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Feynman Integrals are Inevitable in QFTs
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Each Feynman diagram corresponds to a Feynman Integral, of which the

complexity exploits factorially.




General Aspects of Feynman Integrals

master integral
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General Aspects of Feynman Integrals

4« — master integral
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— master integral
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Integration-by-part Relations
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Integration-by-part Relations
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Integration-by-part Relations

k., m
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Kinematics Dependence

Kinematics vary— differential equations of Fls (Mls).

The primary method for analytic and (semi-)numerical calculation of Fls.

Ml Ml
M2 M2
MNF MNF

[Kotikov ‘91: Remiddi '97; Gehrmann, Remiddi '00]

Solving this linearly coupled PDE system is non-trivial!
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Kinematics Dependence

k, m
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1) Taking derivative: v; = v, + 1; 2) IBPs map back onto (M, M,)
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Kinematics Dependence

k, m
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e-factorisation (canonicalisation)

e-factorisation:

—

Via rotations of basis (i.e., M — K) and variable change, e-dependence factorises

in the connection matrix, with suitable boundary conditions. [Henn '13]
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e-factorisation (canonicalisation)

e-factorisation:

—

Via rotations of basis (i.e., M — K) and variable change, e-dependence factorises

in the connection matrix, with suitable boundary conditions. [Henn '13]

K, K,
K, K, K = Z "KW — gt — JBNFxNFK ") + boundary

. L) K — PeXp (EJ BNpXNp) Kboundary
KN

F

Ky

F

Mls can be written as Chen'’s iterated integrals [Chen '77].

Once the e-factorised (canonical) form is derived, Fls (Mls) are viewed as solved.

Very Hard! Lots of progress recently, e.g., Baune, Bonisch, Broedel, e-collaboration, Dlapa, Duhr, Frellesvig, Gérges, Henn,
Klement, Jiang, Maggio, Nega, Porkert, Sauer, Sohnle, Stawinski, Tancredi, Wager, Wilhelm, Yan, Yang, Zhang, Zhu + many more...
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e-factorisation (canonicalisation)

x — X X M
(K;) B 28(1 8) [\/4+x \/4+x 2
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e-factorisation (canonicalisation)

(Kl) = 2¢(1 — ¢€) 1x Ox (Ml)
Ky \/4+x \/4+x M,

i () =< [ ) (0
dx Kz VX + 4) x+4 KZ

szz(x)

One can further do a variable change, s.t., the square-root is gone.
Then the Mls are easily written as iterated integrals to any orders of &.
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An Example on lterated Integrals
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An Example on lterated Integrals

(1, 22)

(21, 0)

integrating path
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0 0
o o
0 0 —

1
K, = Kl(o) . eKl( )\BD + O(e?)
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Feynman Integrals are Hard

i 10

MPL type eIIiptiC type

[<> &

hyper elliptic type Calabi-Yau 2-folds type

MPL type

Previously, canonicalization (B IlJ4£) was ad hoc and by experience. Now, we have
found a unified algorithm for all Feynman integrals regardless of their geometries.

13



Outline and Takehome Message

It is well-known that Fls have block structures, specified by sectors.
They also have a multi-layered (Hodge-like) structure inside sectors.
& Improve IBP (with the Laporta algorithm), in general.

& An algorithm to derive e-factorizing (canonical) DEs of Mls.

The structure is universal, as are two aspects of the method.
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Sectors

» Integral family: given a set of propagators and auxiliary scalar products as a basis;

S F — ClMl -+ CZMZ + o0 + CNFMNF.

ylyzooovn

» Some master integrals do not contain all propagators, e.g., Ffl‘;gble = cF0+ o F ;.

» Masters with fewer propagators can be viewed as simpler w sectors.

