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Precision metrology
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Ultimate precision is determined by 
quantum  fluctuations
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Ideal situation Light field is quatized

Squeezing the quantum noise

C. Caves, Phys. Rev. D, 23, 1693 (1981), K. Goda, Nature Phys. 4, 472 (2008)



Quantum metrology and sensing

4

ℇ𝜃ො𝜌 ො𝜌θ

• Quantum hypothesis test

Nature Photon. 12, 724 (2018)
F. Xu et al, Phys. Rev. Lett. 127. 040504 (2021)

• Quantum parameter estimation



Quantum parameter estimation
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(Quantum) Cramér-Rao 
bound

Fisher information 𝑝 𝑦 𝑥 = 𝑇𝑟(𝜌𝑥𝐸𝑦)

Quantum Fisher information

m: number of trials



Classical and Heisenberg limits
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Standard quantum limit (SQL, classical limit): Δ2𝑥 ≥ 1/2𝑚𝑁
Heisenberg limit (HL):Δ2𝑥 ≥ 1/2𝑚𝑁2

m: number of trials, 𝑁: number of particles per probe state
Total resources: 𝒎𝑵



Parallel versus sequential strategies

7Nature Photon. 5, 222 (2011)

N

a

b

  ˆ
n

𝜓(𝜙) 𝑁00𝑁 = 𝑒𝑖𝑁𝜙 𝑁 𝑎 0 𝑏 + 0 𝑎 𝑁 𝑏 / 2

𝜓(𝜙) 𝑠𝑒𝑞 = 𝑒𝑖𝑁𝜙 1 𝑎 0 𝑏 + 0 𝑎 1 𝑏 / 2

In the ideal situation, both strategies achieve Heisenberg limit with 
resource N.



Outline
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• Loss-tolerant quantum interferometry

• Precision metrology using weak measurements

• Multi-parameter quantum metrology
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• Multi-parameter quantum metrology



Problems with photonic N00N state
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• Hard to generate: no deterministic way yet
• Very sensitive to photon loss

a

b

…

+
a

b …

a

b

…
 Phase-sensitivity lost

Probability of no-photon loss: 𝜂𝑁



Holland-Burnett state
• Heralded generation of N-photon 

Fock state
• Photon-number-resolving 

measurement

Optimal 
state

HB state

N00N state
Classical limit

Feasible region of 4-photon HB stateA. Datta, L.Zhang et al., PRA 83, 063836 (2011)
11

Real-world quantum metrology: loss
tolerance



Dose-limited quantum metrology

12

Resource: total number of photons (dose) that interact with the sample.

Maximize the precision under a dose constraint 𝑑 ≤ 𝑑𝑡ℎ is equivalent 
to maximize Fisher information per dose:

𝜉 =
𝐹
𝑑

𝛿𝜙 ≥
1

𝑑𝑡ℎ 𝜉 

In the presence of loss 𝜂, the quantum limit is 

𝜉𝑄𝐿 =
4𝜂

1 − 𝜂
Nature Physics 7, 406 (2011)



Sequential strategy
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Standard multi-pass (MP) strategy

𝑑 = |𝛼|2 ෍
𝑘=0

𝑁

𝜂𝑘

Control-enhanced sequential (CS) strategy

𝑑 = ෍
𝑘=0

𝑁

𝛼𝑘
2

𝜉𝐶𝑆 ≤
4𝜂

1 − 𝜂 1 − 𝜂𝑁

arXiv: 2203.10137
Q. Yu et al, Optica (accepted)



Outline

14

• Loss-tolerant quantum interferometry

• Precision metrology using weak measurements

• Multi-parameter quantum metrology



Weak Measurement and Weak Value
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Von Neumann Measurement

Weak measurement and weak value

Post-selection

Pre-selection



Weak-value amplification
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𝑔 → 𝑔𝑆𝑤 𝑆𝑤 =
〈𝜓𝑓 መ𝑆 𝜓𝑖〉
〈𝜓𝑓|𝜓𝑖〉

Science 319, 787 (2008)

Phys. Rev. Lett. 102, 173601 (2009)

The amplification comes at a cost of signal intensity. The overall 
signal-to-noise ratio is not improved (PRA 84, 052111 (2011)).

Phys. Rev. Lett. 111, 033604 (2013)



𝐹𝑊𝑉𝐴 ≤ 𝐹𝑡𝑜𝑡 = 𝑝𝑑𝑄𝑑 + 1 − 𝑝𝑑 𝑄𝑟 + 𝐹𝑝 ≤ 𝑄𝑗

Precision of weak measurement

17L. Zhang et al, Phys. Rev. Lett. 114, 210801 (2015)

In the ideal situation, weak measurement does not increase precision.



