behind the scenes) contrast against your target results/properties
(sometimes obtained via Feynman Rules)

* Find some physical arguments (good high-energy behavior, consistent
low-energy theory, soft theorem, Adler zeros, etc.) to further justify the
missing terms.

 Add the needed additional terms

« Same for higher points and even quickly lose track (in particular, if naive

gluing).
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Resolving the Discrepancy

(It is the so called “contact term ambiguities”)

* (In the complex momentum plane) Many different forms of 3-point
interactions (minimal amplitudes) are equivalent on-shell.

* These equivalent on-shell forms lead to different 4-point amplitudes when
naively glued together.
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Resolving the Discrepancy
(It is the so called “contact term ambiguities”)

* (In the complex momentum plane) Many different forms of 3-point
interactions (minimal amplitudes) are equivalent on-shell.

* These equivalent on-shell forms lead to different 4-point amplitudes when
naively glued together.

« Resolution: One should perform the analytic continuation (momentum shift)
consistently to be free from discrepancy.

All expressions agree when internal photon is on-shell (an
unphysical configuration) (but differ for off-shell photon—the real
physics configuration).

We proved this point in our work,
fully resolving the confusion.
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Recursion Relations (on-shell construction)

Zhen Liu

s Deform the momentum by complex variable z: p; - p; = p; + 7 g;

Ap = An(z) An(o) = Ap

Massive Helicity Amplitudes ALT Shift NOPP workshop 2026
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Recursion Relations (on-shell construction)

s Deform the momentum by complex variable z: p; - p; = p; + 7 g;

Ap = An(z) An(o) = Ap

< Locality: physical poles of 4,,(2) = intermediate particles on shell

*» Cauchy theorem (analytic function):

A

_ 5& An
A, = dz — %
s—0 2TiZ
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Recursion Relations (on-shell construction)

s Deform the momentum by complex variable z: p; - p; = p; + 7 g;

An = An(2)

An(o) — An

< Locality: physical poles of 4,,(2) = intermediate particles on shell

* Cauchy theorem:

An
A, = f dz ——
=0 2TiZ

Intermediate particle on shell
Massive Helicity Amplitudes ALT Shift

Zhen Liu

Boundary term

no accessible pole structures)

NOPP workshop 2026

8/15/26
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“ At the pole: the residue factorizes into sub-amplitudes

/

> -, >

pr = my

A, = ZReSZ —7; [—] + By,
zz Res AN L ACY| 1+ B
Z=Z] n —-m+2 pl mIZ m co

r

Intermediate partlcle helicity subamplitudes

“ If B, = 0: combine lower point to get higher point amplitude

The theory is ‘constructible’
Zhen Liu Massive Helicity Amplitudes ALT Shift NOPP workshop 2026 8/15/26
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Boundary Terms 5.,

lim A(z) = 0 & B, = 0 < Constructible

Z—> 00

“shift” mmmm) | choose a good shift p, - p;, =p; + z g;

P1 P3

= \Which momentum p; do we shift?

D2 Pa » What is the shifted momentum g;?

« All “dependent” contact terms will be automatically generated through this process.
* One shall include additional contact term contributions in the construction if they are
“independent”, e.g., higher-dim operators.

In other words, four-point contact interactions are automatically encoded in the three-point interactions
through a consistent amplitude process, such as those with gauge symmetries or SUSY. |.E, almost all
SM contact interactions are not inputs, except for the Higgs self-interaction.

Zhen Liu Massive Helicity Amplitudes ALT Shift NOPP workshop 2026 8/15/26
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Recap of the picture

» Just putting multiplying two amplitudes (naive
gluing)—>gets part of the total amplitudes, with all the
relevant pole structures, with additional, unfixed non-pole

terms (depending on your input lower point on-shell amplitudes); you never know
whether you get the full expression using locality, analyticity, and locality.