A1 0 O

o O O
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A Toy Model of IBP

~\—

1237 1229

b=l o, I, = 12231, + 12291, = 1223J, + 1229J,,
L1231 1203 I, = 12311, — 12371, = 1231J, — 1237/,
273025750 ° 3025750 °
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A Toy Model of IBP

~\—

1237 1229

h=so bt I, = 12231, + 12291, = 12237, + 1229/,
L1231 1203 I, = 12311, — 12371, = 1231J, — 1237/,
273025750 ° 3025750 °

This shows that I, I, as Mls are simpler than I;, I,, because no large

denominators are involved.
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A Practical Example of IBP

" _ [ d°q, d”q, 1
V\olsly iaDI2 {7DI2 [(ql +p — Zk)2 _ mZ] 2 [q% — mZ] Uy [q22 _ mZ] U3 [(ql + g, + 7k — p)Z _ m2] Uy
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p— . 7 .
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A Practical Example of IBP

" _ [ d°q, d”q, 1
V\olsly iaDI2 {7DI2 [(ql +p — Zk)2 _ mZ] U [q% — mZ] Uy [q22 _ mZ] U3 [(ql + g, + 7k — p)2 _ m2] Uy
P 3e(B3e — 1)(ze+z—2e—1) oo —87%(e + 1)+ 2z (882 be — 1) —2e+1 -
p— . 7 .
1311 4(z — 1)(2(z = 2)e—1) LI 4(z — D22z = 2)e—1) 2111

3e(e+ 1) 2z¢ + 27— 1
- Frypp A
21 +2¢) 2L, + 2¢)

Fi31 = ’(—25°F1311—ZZ‘F2211+(Z+€)°F1212> :

Ji

This shows that we should choose {J;,J,} as Mls. The new structure can find such

a basis systematically. This pattern is inherited by DEs.
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Sketch of the Algorithm: [>J— K
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Sketch of the Algorithm: [ >J— K

Step I: Given any pre-basis I, derive a good (pre-) basis J compatible with

filtrations (Ji21Z), borrowed from Hodge theory.

- -

1 1 —
BW)(x) - B + - + BO) +eBY)| J, J=R; -1

dJ =
eV eNv—
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dJ =
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Step Il: / may be canonical. If not, one can always rotate it to be algorithmically.
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Sketch of the Algorithm: [ >J— K

Step I: Given any pre-basis I, derive a good (pre-) basis J compatible with
filtrations (Ji21Z), borrowed from Hodge theory.

- -

1 1 —
BW)(x) - B + - + BO) +eBY)| J, J=R; -1

dJ =
eV eNv—

B (x), ---,B(x) are in a good block lower-triangular form. Both BY(x), R, (x) rational!

Step Il: / may be canonical. If not, one can always rotate it to be algorithmically.

-

MRENAD | RO 7
R, VR,V RV K =1J

R(zi)(x) may be transcendental! The algorithm applies to Fls related to different geometries.
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Multi-layered Structures of Feynman Integrals
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Baikov Rep. : Integrals Hard, but Integrands Simple

dPl - dP,([)dP,(l)---, i.e., propagators, /s, as integration variables: z; = P,

l
et n . o Lea+p.
< non-trivial “Jacobian”, twist u(z) = H [pj(z)] 7 (@tbig) a,=0,1; b € Z:
jeall

q,z)
Ii:Cai()VJ' Uz dzy, A - Adzy, U, € 7
o 155Ve ( >Hj€all [pj(z)lﬂj ! 1 :

%Z@

Packages: [Baikovletter, Jiang, Yang; BaikovPackage, Frellesvig; SOFIA, Correia, Giroux, Mizera]
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Baikov Rep. : Integrals Hard, but Integrands Simple

dPl - dP,([)dP,(l)---, i.e., propagators, /s, as integration variables: z; = P,
< non-trivial “Jacobian”, twist u(z) = H [pj(z)] %(“ﬁbig), a,=0,1;b € Z:
jeall

q,(z)
Ii:CaiOVJ' Uz dzy, A - Adzy, U, € 7
o 155Ve ( >Hj€all [pj(z)lﬂj ! 1 :

%Z@

Packages: [Baikovletter, Jiang, Yang; BaikovPackage, Frellesvig; SOFIA, Correia, Giroux, Mizera]

» Not for calculating Fls, but rather for studying the structures!
» It translates Fls to twisted cohomology language: qu ~ u(qg + Vua));

> Perfect for (onshell) propagator cuts: cut; = res__,.

