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Deep inelastic scattering 
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✦ Deep inelastic scattering of high-energy leptons (~ 20 GeV) on fixed-target reveals the internal structure of 
nucleons, consisting of quarks and gluons (QPM) described by parton distribution functions (PDFs), and 
lead to the establishment of QCD

Measuring the Structure Functions
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!To determine     and    for a given and       need 
measurements of the differential cross section at several different
scattering angles and incoming electron beam energies (see Q13
on examples sheet)
Example: electron-proton scattering F2 vs. Q2 at fixed x
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" Experimentally it is observed that both      and        are (almost) 
independent of

Bjorken Scaling and the Callan-Gross Relation
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!The near (see later) independence of the structure functions on Q2 is
known as Bjorken Scaling, i.e.

•It is strongly suggestive of scattering from point-like constituents
within the proton

!It is also observed that        and
are not independent but satisfy the 
Callan-Gross relation

•As we shall soon see this is exactly what is
expected for scattering from spin-half quarks.

•Note if quarks were spin zero particles we would 
expect the purely magnetic structure function to 
be zero, i.e.

spin ½

spin 0

Bjorken scaling of SFs and QPMDIS kinematics

Parton distribution functions (PDFs)

pq=xp, with probability density ~ f(x) 

DIS cross sections and structure 
functions:
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Deep Inelastic Scattering 
! It can be shown that the most general Lorentz Invariant expression

for e-p ! e-X inelastic scattering (via a single exchanged photon is):

INELASTIC
SCATTERING(1)

ELASTIC
SCATTERINGc.f.

We will soon see how this connects to the quark model of the proton

• NOTE: The form factors have been replaced by the STRUCTURE FUNCTIONS
and

which are a function of x and Q2: can not be interpreted as the Fourier transforms
of the charge and magnetic moment distributions. We shall soon see that they 
describe the momentum distribution of the quarks within the proton

! In the limit of high energy (or more correctly ) eqn. (1) becomes:

(2)
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• In the Lab. frame it is convenient to express the cross section in terms  of the 
angle,     , and energy,    , of the scattered electron – experimentally well measured.

p

e–

e–

X

"

q pe–

jet

"

•In the Lab. frame, Equation (2) becomes: (see examples sheet Q13)

(3)

Pure Magnetic Structure FunctionElectromagnetic Structure Function

 

Inelastic e-p scattering

lab frame - proton at rest before collision:                lorentz invariant form

energy loss of 
incoming particle

Bjorken x

fractional energy loss
of incoming particle

4-momentum transver

W=M → elastic scattering

2 < W < 1 GeV → inelastic scattering
                             (exitation of resonances)
W > 2 GeV → deep inelastic scattering

x in [0,1]

y in [0,1]
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Note on Higgs pT resummation

Jun Gao

gao

ν = E1 − E3 (1)

I. HIGGS pT RESUMMATION IN CSS/CATANI-FLORIAN-GRAZZINI FRAMEWORK
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only for gluon fusion processes. It was defined that A(1) leads to the ressummation of LL, {A(2), B(1), C(1)} give the
NLL terms, {A(3), B(2), C(2)} for the NNLL terms, and similar {A(4), B(3), C(3)} for the N3LL terms. The QCD β

functions as well as DGLAP splitting kernals corespondingly should be evaluated at sufficient orders. Also HH,(2)
g is

needed for a NNLL resummation.
A(1,2,3)

c , B1,2
c are explicitly konown. HH,(2)

g as well as C(2)
ga , and G(1)

ga that needed for a NNLL resummation are
given by Catani et al. using the matching to NNLO cross sections at small pT .

Naively the missing ingredients for a N3LL resummation would be A(4), B(3), as well as C(3)
ga and G(2)

ga .
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29 18. Structure Functions

Figure 18.10: The proton structure function F p
2 measured in electromagnetic scattering of electrons

and positrons on protons, and for electrons/positrons (SLAC,HERMES,JLAB) and muons (BCDMS, E665,
NMC) on a fixed target. Statistical and systematic errors added in quadrature are shown. The H1+ZEUS
combined values are obtained from the measured reduced cross section and converted to F p

2 with a HERAPDF
NLO fit, for all measured points where the predicted ratio of F p

2 to reduced cross-section was within 10% of
unity. The data are plotted as a function of Q2 in bins of fixed x. Some points have been slightly o�set in
Q2 for clarity. The H1+ZEUS combined binning in x is used in this plot; all other data are rebinned to the
x values of these data. For the purpose of plotting, F p

2 has been multiplied by 2ix , where ix is the number
of the x bin, ranging from ix = 1 (x = 0.85) to ix = 26 (x = 0.0000085). Only data with W 2 > 3.5 GeV2 is
included. Plot from CJ collaboration (Shujie Li – private communication).
References: H1 and ZEUS—H. Abramowicz et al., Eur. Phys. J. C75, 580 (2015) (for both data and
HERAPDF parameterization); BCDMS—A.C. Benvenuti et al., Phys. Lett. B223, 485 (1989) (as given
in [260]); E665—M.R. Adams et al., Phys. Rev. D54, 3006 (1996); NMC—M. Arneodo et al., Nucl. Phys.
B483, 3 (1997); SLAC—L.W. Whitlow et al., Phys. Lett. B282, 475 (1992); HERMES—A. Airapetian
et al., JHEP 1105, 126 (2011);JLAB—Y. Liang et al., Je�erson Lab Hall C E94-110 collaboration, nucl-
ex/0410027, M.E. Christy et al., Je�erson Lab Hall C E94-110 Collaboration, Phys. Rev. C70, 015206
(2004), S. Malace et al., Je�erson Lab Hall C E00-116 Collaboration, Phys. Rev. C80, 035207 (2009), V.
Tvaskis et al., Je�erson Lab Hall C E99-118 Collaboration, Phys. Rev. C81, 055207 (2010), M. Osipenko
et al., Je�erson Lab Hall B CLAS6 Collaboration, Phys. Rev. D67, 092001 (2003).
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✦ The HERA collider together with fixed-target DIS experiments provide a complete and precise scan on the 
nucleon structure functions or PDFs, which are successfully described by DGLAP evolution equation from 
perturbative QCD due to asymptotic freedoms at high-energies

Parton Distribution Functions
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Ultimately the parton distribution functions are obtained from a fit to all 
experimental data including neutrino scattering (see handout 10)
•Hadron-hadron collisions give information on gluon pdf

Fit to all data Note:
•Apart from at large

•For
gluons dominate

•

•Small strange quark 
component

• In fits to data assume

not understood –
exclusion principle?

(Try Question 12 )
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Scaling Violations

!

!
!

10-15 m

!q"
e#

e#•In last 40 years, experiments have probed the 
proton with virtual photons of ever increasing energy

•Non-point like nature of the scattering becomes
apparent when $! ~ size of scattering centre

•Scattering from point-like quarks
gives rise to Bjorken scaling: no
q2 cross section dependence 

•IF quarks were not point-like, at 
high q2 (when the wavelength of 
the virtual photon ~ size of quark) 
would observe rapid decrease in
cross section with increasing q2.

•To search for quark sub-structure
want to go to highest q2

10-18 m

HERA

Evolution of DIS experiments and a summary of measured F2

Legacy of HERA ep DIS
2

F2(x,Q
2) =

∑
i=q,q̄,g

∫ 1

0

dξCi
2(x/ξ, Q

2/µ2
r, µf

2/µ2
r,αs(µ

2
r))

×fi/h(ξ, µf ) (4)

In the meta PDF or the original Hessian PDF frameworks, there exist adidtional freedoms which we can apply
additional orthogonal rotations for the eigenvector basis, which will not change the final physical results, including
the total PDF uncertainties or PDF induced correlations, for the idea linear case. In the following example, we
illustrate how to use the rediagonalization technic to simplify the analysis of theoretical predictions for the Higgs
boson production. To be specific we use the rediagonalization to fix the first two eigenvectors on the plane spanned
by the two gradients of the inclusive cross sections of the Higgs boson production through gluon fusion at the LHC 8
and 14 TeV.
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FIG. 2: Comparison of the meta PDF before and after rediagnalization at Q = 8 GeV. PDF errors are shown for 90% C.L..

Figs. 2-5 show the comparison of the meta PDF before and after the rediagonalization for Q = 8 and 85GeV.
The shown 90% C.L. PDF error bands are almost unchanged after the rediagonalization. Thus the original and
rediagonalizded meta PDF are statistically equivalent as we expect for the idea linear case.

[Collins, Soper, Sterman]

factorization of structure functions in QCD

QCD lecture 2 (p. 20)

Initial-state splitting

DGLAP
DGLAP flavour structure

Proton contains both quarks and gluons — so DGLAP is a matrix in flavour
space:

d

d lnQ2

(

q
g

)

=

(

Pq←q Pq←g

Pg←q Pg←g

)

⊗
(

q
g

)

[In general, matrix spanning all flavors, anti-flavors, Pqq′ = 0 (LO), Pq̄g = Pqg ]

Splitting functions are:

Pqg (z) = TR

[

z2 + (1− z)2
]

, Pgq(z) = CF

[
1 + (1− z)2

z

]

,

Pgg (z) = 2CA

[
z

(1− z)+
+

1− z

z
+ z(1 − z)

]

+ δ(1− z)
(11CA − 4nf TR)

6
.

Have various symmetries / significant properties, e.g.

! Pqg , Pgg : symmetric z ↔ 1− z (except virtuals)

! Pqq, Pgg : diverge for z → 1 soft gluon emission

! Pgg , Pgq: diverge for z → 0 Implies PDFs grow for x → 0

DGLAP evolution splitting kernels

prediction of perturbative QCD on PDFs

scaling violation



Global analysis of PDFs
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✦ Morden PDFs are usually extracted from global analysis on variety of data, e.g., DIS, Drell-Yan, jets and 
top quark productions at fixed-target and collider experiments, with increasing weight from LHC 

parameter variations

αS(Mz)

nuclear corrections

EW parameters

New Physics

Mc, Mb, Mt

QCD/EW corrections

❖ diversity of the analysed data are important to ensure flavor separation and to avoid theoretical/experimental bias; 
possible extensions to include EW parameters and possible new physics for a self-consistent determination 


❖ alternative approach from lattice QCD simulations, for various PDF moments or PDFs directly calculated in x-space 
with large momentum effective theory or pseudo-PDFs

[see JG, Harland-Lang, Rojo 1709.04922 (Phys.Rept) for a review]

[2004.03543]
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Parton Distribution Functions… today: NNLO

- LHC Data is now commonplace and even dominates 
- NNLO corrections included for all data (sometimes in the form of 

k-factors though) 
- Much greater coverage of the entire phase space 
- Experimental uncertainties are often so small that tensions arise 

between datasets 
- New sources of uncertainties are now considered explicitly: 

missing theoretical information, functional uncertainty

11 18. Structure Functions

Figure 18.3: Kinematic domains in x and Q2 probed by fixed-target and collider experiments,
where here Q2 can refer either the literal Q2 for deep inelastic scattering, or the hard scale of
the process in hadron-hadron collisions, e.g. invariant mass or transverse momentum p2

T . Some
of the final states accessible at the LHC are indicated in the appropriate regions, where y is the
rapidity. The incoming partons have x1,2 = (Q/14 TeV)e±y where Q is the hard scale of the process
shown in blue in the figure. For example, open charm production [64] and exclusive J/Â and Ã
production [65] at high |y| at the LHC may probe the gluon PDF down to x ≥ 10≠5.

traced in [88].
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https://arxiv.org/abs/2004.03543
https://arxiv.org/abs/2004.03543
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Figure 10: The singlet (left) and gluon (right) lowest truncated moments, Eq. (6),

as a function of xmin at Q = 10 GeV, computed with the NNLO BDSSV24 [32],

MAPPDFpol1.0 [33] and NNDPFpol2.0 [249] helicity-dependent PDF sets. The result

obtained with the NLO JAMpol25 [250] PDF set is also displayed. Bands correspond

to one-sigma uncertainties.

2.2. Status of helicity PDFs

The accurate and precise determination of helicity PDFs [247] is key to understanding

the quark and gluon spin structure of the nucleon [248]. In the last year or so, three

independent global QCD determinations of helicity PDFs, for the first time accurate to

NNLO, have appeared: BDSSV24 [32], MAPPDFpol1.0 [33] and NNDPFpol2.0 [249]. This

increased theoretical accuracy, made possible by recent developments in perturbative

computations (see Sec. 1.1), has been accompanied by a steady extension of the data

set and by significant progress in fitting methodology. All of these improvements have

contributed to solidifying our understanding of the contribution of partons’ spin to the

spin of the proton, checking their perturbative stability and independence from the

details of each analysis.

A snapshot of the current status is provided in Fig. 10, where we display the lowest

truncated moments of the quark singlet and gluon helicity PDFs, defined as

h�f(Q)i[xmin,1] =

Z 1

xmin

dx �f(x, Q) with f = ⌃, g , (6)

calculated as a function of xmin at Q = 10 GeV. A similar comparison at the level of

individual PDFs can be seen, e.g., in Fig. 4.5 of Ref. [249]. For completeness, results

obtained with the NLO JAMpol25 PDF set [250] (see below for details) are also

displayed. From inspection of this figure, we can make the following remarks:

(i) On average, the fraction of the proton spin carried by the spin of partons amounts

to about 15% for quarks and 70% for gluons. Down to xmin ⇠ 0.02, the former is

constrained to a precision of about 10-15% (thanks to inclusive polarized deep-inelastic

scattering measurements), whereas the latter is constrained to a precision of about 5-

10% (thanks to single-inclusive jet and di-jet production measurements in polarized

Polarized deep inelastic scattering 

6

✦ Asymmetric cross section or structure functions measured in polarized deep inelastic scattering can 
access the PDFs of polarized parton inside a polarized nucleon (pPDFs), especially the longitudinal/
helicity PDFs are directly related to understanding of nucleon spin • Collinear PDFs have been studied for decades in Deep Inelastic Scattering, as well as in Semi-

Inclusive Deep Inelastic Scattering and proton-proton collisions
• Polarized DIS provides information about helicity structure of quarks inside the proton
• DIS double-spin asymmetries are measured at SLAC, CERN, DESY, JLab, RHIC

Collinear polarized structure functions

Phys. Rev. D 105, 074022 (2022)
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The incomplete nucleon:  spin puzzle

C. Alexandrou et al., PRL
119, 142002 (2017).

(MS = 2 GeV)Lattice QCD

Net effect of partons’
transverse motion?

Orbital Angular 
Momentum of quarks 

and gluons
Little known

Gluon helicity
Start to know

Quark helicity
Best known

first moments of helicity PDFs [2604.04765]

I. INTRODUCTION

Measurements of deep-inelastic scattering (DIS) with
both beam and target longitudinally polarized have pro-
vided access to the polarization-dependent structure of
the nucleon (e.g., Table I of Ref. [1]). Semi-inclusive DIS,
in which an identified final-state hadron is observed in
conjunction with the scattered lepton, have provided en-
hanced sensitivity through the fragmentation process to
quark flavor and hence to individual parton distributions
[2–11]. Until recently (e.g., Refs. [12, 13]), interpreta-
tion of these measurements was largely carried out within
a collinear approximation, one for which the e↵ects of
transverse components of parton motion are assumed to
be negligible. While yielding substantial knowledge on
the longitudinal momentum and polarization structure
of the nucleon, such interpretation excludes the rich phe-
nomenology of transverse-momentum dependent (TMD)
parton distribution and fragmentation functions [14, 15].
In particular, in the limit of small hadron transverse mo-
mentum semi-inclusive DIS is sensitive to intrinsic trans-
verse momentum [16]. A detailed theoretical picture has
been developed, providing a framework for which semi-
inclusive DIS measurements in any configuration of beam
and target polarization are related to various combina-
tions of distribution and fragmentation functions [14, 15].

If terms that depend on transverse nucleon polariza-
tion are neglected, the complete model-independent de-
composition of the semi-inclusive DIS cross section in the
one-photon–exchange approximation can be expressed in
terms of moments of azimuthal modulations [15],

d�h
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The variables Q2, y, and x are the negative squared
four-momentum of the virtual photon, the fraction of
beam energy carried by the virtual photon in the tar-
get rest frame, and the Bjorken scaling variable, respec-
tively. Here, x = Q2/(2M⌫) with M the mass of the
proton and ⌫ the energy of the virtual photon in the tar-
get rest frame. These variables are determined from the
momentum and angle of the scattered lepton. The angle
� is the azimuthal angle of the hadron momentum vec-
tor Ph about the virtual-photon direction with respect
to the lepton-scattering plane as depicted in Fig. 1 and
defined, e.g., in Ref. [17]. The Fh,mod

XY,Z of Eq. (1) rep-
resent structure functions whose subscripts denote the
polarization of the beam, of the target (with respect
to the virtual-photon direction), and—if applicable—of

FIG. 1. Following the Trento conventions [17], � is defined
to be the angle between the lepton scattering plane and the
plane defined by the virtual-photon momentum q ⌘ l0�l (the
di↵erence of the momenta of the outgoing and incoming lep-
ton) and Ph, the momentum vector of the observed hadron.
S is the spin vector of the nucleon (polarized along the di-
rection of the incoming lepton), while S? is its component
perpendicular to the virtual-photon direction.

the virtual photon. The superscript indicates the depen-
dence on the hadron type and the azimuthal modulation
parametrized. Each of these structure functions is a func-
tion of x, Q2, z, and Ph?, where z is the fraction of the
virtual-photon energy carried by the observed final-state
hadron (in the target rest frame), while Ph? is the magni-
tude of the hadron momentum component transverse to
the virtual-photon direction. The helicity of the nucleon
in the center-of-mass system of the virtual photon and
the nucleon is denoted as ⇤, while � represents the he-
licity of the beam lepton. Furthermore, the “photon po-

larization parameter” ✏ =
1�y� 1

4
�2 y2

1�y+ 1

4
y2 (�2+2)

is the ratio of

longitudinal-to-transverse photon flux, where � = Q/⌫,
and ↵ is the fine-structure constant.
In order to probe the polarization-dependent structure

of the nucleon with minimal experimental systematic un-
certainties, spin asymmetries are typically measured in-
stead of cross sections. Ideally, cross sections are com-
pared in all combinations of 100% polarized beams (with
respect to beam direction) and targets (with respect to
virtual-photon direction) to form [18]

Ah
LL ⌘

�h
+� � �h

++ + �h
�+ � �h

��
�h
+� + �h

++ + �h
�+ + �h

��
. (2)

Here, �h
�⇤ denotes the cross section in a given configura-

tion of equal and opposite beam and target helicities. In
a typical experimental situation of incomplete polariza-
tions of beam and target, the degrees of polarization of
the beam and target must be divided out.
The Ph? dependence of semi-inclusive asymmetries is

sensitive to the transverse-momentum contributions from
both the partonic structure of the nucleon and the frag-
mentation process through which final-state hadrons are
produced. Transverse-momentum distributions have in
recent years become topics of great interest. The focus

2
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to the cross sections from PGF and QCDC processes
were found to be smaller than 7% and 18% respec-
tively. These values were obtained in a scheme of cut
offs against divergences in the corresponding QCD ma-
trix elements which require quark-antiquark pairs to have
massesmqq > 1GeV and > 0.005W 2. This is to be com-
pared with the default values used in the purity analy-
sis of mqq > 2GeV and > 0.005W 2. In this default
case the contributions from PGF and QCDC processes
were less than 1.5% and 3% respectively. In the sce-
nario employed for the acceptance study the effect of the
experimental acceptance was determined to be negligible
compared to the uncertainties in the data. The semi–
inclusive π+ and π− asymmetries in 4π and inside the
acceptance are compared in Fig. 16. Acceptance effects
on the Born level asymmetries are small and corrections
are not necessary.

VI. QUARK HELICITY DISTRIBUTIONS

A. Quark Polarizations and Quark Helicity
Densities

A “leading order” analysis which included the PDF
and QCDC processes discussed in the previous section
was used to compute quark polarizations from the Born
asymmetries. The contribution of exclusively produced
vector mesons is not distinguished in this extraction. The
analysis based on Eq. (19) combines the Born asymme-
tries in an over–constrained system of equations,

"A1(x) = [N (x)P(x)] "Q(x) , (33)

where the elements of the vector "A1(x) are the measured
inclusive and semi–inclusive Born asymmetries and the
vector "Q(x) contains the unknown quark polarizations.
The matrix N is the nuclear mixing matrix that accounts
for the probabilities for scattering off a given nucleon in
the deuteron nucleus and the nucleon’s relative polariza-
tion. The matrix P contains as elements the effective
purities for the proton and the neutron. These elements
were obtained by integrating Eq. (19) over the range in
z and Q2 giving

Ah
1 (x) =

∑

q

Ph
q (x)

∆q(x)

q(x)
, (34)

where Ph
q (x) is now the effective spin–independent purity

Ph
q (x) =

e2q q(x)
∫ 0.8
0.2 Dh

q (z)dz
∑

q′ e
2
q′ q

′(x)
∫ 0.8
0.2 Dh

q′(z)dz
. (35)

The vector "A1(x) includes the inclusive and the semi–
inclusive pion asymmetries on the proton, and the inclu-
sive and the semi–inclusive pion and kaon asymmetries

on the deuteron:

"A1(x) =
(

A1,p(x), A
π+

1,p(x), . . . , A
K−

1,d (x)
)

. (36)

The semi–inclusive asymmetries of undifferentiated
hadrons were not included in the fit because they are
largely redundant with the pion and kaon asymmetries
and thus do not improve the precision of the results.
The nuclear mixing matrixN combines the proton and

neutron purities into effective proton and deuteron puri-
ties. The relation is trivial for the proton. In the case of
the deuteron purities, the matrix takes into account the
different probabilities for scattering off the proton and
the neutron as well as the effective polarizations of the
nucleons. The probabilities were computed with hadron
multiplicities measured at HERMES and using the NMC
parameterization of F2 [57]. The D–state admixture in
the deuteron wave function of (5± 1)% [58, 59] leads to
effective polarizations of the nucleons in the deuteron of
pp,D = pn,D = (0.925± 0.015) pD.
The purities depend on the unpolarized quark densi-

ties and the fragmentation functions. The former have
been measured with high precision in a large number
of unpolarized DIS experiments. The CTEQ5L parton
distributions [60] incorporating these data were used in
the purity determination. Much is known about frag-
mentation to mesons at collider energies. However, the
application of this information to fixed target energies
presents difficulties, especially regarding strange frag-
mentation, which at lower energies no longer resembles
that of lighter quarks. A recent treatment [61] using ex-
tracted fragmentation functions in an analysis of inclu-
sive and semi–inclusive pion asymmetries for the proton
demonstrates the shortcomings of using the limited ava-
iable data base for fragmentation functions. Hence the
interpretaton of the present asymmetry data requires a
description of fragmentation that is constrained by me-
son multiplicities measured at a similar energy. Such
multiplicities within the HERMES acceptance are avail-
able, but those for kaons not yet available corrected to
4π acceptance. Hence the approach taken here was to
tune the parameters of the LUND string model imple-
mented in the Jetset 7.4 package [62] to fit HERMES
multiplicities as observed in the detector acceptance.
In the LUND model, mesons are generated as the

string connecting the diquark remnant and the struck
quark is stretched. Quark–antiquark pairs are generated
at each breaking of the string. Even though the leading
hadron is often generated at one of the string breaks and
not at the end, the flavor composition of any hadron ob-
served at substantial z retains a strong correlation with
the flavor of the struck quark. It is this correlation which
provides semi–inclusive flavor tagging. Contrary to some
speculations based on a misunderstanding of the Jetset
code [63], this feature of the Lund string model is inde-
pendent of W 2 in lepton–nucleon scattering. The quarks
associated with either half of the string retain the infor-
mation on the flavor of the struck quark. The LUND

~

double-spin asymmetry
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Nucleon structure – 3D imaging
q Semi-inclusive deep inelastic scattering

The transverse momenta of final state 
hadrons provide us the access to the 
initial parton’s transverse distribution.

Unpolarized

By Andrea Signori

Semi-inclusive deep inelastic scattering

7

✦ Semi-inclusive DIS (SIDIS) play an essential role in study of multi-dimensional structure of nucleon and 
dynamics of hadronization which rely on complementary information from additional hadrons or jets 
apart from the scattered lepton

Transverse momentum dependent PDFs semi-inclusive DIS
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q Semi-inclusive deep inelastic scattering

The transverse momenta of final state 
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initial parton’s transverse distribution.
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By Andrea Signori
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Observables in Electron Ion Collisions

q Deep inelastic scattering

q Semi-inclusive deep inelastic scattering

§ Only the scattered electron is detected.
§ One hard scale, sensitive to the sum of 

PDFs, hard to probe flavor dependence.

§ A specified hadron is identified. 
§ Two natural scales, sensitive to 

PDFs, using particular final state 
hadron to tag initial state parton
flavor, and TMD.

❖ Transverse momentum of final state 
hadrons provide the access to the TMD 
PDFs of initial partons


❖ tagged hadron also help with flavor 
separation of initial partons

extraction of TMD PDFs
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p

FIG. 1: O(↵0
S) Breit frame kinematics for the process p1(xp) + �⇤(q) ! p2(xp + q).

nickname brick-wall frame), as its represented schematically in Fig. 1. The first non-vanishing

contribution is then obtained at O(↵S), with two final-state partons with opposed transverse

momentum.

For di-jet production, we specify the process

e(k) + P (p) ! e(k0) + jet(pT,1, ⌘1) + jet(pT,2, ⌘2) + X.

The availability of a second jet allows for a more in-depth study of the partonic kinematics. As

in the H1 [20, 21] and ZEUS [22] experiments, and in addition to the jets transverse momentum and

pseudorapidities, the di-jet production cross section can be studied in term of the di-jet variables

such as the invariant mass M12, the di-jet momentum fraction ⇠2, as well as the average momentum

hpT i2 and pseudorapidity di↵erence ⌘⇤ in the Breit-Frame, which are defined by

M12 =
p

(p1 + p2)2,

hpT i2 =
1

2
(pBT,1 + pBT,2),

⌘⇤ = |⌘B1 � ⌘B2 |,

⇠2 = x
�
1 +

M2
12

Q2

�
.

(2)

It is worth noticing that, at the LO of di-jet production, ⇠2 is the momentum fraction carried

by the incoming parton.

III. CALCULATION OF HIGHER ORDER CORRECTIONS

Calculations beyond the leading order in QCD necessarily involves cancellations between the

individually divergent pieces coming from infrared real emission and virtual diagrams, in addition to

the factorization contributions. In the dimensional regularization scheme the number of dimensions



Electron Ion collides
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✦ The EIC will be the only operating particle collider in the US and will bring in precision (polarized) DIS 
data at center of mass energies of 20~140 GeV and luminosity of 10~100 fb-1 per year; a similar collider 
in China (EICs) runs at center of mass energy of ~16 GeV is also planned 

Neutral Current DIS

● Detection of 
scattered electron 
with high precision - 
event kinematics

Charged Current DIS

● Event kinematics 
from the final state 
particles (Jacquet-
Blondel method)

Semi-Inclusive DIS

● Precise detection of 
scattered electron in 
coincidence with at 
least 1 hadron 

Deep Exclusive Processes

● Detection of all 
particles in event

DIS event kinematics - scattered electron or final state particles (CC DIS, low y)
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What is Required for EIC Science?
• A flexible facility that can deliver a variety of 

colliding species and energies with high 
polarization and luminosity. 

• These are realized in the EIC as:  
• CMS energies from ~20-100 GeV 

(140 GeV upgradeable)
• 41GeV, 100 to 275 GeV hadrons
• Hadron species from p to U
• electrons 5 GeV, 10 GeV

• ~70% polarization for both electron and 
proton/light ions beams

• Luminosities ~1033-1034 /cm2/sec
• 10-100fb-1 integrated/year

• Accommodate a future 2nd interaction region

• The EIC will be the only operating particle 
collider in the U.S. and the only large collider 
to be built in the next few decades.

The NAS physics requirements directly inform 
the EIC CD-0 Mission-Need Statement. 

5/8/2026 DIS 2026 4

Preliminary Project Schedule 

This is a high-level technically driven schedule – needs to be adjusted when funding profile is known

5/8/2026 DIS 2026 9

Preliminary Project Schedule 

This is a high-level technically driven schedule – needs to be adjusted when funding profile is known

5/8/2026 DIS 2026 9

❖ High precision of the EIC calls for 
a timely improvements on various 
theoretical ingredients, especially 
for SIDIS  



QCD collinear factorization
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✦ QCD collinear factorization ensures universal separation of long-distance and short-distance contributions 
in high energy scatterings involving initial/final state hadrons, and enables predictions on cross sections

[Collins, Soper, Sterman]

❖ coefficient functions, hard scattering; infrared 
(IR) safe, calculable in pQCD, independent of 
the hadron


❖ FFs/PDFs, reveal inner structure of hadrons or 
parton-hadorn transition; NP origin, universal, 
e.g. DIS vs. pp collisions; fitted from data


❖ runnings of FFs/PDFs with scales μD/μf  are 
governed by the DGLAP equation   

SIA SIDIS pp

3.1 Observables for integrated FF D1

The FF Dh/i
1 (z) enters the cross sections for SIA, SIDIS, and pp scattering. For e+e� ! hX and

`p ! `hX the cross section can be expressed through structure functions which contain the FFs.

3.1.1 Observables for integrated FF D1 in e+e�

For SIA the cross-section can be written as [226]

1

�tot

d�e+e�!hX

dz
= F h(z, Q2) , (98)

where the structure function F h(z, Q2) has the meaning of a multiplicity, that is, the number of hadrons
of type h per event. The observable z = 2Ehp

s is the hadron energy scaled to half the cm energy and

Q2 = s. At NLO the total hadronic cross section in (98) is given by �tot = 4⇡↵em
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The coe�cient functions C i
1, C i

L depend on z, ↵s and the ratio Q2

µ2 , where µ here represents the fac-
torization scale. The symbol ⌦ denotes convolution in longitudinal momentum fractions. The NLO
coe�cient functions can be found for example in [227]. Currently they are known up to NNLO. As the

gluon FF Dh/g
1 only enters at order ↵s its contribution is small, in particular at large

p
s. Similar to

the access to gluon PDFs from scaling violations, Dh/g
1 can also be addressed via its contribution to the

evolution of the FFs — see Eq. (93). Given the weak (logarthmic) scale dependence one is left with large
uncertainties. Information on gluon FFs can also be extracted by considering three jet events which,
however, requires a more complicated theoretical apparatus. The other issue that one encounters when
using Eq. (100) is that, at leading order, the object accessed is

P
q e2qD

h/q
1 , i.e., the charge weighted sum

of the FFs. In particular, all qq̄ pairs with masses below
p

s can be created. This means that the cross
section can receive significant contributions from heavy quark production. In the following we outline
some methods that allow one to achieve, to some extent, a separation of FFs for di↵erent flavors and
for which experimental results are available.

