NuclearScience
Computing CenteratCCNU

Lattice-QCD validation of hadron mass and trace-anomaly
decomposition sum rules

Hadron mass decomposition in a common MS scheme for 7. and J/y

Heng-Tong Ding (] = 1#)
Central China Normal University (F¢H1Ifi K)

Dennis Bollweg, HTD, & #, &, Swagato Mukherjee, arXiv: 2601.13070 ,PRL in press

=—EeEEER BIeEEX
July 27-30, 2026 @& 5



https://arxiv.org/pdf/2601.13070

M[MeV]

What generates the hadron mass?
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Energy-Momentum Tensor (EMT):
from QCD operator to hadron-mass sum rules

(H(p)| T" | H(p)) = 2p*p*

THY — (T””’ _ l ghT* ) T l ghT*

4 4
Traceless Trace
Quark part Gluon part
For QCD: T&D = Tg‘”+ Tg” =My + M, + M, + M,
quark  explicit
. gluon
kinetic  quark anomaly
energy

energy  mass
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Energy-Momentum Tensor (EMT):
from QCD operator to hadron-mass sum rules

(H(p)| T" | H(p)) = 2p*p*

I I
Trv — | Tuv _ _ogmva | 4 — ouua
( 40 “) 1S e

Traceless Trace

same EMT information— different organizations — different hadron-mass sum rules

Ji | HRT | Lorcé | MPR

Ji, PRL 74 (1995) 1071 ;Hatta, Rajan, & Tanaka, JHEP 12 (2018),008 ; Lorcé, EPJC 78 (2018)120; Metz, Pasquini, & Rodini, PRD 102 (2020) 114042
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Current status: partial EM'I" access from experiment and lattice QCD

Deeply virtual exclusive processes Recent lattice QUD:
=> partial GFF / traceless EM'T access GFF's and spatial structure are accessible but the trace sector remained difficult
Traceless Trace
[ iPEgvIP A AFAY — g™ A2 _ 1
P17 p) = a(y) | A(®)y“P") + B(t) " +D(t) T+ C(t)mg™ | u(p)
I 2m 4m |
(MS, y=2GeV)
1.5 - 0-
g tgotal 003_%%0%%@ .
& u+d+s °°2‘§%A %oo%c%omo@ - -

A; (1)

: 0.0 0.5 1.0 1.5 2.0
0.0 0.5 1.0 1.5 2.0 —1 [GeV?)

See EXP extracted pressure distribution 1n e.g. Hackett et al., PRL 132 (2024) 251904
Burkert, Elouadrhirt & Girod, Nature 557 (2018)396
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Current status: partial EM'I" access from experiment and lattice QCD

- B(g)
Ty = Zf: mgry  + 29
Trace ~e——o N

explicit quark-mass term

Earlier lattice QGD

Hadron mass decompositions relied on partial EM'] input or indirect closure
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Current status: partial EM'I" access from experiment and lattice QCD

Earlier lattice QGD

Hadron mass decompositions relied on partial EM'] input or indirect closure

2
- Bg - =X X p
= Yomiry +|52P S mdy | G@ITERE) = 2@ (pwe 50
Toeres oY . f i Traceless
explicit quark-mass term quantum trace anomaly EMT conservation and the traceless twist-2 operators
| 3 “ Lattice (this work)

< 0.40 o
:...| Needall EM'T components, especially the trace sector,
g 030 within one common scheme and scale
CE). 0.25 - ’ — char
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What was ditlicult before

| | |
LX) = 01 ,,(x) = =0, ,(x) + —05 ,,(x) — =0, ,,(x) — Os_,(x)

4 4 o
Gluon part: 7, ,, Quark part: T, ,
© Tre | | 2 ' ' O30 = 2, O3p0f = t//(y _+y.D )l//
@1’100 — _ZTrC Fpa)Faa) , @2”00 — _25p0TrC Fa)fFa)g P Z PO, f 2 f\/p /f
gO - - go _ )
@4’p0 - PGZ wfyvjj”’ @5,;00 — paz MWy

f
Tensor operators: O, O, Pure-trace operators: 0,, O,, O

¢ EM'T trace lies in the scalar channel under lattice hypercubic symmetry = mixing
with lower-dimensional operators

¢ power-divergent subtractions are required

¢ conventional RI/MOM-type renormalization: gauge dependent/IR sensitive/ noisy

Belinfante, Phys. Rev. 128 (1962) 2832; Belitsky & Radyushkin, Phys. Rept. 418 (2005) 1; Freese, Phys. Rev. D 106 (2022) 125012,...
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Our strategy: from gradient flow to a common MS EMT scheme

Gradient Flow (GF):
8tBﬂ(t, x)=D, W(t X),

Flow time tfsmooth UV fluctuations

over a radius of , / 8tf

®
P ® __. o
®

rough field

flowed/smeared field

Operationally in this work

4 )
Flowed EMT

at fixed tf

\-

J

)

-

.