20



Setup: Twist

Mls in a given sector share the same (minimal) twist (b, bj e Z):

4 (ZpZz, "'vZNV) — H [Pi(Z)] —7+ybe H [pj(z)] 3hje

= jel

cven

» Odd polynomials — geometry;
» Even polynomials — possible residues (punctures) to take;

» Different MIs — different rational parts.
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Setup: Twist

Mls in a given sector share the same (minimal) twist (b, bj e Z):

4 (ZpZz, "'vZNV) — H [Pi(Z)] —7+ybe H [pj(z)] 3hje

= jel

cven

» Odd polynomials — geometry;
» Even polynomials — possible residues (punctures) to take;

» Different MIs — different rational parts.

q/2)
Ii — CBaikovJ M(Z) ,u-dZNV JANRALIVAN le, M =4
Enmc Hanu pi(2)]"

<maxima| cut in a sector &»remaning variables after MC

21



Twist: Examples

1%211)1((1211{00 — CBaikovJ =~ . < (Zl — 1>_8 (Zl — X — 1)8 |

dz; 1 L

1,
E 53500 = Gt | 5 el o] il 1w
MC
2
_ 1 — X .
P1=2 =X, ;=7 +4—X, p3=(zl+1)2—4_le ( 2) |-

X1
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Setup: Twisted Cohomology

912) 7
I = CBaikOVJ u(z) [ . )]/4]- dZNV A -+ A dzy, Hi €
G Hanu Pj\<

[ —)
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Setup: Twisted Cohomology

q:2)
Ii — CBaikovJ u(Z) ,u-dZNV A co0 A le’ IMJ e J
G e Hanll [pj(z)] !

[ —)

» Given a master integral I, there is a differential form ¢, ( H" » V7).
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Setup: Twisted Cohomology

q4z)
l; = CBaikovJ ”(Z) ﬂ,dZNV A= Adzy, B € L
G MiC Hanll [pj(z)] ]

[ —r)

» Given a master integral I, there is a differential form ¢, ( H" » V7).

» One needs to mod out IBP relations qgi ~ qgi + V1, which leads us to the
twisted Cohomology [See e.g., Mastrolia and Mizera, ‘18].
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Setup: Twisted Cohomology

q4z)
l; = CBaikovJ ”(Z) ﬂ,dZNV A= Adzy, B € L
G MiC Hanll [pj(z)] ]

[ —r)

» Given a master integral I, there is a differential form ¢, ( H" » V7).

» One needs to mod out IBP relations qgl- ~ qgi + V1, which leads us to the
twisted Cohomology [See e.qg., Mastrolia and Mizera, '18].

» Study the differential forms to represent the corresponding Mis.

» Consider {0} as well: u — U, ) - ® using homo. coord. [Z() 1Zp e ZNV]'
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Filtrations: a General Decomposition. of a Vector Space

"Layered” decomposition (filtration, i[g) of Hgv = {¢}/ ~ into subspaces! (FI¥%)

u

one filtration of onion
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Filtrations: a General Decomposition. of a Vector Space

"Layered” decomposition (filtration, j[g) of Hgv = {qg}/ ~

e C FP+1H£7V§ FPHGZYVQ

e D Wngv > Ww_ng’v D ...