• The most common way to separate heavy quark fragmentation from light quark fragmentation is
to tag heavy quark production by reconstructing mesons containing the respective heavy quark,
such as charmed or B-mesons in the event (see. e.g. [228]). However, the interpretation of such a
non-inclusive observable is non-trivial and care has to be taken not to bias the phase space of the
FF measurement.

• In e+e� annihilation at
p

s = mZ it is possible to get some separation of quark and antiquark FFs
by using polarized beams. Since the parity violating weak decay of the Z0 is coupling di↵erently to
left- and right-handed quarks, quarks and antiquarks have di↵erent preferred directions leading to
di↵erent angular distributions of the produced hadrons. The SLD experiment for example claims
to have achieved a quark vs antiquark purity of 73% [229].
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of the FFs. In particular, all qq̄ pairs with masses below
p

s can be created. This means that the cross
section can receive significant contributions from heavy quark production. In the following we outline
some methods that allow one to achieve, to some extent, a separation of FFs for di↵erent flavors and
for which experimental results are available.

• The most common way to separate heavy quark fragmentation from light quark fragmentation is
to tag heavy quark production by reconstructing mesons containing the respective heavy quark,
such as charmed or B-mesons in the event (see. e.g. [228]). However, the interpretation of such a
non-inclusive observable is non-trivial and care has to be taken not to bias the phase space of the
FF measurement.

• In e+e� annihilation at
p

s = mZ it is possible to get some separation of quark and antiquark FFs
by using polarized beams. Since the parity violating weak decay of the Z0 is coupling di↵erently to
left- and right-handed quarks, quarks and antiquarks have di↵erent preferred directions leading to
di↵erent angular distributions of the produced hadrons. The SLD experiment for example claims
to have achieved a quark vs antiquark purity of 73% [229].
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3.1 Observables for integrated FF D1

The FF Dh/i
1 (z) enters the cross sections for SIA, SIDIS, and pp scattering. For e+e� ! hX and

`p ! `hX the cross section can be expressed through structure functions which contain the FFs.

3.1.1 Observables for integrated FF D1 in e+e�

For SIA the cross-section can be written as [226]

1

�tot

d�e+e�!hX

dz
= F h(z, Q2) , (98)

where the structure function F h(z, Q2) has the meaning of a multiplicity, that is, the number of hadrons
of type h per event. The observable z = 2Ehp

s is the hadron energy scaled to half the cm energy and

Q2 = s. At NLO the total hadronic cross section in (98) is given by �tot = 4⇡↵em
Q2

P
q e2q (1 + ↵s

⇡ ). The

multiplicity F h is decomposed in terms of two structure functions F1 and FL,

F h =
1P
q e2q

�
2F h

1 (z, Q2) + F h
L(z, Q2)

�
, (99)

which, at NLO accuracy, take the form
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The coe�cient functions C i
1, C i

L depend on z, ↵s and the ratio Q2

µ2 , where µ here represents the fac-
torization scale. The symbol ⌦ denotes convolution in longitudinal momentum fractions. The NLO
coe�cient functions can be found for example in [227]. Currently they are known up to NNLO. As the
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moment is given by a universal term plus a path-dependent term where C [U ]
F is a calculable factor that

gets multiplied by the so-called gluonic pole matrix element, which is the three-parton correlator in (51)
evaluated for the specific case of a vanishing (longitudinal) gluon momentum [82, 155]. (If the gluon
momentum of the qgq correlator is zero one hits a pole of a parton propagator from the hard scattering
of the process, which is the cause of the name “gluonic pole matrix element”.) The l.h.s. of (92) is

given by moments of TMD FFs, where for unpolarized hadrons the Collins function moment H?(1)h/q
1

as defined in (44) shows up. The crucial point of this discussion is that gluonic pole matrix elements for
FFs vanish. This was first shown in a lowest-order spectator model calculation [156], and later on in a
model-independent way [157, 158] (see also the work in [104]). The specific moments of TMD FFs that
appear on the l.h.s. of (92) are therefore universal. Similar to (92) one may relate higher kT moments
of TMD FFs to certain collinear multi-parton correlators where the number of partons increases with
increasing power of kT . By means of the methods of Ref. [157] or of Ref. [158] one finds that these
multi-parton correlators vanish as well [159, 158]. The benefit of such a (formal) study is, however, not
immediately obvious as higher kT moments of TMD FFs are severely plagued by UV divergences and
rapidity divergences.

Several additional works confirmed the universality of TMD FFs. In Refs. [160, 161] it was shown,
by analyzing Feynman graphs up to two-loop, that the Collins e↵ect in p"p ! (jet h) X is universal.

Moreover, model-independent calculations of the Collins function H?h/q
1 [96] and of the polarizing FF

D?h/q
1T at large transverse parton momentum provide universal results. We finally note that the current

phenomenology, in particular for the Collins function, is compatible with universality.

2.7 Evolution

Because of QCD dynamics FFs depend on an additional parameter, the renormalization scale µ. In
fact in the case of TMDs FFs, like for TMD PDFs, yet another parameter is needed. So far we have
neglected the dependence on those parameters, which is governed by QCD evolution equations. Here
we give a very brief account of the current status of that field.

2.7.1 Evolution of integrated leading-twist FFs

The general structure of the evolution equations for unpolarized twist-2 integrated FFs is given by

d

d ln µ2
Dh/i

1 (z, µ2) =
↵s(µ2)

2⇡

X

j

Z 1

z

du

u
Pji(u, ↵s(µ

2)) Dh/j
1

⇣z

u
, µ2

⌘
, (93)

which is basically identical with the form of the evolution equations for PDFs. One just has to keep in
mind that the matrix for the time-like splitting functions in (93) is Pji, as opposed to Pij in the case of
PDFs. Usually the system of evolution equations in (93) is decomposed into the flavor non-singlet and
the flavor singlet sectors. The splitting functions Pji have a perturbative expansion of the form

Pji(u, ↵s(µ
2)) = P (0)

ji (u) +
↵s(µ2)

2⇡
P (1)
ji (u) +

⇣↵s(µ2)

2⇡

⌘2

P (2)
ji (u) + . . . . (94)

The LO order time-like splitting functions P (0)
ji were computed in [162, 163, 164]. They agree with

the well-known LO space-like DGLAP splitting functions [165, 166, 167, 168], which is known in the
literature as Gribov-Lipatov relation [165, 166]. This relation can also be traced back to the so-called
Drell-Levy-Yan relation between structure functions in DIS and in e+e� ! hX [169, 170, 171]. In

Ref. [172] this point has been discussed in some detail. The NLO splitting functions P (1)
ji were computed

in [173, 174, 175, 176, 177, 178]. Though they di↵er from their space-like counterparts one can still
relate them by a suitable analytical continuation [173, 174, 175, 178, 172, 179]. In the meantime even
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Here Dh/q
1 is the well-known unpolarized FF which describes the number density of unpolarized hadrons

in an unpolarized quark. Note that the definition of Dh/q
1 is appropriate for a spin-0 hadron. For spin-12

hadrons this function gets multiplied by 2 if one sums over the hadron spins. The FF Gh/q
1 describes the

density of longitudinally polarized hadrons in a longitudinally polarized quark, whereas Hh/q
1 describes

the density of transversely polarized hadrons in a transversely polarized quark. In Sec. 2.2 below we will
come back to the physical interpretation of leading-twist FFs. Using Eqs. (13), (11), (8) one immediately

obtains the operator definition for Dh/q
1 (z),

Dh/q
1 (z) =

z

4

X

X

Z Z
d⇠+

2⇡
eik

�⇠+ Tr
h
h0| W(1+, ⇠+) q(⇠

+, 0�,~0T ) |Ph, Sh; Xi

⇥ hPh, Sh; X|  ̄q(0
+, 0�,~0T ) W(0+, 1+) |0i ��

i
. (16)

It is straightforward to write down the corresponding definitions for Gh/q
1 (z) and Hh/q

1 (z).
Let us now proceed to the twist-3 (two-parton) FFs, which are suppressed by a factor Mh/P

�
h

relative to the leading FFs. A total of six twist-3 qq FFs can be identified [65, 75, 76, 67],

�h/q [1](z; Ph, Sh) =
Mh

z2P�
h

h
Eh/q(z)

i
, (17)

�h/q [i�5](z; Ph, Sh) =
Mh

z2P�
h

h
⇤h Eh/q

L (z)
i
, (18)

�h/q [�i](z; Ph, Sh) =
Mh

z2P�
h

h
� "ijT Sj

hT Dh/q
T (z)

i
, (19)

�h/q [�i�5](z; Ph, Sh) =
Mh

z2P�
h

h
Si
hT Gh/q

T (z)
i
, (20)

�h/q [i�ij�5](z; Ph, Sh) =
Mh

z2P�
h

h
"ijT Hh/q(z)

i
, (21)

�h/q [i��+�5](z; Ph, Sh) =
Mh

z2P�
h

h
⇤h Hh/q

L (z)
i
, (22)

where obviously two FFs appear for an unpolarized target, two for a longitudinally polarized target, and
two for a transversely polarized target. We have used "ijT = "µ⌫ij n̄µn⌫ = "�+ij, and the sign convention
"12T = 1. Higher-twist FFs are not necessarily smaller than twist-2 FFs, but the (small) factor Mh/P

�
h

on the r.h.s. of (17)-(22) reduces their impact on observables. For completeness we also include the
twist-4 case [76],

�h/q [�+](z; Ph, Sh) =
M2

h

z2(P�
h )2

h
Dh/q

3 (z)
i
, (23)

�h/q [�+�5](z; Ph, Sh) =
M2

h

z2(P�
h )2

h
⇤h Gh/q

3 (z)
i
, (24)

�h/q [i�i+�5](z; Ph, Sh) =
M2

h

z2(P�
h )2

h
Si
hT Hh/q

3 (z)
i
. (25)

The structures of the traces in (13)-(15), (17)-(22), and (23)-(25) follow from parity invariance. (Some
additional structures that appear when relaxing the parity constraint have been discussed in Ref. [77].)
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unpolarized collinear FFs, operator definition

• Some flavor information can be gained by comparing data from e+e� ! �⇤ with e+e� ! Z0 and
taking advantage of the di↵erent coupling constants of the quarks to the �⇤ and the Z0.

• Another way to access the flavor dependence of FFs in e+e� data is to use back-to-back hadron
pairs in the process e+e� ! h1h2X. The cross-section for this process takes the schematic
form [141] X

i,j

�̂ij ⌦ Dh1/i
1 ⌦ Dh2/j

1 , (102)

where �̂ij is the partonic cross section to produce partons i and j, which at LO will be a qq̄ pair.
In a global fit, using the information of di↵erent charge and flavor combinations in the final state,
this observable allows one to gain information about the di↵erences of the favored vs disfavored
fragmentation process. Equation (102) is only valid if the two hadrons are well separated, so
e.g. are produced in back-to-back jets. For a di-hadron system with a small invariant mass Mh,
the di-hadron production is described by DiFFs [123]. In the Mh integrated cross-section the
single-hadron FFs and DiFFs mix [141].

3.1.2 Observables for integrated FF D1 in SIDIS

The cross section for SIDIS, written in terms of structure functions, takes on a similar form as the one
for SIA in e+e� annihilation [230],

d3�`p!`hX

dx dy dz
=

2⇡↵2
em

Q2

✓
1 + (1 � y)2)

y
2F h

1 (x, z, Q2) +
2(1 � y)

y
F h
L(x, z, Q2)

◆
. (103)

With P and q denoting the 4-momentum of the proton and the exchanged gauge boson, respectively,
we use common DIS variables: Q2 = �q2, the Bjorken scaling variable x = Q2

2P ·q , y = P ·q
P ·l describing the

momentum transfer from the initial lepton to the gauge boson, and z = P ·Ph
P ·q . Neglecting target mass

corrections one has the well-known relation Q2 = sxy. Note that the cross section in (103) is integrated
upon the transverse momentum ~Ph? of the hadron. Below in Sec. 3.3.2 we keep the dependence on ~Ph?
which gives sensitivity to TMD FFs. Also, we consider hadron production in the current fragmentation
region. In an experiment this is usually ensured by a cut on the Feynman variable xF = PhL

2
p
s , which is the

fractional longitudinal cm momentum of the hadron. Otherwise, the cross-section receives contributions
from target fragmentation as well. Such contributions are described by fracture functions which is a
di↵erent type of non-perturbative objects [231, 232] (see also the very brief discussion in Sec. 7.4). Like
in the e+e� case described in Eqs. (100,101), the SIDIS structure functions can be expressed in terms
of FFs. At NLO accuracy one has

2F h
1 (x, z, Q2) =

X

q

e2q

✓
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, (104)
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1

⌘
, (105)

where the unpolarized integrated PDFs f i/p
1 in the proton enter in the convolutions. The NLO coe�-

cient functions can be found in [230]. Similar to the SIA cross section, the gluon FF only contributes at
order ↵s. For brevity we have omitted the arguments of the PDFs, FFs, and coe�cient functions. Just
considering the charge factors, the SIDIS cross section is most sensitive to the u-quark fragmentation.
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✦ 2. NPC23 analysis on FFs of light charged hadrons



Global analysis of FFs

11

✦ Measurements are available from colliders SLAC, LEP, HERA, RHIC, LHC and fixed-target HERMES, 
COMPASS experiments for various light charged hadrons as well as neutral hadrons; many groups provide 
phenomenological FFs from global analysis at NLO/aNNLO in QCD

5 19. Fragmentation Functions in e
+

e
≠, ep, and pp Collisions
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Figure 19.3: (a) The distribution 1/N · dN/dxF for all charged particles in DIS lepton-hadron
experiments at di�erent values of W , measured in the HCMS [30–33]. (b) Scaling violations of the
fragmentation structure function for all charged particles in the current region of the Breit frame
of DIS [34, 35] and in e

+
e

≠ interactions [19, 36]. The data are shown as a function of
Ô

s for e
+

e
≠

results, and as a function of Q for the DIS results, each within the same indicated intervals of the
scaled momentum xp. The data for the four lowest intervals of xp are multiplied by factors 50, 10,
5, and 3, respectively for better visibility.

an expansion of the form

Ca,i

A

z, –s(µ), q
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c
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a,i

A

z,
q

2

µ2

B

+ . . . , (19.4)

where a = T, L, A. At the zeroth order in the strong coupling –s the coe�cient functions Cg for
gluons vanish, while for (anti-) quarks Ci = gi(s) ”(1 ≠ z) (except for FL for which the leading
contribution is of order –s, as indicated in Eq. (19.4)). Here gi(s) is the appropriate electroweak
coupling. In particular, gi(s) is proportional to the squared charge of the quark i at s π M

2

Z , when
weak e�ects can be neglected. The full electroweak prefactors gi(s) can be found in Ref. [6]. The
first-order QCD corrections to the coe�cient functions have been calculated in Refs. [37,38], and the
second-order terms in [39–41]. Thus, the coe�cient functions are known to NNLO, except for FL.
We note that beyond the leading order the coe�cient functions, and hence the fragmentation
functions, start to depend on the choice of factorization scheme. The standard choice in the
literature is the MS scheme.

The simplest parton-model approach would predict scale-independent (‘scaling’) x-distributions
for both the structure function F

h and the parton fragmentation functions D
h
i . Perturbative QCD
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single incl. production of unidentified 
charged hadrons (SIA & SIDIS)

jet fragmentation to light 
charged hadrons (LHCb)

cross-sections d� as

f(z, jT) =
d�

dPS dz djT

�
d�

dPS , (2)

F (z) =

Z
djT f(z, jT) =

d�

dPS dz

�
d�

dPS , (3)

F (jT) =

Z
dz f(z, jT) =

d�

dPS djT

�
d�

dPS , (4)

where the phase space dPS depends on the pseudorapidity of the Z boson and the jet,
and the vector sum and the di↵erence between the transverse momenta of the Z boson
and the jet [13].

The TMD JFF defined in Eq. (2) is integrated over jT to obtain the collinear JFF
shown in Eq. (3). The transverse profile is obtained by integrating the TMD JFF over z
as defined in Eq. (4). Experimentally, these quantities can be expressed in terms of yields
corrected for detector e↵ects as

f(z, jT) =
1

NZ+jet

dNhad(z, jT)

dz djT
, F (z) =

1

NZ+jet

dNhad(z)

dz
, F (jT) =

1

NZ+jet

dNhad(jT)

djT
, (5)

where Nhad is the number of hadrons in Z-tagged jets for given z and jT, and NZ+jet is
the number of Z + jet pairs that contain charged hadrons.

The LHCb detector [27,28] is a single-arm forward spectrometer covering the pseudora-
pidity range 2 < ⌘ < 5. The detector includes a high-precision tracking system consisting
of a silicon-strip vertex detector (VELO) [29] surrounding the pp interaction region, a
silicon-strip detector located upstream of a dipole magnet with a bending power of about
4 Tm, and three stations of silicon-strip detectors and straw drift tubes [30, 31] placed
downstream of the magnet. The momentum resolution of charged particles provided by
the tracking system is �p/p ⇠ 0.5% at low momentum and reaches 1.0% at 200 GeV1. The
VELO allows reconstruction of multiple primary vertices (PVs) and rejection of events
with more than one PV or additional low-momentum tracks. Muons are identified by a
system composed of alternating layers of iron and multiwire proportional chambers [32].
Photons, electrons, and hadrons are distinguished by a calorimeter system consisting of
scintillating-pad and preshower detectors, an electromagnetic calorimeter, and a hadronic
calorimeter. Di↵erent types of charged hadrons are identified using information from two
ring-imaging Cherenkov (RICH) detectors [33], with RICH 1 (C4F10 radiator) covering
momenta 2 to 60 GeV and RICH 2 (CF4) covering 15 to 100 GeV. Simulated pp collisions
are generated using Pythia 8 [26] with a specific LHCb configuration [34]. Decays
of hadronic particles are described by EvtGen [35], in which final-state radiation is
generated using Photos [36]. Finally, the Geant4 toolkit [37] is used to simulate the
interactions of the particles with the detector, as described in Ref. [38].

The data sample used in this analysis corresponds to an integrated luminosity of
1.64 fb�1 collected at

p
s = 13 TeV with the LHCb detector in 2016. The online

event selection is performed by the muon trigger system, where Z boson candidates are
selected via their decay into two oppositely charged muons. The two muons are required
to have pT > 20 GeV, 2.0 < ⌘(µ) < 4.5, and their invariant mass within the range

1
In this article, natural units (c = ~ = 1) are used.

2

Quarks and gluons can never be observed in isolation due to confinement in quantum
chromodynamics (QCD). Thus, one of the challenges of QCD lies in relating the quark
and gluon degrees of freedom of the theory to the bound-state hadrons observed in nature.
A great deal of e↵ort over the past several decades has gone into mapping out nucleon
structure in terms of its quark and gluon constituents. A particular focus, in recent years,
has been on the three-dimensional imaging of the nucleon [1,2]. Studying the mechanisms
by which colored quarks and gluons hadronize into new color-neutral bound states o↵ers
complementary information connecting colored and hadronic degrees of freedom.

In the standard collinear perturbative QCD factorization framework, single-inclusive
hadron production in proton-proton (pp) collisions factorizes into the short-distance hard
scattering of partons and the long-distance dynamics described by fragmentation functions
(FFs) and parton distribution functions (PDFs). The latter parametrizes proton structure
as a function of momentum fraction carried by a parton of an incoming proton taking
part in the hard scattering process. Hadronization of charged particles is described by
collinear FFs, denoted as Dh

c (z), where z is the longitudinal momentum fraction of an
outgoing parton c carried by a produced hadron h (see Ref. [3] for a review of FFs).
The FFs and PDFs are not fully calculable perturbatively and must be constrained by
experimental measurements. In Monte Carlo (MC) generators, phenomenological models
tuned to data are used to perform hadronization. [4–6]. Jet fragmentation functions (JFFs)
are experimental observables describing jet substructure that measure the longitudinal
momentum fraction carried by a hadron of a jet [7–13]. Within the soft-collinear e↵ective
theory framework, JFFs are constructed such that they can probe the standard collinear
FFs, defined for inclusive single-hadron production with no requirement of a reconstructed
jet. Similarly, transverse-momentum-dependent (TMD) JFFs defined within the soft-
collinear e↵ective theory framework can access standard TMD FFs [14], traditionally
measured in e+e� collisions [15–18] and semi-inclusive deep inelastic lepton-nucleon
scattering [19, 20]. In addition to the dependence on the longitudinal momentum fraction
z, TMD FFs also depend on jT, the transverse momentum of the produced hadron with
respect to the jet axis in the case of a fully reconstructed jet, or the thrust axis in e+e�

collisions (see e.g. Ref. [18]). Singly di↵erential TMD JFFs for unidentified hadrons have
previously been measured in proton-proton collisions at the LHC [21–24]. The excellent
hadron identification capabilities at LHCb allow for measurements of the JFFs for di↵erent
particle species.

This Letter presents the first measurements of JFFs for identified charged hadrons in
jets produced in association with a Z boson in the forward region of pp collisions. The
main observables are the longitudinal momentum fraction of the jet carried by the hadron,
z, and the transverse component of the hadron momentum with respect to the jet axis,
jT, as found in Ref. [23, 25] and defined as

z =
phad · pjet

|pjet|2
, jT =

|phad ⇥ pjet|
|pjet|

, (1)

where phad and pjet are the hadron and jet three-momentum vectors, respectively.
The dominant leading order hard process for Z+jet production in the LHCb acceptance

is qg ! Zq due to the asymmetry between the gluon and quark momentum fractions,
verified with Pythia 8 [26], which enhances jets initiated by light valence quarks and
provides sensitivity to the quark TMD FFs.

The JFFs measured using Z-tagged jets in this Letter are defined in terms of di↵erential

1

❖ major groups/families include BKK, 
AKK, HKNS, DSS, NNFF, MAPFF, JAM, 
SAK etc.


❖ mostly done at NLO in QCD since 
exact NNLO coefficient functions only 
known recently for SIDIS


❖ different determination can be quite 
different due to selection of data sets as 
well as theory treatments, not converge 
as well as the case of PDF fits

global analysis
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Figure 3: Collinear jet fragmentation functions of (top) identified pions, kaons and protons in

three jet pT intervals and (bottom) the ratios of kaons to pions and protons to pions. Statistical

(systematic) uncertainties are shown in bars (boxes).

set and a specific LHCb configuration [34]. In general, Pythia 8 describes unidentified
charged hadron distributions well with only slight underestimation while the number
of charged pions (kaons and protons) are largely underestimated (overestimated). The
production of heavier particles relative to pions is well described by Pythia 8 at high jet
pT, while at low jet pT Pythia 8 significantly overestimates it. These data can be used
to tune MC generators for production of identified charged particles.

Figure 4 shows the TMD JFFs measured as joint distributions in z and jT for the
three separate particle species. The center of the distribution shifting towards higher
values in both z and jT with the mass of the particle suggests that heavier hadrons are
produced from harder partons.

Figure 4: Joint distributions of the longitudinal momentum fraction z and the transverse

momentum jT of identified charged (left) pions, (middle) kaons and (right) protons in jets with

20 < pT < 30 GeV.
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set and a specific LHCb configuration [34]. In general, Pythia 8 describes unidentified
charged hadron distributions well with only slight underestimation while the number
of charged pions (kaons and protons) are largely underestimated (overestimated). The
production of heavier particles relative to pions is well described by Pythia 8 at high jet
pT, while at low jet pT Pythia 8 significantly overestimates it. These data can be used
to tune MC generators for production of identified charged particles.

Figure 4 shows the TMD JFFs measured as joint distributions in z and jT for the
three separate particle species. The center of the distribution shifting towards higher
values in both z and jT with the mass of the particle suggests that heavier hadrons are
produced from harder partons.

Figure 4: Joint distributions of the longitudinal momentum fraction z and the transverse

momentum jT of identified charged (left) pions, (middle) kaons and (right) protons in jets with
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pinning down uncertainties of FFs is 
crucial for EIC(c) physics !



The first NPC23 analysis of FFs
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✦ Establishing a new framework on global analysis of fragmentation functions to identified charged hadrons, 
including charged pion, kaon and proton, using most recent data from SIA, SIDIS, and pp collisions


parametrization of FFs to charged pion/kaon/
proton at an initial scale (Q=5 GeV):

❖ a joint determination of FFs to charged pion, 
kaon and proton (via ratios or sum) at NLO in 
QCD (63 parameters) including estimation of 
uncertainties with Hessian sets


❖ apply a strong selection criteria on the 
kinematics of fragmentation processes to 
ensure validity of LT factorization and 
perturbative calculations (Eh/pT,h>4 GeV, and 
z>0.01) 


❖ including theory uncertainties (residual scale 
variations) into the covariance matrix


❖ use fast interpolation techniques as in FMNLO 
for calculations of cross sections which largely 
increase efficiency of the global fit

2

twist collinear factorization and the associated pertur-
bative calculations of QCD. Additionally, we have in-
corporated residual theory uncertainties into the anal-
ysis. In contrast to using Mellin transforms, we have
utilized a fast interpolation technique for the calcula-
tions of the cross sections, significantly increasing the
e�ciency of the global fit. The pp datasets consist of
measurements on production cross section ratios of vari-
ous charged hadrons, as well as measurements on charged
hadron production in jets at the LHC. The latter datasets
provide strong constraints on the gluon FFs. To the best
of our knowledge, our work represents the first joint de-
termination of FFs of various charged hadrons from a
global analysis, including data from SIA, SIDIS and pp
collisions. It also marks the first inclusion of jet fragmen-
tation measurements in a global analysis for light charged
hadrons. The comprehensive analysis provides a state-of-
the-art determination of FFs, allowing for a test on the
fundamental law of momentum sum rule.
Theoretical setup and data characteristics.– The global
analysis of FFs requires a parametrization form at the
initial scale Q0. We take the following form for charged
hadrons

zDh
i (z,Q0) = z↵

h
i (1 � z)�

h
i exp

 
mX

n=0

ahi,n(
p
z)n
!
, (1)

where {↵,�, an} are free parameters in the fit, and i and
h represent the flavor of the parton and the hadron, re-
spectively. The Q0 is set to be 5 GeV and a zero-mass
scheme is utilized for heavy quarks with active quark-
flavors nf = 5. One advantage of the above parametriza-
tion form is that the FFs are positively defined, elim-
inating the need for additional positivity constraints.
The light quark fragmentation is categorized into favored
and unfavored components according to the hadron con-
stituents, while isospin or flavor asymmetry is allowed.
For instance, we assume D⇡+

u and D⇡+

d̄
have the same

shape but independent normalization, similar for DK+

u

and DK+

s̄ . Furthermore, the FFs of negative-charged
hadrons are related to the positive ones via charge conju-
gation. The degree of polynomials m has been increased
till no significant improvements of fit are observed, with
the final values varying from 0 to 2 depending on the
flavors of parton and hadron. The total number of free
parameters is 63 for ⇡+, K+, and p together.

The FFs are evolved to higher scales using two-loop
time-like splitting kernels to maintain consistency with
the NLO analysis. The splitting functions were calcu-
lated in Refs. [17] and have been implemented in HOP-
PET [18], which is employed in the analysis. Theoretical
calculations of the di↵erential cross sections are carried
out at NLO in QCD with the FMNLO program [19],
and are accelerated with the interpolation grid and fast
convolution algorithms. This allows for an e�cient scan
over the parameter space of large dimension for hundreds

of thousands of times. For calculations involving initial
hadrons, CT14 NLO parton distribution functions [20]
are used with ↵S(MZ) = 0.118 [21]. The central values of
the renormalization and fragmentation scales (µR,0 and
µD,0) are set to the momentum transfer Q for both SIA
and SIDIS. In the case of pp collisions, the central val-
ues of the factorization scale (µF,0) and renormalization
scales are set to the sum of the transverse mass of all final
state particles divided by 2. For the fragmentation scale,
its central value is set to the maximum of the transverse
momentum of all final state particles for inclusive hadron
production, and to the transverse momentum of the jet
multiplied by the jet cone size for fragmentation inside
the jet [22]. Theoretical uncertainties are included in the
covariance matrix of �2 calculations, and are assumed
to be fully correlated among points in each subset of the
data. These uncertainties are estimated by the half width
of the envelope of theoretical predictions of the 9 scale
combinations of µF /µF,0 = µR/µR,0 = {1/2, 1, 2} and
µD/µD,0 = {1/2, 1, 2}. The impact of di↵erent choices
of the various nominal scales is minimal as long as we
include theoretical uncertainties.

A detailed explanation of the experimental data sets
used in the analysis is described in the following. For
pp collisions, we initially incorporate measurements on
unidentified charged hadron production from fragmen-
tation inside jets by CMS and ATLAS [23–29]. These
measurements can be categorized into three groups, in-
volving the use of an isolated photon or a Z boson recoil-
ing against the fragmented parton, or using the clustered
jet as a reference of the fragmented parton. It is assumed
that the measured cross sections of unidentified charged
hadrons are a combination of charged pion, kaon and pro-
ton, while the residual contribution from other charged
hadrons is negligible and can be safely disregarded. Sim-
ilarly, LHCb has conducted separate measurements of
⇡±, K± and p/p̄ production from fragmentation inside
jets for Z+jet process at LHC 13 TeV [2]. Addition-
ally, we include inclusive hadron production measure-
ments from ALICE [30–32] and STAR [33]. Only ratios
of production cross sections of di↵erent charged hadrons
or of di↵erent collision energies are considered to mini-
mize the impact of normalization uncertainties. In the
analysis of SIA, we incorporate a comprehensive set of
data from TASSO, TPC below the Z-pole [34, 35], as
well as from OPAL, ALEPH, DELPHI, and SLD at the
Z-pole [36–39], and from OPAL and DELPHI above the
Z-pole [40, 41]. These measurements encompass the pro-
duction of ⇡±, K± and p/p̄ separately, except for OPAL
at a collision energy of 202 GeV. For SIDIS, we utilize
data on the total rate and charge asymmetry of produc-
tion of unidentified charged hadrons from H1 and ZEUS
at high Q2 [42–44]. There are also measurements on
the production of identified charged hadrons from COM-
PASS at relatively low Q2 with isoscalar (06I) or proton
(16p) targets [45–47]. Only the data with the highest in-
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parton-to-⇡+ favored ↵ � a0 a1 a2 d.o.f.
u Y 5

d̄ ' u Y - - - - 1
ū = d N x 4

s = s̄ ' ū N - x 3
c = c̄ N x 4
b = b̄ N x 4
g N F 4

TABLE V: Non-zero parameters for the parton-to-⇡+ FFs. Approximate (indicated by ') or exact (indicated by =)
flavor symmetries among favored (anti)quarks (u, d̄) or unfavored light (anti)quarks (ū, d, s, s̄) are assumed. ”�”

indicates parameters fixed by the approximate flavor symmetry. As an example, D⇡+

s (z,Q0) and D⇡+

ū (z,Q0) share
the same ↵ parameter at the starting scale. “x” corresponds to vanishing parameters. The � parameter for the

gluon-to-⇡+ FF is non-zero but is fixed during the fit. The number of independent fit parameters for each
parton-to-⇡+ FF is summarized in the last column. There are 25 d.o.f. for the parton-to-⇡+ FFs in total.

parton favored ↵ � a0 a1 a2 d.o.f.
u Y x 4

s̄ ' u Y - - - x 1
ū=d= d̄=s N x 4

c = c̄ N x 4
b = b̄ N x 4
g N F x 3

TABLE VI: Similar to Tab. V, but for the parton-to-K+ FFs. There are 20 d.o.f. in total.