* Performing analytic continuation consistently will allow
one to get an unambiguous amplitudethis is invariant under on-shell

identities at the lower point level)

* One needs to perform additional analysis on its
constructability under a given continuation to know if there

are boundary terms needed. (if needed, we still cannot fix it without

additional inputs or a better continuation.)
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Recap of the picture

» Just putting multiplying two amplitudes (naive
gluing)—>gets part of the total amplitudes, with all the
relevant pole structures, with additional, unfixed non-pole

tarmac (oo it er point on-shell amplitudes); you never know

A side remark: was Nima et al wrong? The g locality, analyticity, and locality.
question is dodged by the following footnote:

. . | =11 1]
1_mewm = IALIAI‘ AAI‘AIAL‘_L‘.I..I — - u m N

90f course the amplitude cannot be uniquely determined in this way, since we can always simply have
contact terms that are simply polynomials with no poles at all (corresponding to piece in N that cancels all

the poles). To avoid clutter, we will suppress the possible contact terms in what follows.

* One needs 10 perform additional analysis on Its |
constructability under a given continuation to know if there
are boundary terms needed. (if needed, we still cannot fix it without

additional inputs or a better continuation.)
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We understood the problem. Let’s go and calculate!

But a proper shift for general massive amplitude did not
fully exist™!
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We understood the problem. Let’s go and calculate!

But a proper shift for general massive amplitude did not
fully exist™!

« BCFW is for massless theory
* Many other shifts for the massless theory
» *(Partial) generalization of BCFW exists for massive

th €0I'Y (depending on exactly which leg is massive and massless—> constructability
analysis quite hard.)

* We decided to just be smart and create our own. (we first

independently discovered massive generalization of BCFW and were dissatisfied with its properties;

and also invented a new solution, that is, one formulation applies for all massive, massive-massless,

and massless theories!)

Zhen Liu Massive Helicity Amplitudes ALT Shift NOPP workshop 2026 8/15/26
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Our proposed Momentum Shift: ALT

*The ALT shift defined in vector Rep is

easiest for us to see many of its
properties, but the true amplitude

* We introduce an All-Line-Transverse (“ALT") shift definition is done in the spinors. It is
also expressing time-like vector by two
~ (i) lightcone vectors that are P related.
Di = Di T Z ;M€
. . L. T -
“ Here we are in circular polarization VA 2
*» In helicity basis: + ) = A + zei ny)

For an external particle with helicity
— || = | 4] + zeil 7]

*There exists (recently) a massive BCFW shift for certain helicities and configurations.
[R. Franken, C. Schwinn, arXiv:1910.13407]

[C. Wu, S. H. Zhu, arXiv: 2112.12312]

We also discovered it independently ourselves in our first paper. The " constructability”
analysis is quite different and more limited than our new ALT shift.
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Our proposed Momentum Shift: ALT

*The ALT shift defined in vector Rep is
easiest for us to see many of its
properties, but the true amplitude

* We introduce an All-Line-Transverse (“ALT") shift definition is done in the spinors. It is
also expressing time-like vector by two
~ (i) lightcone vectors that are P related.
Di = Di T Z ;M€
. . L +2, 41,42
“ Here we are in circular polarization VA 2
*» In helicity basis: + ) = A + zei ny)

For an external particle with helicity
— || = | 4] + zeil 7]

*There exists (recently) a massive BCFW shift for certain helicities and configurations.
[R. Franken, C. Schwinn, arXiv:1910.13407]

[C. Wu, S. H. Zhu, arXiv: 2112.12312]

We also discovered it independently ourselves in our first paper. The " constructability”
analysis is quite different and more limited than our new ALT shift.
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Features of the ALT shift

After the shift:

(concerning the
property of A(z)/z)
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Features of the ALT shift

Q On-shell condition preserved: p? = m?

— because p; - ei(i) =0 and (el.(i))"z =0

After the shift:

(concerning the
property of A(z)/z)
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Features of the ALT shift

Q On-shell condition preserved: p? = m?