_into subspaces! (FI}¥72)

W SREY ,
Wy oy ,’
| hl,O / hO,l p
[ L

two filtrations cut an “onion” into 3

subspaces in this example one filtration of onion

24



Filtrations: a General Decomposition. of a Vector Space

“Layered” decomposition (filtration, i) of H." = {¢}/ ~, into subspaces! (ZI}$%)

u

Ws Y P11 / /
+1 N N -———— — —— = /_/: o ///
o CFTTHTEFTH,TE S N R X S
N N : ! 9 , 4 ? ) /
.o :_) WWHG)V :_) WW—IHG)V :_) oo "("// //
F! o
FO

two filtrations cut an “onion” into 3

subspaces in this example one filtration of onion

Given ‘Pﬂo,,,ﬂN [O], two more ordering criteria (two filtrations): pole order 0, and the number of non-zero
D

residues 7 . These two integers indicate “layer” numbers (FAFFF 2B BIFE1T).
p=Ny—o+r; q = o; w=p+q=Ny+r.
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Step 1: Prefactor by Filtrations

For each element in Hgv={differentia| forms} mod IBPs, i.e., {integrands}, we define a

prefactor C.:

/v HyY = { ¥ [Q1 = C.U{1D) Criigoy URD @, ., [Q11 |} modulo IBPs

vector space
w./ fin. dim.

) 1 1 1 ['(a+ 1)
— : |ul . —b. —
=G e x [T (=3oq0e) TI(30¢)  @=petts

This pre-factor is entirely determined by the integrand, and it simplifies the e-complexity.
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Appetizers Example
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Appetizers Example: Twist

Liy1111100 = CBaikovJ _.’Zl_zg (Zl — 1>_8 (Zl AT l)é

» Setting C,;. = £*x* makes C,;. - Cp,.1.v PUrE.
» The minimal twist in the projective space reads: U(zy, z;) = zgg zl_zg (21 —29)° [Z1 — (1 + x)zo]g.

» All four polynomials are even = four possible (localisations) to take non-zero resides.

[zozzl]e{[Ozl], [1:0], [1:1], [1:1+x]}

27



Appetizers Example: Howto

H,>Y, ,[01=C{uhU®, ,I[0]n; n = zodz; — 2;dz, .

28



Appetizers Example: Howto

H,>Y, ,[01=C{uhU®, ,I[0]n; n = zodz; — 2;dz, .

U(zgr21) = 226272 (2 — 20 |21 = (1 + 02| = [20: 211 € {[0: 11, [1:0], [1:1]. [1: 1+x]}

» deg U =0,degn =2 => deg® = — 2.

» ¥ should localise on those 4 points after taking one residue = 4 candidates.
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Appetizers Example: Howto

H,>Y, ,[01=C{uhU®, ,I[0]n; n = zodz; — 2;dz, .

U(zgr21) = 226272 (2 — 20 |21 = (1 + 02| = [20: 211 € {[0: 11, [1:0], [1:1]. [1: 1+x]}

» deg U =0,degn =2 => deg® = — 2.

» ¥ should localise on those 4 points after taking one residue = 4 candidates.

Vi1l =— 484X2CBaikovU_” ) Yoo lll = — 284X2CBaikovU L ;
<p<1 () (Zl — Z())
Y001 [1] = 254X2CBaikovU ! ; Yoroll] = 284X2CBaikovU ! -
20 |21 = (1 + 2z 21 (21 — 20)
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Appetizers Example: Howto

H,>Y, ,[01=C{uhU®, ,I[0]n; n = zodz; — 2;dz, .

U(zgr21) = 226272 (2 — 20 |21 = (1 + 02| = [20: 211 € {[0: 11, [1:0], [1:1]. [1: 1+x]}

» deg U =0,degn =2 => deg® = — 2.

» ¥ should localise on those 4 points after taking one residue = 4 candidates.

H H
Vi1l =— 454X2CBaikovU_» Yoo lll = — 284X2CBaikovU
{041 () (Zl — Z())

Y1001 [11.= 284X2CBaikovU ! Yoroll] = 284X2CBaikovU !