The parameterization form of fragmentation functions to charged hadrons used at the initial scale Q0 is

zDh
i (z,Q0) = z↵

h
i (1� z)�

h
i exp

 
mX

n=0

ahi,n(
p
z)n
!
, (5)

where {↵,�, an} are free parameters in the fit, i and h represent the flavor of parton and hadron respectively. We choose
Q0 = 5 GeV and use a zero-mass scheme for heavy quarks with nf = 5. One advantage of the above parametrization
form is that the fragmentation functions are positively defined. Thus no additional positivity constraints need to be
applied. We separate the light quark fragmentation into favored and unfavored components according to the hadron
constituents but allow for isospin or flavor symmetry. For example, we assume D⇡+

u and D⇡+

d̄
have the same shape

but independent normalization, similar for D⇡+

ū and D⇡+

s , DK+

u and DK+

s̄ . Furthermore, fragmentation functions
of negative-charged hadrons are related via charge conjugation. We increase the degree of polynomials m till no
significant improvements of fit is observed, and the final values vary from 1 to 3 depending on the flavors of parton
and hadron. The number of independent parameters for all the parton-to-hadron FFs are summarized in Tabs. V
VI and xxx. The total number of free parameters is 63 for ⇡+, K+, and p together. The fragmentation functions
are evolved to higher scales using two-loop time-like splitting kernels to be consistent with the NLO analysis. The
splitting functions were calculated in Refs. [33] and are implemented in HOPPET [34, 35] which we use in the analysis.

IV. THE NPC23 OUTPUT: FFS, MOMENTS

A. Detailed summary of NPC23 FFs as function of z anf Q

JG: A figure for FFs at 100 GeV. Another two figures for FFs to h+ and only for constituent quarks (g/u/dx, and
d/c/b for pi+, g/u/sx, and d/c/b for K+, u/d/g, and ū/c/b for p) at 5 and 100 GeV.

We compare our NLO fragmentation functions with NNFF and DSS for u, d, s-quark and gluon in Fig. ?? for
Q = 5 GeV. For simplicity, we only show fragmentation functions summed over hadrons of positive and negative
charges. The DSS fits have a limit of 0.05 in the momentum fraction, with ⇡±, K± and p/p̄ results from DSS21 [36],
DSS17 [37] and DSS07 [38], respectively.

The NNFF sets used are NNFF1.0 from [39] for pion, kaon and proton. The estimated uncertainties of FFs are
also shown for NNFFs and for our fit. We find good agreement between ours and DSS for FFs of u and d quarks

[JG, Liu, Shen, Xing, Zhao, 2401.02781 (PRL), 
2407.04424 (PRD Editors’ suggestion)]
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✦ For the first time the jet fragmentation data from LHC have been incorporated into the global analysis of 
FFs to light charged hadrons, including from processes of incl. jet, dijet, Z or photon tagged jet 
productions, due to the development of FMNLO 

3

FIG. 1: Coverage on the momentum fraction z for all subsets
of the ATLAS jet fragmentation measurements [11–13] after
the kinematic selections. The lower end of the bar indicates
the lower limit of z of the subset and the width of each colored
region represent relative portion of jet flavors, including jets
from u, d-quark, gluon and other partons, shown in linear
scale.

(HX: add representative figures to show the comparison
between fit and data?)

It is worth checking the agreement for each of the 138
subsets in the best-fit. To do this we use an e↵ective
Gaussian variable SE(�2, N) to account for variations of
the number of data points,

SE =
(18N)3/2

18N + 1

⇢
6

6� ln(�2/N)
� 9N

9N � 1

�
, (2)

which follows a normal distribution if Npt is not too
small [33]. We show the histogram of SE from our best-
fit in Fig. 2. For comparison the two curves represent
predictions of a normal distribution and a Gaussian dis-
tribution with a mean of -0.34 and a standard deviation of
1.43. The latter two values are determined by a fit to the
histogram. Most of the subsets (132 out of 138) have SE

values smaller than 2 indicating again good agreement.
Deviation of the histogram with respect to the normal
distribution indicates possible underestimation of uncer-
tainties by a factor of 1.43 in average. That motivates
a choice of tolerance of ��2 = 1.432 ⇡ 2 in our deter-
mination of uncertainties of the fragmentation functions
with the Hessian method [33]. At the end we arrive at
a best-fit of the ⇡+, K+ and p FFs together with 114
Hessian error FFs, two for each of the eigenvector direc-
tion. Uncertainties of any observables can be calculated

Experiments Npt �2 �2/Npt

ATLAS jets † 446 350.19 0.785
ATLAS Z/�+jet † 15 30.97 2.064
CMS Z/�+jet † 15 16.78 1.118
LHCb Z+jet 20 31.77 1.588

ALICE inc. hadron 147 145.54 0.99
STAR inc. hadron 60 39.22 0.653

pp sum 703 614.49 0.874
TAS 8 6.74 0.842
TPC 12 11.89 0.991
OPAL 20 17.55 0.877

OPAL (202 GeV) † 17 21.73 1.278
ALEPH 42 27.79 0.661
DELPHI 78 40.31 0.516

DELPHI (189 GeV) 9 15.34 1.705
SLD 198 210.04 1.06

SIA sum 384 351.42 0.915
H1 † 16 13.21 0.826

H1 (asy.) † 14 11.66 0.832
ZEUS † 32 67.86 2.12

COMPASS 06 124 108.01 0.871
COMPASS 16 97 58.04 0.598
SIDIS sum 251 190.94 0.76
Global total 1370 1224.73 0.893

TABLE I: The number of data points, �2, and �2/Npt for
the global data sets, groups of data from pp collision, from
SIA, and from SIDIS. The values are also shown for individual
experiments. Data sets for production of unidentified charged
hadrons are marked with a dagger.

using predictions from the 115 FFs and the asymmetric
Hession formula [34].

RESULTING FFS

We compare our NLO fragmentation functions with
NNFF and DSS for u, d, s-quark and gluon in Fig. 3 for
Q = 5 GeV. (HX: it might be also interesting to compare
the heavy flavors, in our case we have ”intrinsic” heavy
flavor contributions, in DSS the heavy flavors are purly
from evolution due to lower Q0 in their fit.) For sim-
plicity, we only show fragmentation functions summed
over hadrons of positive and minus charges. The DSS
fits have a lower limit of 0.05 (HX: our cut is 0.01) in the
momentum fraction, with ⇡± results from DSS21 [35],
and K± and p/p̄ results from DSS07 [36]. The NNFF
sets used are NNFF10 PIsum nlo, NNFF10 KAsum nlo,
NNFF10 PRsum nlo [37] for pion, kaon and proton re-
spectively. The estimated uncertainties of FFs are also
shown for NNFFs and for our fit. We find good agree-
ment between ours and DSS for FFs of u and d quarks
to ⇡±, and of s quark to K±. However, large discrepan-
cies are found for FFs to protons and for FFs of gluon
to all three charged hadrons. The NNFFs show larger
uncertainties in general and can even become negative in
some kinematic regions. Our results show an uncertainty

kinematic/flavor coverage (LO) for 
ATLAS jet fragmentation

Impact of the LHC data

LHC measurements for hadron inside jet 
measurements (jet fragmentation) 

❖ LHC measurements on hadron inside jet provide essential inputs 
for u/d/g flavor separation with wide kinematic coverages, both in 
energy scale Q and in momentum fraction z


❖ A best-fit with good agreements to the global data sets (1370 
points in total) are found, χ2/Ν~0.9, proven universality of FFs in 
different collisions at highest energies
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exp.
p

s(TeV) luminosity hadrons final states Rj cuts for jets/hadron observable Npt

ATLAS[60] 5.02 25 pb�1 h± � + j 0.4 ��j,� > 7⇡
8

1
Njet

dNch
dpT,h

6

CMS[61] 5.02 27.4 pb�1 h± � + j 0.3 ��j,� > 7⇡
8 , �Rh,j < Rj

1
Njet

dNch
d⇠ 4

ATLAS[62] 5.02 260 pb�1 h± Z + h no jet ��h,Z > 3
4⇡ 1

nZ

dNch
dpT,h

9

CMS[63] 5.02 320 pb�1 h± Z + h no jet ��h,Z > 7
8⇡ 1

nZ

dNch
dpT,h

11

LHCb[64] 13 1.64 fb�1 ⇡±, K±, p/p̄ Z + j 0.5 ��j,� > 7⇡
8 , �Rh,j < Rj

1
nZ

dNch
d⇣ 20

ATLAS[65] 5.02 25 pb�1 h± inc. jet 0.4 - 1
Njet

dNch
d⇣ 63

ATLAS[66] 7 36 pb�1 h± inc. jet 0.6 �Rh,j < Rj
1

Njet

dNch
d⇣ 103

ATLAS[67] 13 33 fb�1 h± dijet 0.4 plead
T /psublead

T < 1.5 1
Njet

dNch
d⇣ 280

TABLE I: Jet fragmentation data sets used in the fit, together with the c.m. energy, luminosity, identified hadrons,
final states, anti-kT jet radius Rj , cuts on jets or/and hadrons, the observable, and the number of data points after

data selection.

our fit are summarized in Tab. I, including the center-of-mass energy, luminosity, identified hadrons, final states,
anti-kT jet radius Rj , cuts on jets and/or hadrons, the observable, and the number of data points after data selection
described in Sec.II A 2. ATLAS and CMS [60, 61] measured the hadron multiplicity in transverse momentum pT and
⇠ ⌘ ln[�p2

T,�/(~pT,� ·~pT,h)] of charged hadrons inside reconstructed jets, produced in assosiation with an isolated photon,
separated by ��j,� > 7⇡/8. For jet fragmentation with a tagged Z boson, we include measurements of charged track
multiplicity from the ATLAS and CMS collaborations [62, 63]. The charged tracks in these events reside primarily
in the leading jet azimuthally opposite to the Z boson [62]. Though no jet reconstructions are explicitly performed
in these two measurements, the tagged charged tracks are required to be azimuthally well separated to the Z boson
by ��h,� > 3⇡/4 (ATLAS) or ��h,� > 7⇡/8 (CMS). We also include Z + j data set at 13 TeV from the LHCb
[64], measured separately for ⇡±, K± and p/p̄ production. Another category of jet fragmentation included in our fit
is parton fragmentation inside inclusive jets or dijet events, which have been measured by the ATLAS at 5.02 TeV,
7 TeV, and 13 TeV [65–67]. The results are presented as charged track multiplicity in ⇣ ⌘ pT,h/pT,j , with pT,j being
the transverse momentum of the probed jet. For the 13-TeV di-jet measurements, the two leading jets are required
to satisfy the balance condition plead

T /psublead
T < 1.5.

These jet fragmentation data sets cover a wide kinematic region, as shown in Fig. 2, where only data points with LO
hadron momentum fraction z > 0.01 are displayed. The reference momentum pT,ref of the initiating parton at LO in
QCD is chosen as the transverse momentum of the photon/Z boson for �/Z-tagged hadron production. For ATLAS
inclusive jets or dijet events, pT,ref is the transverse momentum of the jet. The green dashed lines correspond to the
cut pT,h > 4 GeV at LO in QCD, as mentioned in Sec. II A 2, to ensure the validity of the leading twist factorization
formalism and convergence of perturbative calculations.

We also include inclusive hadron production measurements from ALICE [56–58] and STAR [68], which are sum-
marized in Tab. II. The table includes the center-of-mass energy, number of events, kinematic cuts, the identified
hadrons, the observable used in the fit, and the number of data points after data selection. Here, ⇡, K, p denote
⇡±, K±, p + p̄, respectively. As mentioned in Sec. II A 2, only bins with pT,h > 4 GeV are included in our fit. We
exclusively examine ratios involving production cross sections of di↵erent charged hadrons or of di↵erent collision
energies, aiming to sidestep additional complexities and uncertainties arising from inputs of various normalizations.
For example, Ref. [58] includes ATLAS measurements at both 7 TeV and 13 TeV. We consider the cross section ratio
of di↵erent charged hadrons at 13 TeV, and the cross section ratio of the same charged hadron between 13 TeV and
7 TeV.

exp.
p

sNN (TeV) # events (million) pT,h hadrons observable Npt

ALICE[58] 13 40-60(pp) [2, 20] GeV ⇡, K, p, K0
S K/⇡, p/⇡, K0

S/⇡ 49
ALICE[58] 7 150(pp) [3, 20] GeV ⇡, K, p 13TeV/7TeV for ⇡, K, p 37
ALICE[57] 5.02 120(pp) [2, 20] GeV ⇡, K, p K/⇡, p/⇡ 34
ALICE[56] 2.76 40(pp) [2, 20] GeV ⇡, K, p K/⇡, p/⇡ 27
STAR[68] 0.2 14(pp) [3, 15] GeV ⇡, K, p, K0

S K/⇡, p/⇡+, p̄/⇡�, K0
S/⇡, ⇡�/⇡+, K�/K+ 60

TABLE II: Inclusive hadron prodcution data sets on hadron colliders used in the fit, together with the
center-of-mass energy, number of events, kinematic cuts, the identified hadrons, the observable used in the fit, and

the number of data points after data selection. Here, ⇡, K, p denote ⇡±, K±, p + p̄, respectively.

direct probe of gluon FFs!
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✦ We arrive at a best-fit of the charged pion, kaon and proton FFs together with 126 Hessian error FFs, two 
for each of the eigenvector direction; FFs are generally well constrained in the region with z~0.1-0.7

NPC23 FFs to charged hadrons 

❖ our results show an uncertainty of 3%, 4% and 
8% for FFs of gluon to pion at z=0.05, 0.1 and 
0.3, respectively


❖ similarly an uncertainty of 4%, 4% and 7% for 
FFs of u-quark to pion, kaon and proton at z=0.3, 
respectively


❖  FFs of heavy-quarks are well constrained for z 
between 0.1~0.5 due to the tagged SIA events of 
Z-pole measurements


❖ high precision of gluon FFs is mostly due to the 
data of jet fragmentation from the LHC


❖ a preference for larger FFs of s quark to pion due 
to pulls from SIA data


FFs (positively charged) vs. momentum fraction

10

FIG. 4: Same as 1 but for ⇡+,K+, p at 5 GeV

GeV in Table. VII, namely hzi =
R 1
0.01 zD(z)dz. We have checked contributions from regions of z < 0.01 are

negligible. The central values and uncertainties at 68% C.L. are calculated from our best-fit and Hessian error
FFs at Q = 5 GeV. The three charged hadrons carry 53⇠50% of the momentum of u, d quark and gluon. That
indicates a total momentum fraction of about 75% when adding contributions from ⇡0 and K0

S with assumptions

of D⇡0(K0
S) = (D⇡+(K+) + D⇡�(K�))/2. Our analysis shows a preference of larger fragmentation functions of s

quark to ⇡±, each carrying about 22% of the total momentum of s quark, mostly due to the pull from SIA data.
That results in a total momentum of 73% of the s quark to charged hadrons with uncertainties of about ± 4%.
Thus the total momentum sum rule of s-quark fragmentation is slightly violated at about 1.5 � level when adding
contributions from neutral hadrons. We summarize similar results for momentum distribution of various partons at
di↵erent fragmentation scales in the supplementary materials.

V. QUALITY OF THE FIT TO DATA

A. Overall agreement

JG: A table showing overall �2 and 3 tables showing �2 breakdown for all three categories. A figure showing all
SE histogram and 3 figures for three categories.

pion

kaon

proton



NPC23 analysis at NNLO
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❖ a joint determination of FFs to charged pion, 
kaon at NNLO in QCD (54 parameters) with 
Hessian uncertainties


❖ parametrization at Q0=1.4 GeV for light flavors 
and at mass threshold for heavy quarks; 3-loop 
DGLAP evolution from [Mitov, Moch, Vogt, 
Almasy; Chen, Yang, Zhu, Zhu] implemented in 
HOPPET 


❖ SIDIS coefficient functions from [Bonino, 
Gehrmann, Stagnitto; Goyal, Moch, Pathak, Rana, 
Ravindran]; SIA with hadron mass corrections; 
include residual scale variations into the 
covariance matrix


❖ select SIA and SIDIS data with z>0.01, Q>2 GeV, 
and Eh> Eh,min (0.8 GeV default) with later varied

[JG, Shen, Xing, Zhao, Zhou, 2502.17837 (PRL)]

6

processes, e+e� ! e+e� (Bhabha scattering) and
e+e� ! ��, are rejected by applying dedicated require-
ments on the showers recorded by the electromag-
netic calorimeter. In the remaining events, a set
of selection criteria are implemented to identify the
good charged tracks (prongs). Events with zero or
one prong are removed to suppress the contribution
of Quantum Electrodynamics (QED)-related and beam-
associated backgrounds. For events with two or three
prongs, further requirements are employed to suppress
QED-related backgrounds. Events with more than three
prongs are regarded as hadronic events directly. More
details of the selection of inclusive hadronic events are
described in Ref. [11].

Although comprehensive selection criteria have been
used to select the inclusive hadronic events, residual
background still exists in the data. The yields of
residual QED-related background events are estimated
by analyzing the corresponding Monte Carlo (MC)
simulation samples, which are produced based on the
geant4 software [12] and subtracted according to the
data luminosities. In these simulations, the geometric
description of the BESIII detector and its interaction
with particles are implemented. The background
processes e+e� ! e+e�, µ+µ� and �� are generated
by babayaga3.5 tool [13]. At

p
s = 3.671 GeV,

which is above the threshold of ⌧+⌧� pair production,
the e+e� ! ⌧+⌧� process is simulated with the
kkmc program [14] and the decay of the ⌧ lepton
is modeled by evtgen [15, 16]. The two-photon
processes e+e� ! e+e�X with X = e+e�(µ+µ�), ⌘(⌘0),
and ⇡+⇡�(K+K�) are simulated using the generators
diag36 [17], ekhara [18], and galuga2.0 [19], respec-
tively. In addition, the beam-associated background is
estimated with a sideband method developed in Ref. [11].
A variable V evt

z , representing the average vertex position
along the beam direction of all charged tracks, is used to
estimate the beam associated background, with events
in the sideband region of V evt

z assumed to be beam-
associated.

Table I summarizes the integrated luminosities, the
number of total selected inclusive hadronic events (N tot

had)
and the total remaining background events (Nbkg) at
each c.m. energy, where Nobs

had = N tot
had�Nbkg.

From the inclusive hadronic events, the ⇡±/K±

mesons are selected with the particle identification
(PID), which combines the measurements of the specific
ionization energy loss in the multi-layer drift chamber
(MDC) and the flight time from interaction point to the
Time-of-Flight counter to form the probability P(h) (h =
⇡,K, p) under each hadron hypothesis. The charged
track is identified as the hadron species resulting in the
highest probability. Due to the mis-identification e↵ect,
the raw counts (N raw

h± ), obtained after applying the PID

TABLE I. The integrated luminosities and the numbers of
total selected hadronic and residual background events in
di↵erent c.m. energies.
p
s (GeV) L (pb�1) N tot

had Nbkg

2.0000 10.074 350298± 592 8722± 94
2.2000 13.699 445019± 668 10737± 104
2.3960 66.869 1869906± 1368 47550± 219
2.6444 33.722 817528± 905 21042± 146
2.9000 105.253 2197328± 1483 56841± 239
3.0500 14.893 283822± 533 7719± 88
3.5000 3.633 62670± 251 1691± 42
3.6710 4.628 75253± 275 6461± 81

requirements in each momentum bin, are written as:

N raw
h± =

X

g=⇡,K,p

✏g±!h±Nobs
g± , (3)

where Nobs
g± is the number of hadron g± free of mis-

identification. The ✏g±!h± terms stand for the particle
identification (g = h) or mis-identification (g 6= h)
e�ciencies, which constitute a PID e�ciency matrix.
Accordingly, the transition from the raw counts to
the observed counts requires the inversion of the PID
e�ciency matrix. In our study, the contamination of
electron or muon to ⇡/K sample is strongly suppressed
due to the selection criteria of hadronic events and
is therefore neglected. Nevertheless, these contribu-
tions are considered in the systematic uncertainty study.
In addition, the mis-identifications from the oppositely
charged hadrons are ignored due to the corresponding
low e�ciencies.
The PID e�ciencies are studied using the ⇡± control

sample via J/ ! ⇡+⇡�⇡0, K± via J/ ! K0
SK

±⇡⌥,
and the proton via J/ , (3686) ! pp̄⇡+⇡�. To avoid
possible bias introduced by the di↵erence between the
signal and control samples, the PID e�ciencies are
evaluated and the corresponding Nobs

g± are extracted in
each momentum versus 10 bins in cos ✓ bin (p, cos ✓),
where ✓ is the polar angle with respect to the symmetry
axis of MDC. The contributions to N raw

⇡±/K± from the
residual QED-related and beam-associated backgrounds
are subtracted. The dominant background contribution
is from Bhabha events, which is at most 10% in a few
bins [20] and negligible in the other bins. The number of
observed ⇡±/K± in each momentum bin is obtained by
summing over all the cos ✓ bins, i.e.,

Nobs
⇡±/K±(i) =

10X

j=1

Nobs
⇡±/K±(i, j), (4)

where Nobs
⇡±/K±(i) is the number of observed ⇡±/K± in

the i�th momentum bin and Nobs
⇡±/K±(i, j) is that in the

i�th momentum and j�th cos ✓ bin.

BESIII charged pion/kaon [2502.16084]

parametrization form (pi+/K+)
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Supplemental Material for “Fragmentation functions of charged hadrons at next-to-next-to-leading
order and constraints on proton PDFs”

Parameterization of the FFs

In this work, the FFs at the starting scale Q0 are parameterized as

zDh
i (z, Q0) = z↵

h
i (1 � z)�

h
i exp

 
mX

n=0

ah
i,nzn/2

!
, (3)

where i and h label parton flavors and hadron species, respectively.
�
↵h
i , �h

i , ah
i,n

 
are the fitted parameters. We

increase m until no discernible improvement in fit quality can be obtained.
The free parameters for ⇡+ and K+ FFs are summarized in Table III and Table IV, respectively. Certain flavor

symmetries are assumed at the starting scale separately for favored quarks and un-favored quarks. In addition, ↵
and � parameters, responsible for asymptotic behaviors of FFs, are assumed to be correlated for some flavors. That
leads to a total number of 28 and 26 free parameters (indicated by check marks in the tables) for ⇡+ and K+ FFs,
respectively.

flavor favored a0 ↵ � a1 a2

u = d 3 3 3 3 3 3
d = u 7 3 3 3 3 3
s = s 7 3 = ↵d 3 3 3
c = c 7 3 3 3 3 3

b = b 7 3 3 3 3 3
g 7 3 3 3 3 7

TABLE III: Parameters for the parton-to-⇡+ FFs.

flavor favored a0 ↵ � a1 a2

u 3 3 3 3 3 3
s 3 3 = ↵u = �u 3 3

s = u = d = d 7 3 3 3 3 7
c = c 7 3 3 3 3 3

b = b 7 3 3 3 3 3
g 7 3 3 3 3 7

TABLE IV: Similar to Table III, but for the parton-to-K+ FFs.

alternative fits

In this section, we explore various alternative fits. To access the impact of fixed-order calculation accuracy, we
present the fit quality of parallel fits at NLO in QCD in Table V. Theoretical uncertainties are also estimated at NLO,
which are in general larger than their NNLO counterparts. The full NNLO predictions describe the data slightly
better than the NLO ones when Eh,min � 0.7 GeV case, while NNLO predictions slightly deteriorate the fit quality
when Eh,min  0.6 GeV. The FFs extracted at NLO accuracy according to our nominal choice Eh,min = 0.8 GeV is
presented in Fig.1 of the paper.

In Table VI and Table VII, we present the fit quality of FFs determination using either pion or kaon data, in contrast
to our nominal fit which determines pion and kaon FFs simultaneously. For both the pion-only and kaon-only fits,
quick growth of �2/Npt is observed when Eh,min < 0.8 GeV. We also find better overall agreements and faster average
growth of �2/Npt for kaons than for pions.

In order to study the impact of BESIII data sets, we also performed alternative fits with BESIII data sets excluded.
We summarize the fit quality in Table VIII. The description of COMPASS data is slightly improved when excluding
the BESIII data from the fit. The resulting FFs according to Eh,min = 0.8 GeV have been presented in Fig. 1 of the
paper.
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first FFs of light hadrons at full NNLO ensuring  
a successful test of factorization at low Q2!

✦ A first Global analysis of FFs to light charged hadrons at full NNLO with SIA and SIDIS data, especially 
with recent BESIII data, focusing on low momentum transfer region and test of collinear factorization
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✦ 3. Precision calculations for (p)SIDIS up to N3LO



Frontier of the perturbative QCD calculations

17

✦ The LHC has pushed the pQCD precision on calculations of hard cross sections/coefficient functions to 
NNLO as a standard and to N3LO for a few processes, e.g. Drell-Yan production; while it is less matured 
for processes in ep collisions

4

FIG. 2: Inclusive N3LO QCD corrections to total
cross section for Drell-Yan production through a vir-
tual photon. In the bottom panel we plot the ratio to

the analytic calculation in [14].

therefore it is important to choose a su�ciently small qcutT
to suppress such power corrections.

Fig. 2 demonstrates the SCET+NNLOJET predictions
being independent on q

cut
T for values below 1 GeV. In

fact, for all partonic channels except qg, the cross section
predictions become flat and therefore reliable already at
q
cut
T ⇠ 5 GeV. It is only the qg channel that requires a
much smaller q

cut
T , indicating more sizeable power cor-

rections than in other channels. A more detailed under-
standing of this feature could become useful when apply-
ing qT -subtraction to more complicated final states.

Also shown in the upper panel of Fig. 2 in dashed
lines are the inclusive predictions from [14], decomposed
into di↵erent partonic channels. We observe an excellent
agreement at small-qT region with a detailed compari-
son given in Tab. I. This agreement provides a fully in-
dependent confirmation of the analytic calculation [14],
and lends strong support to the correctness for our qT -
subtraction-based calculation. In the bottom panel of
Fig. 2, we plot the ratio between di↵erent partonic chan-
nels to the total inclusive N3LO corrections. We ob-
serve large cancellation between qg channel (blue) and
qq̄ channel (orange). While the inclusive N3LO correc-
tion is about �8 fb, the qg channel alone can be as large
as �15.3 fb. Similar cancellations between qg and qq̄

channel can already be observed at NLO and NNLO.
The numerical smallness of the NNLO corrections (and
of its associated scale uncertainty) is due to these cancel-
lations, which may potentially lead to an underestimate
of theory uncertainties at NNLO.

In Fig. 3 we show for the first time the N3LO pre-
dictions for the Drell-Yan di-lepton rapidity distribution,
which constitutes the main new result of this letter. Pre-

Fixed Order �pp!�⇤(fb)

LO 339.62+34.06
�37.48

NLO 391.25+10.84
�16.62

NNLO 390.09+3.06
�4.11

N3LO 382.08+2.64
�3.09 from [14]

N3LO only qT -subtraction Results from [14]

qg �15.32(32) �15.29

qq̄ + qQ̄ +5.08(11) +4.97

gg +2.17(6) +2.12

qq + qQ +0.09(13) +0.17

Total �7.98(36) �8.03

TABLE I: Inclusive cross sections with up to N3LO
QCD corrections to Drell-Yan production through
a virtual photon. N3LO results are from the qT -
subtraction method (qcutT = 0.63 GeV) and from the
analytic calculation in [14]. Cross sections at central
scale of Q = 100 GeV are presented together with
7-point scale variation. Numerical integration errors

from qT -subtraction are indicated in brackets.

FIG. 3: Di-lepton rapidity distribution from LO to
N3LO. The colored bands represent theory uncer-
tainties from scale variations. The bottom panel is
the ratio of the N3LO prediction to NNLO, with dif-

ferent cuto↵ q
cut
T .

dictions of increasing perturbative orders up to N3LO
are displayed. We estimate the theory uncertainty band
on our predictions by independently varying µR and µF

around 100 GeV with factors of 1/2 and 2 while elimi-
nating the two extreme combinations (7-point scale vari-
ation). With large QCD corrections from LO to NLO,
the NNLO corrections are only modest and come with
scale uncertainties that are significantly reduced [5, 7, 8].
However, as has been observed for the total cross sec-
tion, the smallness of NNLO corrections is due to cancel-

rapidity at N3LO

[Chen+, 2021]

[Bonino+; Goyal+, 2024]

❖ N3LO corrections in Drell-Yan show unexpected behavior 
of being outside the NNLO uncertainty band 


❖ NNLO corrections to SIDIS are recently calculated in an 
analytic form; extension to N3LO is challenging due to 
complications from fragmentations  
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FIG. 2. QCD K-factors up to NNLO and fractional contribution of individual channels for selected kinematical bins studied
by the COMPASS experiment [17]. The g ! g, q ! q̄, q ! q0 and q ! q̄0 channels are not shown in the channel decomposition
as they are found to give negligible contributions in the kinematical bins considered.

certainty bands is only marginal. At larger x, the NNLO
corrections are within the NLO uncertainty bands and
their inclusion leads to considerably smaller uncertain-
ties from 20% at NLO to well below 10% at NNLO. The
predictions are largely dominated by the quark-to-quark
channel, the gluon-to-quark and quark-to-gluon channels
both yield small negative corrections to the SIDIS cross
section, especially at small x, with the gluon-to-quark
channel being typically larger due to the larger magni-
tude of the respective fragmentation function. All new
channels appearing at NNLO are found to give negligible
contributions.