— because p; - ei(i) =0 and (el.(i))"z =0
@ Momentum conservation: ¥, p; = 0
_ - ) el.(i) = 0 has a solution because [ei(i)] =0
After the shift: 0

(concerning the
property of A(z)/z)
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Features of the ALT shift

Q On-shell condition preserved: ﬁiz = mi2

— because p; ei(i) =0 and (el.(i))"z =0
@ Momentum conservation: ¥, p; = 0

- ) el.(i) = 0 has a solution because [ei(i)] =0

After the shift: | o 0
(concernin @ External wavefunction/polarization vectors not shifted
g the

property of A(z)/z) — always shift the opposite helicity spinor
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Features of the ALT shift

Q On-shell condition preserved: ﬁiz = mi2

— because p; ei(i) =0 and (el.(i))"z =0
@ Momentum conservation: ¥, p; = 0

- ) el.(i) = 0 has a solution because [ei(i)] =0
0

After the shift: _ o |
(concerning the Q External wavefunction/polarization vectors not shifted

property of A(z)/z) — always shift the opposite helicity spinor

Q Allows for easy B, analysis through (almost) mass dimensional counting
— so far show the best applicability for amplitude construction.
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Features of the ALT shift

Q On-shell condition preserved: 'ﬁiz = mi2

— because p; el.(i) =0 and (el.(i))"z =0
Momentum conservation: ), p; = 0

: - ) el.(i) = 0 has a solution because [ei(i)] =0
After the shift: 0

(concerning the
property of A(z)/z)

External wavefunction/polarization vectors not shifted
— always shift the opposite helicity spinor

Allows for easy B, analysis through (almost) mass dimensional counting
— so far show the best applicability for amplitude construction.

Universal for Massive and Massless theories

— A smooth continuation to the massless all-line shift, with additional d.o.f.
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Features of the ALT shift

Q On-shell condition preserved: 'ﬁiz = mi2

— because p; el.(i) =0 and (el.(i))"z =0
Momentum conservation: ), p; = 0

: - ) el.(i) = 0 has a solution because [ei(i)] =0
After the shift: 0

(concerning the
property of A(z)/z)

External wavefunction/polarization vectors not shifted
— always shift the opposite helicity spinor

Allows for easy B, analysis through (almost) mass dimensional counting
— so far show the best applicability for amplitude construction.
Universal for Massive and Massless theories

— A smooth continuation to the massless all-line shift, with additional d.o.f.

High-z is automatically in a form applicable for Ward Identities
— Additional analysis power for the underlying theory
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Features of the ALT shift: Constructability Analysis

An~< gXF) nex 1_[
diag

vector fermion

t propagators, momenta
couplings

¢ n-point amplitude has mass dimension 4 — n, So

— 4—n=[g] +[F] +

2 Ng: # of fermions
“ ALT: 1) momentum linearly shifted, 2) €, u not shifted

=) i@~z ,y<[Fl=4-n—[g]-%=

< Renormalizable theory: [g] >0 >y <4—n — %

=)  For 5-pt amplitude and 4-ptwith Np. > 0:y <0

lim A(z) =0 = p =0 = amplitude constructible

Z— 00
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Features of the ALT shift: Constructability Analysis

An~< gXF) HEX 1_[
diag

vector fermion

t propagators, momenta
couplings

¢ n-point amplitude has mass dimension 4 — n, So

—

mE) For 5-pt amplitude and 4-ptwith Np. > 0:y <0

limA(z) =0 &= B =( ¢== amplitude constructible

Z— 00
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Solving QED confusion

‘Example: e*e~ — u*u~ amplitude using ALT shift |

¢ 4-pt, external fermion, renormalizable = constructible

¢ Start with 3-pt building blocks, fixed by little-group covariance:

A PR ¢ €3 L Ev2 3] LEY N — _ _ 1gji2)+[2£](11)
As(121) = —e = . A.(1217) = —e =
(e or pu) 1 (e or p) 1
>V+1 (photon) >’1 (photon)
(e or u) 2 (e or u) 2

Zhen Liu Massive Helicity Amplitudes ALT Shift NOPP workshop 2026 8/15/26
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Solving QED confusion

‘Example: e*e~ — u*u~ amplitude using ALT shift |

¢ 4-pt, external fermion, renormalizable = constructible

¢ Start with 3-pt building blocks, fixed by little-group covariance:

(e or u) 2 (e or u) 2
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*» 4-pt amplitude

et H
A, = A21 _ 12 ztz” _
pr(z) pi(z—z")(z—-2z7)
e I 1
A~ 11 -
= — Zz:zi Reszzzi [Ag ;ﬁ_IZA?’]