( 20 |21 — (1 +x)z0] 2 (21— 20)
2etx? = e*x? - e:j - (2¢e - €) )

All have (p,q) = (1,1).

%

-~

~

Cabs Cclutch Crel
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Appetizers Example: Mis

There are IBP relations between these four candidates:

{‘Pnoo [1], Wio10 [11, W01 [11, Woyi0 [1] }=> {‘Pono [1], %010 [1] }

¥, 0[1] = 2e*x?] =K
0110 111111100 15 . .
4 9 — d1mV1:d1ch}):2.
Y1010 [1] — —2e"x7 1111110 = K> -
/72 Mis
g ———
Pl 2 "
_________________________________ — ( I'Lp’q — dlm prjq )
Wl Y o
hl,O hO,l 0 0
1 0

Fgeom Fgeom

29



Appetizers Example: Mis

There are IBP relations between these four candidates:

{‘Pnoo [1], Wio10 [11, W01 [11, Woyi0 [1] }=> {‘Pono [1], %010 [1] }

¥, 0[1] = 2e*x?] =K
0110 111111100 15 . .
4 9 — d1mV1:d1ch}):2.
Y1010 [1] — —2e"x7 L 111111(-1y0 = K> -
/72 Mis
T
pblo 2 -
_________________________________ — ( I'Lp’q — dlm prjq )
hl,O hO,l 0 0
1 0

Fgeom Fgeom

K K
This derived basis is already the e-factorised: d <Kl> = £ Apjc(x) (Kl)
2 2
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Step 2 of the Algorithm

We pick elements in Hgv by the filtration criteria, translate back to Mis, defining a new basis J

N 1 1 >
dJ = |[—B"MW(x) + B () + - + BO(x) +eBY(x)| J
=Ny oNy—1
— g B(_Nv)(x), ee B(O)(x) are in a good block lower-triangular form!

ENIRENAD | RO 7 — T
R, VR,V RYVK =J

e Rotate away B step by step. It is systematic (the existence of e-factorisation);

o R(zi) is determined by (simpler) PDEs. In particular, R(z_Nv) relates to periods of geometry.
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An Example with All Sectors

<L <X

Niq = 255 Niq = 255 Niq = 254
Niq = 159 Niq = 159 Niq = 159

Niq = 150 Nig = 150 Niq = 150
They contribute (with four massive cuts) to I';,_, 7, see the talk by Yefan Wang.
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An Example: Layered Structure

N 1
Ii(255) B C](isﬁgv ' J u(z;) ¢§255)(Zl) , u(zy) = lzl (Z1 + t) (Zl (Zl + t) — 4t>] 27 ¢
11

255

l l

C&?ﬁév defines required pre-factor Cégsss); U (255)(z0, 71) = ng - P/ l2—e . Py li2—e . Py l2—e (Py =279 -
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An Example: Layered Structure

N 1
Ii(255) B C](isﬁgv ' J u(z;) ¢§255)(Zl) , u(zy) = lzl (Z1 + t) (Zl (Zl + t) — 4t>] 27 ¢
11

255

l l

C]gzagsgv defines required pre-factor CE%SSS); U (255)(z0, 71) = ng - P/ l2—e . Py li2—e . Py l2—e (Py =279 -

A <
»w=Ny+r=1+1l:onlyatPy=272,=0 — gbgsz): C;ﬁSS)-Z-P—I;
0

abs abs

. A 1 202
»w = Ny+r =14 0: two choices. 45(1255) = C@» .1, gb(2255) = C2>). ( > 8) el 2
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An Example: Layered Structure in Top Sector

»w=Ny+r=1+1l:onlyat Py =z,=0 - ¢{*) = C> .2, P
0

1
» W = Ny+7 =1+ 0: two choices: ¢ = CY . 1, ${) = €23 (

abs abs

$* and ¢ are specified by the other layer (Hodge filtration).
gqg(lzss): holomorphic,p=Ny—0+r=1-04+0=1;
gqg(2255): 0= L3/2J = 1,noresidue,p=1-14+0=0.