COMPARISON WITH DATA

The COMPASS experiment performs deep-inelastic
scattering measurements on various fixed targets with
a high-energy muon beam at CERN. In their SIDIS
study [17], momentum spectra for charged pions and for
unidentified charged hadrons are measured with 160 GeV
muon beam scattering o↵ an isoscalar target, correspond-
ing to a center of mass energy

p
s ⇡ 17.35GeV. Events

are accepted if Q2 > 1GeV2 and W > 5GeV with
W =

p
(P + q)2 invariant mass of the hadronic system.

The measured hadron multiplicities dMh/dz are given
by the ratio of the di↵erential cross section for hadron
production and the di↵erential inclusive DIS cross sec-
tion. Therefore we compute the ratio

dMh

dz
=

d3�h/dxdydz

d2�/dxdy
. (7)

For brevity, we focus on the h = ⇡+ spectra. In our
numerical implementation we compute the denominator

of (7) using the APFEL++ code [47, 48]. We apply the
same experimental cuts in our numerical implementation
and we integrate (7) over x and y, according to the given
bin ranges. In Figure 3 we present the ratio of data and
theory predictions over the NLO result. The uncertainty
on theory predictions is estimated by varying the scales
in an uncorrelated way between the numerator and de-
nominator of (7).
We observe that inclusion of the NNLO corrections

modifies the shape of the predictions, in general improv-
ing the description of the experimental data. For the
lowest values of Qavg  2 GeV, no reduction of the scale
uncertainty is observed. Moving to higher Qavg, this re-
duction becomes clearly significant, with NNLO uncer-
tainties usually being half the size of their NLO counter-
parts.

CONCLUSIONS

Semi-inclusive deep inelastic scattering processes will
be among the key observables of the physics program at
the BNL EIC. To enable precision studies with SIDIS
data, higher order perturbative corrections are crucial.
To prepare the precision SIDIS program at EIC, we de-
rived the analytical expressions for the NNLO QCD cor-
rections to the SIDIS coe�cient functions. The NNLO
corrections are non-uniform in the kinematical variables.
They lead to a substantial reduction of the uncertainty
on the theory predictions at su�ciently large values of Q,
where the perturbative expansion is applicable. In com-
parison with COMPASS results on ⇡+ SIDIS production,
we observe an improved description of the experimental
data.



The story of higher-order calculations for SIDIS
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✦ In early 2023, I collaborated with HuaXing on a NLO calculation for hard functions of Energy-energy 
correlations. Soon we realized that the same method can be applied to hadron production as well. 


✦ Around late 2023, we started working on the NNLO QCD calculations for SIDIS with subtraction method. 
Somehow we got stuck with unreasonable numerical results… 


✦ In the middle of 2024, two other groups finished the analytical calculation of SIDIS at NNLO both 
published as Editors’ Suggestion in PRL


✦ In late 2025, after a long cooling down, we finally find a bug in our numerical code and immediately we 
are able to reproduce the known NNLO corrections  


✦ Running to 2026, through a series of works, we now made a step forward of leveraging the perturbative 
precision to N3LO in QCD for (polarized) SIDIS  




FMNLO (fragmentation at NLO in QCD)

19

✦ FMNLO is a program for automated and fast calculations of fragmentation cross sections of arbitrary hard 
processes. It is based on a hybrid scheme of phase-space slicing method and local subtraction method, 
accurate to NLO in QCD

https://fmnlo.sjtu.edu.cn/~fmnlo/

events in pp collisions (
p
s = 13 TeV) consisting of two or more jets. Jets are clustered with

anti-kT algorithm with R = 0.4 and are required to have pT,j > 60 GeV and |⌘j | < 2.1. The

two leading jets are required to satisfy a balance condition pT,j1/pT,j2 < 1.5, where pT,j1(2)

are the transverse momentum of the (sub-)leading jet. They also analyzed charged-particle

tracks inside the jet classified according to its transverse momentum and pseudo-rapidity

(forward or central) in Ref. [57]. The charged tracks are required to have pT,h > 0.5 GeV

and |⌘h| < 2.5. The results are presented in a di↵erential cross section of 1/NjdNtrk/d⇣ with

⇣ ⌘ pT,h/pT,j and pT,j being the transverse momentum of the jet probed1.

Figure 7. Similar to Fig. 5 but with ATLAS measurement on normalized distribution of ⇣ for dijet
production in pp collisions with a center of mass energy of 13 TeV.

We present our NLO predictions and compare them to the ATLAS measurement using

the central jet of the two leading jets and with pT,j 2 [200, 300] GeV in Fig. 7. The data

are displayed as mentioned before. From the first two panels, we find both the NNFF1.1 and

BKK results fit well in the high ⇣ region. However, the BKK data aligns more closely with

the experimental data. In the lower ⇣ region, it can be seen that the first three bins of the

NNFF1.1 data exhibit a closer resemblance. And the error band of the BKK results in these
1We note that the distributions presented in the experimental publication have been multiplied by the bin

width of each data points.
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They also analyzed all charged-particle tracks with an azimuthal separation to the Z boson

��trk,Z > 7⇡/8 in Ref. [56]. The charged tracks are required to have pT,h > 1 GeV and |⌘h| <

2.4. Di↵erent from the production process of an isolated photon in association with jets, we

use a distribution of 1/NZdNtrk/dpT,h to show our results.

Figure 6. Similar to Fig. 5 but with CMS measurement on normalized distribution of pT,h for Z

boson production in pp collisions with a center of mass energy of 5.02 TeV.

In Fig. 6, the BKK and NNFF1.1 results are depicted as previously mentioned. It is

apparent from the first panel that the BKK data exhibits better agreement with the experi-

mental data in the whole kinematic region. In the second panel, we find that, in most regions,

the experimental data lies within the error band of the BKK results, with a maximum de-

viation of approximately 20%. Meanwhile, the NNFF1.1 results show a greater discrepancy,

particularly in the middle region. In the third panel, it can be seen that, in most regions, the

NLO corrections are negative, but they diminish as pT increases. The maximum corrections

at NLO is approximately 20%.

4.3 QCD inclusive dijets

In this subsection, we present the third example of the calculations mentioned above. In

Ref. [57] the ATLAS collaboration measured parton fragmentation based on hard scattering

– 14 –

QCD inclusive dijets at LHC Z-boson tagged jet

❖ automation of fragmentation 
calculations for arbitrary hard 
processes up to NLO, within SM and 
BSMs via MG5_aMC@NLO


❖ fast convolution of partonic cross 
sections with FFs without repeating the 
time consuming MC integrations using 
interpolation grids


❖ generalizations: transverse observables, 
NNLO corrections    

[JG, Liu, Shen, Zhou, 2305.14620 (JHEP)]



4

xp = (Q
2 , 0, 0, Q

2 )

(Q
2 , 0, 0, �Q

2 )

q = (0, 0, 0, �Q)

p

FIG. 1: O(↵0
S) Breit frame kinematics for the process p1(xp) + �⇤(q) ! p2(xp + q).

nickname brick-wall frame), as its represented schematically in Fig. 1. The first non-vanishing

contribution is then obtained at O(↵S), with two final-state partons with opposed transverse

momentum.

For di-jet production, we specify the process

e(k) + P (p) ! e(k0) + jet(pT,1, ⌘1) + jet(pT,2, ⌘2) + X.

The availability of a second jet allows for a more in-depth study of the partonic kinematics. As

in the H1 [20, 21] and ZEUS [22] experiments, and in addition to the jets transverse momentum and

pseudorapidities, the di-jet production cross section can be studied in term of the di-jet variables

such as the invariant mass M12, the di-jet momentum fraction ⇠2, as well as the average momentum

hpT i2 and pseudorapidity di↵erence ⌘⇤ in the Breit-Frame, which are defined by

M12 =
p

(p1 + p2)2,

hpT i2 =
1

2
(pBT,1 + pBT,2),

⌘⇤ = |⌘B1 � ⌘B2 |,

⇠2 = x
�
1 +

M2
12

Q2

�
.

(2)

It is worth noticing that, at the LO of di-jet production, ⇠2 is the momentum fraction carried

by the incoming parton.

III. CALCULATION OF HIGHER ORDER CORRECTIONS

Calculations beyond the leading order in QCD necessarily involves cancellations between the

individually divergent pieces coming from infrared real emission and virtual diagrams, in addition to

the factorization contributions. In the dimensional regularization scheme the number of dimensions

Transverse momentum subtraction for SIDIS

20

✦ Generalizing the qT-subtraction formalism (Catani–Grazzini) from Drell-Yan to SIDIS using hadron 
transverse momentum qT (Breit frame) as the slicing variable, validated against existing analytic NNLO 
results

❖ excellent agreements with NNLO analytical results 
for all partonic channels; our calculations are fully 
differential and can be extended to N3LO

[JG, Li, Zhu, Zhu, 2602.06364 ]
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corresponding transverse metric is
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In this convention, at leading order (LO) the trans-
verse momentum of the virtual photon in the hadron
frame is related to the hadron transverse momentum by
~q? = �~P

?
h /z. The di↵erential SIDIS cross section can

be decomposed into two complementary regions

d�
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Z qT,max

qT,cut

dqT
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+

Z qT,cut

0

dqT
d�

dqT dO
, (4)

where the first term corresponds to the large-qT (re-

solved) region, which is described by collinear factor-
ization and fixed-order perturbation theory. It can be
calculated using local subtraction methods developed
for identified hadron production at NLO [72–78] and at
NNLO [79, 80]. Here qT,cut is a resolution/slicing param-
eter introduced in the qT -subtraction method [66].

The low-transverse-momentum (unresolved) part is
governed by the leading-power TMD factorization for-
mula [81–86], which resums logarithmically enhanced sin-
gular contributions at low transverse momentum and ex-
presses the cross section in terms of universal TMD par-
ton distribution and fragmentation functions
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where ↵ = e
2
/(4⇡) is the electromagnetic coupling and

Hq(Q2
, µ) represents the square of the hard matching

coe�cient [87–93]. The born-level cross-section is

�0 = 2⇡↵2
1 + (1� y)2

Q2y
. (6)

The functions fq
1
and D

q
1
denote the TMD parton distri-

bution and fragmentation functions, respectively. In ad-
dition to the renormalization scale µ, they depend on ra-
pidity scales introduced through the Collins-Soper (CS)
formalism [94–96]. For SIDIS, a canonical choice of the
CS scales is

⇠
n = Q

2
x

x+ y � xy
, ⇠

n̄ = Q
2
x+ y � xy

x
. (7)

The rapidity evolution with respect to the CS scales is
controlled by the CS kernel,

K
i(b?, µ) = �2Ai

cusp
(µ, µb) + �

i
R(µb) , (8)

which depends on the impact-space parameter bT = |~b?|
through scale µb = b0/bT , with b0 = 2e��E . The CS
kernel includes a perturbative small-bT contribution, its
ingredient �R, known as the QCD rapidity anomalous
dimension, has reached N4LL accuracy [97–99]. Nonper-
turbative corrections at large-bT can be obtained from
recent lattice QCD advances [100–107]. The remaining

Sudakov ingredients A� , and Kcusp [86, 87, 108]
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, (9)

controlled by the �-function [109–114], the cusp and vir-
tual anomalous dimensions, are also known to high per-
turbative accuracy [93, 115–128].
When ⇤QCD ⌧ qT ⌧ Q, the singular terms in Eq. (4)

are reproduced by TMD factorization formula Eq. (5)
through twist-2 matchings of the TMDs [59–62], up to
nonsingular power corrections. Importantly, all ingre-
dients needed for a calculation at N3LO for SIDIS are
available by building from the results above.
Applications. – In this section we present phenomeno-

logical studies of SIDIS at NNLO in QCD. We consider
electron-proton collisions at center of mass energies of the
EIC (

p
s = 141 GeV) or HERA (

p
s = 318 GeV), and

use the CT18 NNLO PDFs [129] of 5 active quark fla-
vors with the strong coupling constant ↵S(MZ) = 0.118.
We calculate di↵erential cross sections for charged pion
(⇡+) and unidentified charged hadrons (h±) production.
In the case of charged pion we use the NPC23 NNLO
FFs [28] through all orders, while only NLO FFs are
available for the unidentified charged hadrons [30, 130].
We have neglected contributions from the Z boson ex-
change for simplicity, which are small for the energies
considered. The contribution from the resolved part is

2

corresponding transverse metric is

[gµ⌫? ]Trento = g
µ⌫

�
q
µ
P

⌫
N + P

µ
Nq

⌫

PN · q
�

Q
2
P

µ
NP

⌫
N

(PN · q)2
. (3)

In this convention, at leading order (LO) the trans-
verse momentum of the virtual photon in the hadron
frame is related to the hadron transverse momentum by
~q? = �~P

?
h /z. The di↵erential SIDIS cross section can

be decomposed into two complementary regions

d�

dO
=

Z qT,max

qT,cut

dqT
d�

dqT dO
+

Z qT,cut

0

dqT
d�

dqT dO
, (4)

where the first term corresponds to the large-qT (re-

solved) region, which is described by collinear factor-
ization and fixed-order perturbation theory. It can be
calculated using local subtraction methods developed
for identified hadron production at NLO [72–78] and at
NNLO [79, 80]. Here qT,cut is a resolution/slicing param-
eter introduced in the qT -subtraction method [66].

The low-transverse-momentum (unresolved) part is
governed by the leading-power TMD factorization for-
mula [81–86], which resums logarithmically enhanced sin-
gular contributions at low transverse momentum and ex-
presses the cross section in terms of universal TMD par-
ton distribution and fragmentation functions

1

�0

d�`+N!`0+h+X

d2~q?dxdydz
'

X

q

Hq(Q
2
, µ)⇥

Z
d2~b?
(2⇡)2

e
i~b?·~q? f

q
1
(x, b?, ⇠

n
0
, µ

n
0
)⇥D

q
1

✓
z,

b?
z
, ⇠

n̄
0
, µ

n̄
0

◆

⇥

Y

i

e
�2Ki

cusp(µ
i

0,µ)+Ai

H
(µi

0,µ) ⇥

 
⇠
i

µ
i
0

2

!Ai

cusp(µ
i

0,µ)

⇥

 p
⇠ip
⇠
i
0

!Ki
(b?,µi

0)

, (5)

where ↵ = e
2
/(4⇡) is the electromagnetic coupling and

Hq(Q2
, µ) represents the square of the hard matching

coe�cient [87–93]. The born-level cross-section is

�0 = 2⇡↵2
1 + (1� y)2

Q2y
. (6)

The functions fq
1
and D

q
1
denote the TMD parton distri-

bution and fragmentation functions, respectively. In ad-
dition to the renormalization scale µ, they depend on ra-
pidity scales introduced through the Collins-Soper (CS)
formalism [94–96]. For SIDIS, a canonical choice of the
CS scales is

⇠
n = Q

2
x

x+ y � xy
, ⇠

n̄ = Q
2
x+ y � xy

x
. (7)

The rapidity evolution with respect to the CS scales is
controlled by the CS kernel,

K
i(b?, µ) = �2Ai

cusp
(µ, µb) + �

i
R(µb) , (8)

which depends on the impact-space parameter bT = |~b?|
through scale µb = b0/bT , with b0 = 2e��E . The CS
kernel includes a perturbative small-bT contribution, its
ingredient �R, known as the QCD rapidity anomalous
dimension, has reached N4LL accuracy [97–99]. Nonper-
turbative corrections at large-bT can be obtained from
recent lattice QCD advances [100–107]. The remaining

Sudakov ingredients A� , and Kcusp [86, 87, 108]

K�(µ0, µ) = �

Z ↵s(µ)

↵s(µ0)

d↵s
�(↵s)

�(↵s)

Z ↵s

↵s(µ0)

d↵0
s

1

�(↵0
s)

,

A�(µ0, µ) = �

Z ↵s(µ)

↵s(µ0)

d↵s
�(↵s)

�(↵s)
, (9)

controlled by the �-function [109–114], the cusp and vir-
tual anomalous dimensions, are also known to high per-
turbative accuracy [93, 115–128].
When ⇤QCD ⌧ qT ⌧ Q, the singular terms in Eq. (4)

are reproduced by TMD factorization formula Eq. (5)
through twist-2 matchings of the TMDs [59–62], up to
nonsingular power corrections. Importantly, all ingre-
dients needed for a calculation at N3LO for SIDIS are
available by building from the results above.
Applications. – In this section we present phenomeno-

logical studies of SIDIS at NNLO in QCD. We consider
electron-proton collisions at center of mass energies of the
EIC (

p
s = 141 GeV) or HERA (
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s = 318 GeV), and

use the CT18 NNLO PDFs [129] of 5 active quark fla-
vors with the strong coupling constant ↵S(MZ) = 0.118.
We calculate di↵erential cross sections for charged pion
(⇡+) and unidentified charged hadrons (h±) production.
In the case of charged pion we use the NPC23 NNLO
FFs [28] through all orders, while only NLO FFs are
available for the unidentified charged hadrons [30, 130].
We have neglected contributions from the Z boson ex-
change for simplicity, which are small for the energies
considered. The contribution from the resolved part is

[RV] [RR][VV]

+ +

components of NNLO corrections

TMD factorization of the unresolved part

charged hadron multiplicity at HERA
4

FIG. 2: Di↵erential cross section as functions of the
hadron energy fraction xp for charged pion production
at the EIC at various orders in QCD together with scale

variations.

rithmic contributions. In this region, the perturbative
series must be resummed to all orders. This resumma-
tion is achieved using the TMD factorization formula in
Eq. (5), enabled by the twist-2 matching of TMDs [59–62]
and precise knowledge of the relevant anomalous dimen-
sions governing the evolution factors in Eq. (9). In the
intrinsic nonperturbative region, where qT ⇠ ⇤QCD, we
adopt the BLNY18 parametrization [10], implemented
with the b⇤ prescription [133]. We further present in
Fig. 4 the transverse-momentum spectrum of ⇡+ for EIC
kinematics at

p
s = 141 GeV with x = 0.2, y = 0.3,

and hadron momentum fraction integrated over the range
0.2 < z < 0.8. The bands indicate scale uncertainties,
obtained by varying the boundary scales (µ0 ,

p
⇠0) in

Eq. (5) by a factor of two from their canonical values.
The Sudakov peak is at around P

T
h = 1 GeV and is

slightly shifted to the right from NLL to N4LL. The log-
arithmic resummation beyond NLL yields sizable correc-
tions and significantly reduces both the cross section and
the scale uncertainties. The orange line represents the
results from PYTHIA 8.3 [134], which is consistent with
the NLL result in the Sudakov region.

The red band represents the N4LL resummed result,
matched to the NNLO fixed-order (up to O(↵2

s)) predic-
tions. The matched cross section is defined as

d�
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4
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= (1�f)⇥d�NNLO+f⇥d�
N

4
LL+NS

, (10)
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FIG. 3: Multiplicity distribution as functions of the
hadron energy fraction xp for unidentified charged

hadron production at the HERA at various orders in
QCD together with scale variations, compared to the

ZEUS data [131].

where d�
N

4
LL+NS

is given by the sum of pure N4LL-
resummed contribution and the nonsingular power cor-
rection, the latter being obtained as the di↵erence be-
tween the fixed-order prediction and the leading-power
singular terms given by the TMD factorization in Eq. (5).
The transition function f is chosen to be monotonically
decreasing from 1 to 0 over a matching region [a, b],
implemented using the built-in SmoothStep function in
Mathematica [135]. Explicitly,

f(t) =

8
>>>><

>>>>:

1, t  a,

1�

"
3

✓
t� a

b� a

◆2

� 2

✓
t� a

b� a

◆3
#
, t 2 (a, b),

0, t � b.

(11)
Here t = P

T
h /GeV, and we choose the matching region

as 2 GeV . P
T
h . 3 GeV. We find that for PT

h > 1GeV,
the power corrections are sizable. Our observations high-
light the inclusion of higher-order radiative corrections
for TMD fit at the EIC, both in the Sudakov region (ex-
tending from NLL to N4LL accuracy) and in the transi-
tion region where power corrections become important.
Summary and Outlook. – In summary we introduce

a novel framework that generalizes the qT -subtraction
method to the identified hadron production, enabling the
calculation of QCD corrections to fully di↵erential SIDIS

qT subtraction/slicing method NNLO → NLO



Two-dimensional transverse momentum subtraction

21

✦ Introduction of the two-dimensional transverse momentum subtraction formalism for identified hadron 
production, using both conventional and out-of-plane qT as slicing variables, resulting a first calculation 
of unpolarized SIDIS at N3LO in QCD
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<latexit sha1_base64="BHmjLJy8Ju/OMsh3zZG6KbhKSf0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTJj6OmpSZr0LHTXKGHIf3jxoIhX/8Wbf2MnmYMmPih4vFdFVT0/lUKjbX9bS8srq2vrpY3y5tb2zm5lb7+lk0xxaPJEJqrjMw1SxNBEgRI6qQIW+RLa/vBm4rcfQWmRxPc4SsGLWD8WoeAMjfRA3QAkMuriAJD1KlW7Zk9BF4lTkCop0OhVvtwg4VkEMXLJtO46dopezhQKLmFcdjMNKeND1oeuoTGLQHv59OoxPTZKQMNEmYqRTtXfEzmLtB5FvumMGA70vDcR//O6GYZXXi7iNEOI+WxRmEmKCZ1EQAOhgKMcGcK4EuZWygdMMY4mqLIJwZl/eZG0TmvORe387qxavy7iKJFDckROiEMuSZ3ckgZpEk4UeSav5M16sl6sd+tj1rpkFTMH5A+szx/rw5Io</latexit>

�✓

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0 <latexit sha1_base64="85C7j7cmphwRW1iNUNVnLI2HR2w=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQzqwWME84BkCbOT3mTM7OwyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/GbT6g0j+WDGSXoR7QvecgZNVZqdG5RGNotld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+bXjsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IRXfsZlkhqUbLYoTAUxMZm8TnpcITNiZAllittbCRtQRZmxARVtCN78y4ukcVrxLirn92fl6nUeRwEO4QhOwINLqMId1KAODB7hGV7hzYmdF+fd+Zi1Ljn5zAH8gfP5A2PMjwY=</latexit>

�

<latexit sha1_base64="/Byb/lsp3OxEtKY0C22xwVIXRAo=">AAAB9XicbVDJSgNBFHwTtxi3qEcvjUHwFGbE7RjUg8cIZoHMGHp63iRNeha6e5Qw5D+8eFDEq//izb+xsxw0saChqKrHe11+KrjStv1tFZaWV1bXiuuljc2t7Z3y7l5TJZlk2GCJSGTbpwoFj7GhuRbYTiXSyBfY8gfXY7/1iFLxJL7XwxS9iPZiHnJGtZEeXGGiASXuDQpNu+WKXbUnIIvEmZEKzFDvlr/cIGFZhLFmgirVcexUezmVmjOBo5KbKUwpG9AedgyNaYTKyydXj8iRUQISJtK8WJOJ+nsip5FSw8g3yYjqvpr3xuJ/XifT4aWX8zjNNMZsuijMBNEJGVdAAi6RaTE0hDLJza2E9amkTJuiSqYEZ/7Li6R5UnXOq2d3p5Xa1ayOIhzAIRyDAxdQg1uoQwMYSHiGV3iznqwX6936mEYL1mxmH/7A+vwB/tWSMw==</latexit>

��
<latexit sha1_base64="K76ziRgFNXK72n6FBlncYmzXafo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx6LevAiVOgXtkvJptk2NMkuSVYoS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjdTv/VElWaRrJtxTH2BB5KFjGBjpce0qwSq399OUK9YcsvuDGiZeBkpQYZar/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aeziyfoxCp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE175KZNxYqgk80VhwpGJ0PR91GeKEsPHlmCimL0VkSFWmBgbUsGG4C2+vEyaZ2Xvolx5OC9Vr7M48nAEx3AKHlxCFe6gBg0gIOEZXuHN0c6L8+58zFtzTjZzCH/gfP4AolqQQA==</latexit>

TMD

<latexit sha1_base64="K76ziRgFNXK72n6FBlncYmzXafo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx6LevAiVOgXtkvJptk2NMkuSVYoS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjdTv/VElWaRrJtxTH2BB5KFjGBjpce0qwSq399OUK9YcsvuDGiZeBkpQYZar/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aeziyfoxCp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE175KZNxYqgk80VhwpGJ0PR91GeKEsPHlmCimL0VkSFWmBgbUsGG4C2+vEyaZ2Xvolx5OC9Vr7M48nAEx3AKHlxCFe6gBg0gIOEZXuHN0c6L8+58zFtzTjZzCH/gfP4AolqQQA==</latexit>

TMD
<latexit sha1_base64="5T6qYXvjC0Y2O/Oh6Yu80WO6xAE=">AAAB+XicbVDJSgNBEO2JW4zbqEcvjUGIlzAjbsegF48RzAKZIfR0KkmTnoXumkAY8idePCji1T/x5t/YSeagiQ+KerxXRVe/IJFCo+N8W4W19Y3NreJ2aWd3b//APjxq6jhVHBo8lrFqB0yDFBE0UKCEdqKAhYGEVjC6n/mtMSgt4ugJJwn4IRtEoi84QyN1bbvi9UAiox4OwbTzrl12qs4cdJW4OSmTHPWu/eX1Yp6GECGXTOuO6yToZ0yh4BKmJS/VkDA+YgPoGBqxELSfzS+f0jOj9Gg/VqYipHP190bGQq0nYWAmQ4ZDvezNxP+8Tor9Wz8TUZIiRHzxUD+VFGM6i4H2hAKOcmII40qYWykfMsU4mrBKJgR3+curpHlRda+rV4+X5dpdHkeRnJBTUiEuuSE18kDqpEE4GZNn8krerMx6sd6tj8Vowcp3jskfWJ8/Mz+Svg==</latexit>

(�✓)

<latexit sha1_base64="ZJbiasfBRgEJ7PHdu8gXSRNObI4=">AAAB9XicbVDJSgNBEK1xjXGLevTSGIR4CTPidgx68RjBLJAZQ09PJ2nSs9Bdo4Qh/+HFgyJe/Rdv/o2dZA6a+KDg8V4VVfX8RAqNtv1tLS2vrK6tFzaKm1vbO7ulvf2mjlPFeIPFMlZtn2ouRcQbKFDydqI4DX3JW/7wZuK3HrnSIo7ucZRwL6T9SPQEo2ikh4obcImUuMlAkJNuqWxX7SnIInFyUoYc9W7pyw1iloY8Qiap1h3HTtDLqELBJB8X3VTzhLIh7fOOoRENufay6dVjcmyUgPRiZSpCMlV/T2Q01HoU+qYzpDjQ895E/M/rpNi78jIRJSnyiM0W9VJJMCaTCEggFGcoR4ZQpoS5lbABVZShCapoQnDmX14kzdOqc1E9vzsr167zOApwCEdQAQcuoQa3UIcGMFDwDK/wZj1ZL9a79TFrXbLymQP4A+vzByO/kaQ=</latexit>

(��)

<latexit sha1_base64="dYA04AKKxJ5fGp3kggoinMxKZwo=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GiaT1VvUi8cEzALJEHo6NUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNVzI86ksqwPI7O2vrG5ld3O7ezu7R/kD486MowFhTYNeSh6LpHAWQBtxRSHXiSA+C6Hrju9Tv3uPQjJwuBWzSJwfDIOmMcoUVpqXQ7zBcu8qFftio0t07JqdqmaErtWtku4qJUUBbRCc5h/H4xCGvsQKMqJlP2iFSknIUIxymGeG8QSIkKnZAx9TQPig3SSxaFzfKaVEfZCoStQeKF+n0iIL+XMd3WnT9RE/vZS8S+vHyuv7iQsiGIFAV0u8mKOVYjTr/GICaCKzzQhVDB9K6YTIghVOpucDuHrU/w/6dhmsWpWWuVC42oVRxadoFN0joqohhroBjVRG1EE6AE9oWfjzng0XozXZWvGWM0cox8w3j4B+QaNEw==</latexit>

A

<latexit sha1_base64="jap0b1wdoOm7/vcKRsh4k6g+qyU=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GiaT1VuIF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/Yk0RQ0QcFj/eqqKrnRpxJZVkfRmZjc2t7J7ub29s/ODzKH590ZRgLCh0a8lD0XSKBswA6iikO/UgA8V0OPXd2nfq9exCShcGtmkfg+GQSMI9RorTUbo7yBcu8qlftio0t07JqdqmaErtWtku4qJUUBbRGa5R/H45DGvsQKMqJlIOiFSknIUIxymGRG8YSIkJnZAIDTQPig3SS5aELfKGVMfZCoStQeKl+n0iIL+Xcd3WnT9RU/vZS8S9vECuv7iQsiGIFAV0t8mKOVYjTr/GYCaCKzzUhVDB9K6ZTIghVOpucDuHrU/w/6dpmsWpW2uVCo7mOI4vO0Dm6REVUQw10g1qogygC9ICe0LNxZzwaL8brqjVjrGdO0Q8Yb5/6io0U</latexit>

B

<latexit sha1_base64="7uE7JMSDCR1bNTZUqPPvozgAaNI=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GiaT1VswF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/Yk0RQ0QcFj/eqqKrnRpxJZVkfRmZjc2t7J7ub29s/ODzKH590ZRgLCh0a8lD0XSKBswA6iikO/UgA8V0OPXfWTP3ePQjJwuBWzSNwfDIJmMcoUVpqN0f5gmVe1at2xcaWaVk1u1RNiV0r2yVc1EqKAlqjNcq/D8chjX0IFOVEykHRipSTEKEY5bDIDWMJEaEzMoGBpgHxQTrJ8tAFvtDKGHuh0BUovFS/TyTEl3Luu7rTJ2oqf3up+Jc3iJVXdxIWRLGCgK4WeTHHKsTp13jMBFDF55oQKpi+FdMpEYQqnU1Oh/D1Kf6fdG2zWDUr7XKhcb2OI4vO0Dm6REVUQw10g1qogygC9ICe0LNxZzwaL8brqjVjrGdO0Q8Yb5/8Do0V</latexit>

C

〰

Jk

<latexit sha1_base64="B8BR/1RkL4VidxIV/kAtnylaENI=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoMgHsKuSPQY9OIxgnlAEkPvZDYZMjO7zswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BTFn2njet5NbWV1b38hvFra2d3b3ivsHDR0litA6iXikWgFqypmkdcMMp61YURQBp81gdDP1m09UaRbJezOOaVfgQLKQETRWanUGKAQ+nPWKJa/szeAuEz8jJchQ6xW/Ov2IJIJKQzhq3fa92HRTVIYRTieFTqJpjGSEA9q2VKKgupvO7p24J1bpu2GkbEnjztTfEykKrccisJ0CzVAvelPxP6+dmPCqmzIZJ4ZKMl8UJtw1kTt93u0zRYnhY0uQKGZvdckQFRJjIyrYEPzFl5dJ47zsV8qVu4tS9TqLIw9HcAyn4MMlVOEWalAHAhye4RXenEfnxXl3PuatOSebOYQ/cD5/AKemj7w=</latexit>