*

pole at p?(z+) = 0
(internal photon on-shell)

= —— ==+ I[[Z_A3(1ZIA) X As (341_/1)]J+ —t = Z_)]

pf zt-z

1

4-pt amplitude from the product of 3-pt building blocks
Zhen Liu Massive Helicity Amplitudes ALT Shift NOPP workshop 2026

8/15/26

20



*» 4-pt amplitude

et 4

A, = 1 1 ztz~
4 20N 2 -
pi(z2) pi(z—z")(z—-2z7)

7

A 11 -
— ZZ=Zi Reszzzi [A3_A_2A3]

Z DPj
*

pole at p?(z+) = 0
(internal photon on-shell)

A;(121%) x A5 (3417%) = e2((13)[24] + (14)[23] + (1 & 2))
ALT shift does not shift external wave functions

= e2((13)[24] + (14)[23] + (1 < 2))
The product is independent of z
Zhen Liu Massive Helicity Amplitudes ALT Shift NOPP workshop 2026 8/15/26
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» 4-pt amplitude

et 4

A, = 1 1 ztz~
4 20N 2 -
pr(z) pr(@z—2z")(z—2z7)

0

A 11 -
— ZZ=Z-I—_ Resz=zi [Ag_,\_ZA?)]

Z Dy
*

pole at p?(z+) = 0
(internal photon on-shell)

A;(121%) x A5 (3417%) = e2((13)[24] + (14)[23] + (1 & 2))
ALT shift does not shift external wave functions

= e?((13)[24] + (14)[23] + (1 « 2))
The product is independent of z
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*» 4-pt amplitude

et pt
As = M
e I

82 (13)[24]+(14—)[23]+(1<—>2)
pi

& Agrees with Feynman diagram resuit
& Beautiful high-energy behavior (just unbold the spinors)

et nt nt ot et ut
4~ -Gt BE-T @@
Similarly, we can do e T e e~
5-pt amplitudes and o Lt ot - - -

higher... 4 :. ( - ) ( g ) ( —
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Electroweak Amplitudes _
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Electroweak Amplitudes _

* Gauge boson amplitude can be build using only three-point interaction

w+ \fl
‘_ﬂ _ sz’lez(lZﬁ - \/;?2;::(736) [(12)[21](3|p1 — p2|3] + cycl]

s
3-point input: w= /;2
wr P1

>._Z B «%’l—%"ﬁ;iz [(12)[21](3|p1 — p2(3] + cycl]

s

o e
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Electroweak Amplitudes _

* Gauge boson amplitude can be build using only three-point interaction
w+

\}':1
T = IV p(12)% = — 2T ((12)[21](3[p1 — pol3 L
A = e = e [(2)(21](3lp — paf3) + eyl
/}') P3
B 2
3-point input: w
W+\fl
] QW# [(12)[21](3[p1 — p2[3] + cycl ]
‘pT ZmeZ
P

*  We can all-line transverse shift to construct 4-point amplitude.

Four-point contact interaction is not needed to write down the write amplitude.

Higgs interaction is not required to construct amplitude
Amplitude growth E? instead of £+
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Electroweak Amplitudes _

* Gauge boson amplitude can be build using only three-point interaction

\JF:I
T+ _— gWW’Y 122= gWW’y 12V/211(3 B 3 .
et = Ty P12(2) = p e (122131 — pafd] + yel
_/;2}'33
3-point input: w
wr P1
\ Z gwwz

T mim

; [(12)[21](3[p1 — p2[3] + cycl ]

our-point contact interaction 1S not needed 1o write down tne write amplituae.

Higgs interaction is not required to construct amplitude
Amplitude growth E? instead of £+
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Unitarization (Independent from Constructability)

* These amplitudes has bad-high energy behavior.
¢ WLWLWLWL’ WLWLZLZL scale as O(EZ)
* |n the simplest model, they can be controlled by introducing a neutral scalar

Pl
A = =Stz Agp -
/ P3 / P3

* Demanding smooth massless limit imposes constraints on the couplings

2 2,2

. . gmz _ g My, —1
Jwwh = gmw, 9zzh = o P = 75 2 —
mw IwwzMz
Zhen Liu Massive Helicity Amplitudes ALT Shift NOPP workshop 2026
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In some sense, we truly cleared the way for recursive
calculation, so what?
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In some sense, we truly cleared the way for recursive
calculation, so what?