» We can't proceed, and have exhausted all possibilities.

33



An Example: Layered Structure in Top Sector

»w=Ny+r=1+1l:onlyat Py =z,=0 - ¢{*) = C> .2, P
0

1 202
» W = Ny+7 =1+ 0: two choices: ¢ = CY . 1, ${) = €23 ( e) A

abs abs

255 255
$* and ¢ are specified by the other layer (Hodge filtration).

L?qu(1255): holomorphic,p=Ny—0+r=1-0+0=1, -------- = /_/,/_”_ _/7/2 -
Nrssy  lmaml A TT T T ST T T T .
ggb(2255): 0 = L3/2J = 1,noresidue,p=1-14+0=0. Lot W,

> We can’t proceed, and have exhausted all possibilities. Feeom " Feom
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An Example: Layered Structure in Top Sector

»w=Ny+r=1+1l:onlyat Py =z,=0 - ¢{*) = C> .2, P
0

1 202
» W = Ny+7 =1+ 0: two choices: ¢ = CY . 1, ${) = €23 ( e) A

abs abs

255 255
$* and ¢ are specified by the other layer (Hodge filtration).

L?qu(lzss): holomorphic,p=Ny—0+r=1-0+0=1, -------- = P A -

~255)  lasml 1 T T R i .

ggb(2255): 0 = L3/2J = 1,noresidue,p=1-14+0=0. Lot W,
» We can’t proceed, and have exhausted all possibilities. Fleom " Feom

Hodge Diamond — Feynamn Triangle
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“Feynamn Triangle”: Some Other Exampes

___________________ —~
2 i%)
____________________ -~
0 0 Wi
1 0
Fgeom/ Fgeom/
___________________ R
1 Wo
____________________ —
2 2 W4
1 170
F geom F geom

___________________ -

5 Wy

____________________ -

0 0 W3

____________________ .

1 4 1 Wo

2 /’/1 0
F geom - F geom F geom
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An Example: Layered Structure — Canolicalizing

> BaCk to integraIS: Jl — t(l — 28)85 ‘ Fllllllll()’ J2 — t(l N 28)84 ) Fll]l]l]ZO;

> Its DE takes a nice form, which can be rotated to be canonical easily.
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An Example: Layered Structure — Canolicalizing

> BaCk to integraIS: Jl — t(l — 28)85 y Fllllllll()’ J2 — t(l — 28)84 y F111111120;
> Its DE takes a nice form, which can be rotated to be canonical easily.

1
d [Jll ot 0

11 o
e Ht+16)  t+16

RED . RO . (K1> — (Jl)
255 255\ K, A
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An Example: Layered Structure — Canolicalizing

> BaCk to integraIS: Jl — t(l — 28)85 y Fllllllll()’ J2 — t(l — 28)84 y F111111120;
> Its DE takes a nice form, which can be rotated to be canonical easily.

1
d [Jll ot 0

11 o
e Ht+16)  t+16

RED . RO . <K1> — <J1>
255 255\ K, A

> The integrals are elliptic. However, we do not need this knowledge in advance.
But this knowledge can certainly help to identify the transcendental functions.
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Some Extra Information

A~

=

36

g ,‘f”' ' "hm'

‘A\\‘

-
= %

T

o A\l

(b) g-disk

Gemini 3.1 Pro generated the Matplotlib code!



Summary

» Fls not only have block structures, but also have multi-layered structures,
specified by filtrations.

> After filtrations, FIs enjoy a Hodge-like triangle: “Feynman triangle”.

» The filtered basis does not have spurious polynomials during IBP, and
makes canonicalization always achievable.

The algorithm is universal and cracks the complexity to the minimum.

Thank you tor listening.
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