�
⇤

<latexit sha1_base64="BRy4258soj60uT5Ud0MrDsO/Pww=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI9FLx4r2A/oLiWbZtvQbBKSWaEs/RtePCji1T/jzX9j2u5Bqw8GHu/NMDMv1oJb8P0vr7S2vrG5Vd6u7Ozu7R9UD486VmWGsjZVQpleTCwTXLI2cBCspw0jaSxYN57czv3uIzOWK/kAU82ilIwkTzgl4KQwD02KtVGg5GxQrfl1fwH8lwQFqaECrUH1MxwqmqVMAhXE2n7ga4hyYoBTwWaVMLNMEzohI9Z3VJKU2Shf3DzDZ04Z4kQZVxLwQv05kZPU2mkau86UwNiuenPxP6+fQXId5VzqDJiky0VJJjAoPA8AD7lhFMTUEUINd7diOiaGUHAxVVwIwerLf0nnoh406o37y1rzpoijjE7QKTpHAbpCTXSHWqiNKNLoCb2gVy/znr03733ZWvKKmWP0C97HN2hpkfI=</latexit>

proton
<latexit sha1_base64="SRntMELu7MsqeMPLcirMvqCT2rw=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2R6rHoxWOFfkG7lGyabWOzyZJkhbL0P3jxoIhX/483/41puwdtfTDweG+GmXlhIrixnveN1tY3Nre2CzvF3b39g8PS0XHLqFRT1qRKKN0JiWGCS9a03ArWSTQjcShYOxzfzfz2E9OGK9mwk4QFMRlKHnFKrJNa9X42akz7pbJX8ebAq8TPSRly1Pulr95A0TRm0lJBjOn6XmKDjGjLqWDTYi81LCF0TIas66gkMTNBNr92is+dMsCR0q6kxXP190RGYmMmceg6Y2JHZtmbif953dRGN0HGZZJaJuliUZQKbBWevY4HXDNqxcQRQjV3t2I6IppQ6wIquhD85ZdXSeuy4lcr1Yercu02j6MAp3AGF+DDNdTgHurQBAqP8Ayv8IYUekHv6GPRuobymRP4A/T5A5BcjyQ=</latexit>

PhT

<latexit sha1_base64="1tbvSt7R/fSl5fLb6aHdciiBycM=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAdklzA7O0mGzGOZmRXCkt/w4kERr/6MN//GSbIHjRY0FFXddHfFKWfG+v6XV1pb39jcKm9Xdnb39g+qh0cdozJNaJsornQvxoZyJmnbMstpL9UUi5jTbjy5nfvdR6oNU/LBTlMaCTySbMgItk4K81ALNMaJVnI2qNb8ur8A+kuCgtSgQGtQ/QwTRTJBpSUcG9MP/NRGOdaWEU5nlTAzNMVkgke076jEgpooX9w8Q2dOSdBQaVfSooX6cyLHwpipiF2nwHZsVr25+J/Xz+zwOsqZTDNLJVkuGmYcWYXmAaCEaUosnzqCiWbuVkTGWGNiXUwVF0Kw+vJf0rmoB4164/6y1rwp4ijDCZzCOQRwBU24gxa0gUAKT/ACr17mPXtv3vuyteQVM8fwC97HNy4akcw=</latexit>

hadron

<latexit sha1_base64="Lj3lxZqlzB5X3ONNTl7ALXBIeO0=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9oHtUDJppg3NY0gyQhn6F25cKOLWv3Hn35i2s9DWA4HDOeeSe0+UcGas7397hZXVtfWN4mZpa3tnd6+8f9A0KtWENojiSrcjbChnkjYss5y2E02xiDhtRaPbqd96otowJR/sOKGhwAPJYkawddJj1tUCRS4/6ZUrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTbbeIJOnNJHsdLuSYtm6u+JDAtjxiJySYHt0Cx6U/E/r5Pa+DrMmExSSyWZfxSnHFmFpuejPtOUWD52BBPN3K6IDLHGxLqSSq6EYPHkZdI8qwaX1Yv780rtJq+jCEdwDKcQwBXU4A7q0AACEp7hFd484714797HPFrw8plD+APv8wd9U5DQ</latexit>

beam

<latexit sha1_base64="BHmjLJy8Ju/OMsh3zZG6KbhKSf0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTJj6OmpSZr0LHTXKGHIf3jxoIhX/8Wbf2MnmYMmPih4vFdFVT0/lUKjbX9bS8srq2vrpY3y5tb2zm5lb7+lk0xxaPJEJqrjMw1SxNBEgRI6qQIW+RLa/vBm4rcfQWmRxPc4SsGLWD8WoeAMjfRA3QAkMuriAJD1KlW7Zk9BF4lTkCop0OhVvtwg4VkEMXLJtO46dopezhQKLmFcdjMNKeND1oeuoTGLQHv59OoxPTZKQMNEmYqRTtXfEzmLtB5FvumMGA70vDcR//O6GYZXXi7iNEOI+WxRmEmKCZ1EQAOhgKMcGcK4EuZWygdMMY4mqLIJwZl/eZG0TmvORe387qxavy7iKJFDckROiEMuSZ3ckgZpEk4UeSav5M16sl6sd+tj1rpkFTMH5A+szx/rw5Io</latexit>

�✓

<latexit sha1_base64="tqFJb5AHBkOviCluZeGvuSlE918=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWw2m3bpZhN2J0Ip/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvzKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJprxtsslanuhdRwKRRvo0DJe5nmNAkl74bj27nffeTaiFQ94CTjQUKHSsSCUbSS70dcIiV+NhJkUK25dXcB8pd4BalBgdag+ulHKcsTrpBJakzfczMMplSjYJLPKn5ueEbZmA5531JFE26C6eLmGTmzSkTiVNtSSBbqz4kpTYyZJKHtTCiOzKo3F//z+jnG18FUqCxHrthyUZxLgimZB0AioTlDObGEMi3srYSNqKYMbUwVG4K3+vJf0rmoe4164/6y1rwp4ijDCZzCOXhwBU24gxa0gUEGT/ACr07uPDtvzvuyteQUM8fwC87HN1j9kUA=</latexit>

��
<latexit sha1_base64="8s52Mujp12iw6NHMvi1x60+mNmU=">AAACBnicbVDLSgMxFM3UV62vUZciBIsgCmVGfC2LblxWsA/ojCWTZtrYJDMkGaEMXbnxV9y4UMSt3+DOvzGdzkJbD1w4nHMvyTlBzKjSjvNtFebmFxaXisulldW19Q17c6uhokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4GvvNByIVjcStHsbE56gnaEgx0kbq2LvQ6yHO0d0hPIIx9HQEYd/Q+2w6dtmpOBngLHFzUgY5ah37y+tGOOFEaMyQUm3XibWfIqkpZmRU8hJFYoQHqEfahgrEifLTLMYI7hulC8NImhEaZurvixRxpYY8MJsc6b6a9sbif1470eGFn1IRJ5oIPHkoTBg0YcedwC6VBGs2NARhSc1fIe4jibA2zZVMCe505FnSOK64Z5XTm5Ny9TKvowh2wB44AC44B1VwDWqgDjB4BM/gFbxZT9aL9W59TFYLVn6zDf7A+vwB2xKVig==</latexit>

�
⇤ + p ! h + j + j

<latexit sha1_base64="ASFdr0RD5IYgGmBPYvYPHgiDJko=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwfRCOYBmyXMTmaTITM7y8ysEJZ8hhcPinj1a7z5N06SPWhiQUNR1U13V5hwpo3rfjuFpeWV1bXiemljc2t7p7y719QyVYQ2iORStUOsKWcxbRhmOG0nimIRctoKh9cTv/VElWYyfjSjhAYC92MWMYKNlfwayjpKoLvb+3G3XHGr7hRokXg5qUCOerf81elJkgoaG8Kx1r7nJibIsDKMcDoudVJNE0yGuE99S2MsqA6y6cljdGSVHoqkshUbNFV/T2RYaD0Soe0U2Az0vDcR//P81ESXQcbiJDU0JrNFUcqRkWjyP+oxRYnhI0swUczeisgAK0yMTalkQ/DmX14kzZOqd149ezit1K7yOIpwAIdwDB5cQA1uoA4NICDhGV7hzTHOi/PufMxaC04+sw9/4Hz+AC7OkI4=</latexit>

@NLO

<latexit sha1_base64="PMVdBHG+FpXOje8A8CQCUBHMvb4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmAdsljA7mU2GzGOZ6RXCks/w4kERr36NN//GSbIHjRY0FFXddHfFqeAWfP/LK62tb2xulbcrO7t7+wfVw6OO1ZmhrE210KYXE8sEV6wNHATrpYYRGQvWjSe3c7/7yIzlWj3ANGWRJCPFE04JOClMB3nfSKwzmA2qNb/uL4D/kqAgNVSgNah+9oeaZpIpoIJYGwZ+ClFODHAq2KzSzyxLCZ2QEQsdVUQyG+WLk2f4zClDnGjjSgFeqD8nciKtncrYdUoCY7vqzcX/vDCD5DrKuUozYIouFyWZwKDx/H885IZREFNHCDXc3YrpmBhCwaVUcSEEqy//JZ2LetCoN+4va82bIo4yOkGn6BwF6Ao10R1qoTaiSKMn9IJePfCevTfvfdla8oqZY/QL3sc3hJiRbQ==</latexit>

pout

<latexit sha1_base64="srVvXlUttQek6jSYLfysWQj1P9s=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJgMoafTkzTpZejuEcKQv/DiQRGv/o03/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1kmPSS/raoGYnPTKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTxBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoen7qM80JZaPHcFEM3crIkOsMbEupJILIVh8eZk0z6rBZfXi/rxSu8njKMIRHMMpBHAFNbiDOjSAgIRneIU3z3gv3rv3MW8tePnMIfyB9/kDl62Q4Q==</latexit>

pin

<latexit sha1_base64="XkPbEY+xXErXPqkgm4K/sEtv9dE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDabTbt0swm7E6GU/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjTXjLdYKlPdCanhUijeQoGSdzLNaRJK3g6Ht1O//cS1Eal6wFHGg4T2lYgFo2gln/gRl0iJnw1Er1pz6+4MZJl4BalBgWav+uVHKcsTrpBJakzXczMMxlSjYJJPKn5ueEbZkPZ511JFE26C8ezmCTmxSkTiVNtSSGbq74kxTYwZJaHtTCgOzKI3Ff/zujnG18FYqCxHrth8UZxLgimZBkAioTlDObKEMi3srYQNqKYMbUwVG4K3+PIyeTyre5f1i/vzWuOmiKMMR3AMp+DBFTTgDprQAgYZPMMrvDm58+K8Ox/z1pJTzBzCHzifP1XokT8=</latexit>

��

<latexit sha1_base64="BHmjLJy8Ju/OMsh3zZG6KbhKSf0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTJj6OmpSZr0LHTXKGHIf3jxoIhX/8Wbf2MnmYMmPih4vFdFVT0/lUKjbX9bS8srq2vrpY3y5tb2zm5lb7+lk0xxaPJEJqrjMw1SxNBEgRI6qQIW+RLa/vBm4rcfQWmRxPc4SsGLWD8WoeAMjfRA3QAkMuriAJD1KlW7Zk9BF4lTkCop0OhVvtwg4VkEMXLJtO46dopezhQKLmFcdjMNKeND1oeuoTGLQHv59OoxPTZKQMNEmYqRTtXfEzmLtB5FvumMGA70vDcR//O6GYZXXi7iNEOI+WxRmEmKCZ1EQAOhgKMcGcK4EuZWygdMMY4mqLIJwZl/eZG0TmvORe387qxavy7iKJFDckROiEMuSZ3ckgZpEk4UeSav5M16sl6sd+tj1rpkFTMH5A+szx/rw5Io</latexit>

�✓

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0 <latexit sha1_base64="85C7j7cmphwRW1iNUNVnLI2HR2w=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQzqwWME84BkCbOT3mTM7OwyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/GbT6g0j+WDGSXoR7QvecgZNVZqdG5RGNotld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+bXjsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IRXfsZlkhqUbLYoTAUxMZm8TnpcITNiZAllittbCRtQRZmxARVtCN78y4ukcVrxLirn92fl6nUeRwEO4QhOwINLqMId1KAODB7hGV7hzYmdF+fd+Zi1Ljn5zAH8gfP5A2PMjwY=</latexit>

�

<latexit sha1_base64="/Byb/lsp3OxEtKY0C22xwVIXRAo=">AAAB9XicbVDJSgNBFHwTtxi3qEcvjUHwFGbE7RjUg8cIZoHMGHp63iRNeha6e5Qw5D+8eFDEq//izb+xsxw0saChqKrHe11+KrjStv1tFZaWV1bXiuuljc2t7Z3y7l5TJZlk2GCJSGTbpwoFj7GhuRbYTiXSyBfY8gfXY7/1iFLxJL7XwxS9iPZiHnJGtZEeXGGiASXuDQpNu+WKXbUnIIvEmZEKzFDvlr/cIGFZhLFmgirVcexUezmVmjOBo5KbKUwpG9AedgyNaYTKyydXj8iRUQISJtK8WJOJ+nsip5FSw8g3yYjqvpr3xuJ/XifT4aWX8zjNNMZsuijMBNEJGVdAAi6RaTE0hDLJza2E9amkTJuiSqYEZ/7Li6R5UnXOq2d3p5Xa1ayOIhzAIRyDAxdQg1uoQwMYSHiGV3iznqwX6936mEYL1mxmH/7A+vwB/tWSMw==</latexit>

��
<latexit sha1_base64="K76ziRgFNXK72n6FBlncYmzXafo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx6LevAiVOgXtkvJptk2NMkuSVYoS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjdTv/VElWaRrJtxTH2BB5KFjGBjpce0qwSq399OUK9YcsvuDGiZeBkpQYZar/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aeziyfoxCp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE175KZNxYqgk80VhwpGJ0PR91GeKEsPHlmCimL0VkSFWmBgbUsGG4C2+vEyaZ2Xvolx5OC9Vr7M48nAEx3AKHlxCFe6gBg0gIOEZXuHN0c6L8+58zFtzTjZzCH/gfP4AolqQQA==</latexit>

TMD

<latexit sha1_base64="K76ziRgFNXK72n6FBlncYmzXafo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx6LevAiVOgXtkvJptk2NMkuSVYoS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjdTv/VElWaRrJtxTH2BB5KFjGBjpce0qwSq399OUK9YcsvuDGiZeBkpQYZar/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aeziyfoxCp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE175KZNxYqgk80VhwpGJ0PR91GeKEsPHlmCimL0VkSFWmBgbUsGG4C2+vEyaZ2Xvolx5OC9Vr7M48nAEx3AKHlxCFe6gBg0gIOEZXuHN0c6L8+58zFtzTjZzCH/gfP4AolqQQA==</latexit>

TMD
<latexit sha1_base64="5T6qYXvjC0Y2O/Oh6Yu80WO6xAE=">AAAB+XicbVDJSgNBEO2JW4zbqEcvjUGIlzAjbsegF48RzAKZIfR0KkmTnoXumkAY8idePCji1T/x5t/YSeagiQ+KerxXRVe/IJFCo+N8W4W19Y3NreJ2aWd3b//APjxq6jhVHBo8lrFqB0yDFBE0UKCEdqKAhYGEVjC6n/mtMSgt4ugJJwn4IRtEoi84QyN1bbvi9UAiox4OwbTzrl12qs4cdJW4OSmTHPWu/eX1Yp6GECGXTOuO6yToZ0yh4BKmJS/VkDA+YgPoGBqxELSfzS+f0jOj9Gg/VqYipHP190bGQq0nYWAmQ4ZDvezNxP+8Tor9Wz8TUZIiRHzxUD+VFGM6i4H2hAKOcmII40qYWykfMsU4mrBKJgR3+curpHlRda+rV4+X5dpdHkeRnJBTUiEuuSE18kDqpEE4GZNn8krerMx6sd6tj8Vowcp3jskfWJ8/Mz+Svg==</latexit>

(�✓)

<latexit sha1_base64="ZJbiasfBRgEJ7PHdu8gXSRNObI4=">AAAB9XicbVDJSgNBEK1xjXGLevTSGIR4CTPidgx68RjBLJAZQ09PJ2nSs9Bdo4Qh/+HFgyJe/Rdv/o2dZA6a+KDg8V4VVfX8RAqNtv1tLS2vrK6tFzaKm1vbO7ulvf2mjlPFeIPFMlZtn2ouRcQbKFDydqI4DX3JW/7wZuK3HrnSIo7ucZRwL6T9SPQEo2ikh4obcImUuMlAkJNuqWxX7SnIInFyUoYc9W7pyw1iloY8Qiap1h3HTtDLqELBJB8X3VTzhLIh7fOOoRENufay6dVjcmyUgPRiZSpCMlV/T2Q01HoU+qYzpDjQ895E/M/rpNi78jIRJSnyiM0W9VJJMCaTCEggFGcoR4ZQpoS5lbABVZShCapoQnDmX14kzdOqc1E9vzsr167zOApwCEdQAQcuoQa3UIcGMFDwDK/wZj1ZL9a79TFrXbLymQP4A+vzByO/kaQ=</latexit>

(��)

<latexit sha1_base64="dYA04AKKxJ5fGp3kggoinMxKZwo=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GiaT1VvUi8cEzALJEHo6NUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNVzI86ksqwPI7O2vrG5ld3O7ezu7R/kD486MowFhTYNeSh6LpHAWQBtxRSHXiSA+C6Hrju9Tv3uPQjJwuBWzSJwfDIOmMcoUVpqXQ7zBcu8qFftio0t07JqdqmaErtWtku4qJUUBbRCc5h/H4xCGvsQKMqJlP2iFSknIUIxymGeG8QSIkKnZAx9TQPig3SSxaFzfKaVEfZCoStQeKF+n0iIL+XMd3WnT9RE/vZS8S+vHyuv7iQsiGIFAV0u8mKOVYjTr/GICaCKzzQhVDB9K6YTIghVOpucDuHrU/w/6dhmsWpWWuVC42oVRxadoFN0joqohhroBjVRG1EE6AE9oWfjzng0XozXZWvGWM0cox8w3j4B+QaNEw==</latexit>

A

<latexit sha1_base64="jap0b1wdoOm7/vcKRsh4k6g+qyU=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GiaT1VuIF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/Yk0RQ0QcFj/eqqKrnRpxJZVkfRmZjc2t7J7ub29s/ODzKH590ZRgLCh0a8lD0XSKBswA6iikO/UgA8V0OPXd2nfq9exCShcGtmkfg+GQSMI9RorTUbo7yBcu8qlftio0t07JqdqmaErtWtku4qJUUBbRGa5R/H45DGvsQKMqJlIOiFSknIUIxymGRG8YSIkJnZAIDTQPig3SS5aELfKGVMfZCoStQeKl+n0iIL+Xcd3WnT9RU/vZS8S9vECuv7iQsiGIFAV0t8mKOVYjTr/GYCaCKzzUhVDB9K6ZTIghVOpucDuHrU/w/6dpmsWpW2uVCo7mOI4vO0Dm6REVUQw10g1qogygC9ICe0LNxZzwaL8brqjVjrGdO0Q8Yb5/6io0U</latexit>

B

<latexit sha1_base64="7uE7JMSDCR1bNTZUqPPvozgAaNI=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GiaT1VswF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/Yk0RQ0QcFj/eqqKrnRpxJZVkfRmZjc2t7J7ub29s/ODzKH590ZRgLCh0a8lD0XSKBswA6iikO/UgA8V0OPXfWTP3ePQjJwuBWzSNwfDIJmMcoUVpqN0f5gmVe1at2xcaWaVk1u1RNiV0r2yVc1EqKAlqjNcq/D8chjX0IFOVEykHRipSTEKEY5bDIDWMJEaEzMoGBpgHxQTrJ8tAFvtDKGHuh0BUovFS/TyTEl3Luu7rTJ2oqf3up+Jc3iJVXdxIWRLGCgK4WeTHHKsTp13jMBFDF55oQKpi+FdMpEYQqnU1Oh/D1Kf6fdG2zWDUr7XKhcb2OI4vO0Dm6REVUQw10g1qogygC9ICe0LNxZzwaL8brqjVjrGdO0Q8Yb5/8Do0V</latexit>

C

〰

Jk

<latexit sha1_base64="B8BR/1RkL4VidxIV/kAtnylaENI=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoMgHsKuSPQY9OIxgnlAEkPvZDYZMjO7zswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BTFn2njet5NbWV1b38hvFra2d3b3ivsHDR0litA6iXikWgFqypmkdcMMp61YURQBp81gdDP1m09UaRbJezOOaVfgQLKQETRWanUGKAQ+nPWKJa/szeAuEz8jJchQ6xW/Ov2IJIJKQzhq3fa92HRTVIYRTieFTqJpjGSEA9q2VKKgupvO7p24J1bpu2GkbEnjztTfEykKrccisJ0CzVAvelPxP6+dmPCqmzIZJ4ZKMl8UJtw1kTt93u0zRYnhY0uQKGZvdckQFRJjIyrYEPzFl5dJ47zsV8qVu4tS9TqLIw9HcAyn4MMlVOEWalAHAhye4RXenEfnxXl3PuatOSebOYQ/cD5/AKemj7w=</latexit>

�
⇤

<latexit sha1_base64="BRy4258soj60uT5Ud0MrDsO/Pww=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI9FLx4r2A/oLiWbZtvQbBKSWaEs/RtePCji1T/jzX9j2u5Bqw8GHu/NMDMv1oJb8P0vr7S2vrG5Vd6u7Ozu7R9UD486VmWGsjZVQpleTCwTXLI2cBCspw0jaSxYN57czv3uIzOWK/kAU82ilIwkTzgl4KQwD02KtVGg5GxQrfl1fwH8lwQFqaECrUH1MxwqmqVMAhXE2n7ga4hyYoBTwWaVMLNMEzohI9Z3VJKU2Shf3DzDZ04Z4kQZVxLwQv05kZPU2mkau86UwNiuenPxP6+fQXId5VzqDJiky0VJJjAoPA8AD7lhFMTUEUINd7diOiaGUHAxVVwIwerLf0nnoh406o37y1rzpoijjE7QKTpHAbpCTXSHWqiNKNLoCb2gVy/znr03733ZWvKKmWP0C97HN2hpkfI=</latexit>

proton
<latexit sha1_base64="SRntMELu7MsqeMPLcirMvqCT2rw=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2R6rHoxWOFfkG7lGyabWOzyZJkhbL0P3jxoIhX/483/41puwdtfTDweG+GmXlhIrixnveN1tY3Nre2CzvF3b39g8PS0XHLqFRT1qRKKN0JiWGCS9a03ArWSTQjcShYOxzfzfz2E9OGK9mwk4QFMRlKHnFKrJNa9X42akz7pbJX8ebAq8TPSRly1Pulr95A0TRm0lJBjOn6XmKDjGjLqWDTYi81LCF0TIas66gkMTNBNr92is+dMsCR0q6kxXP190RGYmMmceg6Y2JHZtmbif953dRGN0HGZZJaJuliUZQKbBWevY4HXDNqxcQRQjV3t2I6IppQ6wIquhD85ZdXSeuy4lcr1Yercu02j6MAp3AGF+DDNdTgHurQBAqP8Ayv8IYUekHv6GPRuobymRP4A/T5A5BcjyQ=</latexit>

PhT

<latexit sha1_base64="1tbvSt7R/fSl5fLb6aHdciiBycM=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAdklzA7O0mGzGOZmRXCkt/w4kERr/6MN//GSbIHjRY0FFXddHfFKWfG+v6XV1pb39jcKm9Xdnb39g+qh0cdozJNaJsornQvxoZyJmnbMstpL9UUi5jTbjy5nfvdR6oNU/LBTlMaCTySbMgItk4K81ALNMaJVnI2qNb8ur8A+kuCgtSgQGtQ/QwTRTJBpSUcG9MP/NRGOdaWEU5nlTAzNMVkgke076jEgpooX9w8Q2dOSdBQaVfSooX6cyLHwpipiF2nwHZsVr25+J/Xz+zwOsqZTDNLJVkuGmYcWYXmAaCEaUosnzqCiWbuVkTGWGNiXUwVF0Kw+vJf0rmoB4164/6y1rwp4ijDCZzCOQRwBU24gxa0gUAKT/ACr17mPXtv3vuyteQVM8fwC97HNy4akcw=</latexit>

hadron

<latexit sha1_base64="Lj3lxZqlzB5X3ONNTl7ALXBIeO0=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9oHtUDJppg3NY0gyQhn6F25cKOLWv3Hn35i2s9DWA4HDOeeSe0+UcGas7397hZXVtfWN4mZpa3tnd6+8f9A0KtWENojiSrcjbChnkjYss5y2E02xiDhtRaPbqd96otowJR/sOKGhwAPJYkawddJj1tUCRS4/6ZUrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTbbeIJOnNJHsdLuSYtm6u+JDAtjxiJySYHt0Cx6U/E/r5Pa+DrMmExSSyWZfxSnHFmFpuejPtOUWD52BBPN3K6IDLHGxLqSSq6EYPHkZdI8qwaX1Yv780rtJq+jCEdwDKcQwBXU4A7q0AACEp7hFd484714797HPFrw8plD+APv8wd9U5DQ</latexit>

beam

<latexit sha1_base64="BHmjLJy8Ju/OMsh3zZG6KbhKSf0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTJj6OmpSZr0LHTXKGHIf3jxoIhX/8Wbf2MnmYMmPih4vFdFVT0/lUKjbX9bS8srq2vrpY3y5tb2zm5lb7+lk0xxaPJEJqrjMw1SxNBEgRI6qQIW+RLa/vBm4rcfQWmRxPc4SsGLWD8WoeAMjfRA3QAkMuriAJD1KlW7Zk9BF4lTkCop0OhVvtwg4VkEMXLJtO46dopezhQKLmFcdjMNKeND1oeuoTGLQHv59OoxPTZKQMNEmYqRTtXfEzmLtB5FvumMGA70vDcR//O6GYZXXi7iNEOI+WxRmEmKCZ1EQAOhgKMcGcK4EuZWygdMMY4mqLIJwZl/eZG0TmvORe387qxavy7iKJFDckROiEMuSZ3ckgZpEk4UeSav5M16sl6sd+tj1rpkFTMH5A+szx/rw5Io</latexit>

�✓

<latexit sha1_base64="tqFJb5AHBkOviCluZeGvuSlE918=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWw2m3bpZhN2J0Ip/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvzKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJprxtsslanuhdRwKRRvo0DJe5nmNAkl74bj27nffeTaiFQ94CTjQUKHSsSCUbSS70dcIiV+NhJkUK25dXcB8pd4BalBgdag+ulHKcsTrpBJakzfczMMplSjYJLPKn5ueEbZmA5531JFE26C6eLmGTmzSkTiVNtSSBbqz4kpTYyZJKHtTCiOzKo3F//z+jnG18FUqCxHrthyUZxLgimZB0AioTlDObGEMi3srYSNqKYMbUwVG4K3+vJf0rmoe4164/6y1rwp4ijDCZzCOXhwBU24gxa0gUEGT/ACr07uPDtvzvuyteQUM8fwC87HN1j9kUA=</latexit>

�� <latexit sha1_base64="8s52Mujp12iw6NHMvi1x60+mNmU=">AAACBnicbVDLSgMxFM3UV62vUZciBIsgCmVGfC2LblxWsA/ojCWTZtrYJDMkGaEMXbnxV9y4UMSt3+DOvzGdzkJbD1w4nHMvyTlBzKjSjvNtFebmFxaXisulldW19Q17c6uhokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4GvvNByIVjcStHsbE56gnaEgx0kbq2LvQ6yHO0d0hPIIx9HQEYd/Q+2w6dtmpOBngLHFzUgY5ah37y+tGOOFEaMyQUm3XibWfIqkpZmRU8hJFYoQHqEfahgrEifLTLMYI7hulC8NImhEaZurvixRxpYY8MJsc6b6a9sbif1470eGFn1IRJ5oIPHkoTBg0YcedwC6VBGs2NARhSc1fIe4jibA2zZVMCe505FnSOK64Z5XTm5Ny9TKvowh2wB44AC44B1VwDWqgDjB4BM/gFbxZT9aL9W59TFYLVn6zDf7A+vwB2xKVig==</latexit>

�
⇤ + p ! h + j + j
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pout

FIG. 1: Left: schematic definition of the kinematic variables used for the two-dimensional qT -subtraction method in the Breit
frame. The incoming virtual photon �⇤ scatters o↵ the proton, producing an identified hadron and a recoiling leading jet Jk.
The blue lines along the proton direction denote beam collinear radiation. The green curved lines indicate the soft radiations.
The slicing variables are chosen as the beam polar angle �✓ and the azimuthal decorrelation ��. Right: partition of the phase
space into di↵erent regions according to �✓ > � and �� > ��, with the two slicing parameters �, � ⌧ 1.

the hadron is produced with zero transverse momentum
PhT , or equivalently with beam polar angle �✓ = 0, where
PhT ⌘ Ph sin �✓. Beyond LO, the identified hadron ac-
quires a transverse momentum ~PhT = (pin, pout), con-
sisting of components within and perpendicular to the
scattering plane defined by the incoming beams and the
recoiling leading jet with the winner-take-all (WTA) re-
combination scheme [76, 77]. They can be parametrized
by the azimuthal decorrelation ��, with pin ⌘ PhT cos ��

and pout ⌘ PhT sin ��. Consequently, at next-to-leading
order (NLO) the hadron retains a vanishing out-of-plane
momentum pout, or equivalently with �� = 0. Thus by
requiring both non-vanishing PhT and pout, the soft and
collinear pattern of QCD radiations can be largely sim-
plified. Especially, the N3LO corrections in this region
are entirely captured by the NLO calculation to the as-
sociated production of the hadron and a dijet.