.
Take a — 0O

N

at each fixed tf
_J

_l/

Luscher et al., 10°,

BM((),x) = Aﬂ(x)

B,(t,p) ~ e_tp2Au(p)

11°, 14

-

.

2-loop matching
GF — MSbar

\

_/

Small-flow-time EMT reconstruction

TMS(X 1) = hnaz 173 ﬂ)@i,pg(tfa X)

=

Howed operators are matched to the physical EM'I;
the coethicients ¢; are known perturbatively

¢ simplifies renormalization and avoids power-

divergent subtractions

¢ puts traceless and trace sectors into one

common framework

J\ Zero-Flow-time
—)/| extrapolation #: — 0

5

All EMT ingredients
IN one common
scheme

common scheme-and-scale determination of traceless and trace contributions

7 /25



Hadron ground states from 2-pt correlators

source sink Clgpt(t) = Z <l/_/(X)F l//(X) l/_/(xO)Fl//(xO)>
(0) (7) X

¢Determine energy of states from the energy decomposition:

Mmax

CZpt Z |Z |2 —Ent + e—En(Nta t)]
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EM'I matrix elements tfrom the ratio ot 3pt to 2pt correlators

& 3-pt correlation function C'7(t.7) = Z <l/7(3€)F y(x) O ,,(7) lﬁ(xo)rl//(xo)>

X [
source sink
Spectral 4y, S5 (miOuael™) 15, 05 (g o
decomposition
€2-pt correlation function C%(t) = Y  |Z,|? [e Bt + e Enea )]
n=0
Ratio of 3pt- to o (t ) 1 <O‘6i,pa‘0> Re(Z] Z|OZ<2 ?i,pau)) [e—AE’T e—AE(t—T)]
_ x,r\t,T) = _
2pt- correlator 2M 1+ (|Z1|2/|Z,|2)e—AE

matrix element

asymptotic limit
t>1> (0
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3-point correlation function: Demonstration for the gluonic part

“%;'3-]31: COrr: CS,OF (t, ’T) — Z(OI‘(wa t) 61,pa (y7 T)O}‘ (07 O)> o <CI2‘pt (t)> Z<51apa (y7 T)>f
€,y Yy

g Gluon C
yoperator Ol,ﬂa(tfa z) = 2Th° |F, pw (e, ) Fou (1, )]

Tr°F ) () =
| N
-3 [Ppa(x) — P;o'(x)] , Poo () = Upo(2) + Us—p(2) + U_p—0(2) + U_q,0(2)
Upe(2) = Uy(@)Us (@ + p)U (@ + 5)UL(x)

Clover-type discretization: F,,(z) = —i | F,,(z)
1

01:‘"J‘Gauge links U ,(x) are replaced by the tflowed counterparts

athu(tfv :I?) — DVFVu(tfv 33)7 BM(Ov :E) — AM(QZ)
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3-point correlation function: Demonstration for the quark part

€3-pt corr: Cp (t,7) = Z <l/7(3€)F W(x) ég,pg(f) l/_f(xo)rl//(xo)> , Osp0 203 por

X

e

~ Quark ~ ( : O X (ts, ) = Ax(te, )
& Os 0 (ts, @ e & 4+ ,D ) te. )
operator 3,p0\Uf ZXf f Yol Xf( f )

X(Oa £E) — ¢($)

Ringed fermion fields: cancel the wave function renormalization by construction

— S —0
if(tfax) = 0 Xf(tf,aj) Xf(tfvm) = Xf(tf,:v).

\| (amte)2 (s (te, ) By (tr, ) \| (amte)2 (s (te, ) By (tr, )

& Contractions among flowed and un-flowed fermion fields: No additional Dirac inversions
are needed

(23 w@) = Y K@.:08,G10.  (y0760) = X S,&lD K @.y:02, MK, y:0.2) =
Z z r
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Is J/y stmply two charm quarks?