* It Is just tree-level recursion

* (We need to start with tree-level) We also cleared the way for loop-
level calculation; otherwise, there will always be unknown pieces
during the generalized unitarity methods. Work in progress.
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In some sense, we truly cleared the way for recursive
calculation, so what?

* It Is just tree-level recursion

* (We need to start with tree-level) We also cleared the way for loop-
level calculation; otherwise, there will always be unknown pieces
during the generalized unitarity methods. Work in progress.

* Higher multiplicity, from a practical (LHC) physics point of
view, seems to be fine (MadGraph is great). \We also already
have Berends-Giele recursion.

» We further completed formulation, provided a universal shift for
massive and massless theories, and extended the usability of
massive amplitudes and constructabillity.

* WWe are interested in understanding different facets of QFT through
the amplitude angle. Can we discover new relations and consistent
amplitudes?

Zhen Liu Massive Helicity Amplitudes ALT Shift NOPP workshop 2026
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Higher Spin Scattering

Even if the (decoupled) Lagrangian is unknown,
we can still calculate some amplitudes.
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These massive helicity amplitudes form a basis for

H ig h e r S pi N Scatte ri N g black-hole mergers calculation. They can be of

pheno relevance beyond postulating new particles.

ITY o5
A S=%5 )
s=2 N 3""'% \\JM’
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These massive helicity amplitudes form a basis for

" S " S " black-hole mergers calculation. They can be of

H Ig h e r pl n Catte rl n g pheno relevance beyond postulating new particles.
. by oS
An S=% 2

It's constructible if:

1) No more than 1 derivative

(minimal coupling) Q=
2) Current constraint satisfied

hywy

o \oy
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These massive helicity amplitudes form a basis for

- " " black-hole mergers calculation. They can be of
H Ig h e r S pl n Scatte rl n g pheno relevance beyond postulating new particles.
. ha oS
An. S=% We also calculated (up 2
It's constructible if: to) spin 5/2 graviton
1) No more than 1 derivative scattering and proved
minimal couplin their constructibility. -
ol Ao pling) - g=% hywe

2) Current constraint satisfied
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These massive helicity amplitudes form a basis for

- " " black-hole mergers calculation. They can be of
H Ig h e r S pl n Scatte rl ng pheno relevance beyond postulating new particles.
. b 8
An S=7 We also calculated (up -
It's constructible if: to) spin 5/2 graviton
1) No more than 1 derivative scattering and proved
minimal couplin their constructibility.
ol A pling) N bywo
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These massive helicity amplitudes form a basis for

- " " black-hole mergers calculation. They can be of
H Ig h e r S pl n Scatte rl ng pheno relevance beyond postulating new particles.
. b 8
An S=7 We also calculated (up -
It's constructible if: to) spin 5/2 graviton
1) No more than 1 derivative scattering and proved
minimal couplin their constructibility.
NS A pling) N bywo

2) Current constraint satisfied

oot ([Lprs]2) + (Llpua|2]) ([14](23) + [24)(13))
V3 /2¥3 /27 2m2tq3t14

([14)(23) + [24](13)) [[24](13)[1]p13]2) | (14)(23)(1]p14|2]
2mA t13 t14

A

Within the class of theories satisfying 1) 2): this amplitude is unique
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, Hagiwara et al,

Amplitude w ALT shift v.s. FD gauge Already in Madgraph

So amplitude promised no-gauge cancellation needed, will it automatically
generate subamplitudes without bad high energy behavior, e.g., in the WW
scattering, channel-by-channel finite?

. New HELAS s HELAS
Bu =Y (g, V) €¢"(g,)) +sen(¢?)e" (¢, 00 (q,0) F O T 1T T T T T T
= r [ W-W* — ZZ (longitudinal) ':3 A i s G s s 3
= —Guv, (! ° 10— Vs =10 TeV - 10°[ ]
10° — 10° ;3—--6--—0——e———e——0—~—e———o——e———e—__—
~ ~ Qv | Qu- quqv - - ]
PY. = —§u +€,(q,0)* X + 2£E&,(q,0) + - . - .
T pv T €uld, v\4q, 2 - = _ =
# Q Q my, N ] i ]
1 - b =
B ] B —
e --g--8---8--8---B---8--f- = .
s _ 5| _
10 B — Total : 10 : - Total :
--o-- s-channel — - --©-- s-channel 1
10-1°|~ --¥-- tu-channel - 10-°|- --+- tu-channel —
[ --=-- contact ] [ -=—- contact i
T RNRRRER= § e ST T
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
coso cos o
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, Hagiwara et al,

Amplitude w ALT shift v.s. FD gauge Already in Madgraph

So amplitude promised no-gauge cancellation needed, will it automatically
generate subamplitudes without bad high energy behavior, e.g., in the WW
scattering, channel-by-channel finite?