Motivated by these kinematic boundaries, we pro-
pose a two-dimensional transverse-momentum subtrac-
tion scheme governed by two slicing variables, PhT

and pout (or equivalently, �✓ and ��). Following the
qT -subtraction approach for identified hadron produc-
tion [58, 61, 63], we partition the cross section as
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where the three terms correspond to contributions from
region A, B, and C, respectively, as shown in the right
panel of Fig 1. The boundaries are characterized by
two small resolution/slicing parameters, � and � ⌧ 1.
For the resolved region C, the NLO calculations are car-
ried out based on the FMNLO framework [78] for identified
hadron production. The necessary one-loop matrix ele-
ments for ei ! ejkl and tree-level matrix elements for

ei ! ejklm are taken from Refs. [79–82], where ijklm

represent all possible flavor combinations of QCD par-
tons.

Concerning the two unresolved regions, for region A
in the limit PhT ⌧ Q, the cross section is governed by
the transverse-momentum-dependent (TMD) factoriza-
tion formula [61]

d�
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X

i

Hei!ei(Q)

⇥ Bi/p(x,~b?) Dh/i(z,~b?/z) Sqq(~b?) [1 + O(�)] (2)

at leading power, and can be calculated using its fixed-
order expansions to desired orders of ↵s with power cor-
rections vanishing in the limit of � ! 0. Here Q, x, y,
and z are the momentum transfer, Bjorken variable, in-
elasticity and identified hadron momentum fraction, re-
spectively. The hard function Hei!ei is obtained from
the quark matching coe�cients extracted from the quark
form factors [83–89]. The Bi/p and Dh/i denote the stan-
dard TMD beam function for parton i in proton p and
TMD fragmentation function for parton i fragmenting
into hadron h, respectively, and both of them are known
through three loops [90–92]. The three-loop analytic re-
sult for the soft function Sqq can be obtained from [93],
thanks to the crossing property at this order [94].

Similarly, for region B in the asymptotic limit where
the out-of-plane momentum is small (pout ⌧ PhT ), the
di↵erential cross section is governed by the TMD factor-
ization formula [58, 63, 95–97]
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hadron

<latexit sha1_base64="Lj3lxZqlzB5X3ONNTl7ALXBIeO0=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9oHtUDJppg3NY0gyQhn6F25cKOLWv3Hn35i2s9DWA4HDOeeSe0+UcGas7397hZXVtfWN4mZpa3tnd6+8f9A0KtWENojiSrcjbChnkjYss5y2E02xiDhtRaPbqd96otowJR/sOKGhwAPJYkawddJj1tUCRS4/6ZUrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTbbeIJOnNJHsdLuSYtm6u+JDAtjxiJySYHt0Cx6U/E/r5Pa+DrMmExSSyWZfxSnHFmFpuejPtOUWD52BBPN3K6IDLHGxLqSSq6EYPHkZdI8qwaX1Yv780rtJq+jCEdwDKcQwBXU4A7q0AACEp7hFd484714797HPFrw8plD+APv8wd9U5DQ</latexit>

beam

<latexit sha1_base64="BHmjLJy8Ju/OMsh3zZG6KbhKSf0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTJj6OmpSZr0LHTXKGHIf3jxoIhX/8Wbf2MnmYMmPih4vFdFVT0/lUKjbX9bS8srq2vrpY3y5tb2zm5lb7+lk0xxaPJEJqrjMw1SxNBEgRI6qQIW+RLa/vBm4rcfQWmRxPc4SsGLWD8WoeAMjfRA3QAkMuriAJD1KlW7Zk9BF4lTkCop0OhVvtwg4VkEMXLJtO46dopezhQKLmFcdjMNKeND1oeuoTGLQHv59OoxPTZKQMNEmYqRTtXfEzmLtB5FvumMGA70vDcR//O6GYZXXi7iNEOI+WxRmEmKCZ1EQAOhgKMcGcK4EuZWygdMMY4mqLIJwZl/eZG0TmvORe387qxavy7iKJFDckROiEMuSZ3ckgZpEk4UeSav5M16sl6sd+tj1rpkFTMH5A+szx/rw5Io</latexit>

�✓

<latexit sha1_base64="tqFJb5AHBkOviCluZeGvuSlE918=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWw2m3bpZhN2J0Ip/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvzKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJprxtsslanuhdRwKRRvo0DJe5nmNAkl74bj27nffeTaiFQ94CTjQUKHSsSCUbSS70dcIiV+NhJkUK25dXcB8pd4BalBgdag+ulHKcsTrpBJakzfczMMplSjYJLPKn5ueEbZmA5531JFE26C6eLmGTmzSkTiVNtSSBbqz4kpTYyZJKHtTCiOzKo3F//z+jnG18FUqCxHrthyUZxLgimZB0AioTlDObGEMi3srYSNqKYMbUwVG4K3+vJf0rmoe4164/6y1rwp4ijDCZzCOXhwBU24gxa0gUEGT/ACr07uPDtvzvuyteQUM8fwC87HN1j9kUA=</latexit>

��
<latexit sha1_base64="8s52Mujp12iw6NHMvi1x60+mNmU=">AAACBnicbVDLSgMxFM3UV62vUZciBIsgCmVGfC2LblxWsA/ojCWTZtrYJDMkGaEMXbnxV9y4UMSt3+DOvzGdzkJbD1w4nHMvyTlBzKjSjvNtFebmFxaXisulldW19Q17c6uhokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4GvvNByIVjcStHsbE56gnaEgx0kbq2LvQ6yHO0d0hPIIx9HQEYd/Q+2w6dtmpOBngLHFzUgY5ah37y+tGOOFEaMyQUm3XibWfIqkpZmRU8hJFYoQHqEfahgrEifLTLMYI7hulC8NImhEaZurvixRxpYY8MJsc6b6a9sbif1470eGFn1IRJ5oIPHkoTBg0YcedwC6VBGs2NARhSc1fIe4jibA2zZVMCe505FnSOK64Z5XTm5Ny9TKvowh2wB44AC44B1VwDWqgDjB4BM/gFbxZT9aL9W59TFYLVn6zDf7A+vwB2xKVig==</latexit>

�
⇤ + p ! h + j + j

<latexit sha1_base64="ASFdr0RD5IYgGmBPYvYPHgiDJko=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwfRCOYBmyXMTmaTITM7y8ysEJZ8hhcPinj1a7z5N06SPWhiQUNR1U13V5hwpo3rfjuFpeWV1bXiemljc2t7p7y719QyVYQ2iORStUOsKWcxbRhmOG0nimIRctoKh9cTv/VElWYyfjSjhAYC92MWMYKNlfwayjpKoLvb+3G3XHGr7hRokXg5qUCOerf81elJkgoaG8Kx1r7nJibIsDKMcDoudVJNE0yGuE99S2MsqA6y6cljdGSVHoqkshUbNFV/T2RYaD0Soe0U2Az0vDcR//P81ESXQcbiJDU0JrNFUcqRkWjyP+oxRYnhI0swUczeisgAK0yMTalkQ/DmX14kzZOqd149ezit1K7yOIpwAIdwDB5cQA1uoA4NICDhGV7hzTHOi/PufMxaC04+sw9/4Hz+AC7OkI4=</latexit>

@NLO

<latexit sha1_base64="PMVdBHG+FpXOje8A8CQCUBHMvb4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmAdsljA7mU2GzGOZ6RXCks/w4kERr36NN//GSbIHjRY0FFXddHfFqeAWfP/LK62tb2xulbcrO7t7+wfVw6OO1ZmhrE210KYXE8sEV6wNHATrpYYRGQvWjSe3c7/7yIzlWj3ANGWRJCPFE04JOClMB3nfSKwzmA2qNb/uL4D/kqAgNVSgNah+9oeaZpIpoIJYGwZ+ClFODHAq2KzSzyxLCZ2QEQsdVUQyG+WLk2f4zClDnGjjSgFeqD8nciKtncrYdUoCY7vqzcX/vDCD5DrKuUozYIouFyWZwKDx/H885IZREFNHCDXc3YrpmBhCwaVUcSEEqy//JZ2LetCoN+4va82bIo4yOkGn6BwF6Ao10R1qoTaiSKMn9IJePfCevTfvfdla8oqZY/QL3sc3hJiRbQ==</latexit>

pout

<latexit sha1_base64="srVvXlUttQek6jSYLfysWQj1P9s=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJgMoafTkzTpZejuEcKQv/DiQRGv/o03/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1kmPSS/raoGYnPTKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTxBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoen7qM80JZaPHcFEM3crIkOsMbEupJILIVh8eZk0z6rBZfXi/rxSu8njKMIRHMMpBHAFNbiDOjSAgIRneIU3z3gv3rv3MW8tePnMIfyB9/kDl62Q4Q==</latexit>

pin

<latexit sha1_base64="XkPbEY+xXErXPqkgm4K/sEtv9dE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDabTbt0swm7E6GU/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjTXjLdYKlPdCanhUijeQoGSdzLNaRJK3g6Ht1O//cS1Eal6wFHGg4T2lYgFo2gln/gRl0iJnw1Er1pz6+4MZJl4BalBgWav+uVHKcsTrpBJakzXczMMxlSjYJJPKn5ueEbZkPZ511JFE26C8ezmCTmxSkTiVNtSSGbq74kxTYwZJaHtTCgOzKI3Ff/zujnG18FYqCxHrth8UZxLgimZBkAioTlDObKEMi3srYQNqKYMbUwVG4K3+PIyeTyre5f1i/vzWuOmiKMMR3AMp+DBFTTgDprQAgYZPMMrvDm58+K8Ox/z1pJTzBzCHzifP1XokT8=</latexit>

��

<latexit sha1_base64="BHmjLJy8Ju/OMsh3zZG6KbhKSf0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTJj6OmpSZr0LHTXKGHIf3jxoIhX/8Wbf2MnmYMmPih4vFdFVT0/lUKjbX9bS8srq2vrpY3y5tb2zm5lb7+lk0xxaPJEJqrjMw1SxNBEgRI6qQIW+RLa/vBm4rcfQWmRxPc4SsGLWD8WoeAMjfRA3QAkMuriAJD1KlW7Zk9BF4lTkCop0OhVvtwg4VkEMXLJtO46dopezhQKLmFcdjMNKeND1oeuoTGLQHv59OoxPTZKQMNEmYqRTtXfEzmLtB5FvumMGA70vDcR//O6GYZXXi7iNEOI+WxRmEmKCZ1EQAOhgKMcGcK4EuZWygdMMY4mqLIJwZl/eZG0TmvORe387qxavy7iKJFDckROiEMuSZ3ckgZpEk4UeSav5M16sl6sd+tj1rpkFTMH5A+szx/rw5Io</latexit>

�✓

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0 <latexit sha1_base64="85C7j7cmphwRW1iNUNVnLI2HR2w=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQzqwWME84BkCbOT3mTM7OwyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/GbT6g0j+WDGSXoR7QvecgZNVZqdG5RGNotld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+bXjsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IRXfsZlkhqUbLYoTAUxMZm8TnpcITNiZAllittbCRtQRZmxARVtCN78y4ukcVrxLirn92fl6nUeRwEO4QhOwINLqMId1KAODB7hGV7hzYmdF+fd+Zi1Ljn5zAH8gfP5A2PMjwY=</latexit>

�

<latexit sha1_base64="/Byb/lsp3OxEtKY0C22xwVIXRAo=">AAAB9XicbVDJSgNBFHwTtxi3qEcvjUHwFGbE7RjUg8cIZoHMGHp63iRNeha6e5Qw5D+8eFDEq//izb+xsxw0saChqKrHe11+KrjStv1tFZaWV1bXiuuljc2t7Z3y7l5TJZlk2GCJSGTbpwoFj7GhuRbYTiXSyBfY8gfXY7/1iFLxJL7XwxS9iPZiHnJGtZEeXGGiASXuDQpNu+WKXbUnIIvEmZEKzFDvlr/cIGFZhLFmgirVcexUezmVmjOBo5KbKUwpG9AedgyNaYTKyydXj8iRUQISJtK8WJOJ+nsip5FSw8g3yYjqvpr3xuJ/XifT4aWX8zjNNMZsuijMBNEJGVdAAi6RaTE0hDLJza2E9amkTJuiSqYEZ/7Li6R5UnXOq2d3p5Xa1ayOIhzAIRyDAxdQg1uoQwMYSHiGV3iznqwX6936mEYL1mxmH/7A+vwB/tWSMw==</latexit>

��
<latexit sha1_base64="K76ziRgFNXK72n6FBlncYmzXafo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx6LevAiVOgXtkvJptk2NMkuSVYoS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjdTv/VElWaRrJtxTH2BB5KFjGBjpce0qwSq399OUK9YcsvuDGiZeBkpQYZar/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aeziyfoxCp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE175KZNxYqgk80VhwpGJ0PR91GeKEsPHlmCimL0VkSFWmBgbUsGG4C2+vEyaZ2Xvolx5OC9Vr7M48nAEx3AKHlxCFe6gBg0gIOEZXuHN0c6L8+58zFtzTjZzCH/gfP4AolqQQA==</latexit>

TMD

<latexit sha1_base64="K76ziRgFNXK72n6FBlncYmzXafo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx6LevAiVOgXtkvJptk2NMkuSVYoS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjdTv/VElWaRrJtxTH2BB5KFjGBjpce0qwSq399OUK9YcsvuDGiZeBkpQYZar/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aeziyfoxCp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE175KZNxYqgk80VhwpGJ0PR91GeKEsPHlmCimL0VkSFWmBgbUsGG4C2+vEyaZ2Xvolx5OC9Vr7M48nAEx3AKHlxCFe6gBg0gIOEZXuHN0c6L8+58zFtzTjZzCH/gfP4AolqQQA==</latexit>

TMD
<latexit sha1_base64="5T6qYXvjC0Y2O/Oh6Yu80WO6xAE=">AAAB+XicbVDJSgNBEO2JW4zbqEcvjUGIlzAjbsegF48RzAKZIfR0KkmTnoXumkAY8idePCji1T/x5t/YSeagiQ+KerxXRVe/IJFCo+N8W4W19Y3NreJ2aWd3b//APjxq6jhVHBo8lrFqB0yDFBE0UKCEdqKAhYGEVjC6n/mtMSgt4ugJJwn4IRtEoi84QyN1bbvi9UAiox4OwbTzrl12qs4cdJW4OSmTHPWu/eX1Yp6GECGXTOuO6yToZ0yh4BKmJS/VkDA+YgPoGBqxELSfzS+f0jOj9Gg/VqYipHP190bGQq0nYWAmQ4ZDvezNxP+8Tor9Wz8TUZIiRHzxUD+VFGM6i4H2hAKOcmII40qYWykfMsU4mrBKJgR3+curpHlRda+rV4+X5dpdHkeRnJBTUiEuuSE18kDqpEE4GZNn8krerMx6sd6tj8Vowcp3jskfWJ8/Mz+Svg==</latexit>

(�✓)

<latexit sha1_base64="ZJbiasfBRgEJ7PHdu8gXSRNObI4=">AAAB9XicbVDJSgNBEK1xjXGLevTSGIR4CTPidgx68RjBLJAZQ09PJ2nSs9Bdo4Qh/+HFgyJe/Rdv/o2dZA6a+KDg8V4VVfX8RAqNtv1tLS2vrK6tFzaKm1vbO7ulvf2mjlPFeIPFMlZtn2ouRcQbKFDydqI4DX3JW/7wZuK3HrnSIo7ucZRwL6T9SPQEo2ikh4obcImUuMlAkJNuqWxX7SnIInFyUoYc9W7pyw1iloY8Qiap1h3HTtDLqELBJB8X3VTzhLIh7fOOoRENufay6dVjcmyUgPRiZSpCMlV/T2Q01HoU+qYzpDjQ895E/M/rpNi78jIRJSnyiM0W9VJJMCaTCEggFGcoR4ZQpoS5lbABVZShCapoQnDmX14kzdOqc1E9vzsr167zOApwCEdQAQcuoQa3UIcGMFDwDK/wZj1ZL9a79TFrXbLymQP4A+vzByO/kaQ=</latexit>

(��)

<latexit sha1_base64="dYA04AKKxJ5fGp3kggoinMxKZwo=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GiaT1VvUi8cEzALJEHo6NUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNVzI86ksqwPI7O2vrG5ld3O7ezu7R/kD486MowFhTYNeSh6LpHAWQBtxRSHXiSA+C6Hrju9Tv3uPQjJwuBWzSJwfDIOmMcoUVpqXQ7zBcu8qFftio0t07JqdqmaErtWtku4qJUUBbRCc5h/H4xCGvsQKMqJlP2iFSknIUIxymGeG8QSIkKnZAx9TQPig3SSxaFzfKaVEfZCoStQeKF+n0iIL+XMd3WnT9RE/vZS8S+vHyuv7iQsiGIFAV0u8mKOVYjTr/GICaCKzzQhVDB9K6YTIghVOpucDuHrU/w/6dhmsWpWWuVC42oVRxadoFN0joqohhroBjVRG1EE6AE9oWfjzng0XozXZWvGWM0cox8w3j4B+QaNEw==</latexit>

A

<latexit sha1_base64="jap0b1wdoOm7/vcKRsh4k6g+qyU=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GiaT1VuIF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/Yk0RQ0QcFj/eqqKrnRpxJZVkfRmZjc2t7J7ub29s/ODzKH590ZRgLCh0a8lD0XSKBswA6iikO/UgA8V0OPXd2nfq9exCShcGtmkfg+GQSMI9RorTUbo7yBcu8qlftio0t07JqdqmaErtWtku4qJUUBbRGa5R/H45DGvsQKMqJlIOiFSknIUIxymGRG8YSIkJnZAIDTQPig3SS5aELfKGVMfZCoStQeKl+n0iIL+Xcd3WnT9RU/vZS8S9vECuv7iQsiGIFAV0t8mKOVYjTr/GYCaCKzzUhVDB9K6ZTIghVOpucDuHrU/w/6dpmsWpW2uVCo7mOI4vO0Dm6REVUQw10g1qogygC9ICe0LNxZzwaL8brqjVjrGdO0Q8Yb5/6io0U</latexit>

B

<latexit sha1_base64="7uE7JMSDCR1bNTZUqPPvozgAaNI=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GiaT1VswF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/Yk0RQ0QcFj/eqqKrnRpxJZVkfRmZjc2t7J7ub29s/ODzKH590ZRgLCh0a8lD0XSKBswA6iikO/UgA8V0OPXfWTP3ePQjJwuBWzSNwfDIJmMcoUVpqN0f5gmVe1at2xcaWaVk1u1RNiV0r2yVc1EqKAlqjNcq/D8chjX0IFOVEykHRipSTEKEY5bDIDWMJEaEzMoGBpgHxQTrJ8tAFvtDKGHuh0BUovFS/TyTEl3Luu7rTJ2oqf3up+Jc3iJVXdxIWRLGCgK4WeTHHKsTp13jMBFDF55oQKpi+FdMpEYQqnU1Oh/D1Kf6fdG2zWDUr7XKhcb2OI4vO0Dm6REVUQw10g1qogygC9ICe0LNxZzwaL8brqjVjrGdO0Q8Yb5/8Do0V</latexit>

C

〰

Jk

<latexit sha1_base64="B8BR/1RkL4VidxIV/kAtnylaENI=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoMgHsKuSPQY9OIxgnlAEkPvZDYZMjO7zswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BTFn2njet5NbWV1b38hvFra2d3b3ivsHDR0litA6iXikWgFqypmkdcMMp61YURQBp81gdDP1m09UaRbJezOOaVfgQLKQETRWanUGKAQ+nPWKJa/szeAuEz8jJchQ6xW/Ov2IJIJKQzhq3fa92HRTVIYRTieFTqJpjGSEA9q2VKKgupvO7p24J1bpu2GkbEnjztTfEykKrccisJ0CzVAvelPxP6+dmPCqmzIZJ4ZKMl8UJtw1kTt93u0zRYnhY0uQKGZvdckQFRJjIyrYEPzFl5dJ47zsV8qVu4tS9TqLIw9HcAyn4MMlVOEWalAHAhye4RXenEfnxXl3PuatOSebOYQ/cD5/AKemj7w=</latexit>

�
⇤

<latexit sha1_base64="BRy4258soj60uT5Ud0MrDsO/Pww=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI9FLx4r2A/oLiWbZtvQbBKSWaEs/RtePCji1T/jzX9j2u5Bqw8GHu/NMDMv1oJb8P0vr7S2vrG5Vd6u7Ozu7R9UD486VmWGsjZVQpleTCwTXLI2cBCspw0jaSxYN57czv3uIzOWK/kAU82ilIwkTzgl4KQwD02KtVGg5GxQrfl1fwH8lwQFqaECrUH1MxwqmqVMAhXE2n7ga4hyYoBTwWaVMLNMEzohI9Z3VJKU2Shf3DzDZ04Z4kQZVxLwQv05kZPU2mkau86UwNiuenPxP6+fQXId5VzqDJiky0VJJjAoPA8AD7lhFMTUEUINd7diOiaGUHAxVVwIwerLf0nnoh406o37y1rzpoijjE7QKTpHAbpCTXSHWqiNKNLoCb2gVy/znr03733ZWvKKmWP0C97HN2hpkfI=</latexit>

proton
<latexit sha1_base64="SRntMELu7MsqeMPLcirMvqCT2rw=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2R6rHoxWOFfkG7lGyabWOzyZJkhbL0P3jxoIhX/483/41puwdtfTDweG+GmXlhIrixnveN1tY3Nre2CzvF3b39g8PS0XHLqFRT1qRKKN0JiWGCS9a03ArWSTQjcShYOxzfzfz2E9OGK9mwk4QFMRlKHnFKrJNa9X42akz7pbJX8ebAq8TPSRly1Pulr95A0TRm0lJBjOn6XmKDjGjLqWDTYi81LCF0TIas66gkMTNBNr92is+dMsCR0q6kxXP190RGYmMmceg6Y2JHZtmbif953dRGN0HGZZJaJuliUZQKbBWevY4HXDNqxcQRQjV3t2I6IppQ6wIquhD85ZdXSeuy4lcr1Yercu02j6MAp3AGF+DDNdTgHurQBAqP8Ayv8IYUekHv6GPRuobymRP4A/T5A5BcjyQ=</latexit>

PhT

<latexit sha1_base64="1tbvSt7R/fSl5fLb6aHdciiBycM=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAdklzA7O0mGzGOZmRXCkt/w4kERr/6MN//GSbIHjRY0FFXddHfFKWfG+v6XV1pb39jcKm9Xdnb39g+qh0cdozJNaJsornQvxoZyJmnbMstpL9UUi5jTbjy5nfvdR6oNU/LBTlMaCTySbMgItk4K81ALNMaJVnI2qNb8ur8A+kuCgtSgQGtQ/QwTRTJBpSUcG9MP/NRGOdaWEU5nlTAzNMVkgke076jEgpooX9w8Q2dOSdBQaVfSooX6cyLHwpipiF2nwHZsVr25+J/Xz+zwOsqZTDNLJVkuGmYcWYXmAaCEaUosnzqCiWbuVkTGWGNiXUwVF0Kw+vJf0rmoB4164/6y1rwp4ijDCZzCOQRwBU24gxa0gUAKT/ACr17mPXtv3vuyteQVM8fwC97HNy4akcw=</latexit>

hadron

<latexit sha1_base64="Lj3lxZqlzB5X3ONNTl7ALXBIeO0=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9oHtUDJppg3NY0gyQhn6F25cKOLWv3Hn35i2s9DWA4HDOeeSe0+UcGas7397hZXVtfWN4mZpa3tnd6+8f9A0KtWENojiSrcjbChnkjYss5y2E02xiDhtRaPbqd96otowJR/sOKGhwAPJYkawddJj1tUCRS4/6ZUrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTbbeIJOnNJHsdLuSYtm6u+JDAtjxiJySYHt0Cx6U/E/r5Pa+DrMmExSSyWZfxSnHFmFpuejPtOUWD52BBPN3K6IDLHGxLqSSq6EYPHkZdI8qwaX1Yv780rtJq+jCEdwDKcQwBXU4A7q0AACEp7hFd484714797HPFrw8plD+APv8wd9U5DQ</latexit>

beam

<latexit sha1_base64="BHmjLJy8Ju/OMsh3zZG6KbhKSf0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTJj6OmpSZr0LHTXKGHIf3jxoIhX/8Wbf2MnmYMmPih4vFdFVT0/lUKjbX9bS8srq2vrpY3y5tb2zm5lb7+lk0xxaPJEJqrjMw1SxNBEgRI6qQIW+RLa/vBm4rcfQWmRxPc4SsGLWD8WoeAMjfRA3QAkMuriAJD1KlW7Zk9BF4lTkCop0OhVvtwg4VkEMXLJtO46dopezhQKLmFcdjMNKeND1oeuoTGLQHv59OoxPTZKQMNEmYqRTtXfEzmLtB5FvumMGA70vDcR//O6GYZXXi7iNEOI+WxRmEmKCZ1EQAOhgKMcGcK4EuZWygdMMY4mqLIJwZl/eZG0TmvORe387qxavy7iKJFDckROiEMuSZ3ckgZpEk4UeSav5M16sl6sd+tj1rpkFTMH5A+szx/rw5Io</latexit>

�✓

<latexit sha1_base64="tqFJb5AHBkOviCluZeGvuSlE918=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWw2m3bpZhN2J0Ip/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvzKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJprxtsslanuhdRwKRRvo0DJe5nmNAkl74bj27nffeTaiFQ94CTjQUKHSsSCUbSS70dcIiV+NhJkUK25dXcB8pd4BalBgdag+ulHKcsTrpBJakzfczMMplSjYJLPKn5ueEbZmA5531JFE26C6eLmGTmzSkTiVNtSSBbqz4kpTYyZJKHtTCiOzKo3F//z+jnG18FUqCxHrthyUZxLgimZB0AioTlDObGEMi3srYSNqKYMbUwVG4K3+vJf0rmoe4164/6y1rwp4ijDCZzCOXhwBU24gxa0gUEGT/ACr07uPDtvzvuyteQUM8fwC87HN1j9kUA=</latexit>

�� <latexit sha1_base64="8s52Mujp12iw6NHMvi1x60+mNmU=">AAACBnicbVDLSgMxFM3UV62vUZciBIsgCmVGfC2LblxWsA/ojCWTZtrYJDMkGaEMXbnxV9y4UMSt3+DOvzGdzkJbD1w4nHMvyTlBzKjSjvNtFebmFxaXisulldW19Q17c6uhokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4GvvNByIVjcStHsbE56gnaEgx0kbq2LvQ6yHO0d0hPIIx9HQEYd/Q+2w6dtmpOBngLHFzUgY5ah37y+tGOOFEaMyQUm3XibWfIqkpZmRU8hJFYoQHqEfahgrEifLTLMYI7hulC8NImhEaZurvixRxpYY8MJsc6b6a9sbif1470eGFn1IRJ5oIPHkoTBg0YcedwC6VBGs2NARhSc1fIe4jibA2zZVMCe505FnSOK64Z5XTm5Ny9TKvowh2wB44AC44B1VwDWqgDjB4BM/gFbxZT9aL9W59TFYLVn6zDf7A+vwB2xKVig==</latexit>

�
⇤ + p ! h + j + j

<latexit sha1_base64="ASFdr0RD5IYgGmBPYvYPHgiDJko=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwfRCOYBmyXMTmaTITM7y8ysEJZ8hhcPinj1a7z5N06SPWhiQUNR1U13V5hwpo3rfjuFpeWV1bXiemljc2t7p7y719QyVYQ2iORStUOsKWcxbRhmOG0nimIRctoKh9cTv/VElWYyfjSjhAYC92MWMYKNlfwayjpKoLvb+3G3XHGr7hRokXg5qUCOerf81elJkgoaG8Kx1r7nJibIsDKMcDoudVJNE0yGuE99S2MsqA6y6cljdGSVHoqkshUbNFV/T2RYaD0Soe0U2Az0vDcR//P81ESXQcbiJDU0JrNFUcqRkWjyP+oxRYnhI0swUczeisgAK0yMTalkQ/DmX14kzZOqd149ezit1K7yOIpwAIdwDB5cQA1uoA4NICDhGV7hzTHOi/PufMxaC04+sw9/4Hz+AC7OkI4=</latexit>

@NLO

<latexit sha1_base64="PMVdBHG+FpXOje8A8CQCUBHMvb4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmAdsljA7mU2GzGOZ6RXCks/w4kERr36NN//GSbIHjRY0FFXddHfFqeAWfP/LK62tb2xulbcrO7t7+wfVw6OO1ZmhrE210KYXE8sEV6wNHATrpYYRGQvWjSe3c7/7yIzlWj3ANGWRJCPFE04JOClMB3nfSKwzmA2qNb/uL4D/kqAgNVSgNah+9oeaZpIpoIJYGwZ+ClFODHAq2KzSzyxLCZ2QEQsdVUQyG+WLk2f4zClDnGjjSgFeqD8nciKtncrYdUoCY7vqzcX/vDCD5DrKuUozYIouFyWZwKDx/H885IZREFNHCDXc3YrpmBhCwaVUcSEEqy//JZ2LetCoN+4va82bIo4yOkGn6BwF6Ao10R1qoTaiSKMn9IJePfCevTfvfdla8oqZY/QL3sc3hJiRbQ==</latexit>

pout

FIG. 1: Left: schematic definition of the kinematic variables used for the two-dimensional qT -subtraction method in the Breit
frame. The incoming virtual photon �⇤ scatters o↵ the proton, producing an identified hadron and a recoiling leading jet Jk.
The blue lines along the proton direction denote beam collinear radiation. The green curved lines indicate the soft radiations.
The slicing variables are chosen as the beam polar angle �✓ and the azimuthal decorrelation ��. Right: partition of the phase
space into di↵erent regions according to �✓ > � and �� > ��, with the two slicing parameters �, � ⌧ 1.

the hadron is produced with zero transverse momentum
PhT , or equivalently with beam polar angle �✓ = 0, where
PhT ⌘ Ph sin �✓. Beyond LO, the identified hadron ac-
quires a transverse momentum ~PhT = (pin, pout), con-
sisting of components within and perpendicular to the
scattering plane defined by the incoming beams and the
recoiling leading jet with the winner-take-all (WTA) re-
combination scheme [76, 77]. They can be parametrized
by the azimuthal decorrelation ��, with pin ⌘ PhT cos ��

and pout ⌘ PhT sin ��. Consequently, at next-to-leading
order (NLO) the hadron retains a vanishing out-of-plane
momentum pout, or equivalently with �� = 0. Thus by
requiring both non-vanishing PhT and pout, the soft and
collinear pattern of QCD radiations can be largely sim-
plified. Especially, the N3LO corrections in this region
are entirely captured by the NLO calculation to the as-
sociated production of the hadron and a dijet.