Current quark mass: mﬁ,‘TS(mc) ~ 1.27 GeV

Pole/Constituent-like mass:

o 4 a
mP = mMm )1 +=—+ - ) % 1.5 GeV
T
Much less challenging computationally compared

with light mesons or proton
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Lattice setup and extracted matrix elements

Ensembles Measured quantities Extraction
2+1 flavor HISQ), ® flowed EMT ® 2-point & 3-point
HotQCD bl

otQQCD ensembles operators O, -0 correlators

a ~ 0.06,0.08,0.12 fm ® flowed quark and — <H|0;|H >
64 % 483, 64 644 oluon matrix elements ® a - 0 at fixed #

, ® both traceless & t — .
physical strange, near- S:Ctorlsrace oo ® GF — MS matching
physical light quarks o

tr — 0
f
physical charmonium:

n. & Jly

Dennis Bollweg, H1'D, Xiang Gao, Ran Luo, Swagato Mukherjee, arXiv: 2601.13070, PRL 1n press
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Construction ot quarkonia states via 2-pt correlation tunction

EO/ EPDG

§ a=0.06fm
a=0.05fm

/
iy ¢+ a=0.04fm

Ne

source sink

(0) (1)

¢Ratios are remarkably close to unity

¢Bare charm-quark mass is
tuned to reproduce the physical
charmonium states
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Demonstration: Extraction of gluon matrix elements

< H | 51,]{]{ | H

> at a= 0.04 tm &tf= 5€f

(0] 6,

lpal

A Re(Z; Z0(0|0i,p0|1)) [ — CAB(t— ~
O-state fits:  RE.(t7) = — (010 o 0) — =L oD [ 78 4 emAF ()] RS po
- . T) =
X\ T = o 1+ (|Z1[2/| Zo|?)e-2F 2 R
T=aNg,
~0.55 - ~30-
—0.65 - . e *
~0.70 - Coes »
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~0-90° T i per 0857 T :=;éa=0°04 fm 00
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2-stride fit (Nyiq. = 2) 4-stride fit (N, iqe

T=N,
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— 00
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m
t+B.

$ 2R

|

°
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30

K Summation fit J
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Demonstration: Extraction of quark matrix elements

< ncl @3,kk|7]c‘ >

Re(Zi‘ ZO <O

. ; 1 (0]0; ,6|0)
ﬂstate fitst REL(t,7) =

0.190 A }

0.180 - {

0.175 A

] |

t=o, a=0.04 fm
¢ t=28a

t=30a
0.170 - ¢ t=32a

4 -3 -2 -1 0
(t—t/2)/a

2-stride fit (N,
T = Nskip’
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0.200 -

0.195 -
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0.170 -

1+ (|23
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t=24a
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ata= 0.04 Im & e = 5€f

L (016, ,,10)
2 Rpa(t T) > 21;40 t+B.
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Stable extraction of tflowed EM'] matrix elements

quark matrix element

ﬁ 22:1 <770|03,kk/_3‘770>

I SUM iﬂ: —-0.7 -
) Fitstr2
I Fitstra i
¥ mix,a=0.04 fm ; —0.8 -
s
ig: —0.9 -
fq; ~1.0 -
el
qu -1.1-
N iq _1'2 -
= ]
;'}I
_13 -
0.601 0.602 0.603 0.604 0.605
tr [fm?]

oluon matrix element

ﬁ 22:1 <776|Ol,kk/3‘776>

SUM

) Fit:str2

Fitstr4
mix, a = 0.04 fm

o
oll
. —_—

- T o‘
$ !

[ el —
¢ - 1

0.001 0.002

0.003 0.004 0.005
tr [fm?]

Flowed quark and gluon EM'I' matrix elements are extracted stably from
standard 3pt/2pt ratios
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From tlowed matrix elements to the physical EM'T

Continuum extrapolation at fixed tflow time

3
—0.75 - %k§1<nc|(91,kk|ﬂc>/(2M2c

_100_ } tf=58f

3 ~
0.175 |3 Z 1lOsabne M)

0.150 - | | |
0.000 0.001 0.002 0.003 0.004
a’ [fm?]

0.00 -
—0.15
-0.301
—0.45 1

0.0 1

—0.5 1

—1.0 1

—1.5 1

0.36 1
0.32 -
0.28
0.24 1

0.20 -
—1.251

\ (ORI

—1.75 1
—2.00

—1.50

3 _
1-loop LY (O dne )y (2M2)
2-loop k=1
(Nl ONS4In ) (2M2)

3 -
L2l OY ey (2M;)
k=
? $ ¢ ¢ ¢ ?
$

) $ $

0.000

0.001 0.002 0.003 0.004

tr [fm°]

Smooth continuum, matching and ¢ — 0 behavior enables a
common determination ot all EM'I" components

GF — MS matching and 7, — 0 extrapolation

Pert. matching from: Suzuki, 14°15’; Harlander et al., 18’
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Forward-limit sum rules tor GFF

A(0): momentum fraction type term;C(0): trace-related GFF ingredient; f(0): extra spin-1 structure for J/y

¢Spin-0 hadron

<m\ VSl = 2M2[Ax(0) + Cx(0)]  Poincaré symmetry 2, Ax(0) =1
X X=c,g
(.| TN mc 6M2C (0) Conservation of Co(0) = 0
Z e 3 the total EM'T ; X