Practical systems are imperfect
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Dynamical noise 

Phys. Rev. A  85, 060102(R) (2012)
Phys. Rev. X 4, 011031 (2014)

Phys. Rev. X 4, 011031 (2014)     
Phys. Rev. Lett. 107, 133603 (2011)

Correlated noise 

Detector saturation 

Phys. Rev. Lett 118, 070802 (2017)
Phys. Rev. Lett 125, 080501 (2020)

Photon recycling

Phys. Rev. A 88, 023821 (2013)
Phys. Rev. X 4, 011031 (2014)
Phys. Rev. Lett.117, 230801 (2016)



Effects with practical detectors
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Post-selection

g Saturation

𝑔𝑆𝑤

Whole FI Saturated detector

Imperfect detection Post-selection
Whole FI

ത𝑛

𝑝𝑑 ത𝑛



Experimental setup
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3

(e) (f)

FIG. 2. Experimental setup and detector calibrat ion. Module (a) and (c) perform the pre- and post -select ion of the polarizat ion
of photons. The displacement of the mirror in module (b) couples the polarizat ion and the spat ial degree of freedom. A HWP
and a polarizing beam displacer (BD) in module (d) create two copies of the output beam in order to cancel out the adverse
e↵ects of beam jit ter and turbulence. Plots (e) and (f ) give examples of the measured response mat rix of the CCD, i .e., t he
probability dist ribut ion R (kj |N j ) of pixel readout kj when Nj photoelect rons are generated, far from and close to saturat ion,
respect ively.

measured in the posit ion q space by a scient ific CCD
(Andor, iStar CCD 05577H) with pixel size 13⇥13µm.
I f the total average number of photons in the Gaussian
beam is n̄t per exposure, the j th pixel of the CCD is
expected to receive n̄WVA

j (g) = Pf n̄t
R
j dq|hq|Φf i |

2 and
n̄CMj (g) = n̄t

R
j dq|hq|Φci |

2 photons in theWVA and CM
schemes, respect ively. Since the beam is in a coherent
state, theexact number Nj of theregistered photons(i .e.,
photoelect rons) at the j th pixel follows a Poisson dist ri-
but ion P (Nj |⌘̄nj , g), where ⌘= 0.125 is the detect ion
efficiency of the CCD. Addit ionally, due to various kinds
of elect rical noise, the response of CCD can be described
by a condit ional probability dist ribut ion R (kj |Nj ), where
kj is the readout at the j th pixel. The readout kj con-
tains the cont ribut ions from the dark noise K d, Nj , and
the ext ra classical noise K a . The calibrat ion shows that
K d and K a follow normal dist ribut ions K d ⇠ N (µd,σ2d )
and K a ⇠ N (0,σ2a), in which σa grows with n̄j , follow-
ing ln(σ2a) = a ln(n̄j ) + b with a = 1.19 and b = − 4.39.
Thus, R (kj |Nj ) is obtained by the convolut ion of dark
noise and the ext ra classical noise dist ribut ions. Given
the saturat ion threshold ks, the response at the thresh-
old is t ransformed to R (ks|Nj ) =

P
k j ≥ ks R (kj |Nj ). We

present certain R (kj |Nj ) of our detectors in Fig. 2 (e)
and (f ). The response model of CCD here is similar to
that in Ref. [34] with digitalizat ion and pixel noise.

Taking all of the ment ioned factors into considerat ion,
the condit ional probability dist ribut ion of kj that de-

pends on g is given by,

P (kj |g) =
X

N j

R (kj |Nj )P (Nj |⌘̄nj , g). (1)

Subsequent ly, theclassical Fisher informat ion for g of the
whole CCD array can be calculated from P (kj |g) and
simplified as

F (g) =
X

j

⌘
n̄j

✓
dn̄j
dg

◆2
Γ(R, n̄j ), (2)

in which the coefficient Γ(R, n̄j ) can be treated as the
signal-to-noise rat io at the j th pixel, taking into account
the fundamental quantum fluctuat ions of light and prob-
abilist ic response of the CCD. When the n̄j in Eq. (2)
is replaced by n̄CMj or n̄WVA

j , we can obtain the FI of
CM or WVA, respect ively. Eq. (2) also implies that the
response of the CCD R (kj |Nj ) plays a vital role in ac-
quiring the Fisher informat ion F (g). For example, when
the pixel approaches saturat ion, Γ(R, n̄j ) tends to zero,
leading to a considerable reduct ion in FI [41].
To est imate the parameter g, we apply the maximum

likelihood est imat ion (MLE) with the likelihood funct ion

L (g) =
⌫Y

l= 1

⌧Y

j = 1

2

4
X

N l j

Rs(kl j |Nl j )P (Nl j |⌘̄nl j , g)