Motivated by these kinematic boundaries, we pro-
pose a two-dimensional transverse-momentum subtrac-
tion scheme governed by two slicing variables, PhT

and pout (or equivalently, �✓ and ��). Following the
qT -subtraction approach for identified hadron produc-
tion [58, 61, 63], we partition the cross section as

d�

dO
=

Z �

0
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⌘
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where the three terms correspond to contributions from
region A, B, and C, respectively, as shown in the right
panel of Fig 1. The boundaries are characterized by
two small resolution/slicing parameters, � and � ⌧ 1.
For the resolved region C, the NLO calculations are car-
ried out based on the FMNLO framework [78] for identified
hadron production. The necessary one-loop matrix ele-
ments for ei ! ejkl and tree-level matrix elements for

ei ! ejklm are taken from Refs. [79–82], where ijklm

represent all possible flavor combinations of QCD par-
tons.

Concerning the two unresolved regions, for region A
in the limit PhT ⌧ Q, the cross section is governed by
the transverse-momentum-dependent (TMD) factoriza-
tion formula [61]

d�
A

dx dy dz d2 ~PhT

/

Z
d2~b?
4⇡2

e
�i~PhT ·~b?/z

X

i

Hei!ei(Q)

⇥ Bi/p(x,~b?) Dh/i(z,~b?/z) Sqq(~b?) [1 + O(�)] (2)

at leading power, and can be calculated using its fixed-
order expansions to desired orders of ↵s with power cor-
rections vanishing in the limit of � ! 0. Here Q, x, y,
and z are the momentum transfer, Bjorken variable, in-
elasticity and identified hadron momentum fraction, re-
spectively. The hard function Hei!ei is obtained from
the quark matching coe�cients extracted from the quark
form factors [83–89]. The Bi/p and Dh/i denote the stan-
dard TMD beam function for parton i in proton p and
TMD fragmentation function for parton i fragmenting
into hadron h, respectively, and both of them are known
through three loops [90–92]. The three-loop analytic re-
sult for the soft function Sqq can be obtained from [93],
thanks to the crossing property at this order [94].

Similarly, for region B in the asymptotic limit where
the out-of-plane momentum is small (pout ⌧ PhT ), the
di↵erential cross section is governed by the TMD factor-
ization formula [58, 63, 95–97]
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pion cross sections vs. resolution parameter

❖ good convergence of the QCD corrections wrt. both 
cutoffs for all partonic channels, numerically challenging 
for small cutoffs

❖ N3LO corrections (blue) are much smaller than NNLO 
ones (red) for three major channels uu, gu and ug

double slicing and two cutoffs N3LO → NLO

3

FIG. 2: Numerical stability of corrections to the total cross section with respect to the slicing parameter �. The panels display
the O(↵2

s) (red) and O(↵3
s) (blue) contributions for six representative partonic channels. Error bars indicate Monte Carlo

statistical uncertainties. The solid cyan lines represent a fit to the asymptotic limit � ! 0. The dashed purple lines denote
the reference values of O(↵2

s).

ization formula [58, 63, 95–97]
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at leading power, and can be calculated subjecting to
power corrections vanishing in the limit of � ! 0. To
achieve N3LO accuracy for SIDIS, the O(↵3

s) expansion
of Eq. (3) is required, which was validated in [63]. [Gao:
The soft function Sijk follows the universal NNLO TMD
soft function definition [98, 99], retaining a simple an-
alytic form because the hard scattering process is in a
planar configuration [58, 95, 96, 100, 101]. Furthermore,
we adopt the kT algorithm and the WTA recombination
scheme for the TMD jet functions Jk [102–106], to be
consistent with the numerical evaluation in the resolved
region. ] For a detailed discussion of the kinematic vari-
ables (⇠ and ⇣), and the hard, soft, and jet functions, we
refer the reader to Ref. [63].

After combining the contributions from regions A, B,
and C, the leading-power dependence on � and � cancels,
while residual power corrections remain which may be
linear or quadratic depending on the fiducial cuts [107–
109]. A dedicated study of these e↵ects is beyond the
scope of this work. Furthermore, our two-dimensional

subtraction method is equally applicable to hadron pro-
duction in single-inclusive annihilation (SIA) of e

+
e
� col-

lisions. In that case one simply replaces the proton with
the sub-leading jet which defines the scattering plane
together with the leading recoiling jet. While in the
factorization formulas the beam function is replaced by
another jet function. A fully di↵erential calculation of
SIA at N3LO will be complementary to the analytical
results [64].

Numerical results.– In this section we present phe-
nomenological studies of SIDIS at N3LO in QCD. We
consider electron-proton collisions at a center of mass
energy of the EIC (

p
s = 141 GeV) and use the CT18

NNLO PDFs [110] of 5 active quark flavors with the
strong coupling constant ↵s(MZ) = 0.118. We calculate
di↵erential cross sections for the charged pion (⇡+) pro-
duction with NPC23 NNLO FFs [36] through all orders,
and use a nominal choice of µ = Q for both the renor-
malization and factorization scales. We have neglected
contributions from the Z boson exchange for simplicity,
which are small for the energies considered.

To validate our calculation framework, we explicitly
verify that the cross section remains independent of the
arbitrary cuto↵ � in the limit � ! 0. Fig. 2 dis-
plays the numerical stability of the O(↵2

s) (NNLO) and
O(↵3

s) (N3LO) corrections to the di↵erential cross sec-
tion of charged pion production at the EIC, for two
representative values of �, 0.3 and 0.2 (0.2 and 0.1) at

[Dong, Fang, JG, Li, Shao, Zhu, Zhu, 2602.22972(PRL), 
2603.29673]
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✦ New perturbative QCD corrections for unpolarized SIDIS exhibit good perturbative convergence and 
reduced scale variations for differential cross sections at future electron-ion collider, providing state-of-
the-art predictions for study of nucleon structure and hadronizations at EIC

approximated N3LO from [Goyal, Moch, Pathak, 
Rana, Ravindran 2025]

hadron transverse momentum spectrum 
at HERA and EIC upto NNLO
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FIG. 3: Di↵erential cross section as functions of the hadron
momentum fraction z for charged pion production at the EIC
at various orders in QCD together with scale variations. Kine-
matic cuts, including a lower limit of 2 GeV on the hadron
transverse momentum, are applied.

tion uncertainties from the resolved cross section. The
solid lines represent a fit to the genuine NNLO correc-
tions together with residual power corrections [101, 102].
From the fit, we estimate a systematic uncertainty (dis-
crepancy w.r.t the genuine result) of less than 5%(2%)
when a finite value of ��

cut = 0.04(0.01) is used in the
NNLO calculations for all partonic channels. The stabil-
ity observed across both quark- and gluon-initiated chan-
nels establishes the robustness of our method for high
precision phenomenology.

Fig. 3 presents our NNLO predictions for the charged
pion di↵erential cross section as a function of the mo-
mentum fraction z, tailored to the kinematics of the
future EIC, including a transverse momentum cut of
PhT > 2 GeV. The upper panel displays the pertur-
bative progression from LO (blue dotted) to NLO (red
dot-dashed) and NNLO (black solid). We observe a sub-
stantial positive correction at NNLO across the entire z

range, highlighting the importance of the O(↵3
s) contri-

butions. The lower panel, which normalizes results to
the central LO prediction, reveals the dramatic stabi-
lization of the perturbative expansion. The scale uncer-
tainty bands (hatched regions), calculated by varying µ

by a factor of two from the nominal value Q, undergo a
significant reduction when moving from NLO to NNLO,
confirming that the missing higher-order terms are now
under control. Furthermore, the K-factor exhibits a dis-
tinct kinematic dependence, rising noticeably at large z.
This behavior indicates that NNLO corrections are par-
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FIG. 4: Di↵erential cross section as functions of the hadron
transverse momentum PhT for charged pion production at the
EIC at various orders in QCD together with scale variations.

ticularly crucial in the threshold region, where soft-gluon
dynamics begin to dominate [103, 104].

Fig. 4 displays the di↵erential cross section as a func-
tion of the hadron transverse momentum PhT , which is of
particular significance as it directly probes the transition
from the non-perturbative TMD regime to the perturba-
tive collinear domain. The upper panel reveals a clear
hierarchy in the perturbative series, with the NNLO pre-
diction (black solid line) providing a refined description of
the spectrum over the entire kinematic range. The ratio
plot in the lower panel demonstrates the excellent con-
vergence of the expansion. While the jump from LO to
NLO is substantial—reflecting the opening of new par-
tonic channels—the correction from NLO to NNLO is
moderate and stable. Crucially, the scale uncertainty
(hatched bands) is largely reduced at NNLO compared
to the lower orders. This improved theoretical precision
is essential for reliably identifying the matching window
between fixed-order calculations and TMD resummation,
thereby facilitating a robust extraction of the nucleon’s
three-dimensional structure at the EIC.

We compare our predictions with high-precision mea-
surements from the ZEUS collaboration [6] in Fig. 5. The
plot displays the unidentified charged hadron multiplicity
as a function of transverse momentum PhT in the kine-
matic region with 10 < Q

2
< 160 GeV2, 75 < W < 175

GeV, and xF > 0.05, where the Feynman x variable is
defined as xF ⌘ 2P

⇤
hL/W . The longitudinal momen-

tum P
⇤
hL is the projection of hadron momentum onto

the virtual photon direction in the center of mass frame
of �

⇤
p, and W is the invariant mass of the hadronic final
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FIG. 5: Multiplicity distribution as functions of the hadron
transverse momentum PhT for unidentified charged hadron
production at the HERA at various orders in QCD together
with scale variations, compared to the ZEUS data [6].

state. Here we use the NPC23 NLO FFs [105, 106] for
the unidentified charged hadrons. The LO result (blue
dotted) grossly underestimates the data, accounting for
only ⇠ 50% of the observed yield. This large discrep-
ancy highlights the limitation of LO kinematics in gen-
erating high-PT recoil. While NLO predictions (green)
significantly reduce this gap, they continue to system-
atically undershoot the experimental central values and
show scale variations as large as the experimental errors.
The inclusion of O(↵3

s) corrections enhances the normal-
ization for large transverse momentum, and exhibits im-
proved convergence together with reduced scale varia-
tions. This agreement demonstrates that NNLO preci-
sion is indispensable for the quantitative interpretation
of SIDIS data at high energies.

Summary and Outlook.— In this Letter, we have pre-
sented the first complete NNLO QCD calculation for sin-
gle inclusive hadron production in DIS at finite trans-
verse momentum. By implementing the qT -subtraction
method with a recoil-free WTA axis, we have success-
fully overcome the technical bottleneck of consistently
treating IR divergences in the presence of both fragment-
ing hadrons and jets. Our numerical results demonstrate
that NNLO corrections are substantial, playing a criti-
cal role in stabilizing the perturbative series and reduc-
ing scale uncertainties, and provide a robust quantitative
description of the hadron spectrum in the high energy
regime.

Our results initiate a new precision frontier for SIDIS
phenomenology. By reliably fixing the collinear cross

section, we can precisely delineate the transition region
between collinear and TMD factorization, facilitating a
deeper understanding of the nucleon’s three-dimensional
structure. Future extensions of this work to polarized
scattering will further unlock the potential of the EIC to
probe the spin-momentum correlations of partons within
hadrons. Finally, our results also serve as a fundamen-
tal step toward fully di↵erential N3LO predictions for
SIDIS [30].
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N3LO (NNLO). The kinematics are fixed at x = 0.2, and
y = 0.3, with integration over 0.2 < z < 0.8. The re-
sults are shown for six representative partonic channels,
including uu, ug, gu, gg, uū, and ud, labeled according
to the flavors of the incoming and fragmenting partons.
Among them the uu channel is dominant due to both
favored PDFs and FFs. The NNLO results (red points)
exhibit excellent flatness over 0.03 < � < 0.1, confirming
a precise cancellation of infrared divergences, and con-
verge to the reference values calculated in Refs. [18, 20].
At N3LO (blue points), the results similarly converge to
a constant plateau, despite the larger Monte Carlo inte-
gration uncertainties characteristic of the resolved cross
section. Results from two di↵erent choices of � are con-
sistent giving small values of �. [Gao: The solid cyan
curves in Fig. 2 represent fits to the genuine O(↵3

s) cor-
rections including power corrections [111, 112] while the
red lines are simply connections of the O(↵2

s) data points.
The explicit function forms are given in the Supplemental
Material.] From the fit we decide a choice of � = 0.1 in
the N3LO calculations is su�cient for keeping power cor-
rections under control in phenomenological study. Using
even smaller values of � will require extensive computa-
tional resources in order to maintain comparable numer-
ical precision. The stability observed across both quark-
and gluon-initiated channels establishes the robustness of
our method. Overall we find good convergence of the per-
turbative expansion with N3LO corrections much smaller
than NNLO corrections, especially for the 3 favored chan-
nels, uu, ug and gu. For ud, uū and gg channels, which
start entering at NNLO, the N3LO corrections can be
comparable to or even larger than the NNLO corrections.

In the calculations we have used approximated values
of the two-loop constant terms for the WTA unpolarized

and linearly-polarized gluon jet functions j
(2)
g,WTA, which

enter the N3LO corrections of the uu channel [63]. They
are estimated by assuming a scaling behavior between
the energy-energy correlation (EEC) and WTA observ-
ables. Specifically, we apply the relative factor between

the constant terms of the WTA quark j
(2)
q,WTA [103] (see

also Refs. [102, 104–106]) and the EEC j
(2)
q,EEC [113] jet

functions to the known gluon EEC results j
(2)
g,EEC [114] as

follows:

j
(2)
gU ,WTA ⇡ j

(2)
gU ,EEC ⇥

j
(2)
q,WTA

j
(2)
q,EEC

= �12.9 ,

j
(2)
gL,WTA ⇡ j

(2)
gL,EEC ⇥

j
(2)
q,WTA

j
(2)
q,EEC

= 0.97 , (4)

where U and L denote the unpolarized and linearly-
polarized gluons, respectively. We have checked that,
when increasing the above unpolarized (polarized) value
to two times, the N3LO corrections to uu channel change
by less than 2% (0.2%) of the NNLO corrections. Mean-
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FIG. 3: [Gao: Di↵erential cross section (multiplied by square
of bin center) as functions of the hadron momentum fraction
z for charged pion production at the EIC at various orders in
QCD, including NLO, NNLO and N3LO. In the lower panel
all predictions including scale variations are normalized to
the central NNLO results. The diamond-shaped scatters rep-
resent approximate N3LO predictions.]

while, the value of j
(2)
gU ,WTA can be extracted utilizing

decays of the Higgs boson into two gluons. We found a
result of �9.4 ± 3.2 by comparing MC calculations [115]
to the known partial width at NNLO [116], which is con-
sistent with our estimation.

Fig. 3 presents our N3LO predictions for the charged
pion di↵erential cross section as a function of the momen-
tum fraction z, tailored to the kinematics of the future
EIC including y = 0.3, 0.1 < x < 0.9 and 0.1 < z < 0.9.
The upper panel displays the perturbative progression
from NLO (blue dotted) to NNLO (red dot-dashed) and
N3LO (black solid). The lower panel, which normalizes
results to the central NNLO prediction, reveals the dra-
matic stabilization of the perturbative expansion. [Gao:
We observe a moderate correction from N3LO, starting
at about 0.5% for z at 0.1 and rising to +4% at 0.9. We
also plot the N3LO predictions with an alternative choice
of � = 0.08, which are consistent with those from our de-
fault choice of � = 0.1. ] The scale uncertainty bands
(hatched regions), calculated by varying µ by a factor
of two from the nominal value Q, undergo a significant
reduction when moving from NLO to N3LO, confirm-
ing that the missing higher-order terms are now under
control. In the lower panel the diamond-shaped scat-
ters represent approximated N3LO predictions obtained
by adding the O(↵3

s) threshold logarithmic contributions
into the exact NNLO predictions. The threshold cor-
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FIG. 4: [Gao: Di↵erential cross section (multiplied by square
of bin center) as functions of the Bjorken variable x for
charged pion production at the EIC at various orders in QCD,
including NLO, NNLO and N3LO. In the lower panel all pre-
dictions including scale variations are normalized to the cen-
tral NNLO results. The diamond-shaped scatters represent
approximate N3LO predictions.]

rections are calculated in Refs. [28, 117] including both
leading and partial next-to-leading singular terms. The
threshold K-factor exhibits a distinct kinematic depen-
dence, rising noticeably at large z. We observe a good
agreement of our N3LO corrections with the approxi-
mated ones at z > 0.5, indicating the dominance of
threshold corrections in large-z region. [Gao: We have
calculated predictions for a lower center-of-mass energy
of 45 GeV and found similar behaviors of the N3LO cor-
rections, which are included in the Supplemental Mate-
rial.]

In Fig. 4 we show N3LO predictions for the charged
pion di↵erential cross section as a function of the Bjorken
variable x for the same conditions as used in Fig. 3. We
observe a very similar behavior of the N3LO corrections
compared to those in z distributions for both the kine-
matic dependence and the size of corrections. The N3LO
corrections reach about +5% for x at 0.9. [Gao: There
are again consistency between N3LO predictions calcu-
lated with � = 0.1 and 0.08.] The N3LO scale uncer-
tainties are reduced to about half of those at NNLO in
general, again indicating the missing higher-order terms
are under control. We also find a good agreement of
our N3LO corrections with the approximated ones for
x > 0.4. Generalization of our method for calculating
N3LO corrections to Bjorken-x distribution in polarized
SIDIS is straightforward, which can be important for

FIG. 5: [Gao: Di↵erential multiplicity as functions of the
hadron momentum fraction z for charged pion production at
COMPASS experiment (proton target with

p
s = 17.3GeV)

at various orders in QCD, including NLO, NNLO and N3LO.
In the lower panel all predictions including scale variations
are normalized to the central NNLO results. The error bars
represent the COMPASS ⇡+ data with full uncertainties.]

high-precision study of proton spin decomposition. It
would be interesting to see if similar perturbative con-
vergence holds in polarized SIDIS.

Finally, we present results for setup of the COMPASS
experiment of muon scattering o↵ proton target, with
p

s = 17.3 GeV, 0.14 < x < 0.4, and 0.3 < y < 0.5.
Fig. 5 shows the di↵erential multiplicity of ⇡

+, which is
the hadron production cross section divided by the inclu-
sive DIS cross section, as functions of the hadron momen-
tum fraction z, comparing to the COMPASS data [118].
We observe moderate size of N3LO corrections and sig-
nificant reduction of scale variations, which are now well
below the experimental uncertainties. On the other hand,
the theoretical predictions overshoot the data consis-
tently, especially in the low-z region, indicating possi-
ble large uncertainties from the input of fragmentation
functions [34, 35].

Summary and Outlook.— In conclusion we propose a
novel method of two-dimensional transverse momentum
subtraction for calculations of identified hadron produc-
tion applicable for both single-inclusive annihilation and
deep-inelastic scattering. We present the N3LO QCD
corrections to unpolarized SIDIS as a successful appli-
cation, a first-ever result to this perturbative order for
processes involving identified hadrons in both initial and
final states. The corrections are moderate in general,
exhibiting excellent perturbative convergence and signif-

[Dong, Fang, JG, Li, Shao, Zhu, Zhu, 2602.22972(PRL), 
2603.29673]



Extension to polarized SIDIS

23

✦ The same method has been successfully generalized to longitudinal polarized SIDS, with modifications on 
few ingredients, including the TMD beam functions, hard functions, as well as the subtraction scheme for 
multi-jets at NLO; similar convergence and performance for the asymmetric cross sections are found     

2

FIG. 1: Di↵erential cross section as functions of the hadron
transverse momentum PhT for charged pion production at the
EIC at various orders in QCD together with scale variations,
where we set ��cut = 0.02.
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[6] A. Behring, J. Blümlein, A. De Freitas, A. von Manteuf-

fel, C. Schneider, and K. Schönwald, Phys. Lett. B 876,

140411 (2026), arXiv:2512.13508 [hep-ph] .
[7] S. Catani and M. Grazzini, Phys. Rev. Lett. 98, 222002

(2007), arXiv:hep-ph/0703012 .
[8] S. Catani, L. Cieri, G. Ferrera, D. de Florian, and

M. Grazzini, Phys. Rev. Lett. 103, 082001 (2009),
arXiv:0903.2120 [hep-ph] .

[9] S. Catani, G. Ferrera, and M. Grazzini, JHEP 05, 006,
arXiv:1002.3115 [hep-ph] .

[10] S. Catani, L. Cieri, D. de Florian, G. Ferrera,
and M. Grazzini, Phys. Rev. Lett. 108, 072001
(2012), [Erratum: Phys.Rev.Lett. 117, 089901 (2016)],
arXiv:1110.2375 [hep-ph] .

[11] J. Gao, H. T. Li, H. X. Zhu, and Y. J. Zhu, (2026),
arXiv:2602.06364 [hep-ph] .

[12] R.-J. Fu, R. Rahn, D. Y. Shao, W. J. Waalewijn,
and B. Wu, Phys. Rev. Lett. 135, 171903 (2025),
arXiv:2412.05358 [hep-ph] .

[13] L. Dong, S. Fang, J. Gao, H. T. Li, D. Y. Shao, and Y. J.
Zhu, (2026), arXiv:2602.22972 [hep-ph] .

[14] L. Dong, S. Fang, J. Gao, H. T. Li, D. Y. Shao, H. X.
Zhu, and Y. J. Zhu, (2026), arXiv:2603.29673 [hep-ph] .

[15] C. Liu, X. Shen, B. Zhou, and J. Gao, JHEP 09, 108,
arXiv:2305.14620 [hep-ph] .

[16] P. A. Baikov, K. G. Chetyrkin, A. V. Smirnov, V. A.
Smirnov, and M. Steinhauser, Phys. Rev. Lett. 102,
212002 (2009), arXiv:0902.3519 [hep-ph] .

[17] T. Gehrmann, E. W. N. Glover, T. Huber, N. Ikizlerli,
and C. Studerus, JHEP 06, 094, arXiv:1004.3653 [hep-
ph] .

[18] T. Gehrmann, P. Jakubč́ık, C. C. Mella, N. Syrrakos, and
L. Tancredi, JHEP 09, 192, arXiv:2306.10170 [hep-ph] .

[19] R. N. Lee, A. von Manteu↵el, R. M. Schabinger, A. V.
Smirnov, V. A. Smirnov, and M. Steinhauser, Phys. Rev.
Lett. 128, 212002 (2022), arXiv:2202.04660 [hep-ph] .

[20] R. Abdul Khalek et al., Nucl. Phys. A 1026, 122447
(2022), arXiv:2103.05419 [physics.ins-det] .

[21] I. Borsa, D. de Florian, and I. Pedron, Phys. Rev. D 105,
074025 (2022), arXiv:2112.08223 [hep-ph] .

[22] I. Borsa, D. de Florian, and I. Pedron, Phys. Rev. Lett.
125, 082001 (2020), arXiv:2005.10705 [hep-ph] .

[23] I. Borsa, D. de Florian, and I. Pedron, Phys. Rev. D 103,
014008 (2021), arXiv:2010.07354 [hep-ph] .

[24] R. Boughezal, H. T. Li, and F. Petriello, Phys. Lett. B
817, 136333 (2021), arXiv:2101.02214 [hep-ph] .

[25] E. B. Zijlstra and W. L. van Neerven, Nucl. Phys. B
417, 61 (1994), [Erratum: Nucl.Phys.B 426, 245 (1994),
Erratum: Nucl.Phys.B 773, 105–106 (2007), Erratum:
Nucl.Phys.B 501, 599–599 (1997)].

3

FIG. 2: Numerical stability of corrections to the total cross section with respect to the slicing parameter �. The panels display
the O(↵2

s) (red) and O(↵3
s) (blue) contributions for six representative partonic channels. Error bars indicate Monte Carlo

statistical uncertainties. The solid cyan lines represent a fit to the asymptotic limit � ! 0. The dashed purple lines denote
the reference values of O(↵2

s).

asymmetric pion transverse momentum 
spectrum at EIC upto NNLO

asymmetric pion cross sections vs. resolution parameter at 
EIC upto O(as3)

❖ good convergence of the QCD corrections wrt. both cutoffs for 
all partonic channels

[Dong, Fang, JG, Li, Shao, Zhou, Zhu, to appear soon]
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✦ New perturbative QCD corrections for longitudinal polarized SIDIS exhibit good perturbative 
convergence and reduced scale variations for differential cross sections at future electron-ion collider, 
providing state-of-the-art predictions for study of helicity PDF at EIC
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FIG. 3: Di↵erential cross section (multiplied by bin center)
as functions of the Bjorken variable x for charged pion pro-
duction at the EIC at various orders in QCD, including NLO,
NNLO and N3LO. In the lower panel all predictions including
scale variations are normalized to the central NNLO results.
The diamond-shaped scatters represent approximate N3LO
predictions.

FIG. 4: Di↵erential cross section as functions of the hadron
momentum fraction z for charged pion production at the EIC
at various orders in QCD together with scale variations, where
we set ��cut = 0.01. Kinematic cuts, including a lower limit
of 2 GeV on the hadron transverse momentum, are applied.
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FIG. 4: Di↵erential cross section as functions of the hadron
momentum fraction z for charged pion production at the EIC
at various orders in QCD together with scale variations, where
we set ��cut = 0.01. Kinematic cuts, including a lower limit
of 2 GeV on the hadron transverse momentum, are applied.

Extension to polarized SIDIS

[Dong, Fang, JG, Li, Shao, Zhou, Zhu, to appear soon]

asymmetric pion cross section as a function of 
Bjorken-x at EIC upto N3LO

double spin asymmetry of pion as a function of 
Bjorken-x at COMPASS upto N3LO

❖ the double spin asymmetry are rather stable at large-x due 
to cancellations of QCD corrections in (un)polarized SIDIS
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✦ 4. NPC analysis on helicity PDFs of nucleons



Global analysis of helicity PDFs
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✦ Measurements are available from polarized fixed-target experiments on DIS/SIDIS, polarized pp collider 
(RHIC) on W/Z boson, incl. hadron, incl. jet, dijets, and direct photon production; many groups provide 
phenomenological pPDFs from global analysis at NLO/aNNLO in QCD

Figure 2.1. The kinematic coverage of the NNPDFpol2.0 data set in the (x, Q
2) plane after applying kinematic

cuts. The data sets are categorised as explained in Sect. 2.2.

inclusive jet and di-jet bins, a fact that allows us to include all the measurements at the same time in the
fit without incurring in double counting. Information on correlations is generally not provided by other
experiments, except for the highlight of a multiplicative, fully correlated, uncertainty due to the beam
polarisation. We use experimental uncertainties to construct the so-called experimental covariance matrix,
see Eq. (8) in [95] for its definition. This covariance matrix will be used to present the fit quality in Sect. 4.
We also construct the t0 covariance matrix, according to Eq. (9) in [95], whereby relative multiplicative
uncertainties are multiplied by the corresponding theoretical predictions instead of experimental data. This
prescription, which was designed to avoid D’Agostini bias [96], will be used for parameter optimisation.

2.2 Perturbative accuracy

The perturbative accuracy of the theoretical predictions corresponding to the measurements described in
Sect. 2.1 depends on the perturbative accuracy of the partonic matrix elements and of the DGLAP splitting
functions, which are both expanded as a series in the strong coupling. Concerning this perturbative accuracy,
this work pursues two goals: first, to include corrections up to NNLO in both; and, second, to include MHOUs
arising from the truncation of the expansion series to a finite accuracy.

The first goal is achieved by deploying a set of open-source computational tools specifically designed for
PDF fitting. As already mentioned, these include: Yadism [46] for the computation of the polarised inclusive
structure function g1; PineAPPL [48, 49] (interfaced with the codes presented in [23, 91, 92] and used to
compute the polarised proton-proton collision spin asymmetries) for the construction of PDF-independent
fast interpolation grids; EKO [44, 45] for PDF evolution; and the pineline framework [43] to combine
them all. Each of these pieces of software have been extended to handle the computation of the polarised
observables at the desired accuracy. This amounted to the following. We implemented in Yadism the
FONLL general-mass variable-flavour-number scheme up to NNLO [38, 39], which combines the massless
computation [7] with the recent massive one [9] and its asymptotic limit [14]. We implemented in EKO
the polarised splitting functions, including the known corrections up to NNLO [24–27] and their matching
conditions [14] for heavy quarks. We have finally extended PineAPPL and pineko to deal with polarised
observables, including in the case in which unpolarised and polarised PDFs ought to be used simultaneously,
such as in the computation of spin asymmetries. In all the computations, we use the same values of the
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typical kinematic coverage in x-Q2 plane most recent pPDFs from major analysis groups 

❖ complementary constraints from different data sets are 
crucial for pPDF fit due to limited data sets (~1000 data 
points), e.g., jets on gluon and W/Z on anti-quark flavor 
separation 

a a



Preliminary results from NPC
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✦ The NPC analysis on pPDF aims at a global determination using all available polarized data with exact 
NNLO QCD predictions, as well as implementing recent lattice QCD calculations from LPC collaboration

preliminary NPC pPDF at NLO comparing to BDSSV24

❖ we have tested our framework with a NLO fit using similar data and theory as BDSSV, but with different 
parametrization form; the two agrees well except for uncertainties at small-x to be improved latter  



Preliminary results from NPC
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✦ The most challenging task for achieving NNLO precision would be calculating the NNLO QCD 
corrections for incl. jet and dijets production in polarized pp collisions which are critical for constraining 
the gluon pPDF 

comparison of pPDFs with (left) and w/o (right) including jet data

❖ The gluon pPDF are almost unconstrained if w/o jet data (except for 
lattice data on gluon normalization); analysis from other groups 
currently use at most approximated NNLO jet cross sections from 
threshold expansions

Fit to the incl. jet data from PHENIX 
and STAR, ALL vs. pT



Summary
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✦ Deep inelastic scatterings are essential for refined study of nucleon structure, including PDFs, helicity 
PDFs, and TMD PDFs, with implications not only for understanding of QCD but also for precision test of 
the SM

Thank you for your attention!