&¢Spin-1 hadron

1 _ 3 _
Jhy | TS | J/ 2M? Cx(0) + —fx(0
Vi T 1Ty = Jh”[Z x©) 4fX( )] Rotational symmetry &
polarization structure

D fx(0)=0
X

MS 2 I~ I~
(T | TG0 | I1w) = 2M3,JAK(0) = = C(0) + 7 F(O)]

1 _ 1 _
Z Iy T;l}%\f/l/f) 4M.12/y/ [2 Cx(0) — fo(())]
k=23

J1, PRL 78 (1997) 610, Hackett et al., PRD108 (2023) 114504, Petkou et al., 105 (2022) 054509, Polyakov & Sun, PRD 100 (2019) 036003
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Forward-limit GFF ingredients at rest tor . and J/y

A(0): momentum fraction type term; C(0): trace-related GFF ingredient; f(0): extra spin-1 structure for J/y

(eI TS 11.) = 2M2[A(0) + Cx(0)]

L6 0) + 2 7(0
[5 x( )‘l‘zfx( )]
1

e J/Y ; B
A0)  C() | A0  C(O) () ;wﬂ%skm:
gluon(g) [0.084(45) 0.058(18) [0.077(35) -0.146(29) -0.012(32) iy | 55, gy = 2022,
charm(c)|0.918(17) -0.068(4) [0.926(34) 0.176(87) 0.023(5) | T3S, W)=ZM;/W[AX(O)_%CX(OHZJFX(O)]
total [1.000(46) —0.010(18)[0.997(43) 0.030(30) 0.010(32) Z <J/W|T§k|]/l,,>=4MJ2/W

k=23

Lo ) - L 7.0
[5 x( )—fo( )]

f «C(0) determined directly for 7,.and J/y
A,(0) + A(0) = 1 for both states

.Cg(O) + CC(O) = () within uncertainties

k .fg(()) + £.(0) = 0 within uncertainties for J/y

Consistent with the forward-
limit GFF sum rules

~

/

D. Bollweg, T =18, &, &

1, S. Mukherjee, arXiv: 2601.13070 , to appear in PRL
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Four sum rules of hadron mass decomposition

(H] (1)

P

My =) MY, with M¥"™ =

H)

2M gy

X=q,g

Hatta, Rajan, & Tanaka, JHEP 12 (2018) 008

My = Y MY™®, with M) =Y oy,
X=q,9,m f
MPR __ Lor MPR __ Lor
MYPR = MY = o5, MR =Mo",
f

Metz, Pasquini, & Rodini, PRD 102 (2020) 114042

(H|TX 50| H)

Mg =) MY", with M3"=-— Mo

X=q,g

Lorcé, EPJC 78 (2018)120

My = Y Mg, with M) =M}~

X=q,9,m,a

. 1 3

Ji Lor HRT MPR
M= Mg©" — SMG — S MyPR,

: 1

Ji Lor HRT
Mg — Mg - Z g
M;i _ i [M;-IRT 4 MgHRT - Mﬂl\fPR] |

Ji, PRL 74 (1995) 1071
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Lattice QCD closes the J/y & 1. mass budget across independent sum rules

Same EMT input; HRT / Lorcé: 2-part organization; MPR /Ji: explicit trace-sector split

J/y mass budget

HRT Lor MPR

J1

Gluon energy is sizable

About 15% in Lorce/MPR,
About 30% in HRT

The Ji anomaly term is visible
277 MeV in J/y , close to 9%

Forward-limit GFF tests close
A +A,=1C.+C,=0

First direct results for C

M,: charm energy ; M,: gluon; M, : explicit charm-mass term; M ;: trace-anomaly

D. Bollweg, T =1, &, ¥

1, S. Mukherjee, arXiv: 2601.13070, to appear in PRL
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Lattice QCD closes the J/y & 1. mass budget across independent sum rules

Same EMT input; HRT / Lorcé: 2-part organization; MPR /Ji: explicit trace-sector split
J/y mass budget 17 mass budget

HRT Lor MPR Ji HRT Lor MPR

M,: charm energy ; M,: gluon; M, : explicit charm-mass term; M, trace-anomaly

D. Bollweg, T =1, im#, ¥ H#, S. Mukherjee, arXiv: 2601.13070 , to appear in PRL
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Summary
¥ Constructed the full QCD EMT, including the trace sector, in a common MS framework

# Provides a oeneral first-principles framework for studying hadron mass, spin, and GFFs

® Determined forward-limit GFF ingredients for . and J/y, including C(0), for the first time

® HRI Lorcé, MPR and J1 mass sum rules are mutually consistent within uncertainties

® Gluon, explicit charm-mass, and anomaly contributions are all nontrivial in charmonium mass

decompositions

Same EMT input, different organizations - one consistent first-principles picture
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