3

5 , (3)

where ⌫= 300 and ⌧= 330 are the total number of
frames and pixels in one est imate, respect ively. The ex-
posure t ime of each frame is 1 ms. To obtain the preci-
sion of the est imat ion δg, we employ a bootst rap method



Precision of different estimators
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(a) (b) (c)

L. Xu et al, Phys. Rev. Lett 125, 080501 (2020)

✓ Dynamic range increased by ~100

✓ Measurement precision increased by 6

✓ Approaching the quantum-limited precision



Nonlinear weak measurement

22G. Chen et al, Phys. Rev. Lett. 121, 060506 (2018) 

Experiment by Prof. Chuan-Feng Li’s group

• Achieving Heisenberg-scaling with 
classical resources

• Single photon carries the information 
from 105 photons

Scalable, robust



Measuring quantum systems using 
weak measurement
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Nature 474, 188 (2011).

𝜓 𝑠 = ∫ 𝑑𝑥 𝜓(𝑥)|𝑥⟩

• Conventional measurement: ො𝜋𝑥 = 𝑥 ⟨𝑥|, 𝑥 𝜓 𝑥
2 = 𝜓 𝑥 2

• Weak measurement: መ𝐴 = ො𝜋𝑥 = 𝑥 ⟨𝑥|, 𝜓𝑓 = |𝑝0⟩

• Characterization of a general quantum state (mixed) requires two 
sequential weak measurement: high overhead and fluctuations

• Extension to quantum detector and channel

ො𝜋𝑥 𝑤 =
𝑝0 𝑥 𝑥 𝜓 𝑠

𝑝0 𝜓 𝑠
∝ 𝑥 𝜓 𝑠



Resource-efficient direct tomography
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• One weak measurement for arbitrary quantum states

• Optimization of measurement strength 𝑔 

RES: resource-efficient scheme; SMS: sequential-measurement scheme
T: qutrit; E: two-entangled qubits

𝑔

L. Xu et al, Phys. Rev. Lett. 132, 030201 (2024) 



Direct tomography of quantum 
measurement
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Time-symmetric description of quantum systems: two state vector 
formalism (TSVF)

Direct state tomography Direct detector tomography

Forward direction of TSVF Backward direction of TSVF

L. Xu et al, Phys. Rev. Lett. 127, 180401 (2021), L. Xu et al, Adv. Photon. 3, 066001 (2021)  



Direct tomography of quantum 
processes

26

Process weak value: 

L. Xu et al, submitted



Outline
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• Loss-tolerant quantum interferometry

• Precision metrology using weak measurements

• Multi-parameter quantum metrology



Multi-parameter quantum metrology
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FI matrix

QFI matrix

Cramer-Rao bound

Σ: Covariance matrix of the estimation

𝑝(𝑚|𝒙)

𝑄 𝜌𝒙 𝜇𝜈 =
1
2

𝑇𝑟[𝜌𝒙 𝐿𝜇, 𝐿𝜈 ]

Σ ≥ 𝐹−1 ≥ 𝑄−1



Advantage of the joint estimation of 
multiple parameters
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Estimating each parameter 
separately

Estimating all parameters 
jointly

M parameters Separate estimation Joint estimation
Resources (particle, 

energy etc) M𝑁 𝑁

Precision 𝑁−1 𝑁−1



Tradeoffs between different 
parameters
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Due to the incompatibility in quantum mechanics, classical FI matrix 
F can be strictly smaller than QFI matrix Q, and the quantum 
Cramer-Rao bound (QCRB) Σ = 𝑄−1 may not be achieved. 

Tr 𝜌𝒙 𝐿𝜇, 𝐿𝜈 = 0 Weak commutivity condition

𝑆𝑖, 𝑆𝑗 = 𝑖ℏ𝜖𝑖𝑗𝑘𝑆𝑘

A necessary and sufficient condition to achieve QCRB 



Imaging as a multi-parameter 
estimation problem

31Phys. Rev. X 6, 031033 (2016), B. Wang et al, Photon. Res. 9. 1522 (2021), C. Hu et al, Quant. Front. 2, 20 (2023)

Parameters to be estimated: 

and relative intensity q 

𝑥0 = (𝑥1 + 𝑥2)/2 𝑧0 = (𝑧1 + 𝑧2)/2 𝑠 = 𝑥1 − 𝑥2 𝑡 = 𝑧1 − 𝑧2

QFI

Weak 
commutivity



Quantum system characterization as a 
multi-parameter estimation problem
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QFI 𝑄 = 1 0
0 sin2 𝜃

Weak 
commutivity

Γ =
1
2

0 sin 𝜃
− sin 𝜃 0

How to overcome the precision tradeoff and achieve the optimal precision (quantum 
Cramér-Rao bound) of all the parameters?