3 New HELAS 3 HELAS
= ~ ~ |y | 10 L LI I LI L 10 L L ol L LI
P, = e"(q,\)"€"(q, ) —I—sgn(qz)e“(q 0)¢"(q,0) = [ | | | | ] B | | [ | ]

;Zi:l ’ ’ ’ ’ % [ W-W* - Z Z (longitudinal) - EMAS e S e s et sl e s
= ~ G (T 10" VE=10Tev 1 100f- ]
10°— —  10° ;3—--6--—0——e———e——0—~—e———o——e———e—__—

~ ~ q9v | Qu - qudv - s ]

Py, = =G + €.(q,0)* = + 2&,(g,0) + - A4 | :

nv 1224 JIAN 8] vi4s 2 [ 7 B -

Q Q my, . ] & ]

i § i —

Since amplitudes have all good properties 105 rotal 3 10| .
c - c c c - = 7] - = Total T
without invoking gauge redundancies, will C o s-channel : e chanmel -
it have this feature as well? 10-1°}— --v-- tiu-channel -] 1019~ ---- tiu-channel -]

(partially) Yes! Work in progress. - -=— contact ] [ = contact ]

10_15 ;?717{?7{{?7;7?7'7{:7;7?7"7? | {I; | ?ﬁ | — 10_15 —_I 1| | | —— | I—— I | —— | 1 \__
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
cos 0 cos 0
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Is Massive Amplitude just ugly (more work, fewer
insights) and tedious?
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Is Massive Amplitude just ugly (more work, fewer
insights) and tedious?

* Not necessarily. Work/thinking in progress.
* Massless theories are actually disjoint between + and -.
* Massive theory is a continuous deformation between + and -.

» Massive theory can also be viewed as a (precursor of) smooth
deformation from on-shell to off-shell.

* Maybe the math will be simpler and more unique if one moves
from massive->massless?
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Summary and Outlook

Recursive construction of amplitudes requires consistent analytical continuation
(momentum shift).

« \We found a powerful massive helicity amplitude shift: ALT shift
* On-shell construction of QED, EW, supergravity and higher spins
* Analyzed UV completions of the SM EW amplitudes to unitarize
: * Proved various Ansatz (people invoke when dealing with contact term ambiguities)

« Constructability analysis for various theories (fully proved that SM is 3-point
constructible under ALT shift, modulo 4h input)

* Paved the road for Automation for SM and BSM amplitudes
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Summary and Outlook

Recursive construction of amplitudes requires consistent analytical continuation
(momentum shift).

« \We found a powerful massive helicity amplitude shift: ALT shift
* On-shell construction of QED, EW, supergravity and higher spins
* Analyzed UV completions of the SM EW amplitudes to unitarize
: * Proved various Ansatz (people invoke when dealing with contact term ambiguities)

« Constructability analysis for various theories (fully proved that SM is 3-point
constructible under ALT shift, modulo 4h input)

* Paved the road for Automation for SM and BSM amplitudes

« Constructability is certainly Amplitude-oriented operable criteria and we see its connection (but not just)
with renormalizability, gauge symmetry/ward identity, current constraints, etc. Will it allow us to discover a
new class of theory? (e.g., higher spin theories whose Lagrangian construction are tedious or non-existent)

» It also defines “consistent” massive theory, maybe it allows for proper double-copy?