• Evaluating function of quantum states generally involves the estimation of 
multiple parameters 

• Characterizing quantum state 𝜓 = cos 𝜃
2

0 + sin 𝜃
2

𝑒𝑖𝜙 |1⟩ involves the 
estimation of 𝜃, 𝜙 

| ⟩𝜙

| ⟩𝜙

| ⟩𝜙| ⟩𝜙
| ⟩𝜙

| ⟩𝜙

| ⟩𝜓 | ⟩𝜓
| ⟩𝜓

| ⟩𝜓 | ⟩𝜓

𝑁

𝑀
Overlap
Estimation Ƹ𝑐

H. Zhan et al, Light Science & Applications 14, 83 (2025) 



Mitigating tradeoff with collective 
measurement
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• Pauli operators {𝝈𝒙, 𝝈𝒚, 𝝈𝒛} of a single qubit (spin) do not commute

𝜎𝑖, 𝜎𝑗 = 𝑖ℏ𝜖𝑖𝑗𝑘𝜎𝑘

• Tensor product of two Pauli operators {𝝈𝒙𝝈𝒙, 𝝈𝒚𝝈𝒚, 𝝈𝒛𝝈𝒛} commute

𝜎𝑖𝜎𝑖, 𝜎𝑗𝜎𝑗 = 0



Simulatenous measurement of phase 
and phase diffusion

34

QFI  matrix 
(θ=π/2)

• Without parameter tradeoffs, one expect a Fisher information 
matrix 𝐹 = 𝑄, or Tr 𝑄−1𝐹 = 2

• Single-copy measurement only achieves Tr 𝑄−1𝐹 ≤ 1

• Bell measurement on two copies can achieve Tr 𝑄2
−1𝐹2 ≤ 1.5 
Nat. Comm. 5, 3532 (2014)



Experimental demonstration
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Use path and polarization to 
encode two qubits

Collective measurement

B. Wang, et al. Adv. Sci. e18375 (2025)

Collective measurement can reduce 
the parameter tradeoffs, but may not 
be able to completely remove it. 



Removing tradeoff with antiunitary 
symmetry

36

If there exists an antiunitary operator (e.g. conjugation) such that

for all parameter points, the state is said to have  global antiunitary 
symmetry (GAS).

Quantum 6, 665 (2022).

• GAS ensures weak commutivity condition

• The optimal measurement is parameter-independent



Comparison between GAS and 
standard stratigies

37B. Wang et al, Phys. Rev. Lett. 133, 210801 (2024) 

Parallel model Mutually conjugate 
model (MCM)

Ancilla-assisted 
mutually conjugate 
model (AAMCM) 

Maximal entanglement 
model (MEM) 



Experimental results
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vs Parallel modelMCM

MCM doubles the precision with 
the elimination of parameter 
tradeoffs

vs MEMAAMCM

Both models achieve the 
comparable precision, but AAMCM 
only requires local measurement

B. Wang et al, Phys. Rev. Lett. 133, 210801 (2024) 



Classical Correlations can improve the precision of multi-parameter 
quantum metrology!

Strategy using classical correlations 

39

Anti-parallel spins

𝒏 = 𝑐𝑜𝑠
𝜃
2 0 + 𝑒−𝑖𝜙𝑠𝑖𝑛

𝜃
2 1 = 𝑈 𝜃, 𝜙 |0⟩

Weak-commutativity condition is satisfied

QFI

Optimal measurement:

M. Mi et al, Phys. Rev. Lett. 135, 110804 (2025) 



Experimental demonstration
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Setup

Likelihood Precision

M. Mi et al, Phys. Rev. Lett. 135, 110804 (2025) 



Heisenberg-limited scaling with 
sequential measurement

41

Applying 𝑈(𝜃, 𝜙) N times together with control achieve 𝑈(𝑁𝜃, 𝑁𝜙) 

M. Mi et al, Phys. Rev. Lett. 135, 110804 (2025) 



Summary

42

• Quantum metrology promises the precision beyond the 
classical limit, but to achieve it requires to overcome practical 
challenges: noise, loss, complexity, tradeoff…

• Loss-tolerant quantum interferometry with entangled photons 
and control-enhanced sequential strategy 

• Practical advantage of weak measurement in precision 
metrology and characterization of quantum systems

• Overcoming the parameter tradeoffs in multi-parameter 
quantum metrology with collective measurement, antiunitary 
symmetry and classical correlations
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