» Are there better shift scheme to allow us explore QFT further?
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Backup



[R. Franken, C. Schwinn, arXiv:1910.13407]

Massive BC FW-type Shift [C. Wu, S. H. Zhu, arXiv: 2112.12312]

Decompose momentum p;, p; as linear combination of two nul-momentum

i =1+ ——1, pp— _le.
Pi=bit o BT o,

Shift the spinors as
i%= [i>—2[j|%,
)t =15+ 2[i)’

[i,j) shift : {

Good shift only exists for spin-projection (Sl-, Sj) = (1,2) or (2,1)

Need to use spin raising or lowering operator to construct amplitude




All-line Transverse (ALT) Shift

*  Shift external momentum by respective transverse polarization for spin-1/2 and spin-1

. Cim; (I,
Di > Pi=pit+ 2 i@zeg ),

* Define shift for spin-1/2 and spin-1 transverse modes

A

i) = [i) = [i) + zci|ms)  for I =+, On-shell condition satisfied
)] = 2] = |i] + z¢;|ms]  for I; = —, (iny) = 1] = my
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All-line Transverse Shift

* The shift is defined for spin-1 longitudinal modes

. ~ ] C; ] A . C;
i) = [2) = |i) + 2—|mi), 5] = [2] = [i| + 2= [mi],
2 2

or

) Ci.. Ci for Iz' = L,
(i = [7:] = [mi] —z§[%|,

1m:) = %) = |mi) — Z§z|i>a

* The definition can be extended for massless legs; more degree of freedom of choices there.

e  Shift defined in helicity basis and does not require specific spin-axis choice

* The shift exists for all possible spin configurations
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Polarization tensors

Massless: ews) = \/_Iéz [)Ia, ) = valialle >[ [ﬁl"’
Massive: £ fl?m alila \/_|> alila (&) _ liballa + Imdalil
Momentum: (Pi)aa = 19)altla — |Mi)almila

e =VEp (), lila=VEAm (s <)

Explicit form of spinors

In helicity basis: nia = /B —pi (Z) = —VE—pi (e )
A3(1237) = éx12(12)
3-point QED: __,(10[32) + (2¢)[31]
(€3)
Zhen Liu Massive Helicity Amplitudes ALT Shift NOPP workshop 2026 8/15/26
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EW calculation: WWWW ... Wi ps

Example calculation:

Z
W)@_:pQ Wa_:p4
2
g . . A A IAAT AN A A
AZ(2) _dwwz (2<p1 —52) - (s — o) (12)[21)(33)[43)
Pra=m7 Mw

—2(12)[21)(3p1 — p213](4Ips]4] + 2(12)[21)(4]p1 — D2/4](3(Pa|3] + (1,2) & (3,4)
+4(18)[31](2[p1|2](4[ps|4] — 4(14)[41](2p1|2](3[pa[3] — (1 i)) (3.4)
Need to sum over two poles at this factorization channel

Ward identity and simplification

_p v AN O
Ay = 61_€2L€3L€4LF[M/)\0(p17p27p37p4)

As z — 00, for ALT shift Ti’LF[,u/)\O' (T]_) T9, T3, ,r4) PI—— Goes to zero due to Ward identiy.

Thus leading z behavior vanishes

Zhen Liu Massive Helicity Amplitudes ALT Shift NOPP workshop 2026 8/15/26
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What can we learn from on-shell methods”?

On shell, the three-point interaction is fixed

g
1l fho-ton, ‘ Mmin,—|—1 _ m(12>28 Mmin,—l _ l [12]28
25—1 7 291

spiS

(They also give g = 2)

The four-point can be constructed under assumptions

» No higher-derivative couplings
~. < 1 derivative (coupling to photon)
< 2 derivatives (coupling to graviton)

» The higher-spin ‘current constraint’ is satisfied

Gauge invariance when m — 0
0*), =0(m) —
—— The spin-s propagator doesn’t diverge when m — 0
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Higher-spin Compton Amplitude

Spurious Pole

(ks, —) (kg +)

i

(k37_) (k47+) k37 ) (k47 +

ka, +) (ks, —)
L&Lﬁ f; Tree level 2{ 2;,3 l%z ;}) .
S (1,8 * (p2, s (p1,8) : (P2, 8) (

(P2, 3)

p1,S p278)

On-shell techniques: gluing, BCFW recursion relation

([41)(32) + [42](31))"
. Arkani-Hamed, Huang, Huang '17
812 t13 '[,'14 [4| pl ‘3) 2s—4 [ [Johansson, Och?rov ’19]g !

Ay (U505 hy b)) =

Vs <1 (external photon)  Spurious pole for s > 2 for graviton Compton amplitude
Vs <2 (external graviton)

I. Mahbub 40



I. Mahbub

Higher-spin Compton Amplitude

ALT Shift

* Off-shell current constraint
* Photon/Graviton Ward identity

¥ ALT shift

v'Photon Compton amplitude up-to s = 3/2
v Graviton Compton amplitude upto s = 5/2

[

* The shift uniquely fixes these Compton amplitude

F_

No spurious
poles

« Uniquely fix Compton amplitude with multiple Photon/Graviton

* For even higher-spin, there is still ambiguity

41




Complexity Analysis

It can be done for ¢ theory (to our analysis):
* Feynman diagram: (2n — 5)!! - 0(2™n!)

e ALT shift: 21— n — 1 - 0(2™)

« BCFW: 272 — 2 - 0(2™)
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              = −  ∑  z =  z ±  R e  s  z =  z ±


   [     A ^ 3  1 z  1     p ^ I 2    A ^ 3 ]


     A ^ 3  (  𝟏 𝟐  I 𝜆 )   ×  A ^ 3  (  𝟑 𝟒  I  − 𝜆 ) =  e 2  (  ⟨  𝟏 ^  𝟑 ^ ⟩  [   𝟐 ^  𝟒 ^ ] +  ⟨   𝟏 ^  𝟒 ^ ⟩  [   𝟐 ^  𝟑 ^ ] + (  𝟏 ^ ↔  𝟐 ^ ) )


  =  e 2  (   ⟨  𝟏 𝟑 ⟩  [  𝟐 𝟒 ] +  ⟨  𝟏 𝟒 ⟩  [  𝟐 𝟑 ] + ( 𝟏 ↔ 𝟐 ) )


   


     p ^ I 2 (  z ± ) = 0


   1     p ^ I 2 ( z ) =  1   p I 2    z +  z −  ( z −  z + ) ( z −  z − )


  4


   A 4 =


              = −  ∑  z =  z ±  R e  s  z =  z ±


   [     A ^ 3  1 z  1     p ^ I 2    A ^ 3 ]


     A ^ 3  (  𝟏 𝟐  I 𝜆 )   ×  A ^ 3  (  𝟑 𝟒  I  − 𝜆 ) =  e 2  (  ⟨  𝟏 ^  𝟑 ^ ⟩  [   𝟐 ^  𝟒 ^ ] +  ⟨   𝟏 ^  𝟒 ^ ⟩  [   𝟐 ^  𝟑 ^ ] + (  𝟏 ^ ↔  𝟐 ^ ) )


  =  e 2  (   ⟨  𝟏 𝟑 ⟩  [  𝟐 𝟒 ] +  ⟨  𝟏 𝟒 ⟩  [  𝟐 𝟑 ] + ( 𝟏 ↔ 𝟐 ) )


   


     p ^ I 2 (  z ± ) = 0


   1     p ^ I 2 ( z ) =  1   p I 2    z +  z −  ( z −  z + ) ( z −  z − )


  4


   A 4 =


  =  e 2    ⟨  𝟏 𝟑 ⟩  [  𝟐 𝟒 ] +  ⟨  𝟏 𝟒 ⟩  [  𝟐 𝟑 ] + ( 𝟏 ↔ 𝟐 )   p I 2


   𝑬 𝟐  


   E 4


   𝑬 𝟐  


   E 4


   W L  W L  W L  W L


   W L  W L  Z L  Z L


  𝒪 (  E 2 )


   p i ,  p j


   (   s i ,  s j ) =  (  1 , 2 )   or   ( 2 , 1 )


  z → ∞


  g = 2


   𝜕 𝜇  J 𝜇 = O ( m )


  m → 0


  ≤ 1


  ≤ 2


  m → 0


  √ s ≤ 1


  √ s ≤ 2


  s > 2


  s = 3 / 2


  s = 5 / 2


   𝜙 3


   (  2 n − 5 ) ‼ → O (  2 n n ! )


   2  n − 1 −   n   − 1 → O  (   2 n )


   2  n − 2 − 2 → O (  2 n )