✦ We developed a systematic routine of subtraction/slicing methods for calculations of single inclusive 
hadron production, and leverage perturbative precision of (p)SIDIS to N3LO in QCD  


✦ With the advancements on ingredients of both non-perturbative and perturbative QCD we are on the way 
of building a precision framework for extraction of the helicity PDFs of the nucleons  


✦ The NPC collaboration also provides most comprehensive/advanced global analyses on FFs of light 
hadrons, including on hadron species, data selections, and theoretical precisions (to NNLO)  



FFs to charged pion/kaon at Q=1.4 GeV 
GeV

3

Eh,min[GeV]
BESIII COMPASS B-factories HE-SIA global

Npt �2/Npt Npt �2/Npt Npt �2/Npt Npt �2/Npt Npt �2 �2/Npt

NNLO

0.5 242 1.26 358 1.65 233 1.06 426 1.19 1259 1650.2 1.31
0.6 212 1.21 290 1.59 228 0.92 423 0.97 1153 1338.8 1.16
0.7 182 1.11 214 1.47 223 0.61 413 0.84 1032 997.2 0.97
0.8 152 0.98 142 1.30 218 0.53 407 0.82 919 781.8 0.85
0.9 122 1.05 94 1.29 213 0.52 407 0.80 836 687.1 0.82
1.0 98 1.14 54 0.97 209 0.49 403 0.80 764 587.2 0.77

NLO 0.8 152 1.03 142 1.26 218 0.54 407 0.85 919 801.6 0.87
NNLO(approx.) 0.8 152 0.96 142 1.40 218 0.53 407 0.81 919 791.5 0.86

NNLO(w/o BES) 0.8 - - 142 1.23 218 0.52 407 0.81 767 620.2 0.81

TABLE I: Quality of fit for di↵erent choices of lower cut on the hadron energy at various accuracy, and of fit without BESIII
data.
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FIG. 1: Fragmentation functions of ⇡+ and K+ for diverse
partons at the starting scale Q0 = 1.4 GeV. The dotted lines
represent the nominal fit, while the uncertainties at 68% C.L.
are shown in colored band. Other lines represent alternative
fits as listed in Tab. I.

predictions. The error bars represent the total experi-
mental uncertainties while the colored bands are the scale
uncertainties and the Hessian uncertainties separately.
The comparisons are shown for all three energies of the
BESIII measurements and for various bins in Bjorken-x
and inelasticity y of the COMPASS measurements. The
theoretical calculations are systematically below the mea-
surements of BESIII, especially for the pion production
at 3.05 GeV. However, the deficits can be largely com-
pensated by the shifts due to both the correlated exper-
imental uncertainties and the scale variations. On the
other hand, the NNLO calculations mostly overshoot the
measurements of COMPASS with scale variations to be
comparable in size. Note for both the BESIII and COM-
PASS data the experimental uncertainties are dominated
by correlated systematic uncertainties. The results are
similar for ⇡� and K� production. In conclusion, we
find that QCD collinear factorization can simultaneously
describe both SIA and SIDIS processes at Q values of a
few GeV.
Constraints on proton PDFs.– We further explore com-
plementary constraints to the state-of-the-art PDFs at
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FIG. 2: Comparison of theory and data for ⇡+ and K+ mea-
surements at BESIII. The results are normalized to theoretical
predictions. Q is the center-of-mass energy.

NNLO, especially focusing on constraints to PDFs of
the strange quarks which are less known and have been
actively studied recently [55–57]. We have limited to
an impact study using profile of log-likelihood functions
rather than carrying out a full simultaneous fit of FFs and
PDFs. The latter can be done similarly as in Ref. [58]
(at NLO accuracy) but requires far more e↵orts. Specif-
ically, for the production of charged kaons in SIDIS, the
di↵erential cross sections receive large contributions from
strange-quark PDFs due to the enhancement from frag-
mentation functions of strange quarks comparing to u
and d quarks as shown in Fig. 1. For instance, consider-
ing the di↵erence of di↵erential cross sections of K+ and
K� production at COMPASS, at LO it can be expressed
as

d3�K+�K�

dxdydz
/ 2(uv(x) + dv(x))(DK+

u (z) � DK+

ū (z))

+ sv(x)(DK+

s (z) � DK+

s̄ (z)), (1)

where we have assumed iso-scalar target without nuclear
corrections, and uv, dv being PDFs of valence quarks
and sv ⌘ s � s̄ being the asymmetry of strange (anti-
)quark PDFs in the proton. The kinematic variables are
Bjorken-x, inelasticity y and hadron energy fraction z.
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✦ A first Global analysis of FFs to light charged hadrons at full NNLO with SIA and SIDIS data, especially 
with recent BESIII data, focusing on low momentum transfer region and test of collinear factorization

❖ significantly worsen of all chi2 for hadron 
energy below 0.8 GeV; slightly larger global 
chi2 for NLO or aNNLO fits compared with 
NNLO fit 

[JG, Shen, Xing, Zhao, Zhou, 2502.17837 (PRL)]quality of NNLO fit with varying hadron energy cut 3

Eh,min[GeV]
BESIII COMPASS B-factories HE-SIA global

Npt �2/Npt Npt �2/Npt Npt �2/Npt Npt �2/Npt Npt �2 �2/Npt

NNLO

0.5 242 1.26 358 1.65 233 1.06 426 1.19 1259 1650.2 1.31
0.6 212 1.21 290 1.59 228 0.92 423 0.97 1153 1338.8 1.16
0.7 182 1.11 214 1.47 223 0.61 413 0.84 1032 997.2 0.97
0.8 152 0.98 142 1.30 218 0.53 407 0.82 919 781.8 0.85
0.9 122 1.05 94 1.29 213 0.52 407 0.80 836 687.1 0.82
1.0 98 1.14 54 0.97 209 0.49 403 0.80 764 587.2 0.77

NLO 0.8 152 1.03 142 1.26 218 0.54 407 0.85 919 801.6 0.87
NNLO(approx.) 0.8 152 0.96 142 1.40 218 0.53 407 0.81 919 791.5 0.86

NNLO(w/o BES) 0.8 - - 142 1.23 218 0.52 407 0.81 767 620.2 0.81

TABLE I: Quality of fit for di↵erent choices of lower cut on the hadron energy at various accuracy, and of fit without BESIII
data.
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FIG. 1: Fragmentation functions of ⇡+ and K+ for diverse
partons at the starting scale Q0 = 1.4 GeV. The dotted lines
represent the nominal fit, while the uncertainties at 68% C.L.
are shown in colored band. Other lines represent alternative
fits as listed in Tab. I.

predictions. The error bars represent the total experi-
mental uncertainties while the colored bands are the scale
uncertainties and the Hessian uncertainties separately.
The comparisons are shown for all three energies of the
BESIII measurements and for various bins in Bjorken-x
and inelasticity y of the COMPASS measurements. The
theoretical calculations are systematically below the mea-
surements of BESIII, especially for the pion production
at 3.05 GeV. However, the deficits can be largely com-
pensated by the shifts due to both the correlated exper-
imental uncertainties and the scale variations. On the
other hand, the NNLO calculations mostly overshoot the
measurements of COMPASS with scale variations to be
comparable in size. Note for both the BESIII and COM-
PASS data the experimental uncertainties are dominated
by correlated systematic uncertainties. The results are
similar for ⇡� and K� production. In conclusion, we
find that QCD collinear factorization can simultaneously
describe both SIA and SIDIS processes at Q values of a
few GeV.
Constraints on proton PDFs.– We further explore com-
plementary constraints to the state-of-the-art PDFs at
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NNLO, especially focusing on constraints to PDFs of
the strange quarks which are less known and have been
actively studied recently [55–57]. We have limited to
an impact study using profile of log-likelihood functions
rather than carrying out a full simultaneous fit of FFs and
PDFs. The latter can be done similarly as in Ref. [58]
(at NLO accuracy) but requires far more e↵orts. Specif-
ically, for the production of charged kaons in SIDIS, the
di↵erential cross sections receive large contributions from
strange-quark PDFs due to the enhancement from frag-
mentation functions of strange quarks comparing to u
and d quarks as shown in Fig. 1. For instance, consider-
ing the di↵erence of di↵erential cross sections of K+ and
K� production at COMPASS, at LO it can be expressed
as

d3�K+�K�

dxdydz
/ 2(uv(x) + dv(x))(DK+

u (z) � DK+

ū (z))

+ sv(x)(DK+

s (z) � DK+

s̄ (z)), (1)

where we have assumed iso-scalar target without nuclear
corrections, and uv, dv being PDFs of valence quarks
and sv ⌘ s � s̄ being the asymmetry of strange (anti-
)quark PDFs in the proton. The kinematic variables are
Bjorken-x, inelasticity y and hadron energy fraction z.

satisfactory agreements between NNLO 
theory and data are found for both the 
SIA and SIDIS data with Q~2-3 GeV

[BES III & NPC collaboration, 2502.16084 (PRL)]

❖ proven factorization/universality of FFs in SIA 
and SIDIS at lowest Q values 
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✦ In the pion NS FF NNLO fit we find a preference on the scaling index β close to 1 rather than 2, at Q=1.3 
GeV, despite of various systematic effects; several models are tested including Field-Feynman parametrization 
and CSM FFs [Xing, Bian, Cui, Roberts, 2025]   


3

37], increases the �
2 by about 74 units. We emphasize

that it is possible that these predictions on the scaling
power are only valid in a region of x very close to one,
e.g., z > 0.9, which are not well probed by current world
data. The preference for � = 1 over � = 2 aligns with
observations from global analyses of pion PDFs [67, 68],
and could be altered by the inclusion of threshold resum-
mation e↵ects [37, 69, 70]. In the final two models, the
non-singlet pion FFs are fully fixed, based on the Field-
Feynman model [2] and the CSM FFs [71]. Note that the
CSM FF was refitted using our four-parameter form, and
an additional constant term was added for the FF from
Field-Feynman model. Neither of these models provides
a good description of the charge asymmetry data.
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FIG. 1: The global and individual �2 variations as a function
of the � parameter. The best-fit �2 values from alternative
fits and several models are also shown.

Alternative fits under varying conditions are summa-
rized in Tab. I to investigate various systematic e↵ects.
First, we use NNPDF4.0 NNLO PDFs [72] instead. This
yields a slightly lower �

2, but the extracted parame-
ters are fully consistent with our nominal fit using CT18
PDFs. In the other two fits, we raise the lower cut on z

to 0.5 or include only data from proton targets. In both
cases, the scaling index � only changes slightly. Fur-
thermore, we attempt a four-parameter fit or lower the
initial scale to Q0 = 1 GeV. The �

2 remains almost un-
changed, while � increases or decreases by about 0.13.
In the final scenario, we perform a NLO fit, which favors
a � value smaller by 0.16. The NLO fit shows a slightly
smaller �2 than our nominal NNLO fit because the scale
variations, accounted for in the �2 calculation, are larger
at NLO. Additionally, we perform a dedicated scan of �

and plot the change in the global �2 relative to our nom-
inal best-fit as a function of � in Fig. 1. The horizontal
dashed line indicates the global �2 change corresponding
to the 68% C.L. interval. The various markers represent
the Field-Feynman model, the best-fit with ↵ fixed to
0, and best-fits with alternative NNLO PDFs, including
MSHT20 [73] and NNPDF4.0.
In Fig. 1 we also plot the �2 changes for individual data

sets as a function of � during the scan. All three data sets
show consistency, with preferred � values falling within
the uncertainty range of the global determination. The
COMPASS measurements on proton and isoscalar tar-
gets, with a total of 209 data points, provide the strongest
constraints, followed by the ABCMO (28 data points)
and HERMES (12 data points) measurements.
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FIG. 2: The NS FF D⇡+

u� at a scale of 1.3 GeV, as a function
of z from our nominal and alternative fits, compared with
predictions from the Field-Feynman model, MC generators,
and previous FF determination.

Our non-singlet pion FFs, zD⇡
+

u� , are shown in Fig. 2
as a function of z at a fragmentation scale of 1.3 GeV.
This includes results from the nominal NNLO fit with
Hessian uncertainties and from alternative fits under var-
ious conditions. Our results are compared to previ-
ous determinations, including the Field-Feynman model,
CSM FFs, FFs from the BDSSV22 [25], MAP10 [26],
and NPC23 [27] global analyses at NNLO, and the
JAM20 [19] global analysis at NLO. We also show pre-
dictions based on MC simulations with PYTHIA8 [74].
For the simulation, we select electron-positron collisions
at a center of mass energy of 11 GeV; the results are
insensitive to this choice. Our NLO fit favors a slightly
harder distribution compared to the NNLO fit. The CSM

a scan on the scaling index

❖ 3-parameter nominal fit (z>0.3) shows a very 
good chi2 and a scaling index of about 0.7±0.2; 
changing PDFs, Q0 , z cut, using only proton 
data, or switch to 4-parameter fit or NLO fit, all 
return a scaling index within uncertainties  

❖  a surprisingly consistent preference of β close to 1 
than 2 for all SIDIS data studied; see [Aichier, Schafer, 
Volgesang; JAM; xFitter; FantoPDF] for similar 
observation in pion PDFs

[JG, Liu, Zhou, 2507.14637, CPC cover story & editors’ suggestion]

nominal parametrization of NS FFs

2

respectively. We have assumed charge conjugation sym-
metry for the fragmentation functions, i.e., D

h
+

i
(z) =

D
h
�

ī
(z), and have suppressed the dependence on QCD

scales in the formulas above. The kinematic variables
x, z and ✓ are Bjorken variable, hadron energy frac-
tion, and hadron polar angle, respectively. The non-
singlet fragmentation functions are defined as Dh

+

i� (z) ⌘
D

h
+

i
(z)�D

h
+

ī
(z). In the case of CC SIDIS, i0 = u, c for

i = d, s when assuming diagonal CKM matrix. The non-
singlet coe�cient functions ANS have been calculated to
NNLO for SIDIS [38? –41] and SIA [42–49].

zD⇡+
u� ↵ � a0(a1) �2 (Npt)

nominal �0.335+0.22
�0.21 0.692+0.20

�0.19 �1.891+0.30
�0.28 252.4 (249)

mod.1 0 0.976 -1.438 257.5 (249)
mod.2 -0.035 1.0 -1.460 257.4 (249)
mod.3 0.893 2.0 -0.091 326.4 (249)
mod.4 1.0 2.0 0.054 346.5 (249)
mod.5 0.681 2.298 -1.352(2.444) 563.2 (249)
sys.1 -0.323 0.703 -1.846 247.6 (249)
sys.2 -0.476 0.665 -1.984 152.7 (144)
sys.3 -0.355 0.732 -1.828 153.8 (136)
sys.4 -1.000 0.835 -3.919(2.350) 252.2 (249)
sys.5 -0.349 0.568 -1.885 252.4 (249)
sys.6 -0.373 0.534 -1.954 243.3 (249)

TABLE I: Fit quality for various models and systematic
checks. Parameters shown in bold are fixed, not fitted.

In this study we have analyzed a comprehensive set
of data on identified ⇡

+, ⇡
�, K

+ and K
� production

from SIDIS and SIA processes. The HERMES experi-
ment measured pion and kaon production in NC SIDIS
on both proton and deuteron targets at a center-of-mass
energy of 7.26 GeV, with z values up to 0.8 [50]. The
COMPASS experiment measured pion and kaon produc-
tion in NC SIDIS on isoscalar targets [51, 52] and, more
recently, proton [53] targets at a center-of-mass energy
of 17.33 GeV, with z values up to 0.85. The ABCMO
experiment measured pion production in (anti-)neutrino
CC SIDIS on proton targets at a center-of-mass energy
of about 8.8 GeV, with z values up to 1 [54]. Both HER-
MES and COMPASS measurements are di↵erential in the
momentum transfer Q, and we include only data with
Q > 2 GeV to ensure the validity of our perturbative
calculations. The ABCMO data on hadron multiplic-
ity are integrated over Q > 1 GeV. The SLD collabo-
ration measured charged pion and kaon multiplicities in
the light quark-jet hemisphere at the Z-pole, using lon-
gitudinally polarized electron beams [55, 56]. We calcu-
lated corresponding theoretical predictions at NNLO in
QCD [57] using the projected-to-Born method [58]. The
reported multiplicity data for h

+ and h
� are converted

to charge asymmetry data by taking their di↵erences,
accounting for correlated systematic uncertainties where
known. This study marks the first time that COMPASS
data from proton targets, SLD charge asymmetry data,

and ABCMO neutrino SIDIS data have been included in
a global analysis of FFs at NNLO.

We focus on charged pion and kaon production at
large-z values (z > 0.3). A simple three-parameter func-
tional form for the non-singlet FFs at the initial scale Q0

is well-motivated,

zD
h

i�(z,Q0) ⌘ z(Dh

i
�D

h

ī
)(z,Q0) = z

↵(1� z)� exp(a0).
(2)

In our nominal fits we set Q0=1.3 GeV. In alternative
four-parameter form a0 is replaced with a0 + a1

p
z. We

conduct two independent analyses: one fitting pion FFs
and another jointly fitting pion and kaon FFs. We con-
sistently assume isospin symmetry for pion FFs, D⇡

+

u� =

�D
⇡
+

d� and set the non-singlet FFs for non-constituent

quarks to zero at the initial scale (D⇡
+

(s/c/b)� = 0 and

D
K

+

(d/c/b)� = 0). In the joint fit, we further assume that
all non-singlet FFs share the same ↵ and � parameters,
allowing only the normalization to di↵er due to quark
masses. This results in three free parameters for our nom-
inal pion-only fit (D⇡

+

u� ) and five for our nominal joint fit

(D⇡
+

u� , DK
+

u� and D
K

�

s� ). The non-singlet FFs are evolved
to higher scales using three-loop time-like splitting ker-
nels [47, 59–61], implemented in a modified version of
HOPPET [62], to ensure NNLO consistency. Di↵erential
cross sections are calculated at NNLO in QCD using the
FMNLO program [63, 64]. Unless otherwise specified, we
use the CT18 NNLO PDFs with ↵S(MZ) = 0.118 [65]
for calculations involving initial hadrons. The renormal-
ization, factorization, and fragmentation scales are set
equal to the momentum transfer Q for both SIA and
SIDIS, with scale variations incorporated into the covari-
ance matrix for the �

2 calculations [27].

Results on pion-only fit.– We first perform a fit to the
non-singlet FFs of pions using data from HERMES,
COMPASS and ABCMO, as the SLD charge asymme-
try data for pions have excessively large uncertainties.
The extracted parameters and �

2 values are presented
in Tab. I. Our nominal fit yields a global �

2 of 252.4
for 249 data points, indicating an excellent description of
the charge asymmetry data with NNLO calculations and
a three-parameter non-perturbative FF. Detailed com-
parisons of the theory and data are also available (see
Supplemental Material [66]). The uncertainties of FF
are determined using the Hessian method with a toler-
ance of ��

2 = 2.3. This tolerance value is estimated
based on the agreements of individual data sets in the
fit, as detailed in Ref. [27]. The scaling index at large-
z, �, is determined to be 0.69 with an uncertainty of
about 0.2. We also test predictions from various models,
as listed in Tab. I. In the first model, the parameter ↵

is fixed to 0, while the other two parameters are fitted.
This results in a best-fit �

2 that is 5 units higher than
our nominal fit, with � close to 1. The resulting FFs and
�
2 are similar if we fix � = 1, as suggested by the NJL
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respectively. We have assumed charge conjugation sym-
metry for the fragmentation functions, i.e., D
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(z), and have suppressed the dependence on QCD

scales in the formulas above. The kinematic variables
x, z and ✓ are Bjorken variable, hadron energy frac-
tion, and hadron polar angle, respectively. The non-
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i = d, s when assuming diagonal CKM matrix. The non-
singlet coe�cient functions ANS have been calculated to
NNLO for SIDIS [38–41] and SIA [42–49].
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u� ↵ � a0(a1) �2 (Npt)

nominal �0.335+0.22
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�0.19 �1.891+0.30
�0.28 252.4 (249)
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TABLE I: Fit quality for various models and systematic
checks. Parameters shown in bold are fixed, not fitted.

In this study we have analyzed a comprehensive set
of data on identified ⇡
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�, K

+ and K
� production

from SIDIS and SIA processes. The HERMES experi-
ment measured pion and kaon production in NC SIDIS
on both proton and deuteron targets at a center-of-mass
energy of 7.26 GeV, with z values up to 0.8 [50]. The
COMPASS experiment measured pion and kaon produc-
tion in NC SIDIS on isoscalar targets [51, 52] and, more
recently, proton [53] targets at a center-of-mass energy
of 17.33 GeV, with z values up to 0.85. The ABCMO
experiment measured pion production in (anti-)neutrino
CC SIDIS on proton targets at a center-of-mass energy
of about 8.8 GeV, with z values up to 1 [54]. Both HER-
MES and COMPASS measurements are di↵erential in the
momentum transfer Q, and we include only data with
Q > 2 GeV to ensure the validity of our perturbative
calculations. The ABCMO data on hadron multiplic-
ity are integrated over Q > 1 GeV. The SLD collabo-
ration measured charged pion and kaon multiplicities in
the light quark-jet hemisphere at the Z-pole, using lon-
gitudinally polarized electron beams [55, 56]. We calcu-
lated corresponding theoretical predictions at NNLO in
QCD [57] using the projected-to-Born method [58]. The
reported multiplicity data for h

+ and h
� are converted

to charge asymmetry data by taking their di↵erences,
accounting for correlated systematic uncertainties where
known. This study marks the first time that COMPASS
data from proton targets, SLD charge asymmetry data,

and ABCMO neutrino SIDIS data have been included in
a global analysis of FFs at NNLO.
We focus on charged pion and kaon production at

large-z values (z > 0.3). A simple three-parameter func-
tional form for the non-singlet FFs at the initial scale Q0

is well-motivated,

zD
h

i�(z,Q0) = z
↵(1� z)� exp(a0). (2)

In our nominal fits we set Q0=1.3 GeV. In alternative
four-parameter form a0 is replaced with a0 + a1

p
z. We

conduct two independent analyses: one fitting pion FFs
and another jointly fitting pion and kaon FFs. We con-
sistently assume isospin symmetry for pion FFs, D⇡

+

u� =
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d� and set the non-singlet FFs for non-constituent

quarks to zero at the initial scale (D⇡
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(s/c/b)� = 0 and

D
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(d/c/b)� = 0). In the joint fit, we further assume that
all non-singlet FFs share the same ↵ and � parameters,
allowing only the normalization to di↵er due to quark
masses. This results in three free parameters for our nom-
inal pion-only fit (D⇡

+

u� ) and five for our nominal joint fit

(D⇡
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u� , DK
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u� and D
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s� ). The non-singlet FFs are evolved
to higher scales using three-loop time-like splitting ker-
nels [47, 59–61], implemented in a modified version of
HOPPET [62], to ensure NNLO consistency. Di↵erential
cross sections are calculated at NNLO in QCD using the
FMNLO program [63, 64]. Unless otherwise specified, we
use the CT18 NNLO PDFs with ↵S(MZ) = 0.118 [65]
for calculations involving initial hadrons. The renormal-
ization, factorization, and fragmentation scales are set
equal to the momentum transfer Q for both SIA and
SIDIS, with scale variations incorporated into the covari-
ance matrix for the �

2 calculations [27].
Results on pion-only fit.– We first perform a fit to the
non-singlet FFs of pions using data from HERMES,
COMPASS and ABCMO, as the SLD charge asymme-
try data for pions have excessively large uncertainties.
The extracted parameters and �

2 values are presented
in Tab. I. Our nominal fit yields a global �

2 of 252.4
for 249 data points, indicating an excellent description of
the charge asymmetry data with NNLO calculations and
a three-parameter non-perturbative FF. Detailed com-
parisons of the theory and data are also available (see
Supplemental Material [66]). The uncertainties of FF
are determined using the Hessian method with a toler-
ance of ��

2 = 2.3. This tolerance value is estimated
based on the agreements of individual data sets in the
fit, as detailed in Ref. [27]. The scaling index at large-
z, �, is determined to be 0.69 with an uncertainty of
about 0.2. We also test predictions from various models,
as listed in Tab. I. In the first model, the parameter ↵

is fixed to 0, while the other two parameters are fitted.
This results in a best-fit �

2 that is 5 units higher than
our nominal fit, with � close to 1. The resulting FFs and
�
2 are similar if we fix � = 1, as suggested by the NJL

model [28]. Conversely, fixing � = 2, as suggested by [35–

various fits to the pion NS FFs
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metry for the fragmentation functions, i.e., D
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scales in the formulas above. The kinematic variables
x, z and ✓ are Bjorken variable, hadron energy frac-
tion, and hadron polar angle, respectively. The non-
singlet fragmentation functions are defined as Dh

+

i� (z) ⌘
D

h
+

i
(z)�D

h
+

ī
(z). In the case of CC SIDIS, i0 = u, c for

i = d, s when assuming diagonal CKM matrix. The non-
singlet coe�cient functions ANS have been calculated to
NNLO for SIDIS [38–41] and SIA [42–49].

zD⇡+
u� ↵ � a0(a1) �2 (Npt)

nominal �0.335+0.22
�0.21 0.692+0.20

�0.19 �1.891+0.30
�0.28 252.4 (249)

mod.1 0 0.976 -1.438 257.5 (249)
mod.2 -0.035 1.0 -1.460 257.4 (249)
mod.3 0.893 2.0 -0.091 326.4 (249)
mod.4 1.0 2.0 0.054 346.5 (249)
mod.5 0.681 2.298 -1.352(2.444) 563.2 (249)
sys.1 -0.323 0.703 -1.846 247.6 (249)
sys.2 -0.476 0.665 -1.984 152.7 (144)
sys.3 -0.355 0.732 -1.828 153.8 (136)
sys.4 -1.000 0.835 -3.919(2.350) 252.2 (249)
sys.5 -0.349 0.568 -1.885 252.4 (249)
sys.6 -0.373 0.534 -1.954 243.3 (249)

TABLE I: Fit quality for various models and systematic
checks. Parameters shown in bold are fixed, not fitted.

In this study we have analyzed a comprehensive set
of data on identified ⇡

+, ⇡
�, K

+ and K
� production

from SIDIS and SIA processes. The HERMES experi-
ment measured pion and kaon production in NC SIDIS
on both proton and deuteron targets at a center-of-mass
energy of 7.26 GeV, with z values up to 0.8 [50]. The
COMPASS experiment measured pion and kaon produc-
tion in NC SIDIS on isoscalar targets [51, 52] and, more
recently, proton [53] targets at a center-of-mass energy
of 17.33 GeV, with z values up to 0.85. The ABCMO
experiment measured pion production in (anti-)neutrino
CC SIDIS on proton targets at a center-of-mass energy
of about 8.8 GeV, with z values up to 1 [54]. Both HER-
MES and COMPASS measurements are di↵erential in the
momentum transfer Q, and we include only data with
Q > 2 GeV to ensure the validity of our perturbative
calculations. The ABCMO data on hadron multiplic-
ity are integrated over Q > 1 GeV. The SLD collabo-
ration measured charged pion and kaon multiplicities in
the light quark-jet hemisphere at the Z-pole, using lon-
gitudinally polarized electron beams [55, 56]. We calcu-
lated corresponding theoretical predictions at NNLO in
QCD [57] using the projected-to-Born method [58]. The
reported multiplicity data for h

+ and h
� are converted

to charge asymmetry data by taking their di↵erences,
accounting for correlated systematic uncertainties where
known. This study marks the first time that COMPASS
data from proton targets, SLD charge asymmetry data,

and ABCMO neutrino SIDIS data have been included in
a global analysis of FFs at NNLO.
We focus on charged pion and kaon production at

large-z values (z > 0.3). A simple three-parameter func-
tional form for the non-singlet FFs at the initial scale Q0

is well-motivated,

zD
h

i�(z,Q0) = z
↵(1� z)� exp(a0). (2)

In our nominal fits we set Q0=1.3 GeV. In alternative
four-parameter form a0 is replaced with a0 + a1

p
z. We

conduct two independent analyses: one fitting pion FFs
and another jointly fitting pion and kaon FFs. We con-
sistently assume isospin symmetry for pion FFs, D⇡

+

u� =

�D
⇡
+

d� and set the non-singlet FFs for non-constituent

quarks to zero at the initial scale (D⇡
+

(s/c/b)� = 0 and

D
K

+

(d/c/b)� = 0). In the joint fit, we further assume that
all non-singlet FFs share the same ↵ and � parameters,
allowing only the normalization to di↵er due to quark
masses. This results in three free parameters for our nom-
inal pion-only fit (D⇡

+

u� ) and five for our nominal joint fit

(D⇡
+

u� , DK
+

u� and D
K

�

s� ). The non-singlet FFs are evolved
to higher scales using three-loop time-like splitting ker-
nels [47, 59–61], implemented in a modified version of
HOPPET [62], to ensure NNLO consistency. Di↵erential
cross sections are calculated at NNLO in QCD using the
FMNLO program [63, 64]. Unless otherwise specified, we
use the CT18 NNLO PDFs with ↵S(MZ) = 0.118 [65]
for calculations involving initial hadrons. The renormal-
ization, factorization, and fragmentation scales are set
equal to the momentum transfer Q for both SIA and
SIDIS, with scale variations incorporated into the covari-
ance matrix for the �

2 calculations [27].
Results on pion-only fit.– We first perform a fit to the
non-singlet FFs of pions using data from HERMES,
COMPASS and ABCMO, as the SLD charge asymme-
try data for pions have excessively large uncertainties.
The extracted parameters and �

2 values are presented
in Tab. I. Our nominal fit yields a global �

2 of 252.4
for 249 data points, indicating an excellent description of
the charge asymmetry data with NNLO calculations and
a three-parameter non-perturbative FF. Detailed com-
parisons of the theory and data are also available (see
Supplemental Material [66]). The uncertainties of FF
are determined using the Hessian method with a toler-
ance of ��

2 = 2.3. This tolerance value is estimated
based on the agreements of individual data sets in the
fit, as detailed in Ref. [27]. The scaling index at large-
z, �, is determined to be 0.69 with an uncertainty of
about 0.2. We also test predictions from various models,
as listed in Tab. I. In the first model, the parameter ↵

is fixed to 0, while the other two parameters are fitted.
This results in a best-fit �

2 that is 5 units higher than
our nominal fit, with � close to 1. The resulting FFs and
�
2 are similar if we fix � = 1, as suggested by the NJL

model [28]. Conversely, fixing � = 2, as suggested by [35–
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✦ Generic algorithms on NLO calculations of jet production cross sections have been developed for long 
times, based on local subtraction or phase-space slicing method; especially automation of NLO jet cross 
sections exists, e.g., in MG5 and Sherpa 

2 Theoretical framework

2.1 A hybrid scheme

Cross sections for any infrared and collinear (IRC) safe observables in a standard subtraction

scheme at NLO have the following schematic form:

d�

dF
=

Z
dPSm

h
|M |

2
B,m + |M |

2
V,m + |Ĩ|

2
m

i
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+
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|M |

2
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2
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i
, (2.1)

where |M |
2
B
, |M |

2
V
and |M |

2
R
represent square of matrix elements at leading order (LO), one-

loop level and in real corrections, respectively. |I|
2
m+1 denotes the local subtraction terms

constructed in D = 4� 2✏ dimensions when using dimensional regularizations, and

|Ĩ|
2
m =

Z
PS1|I|

2
m+1 (2.2)

are the integrated subtraction terms over the phase space of real radiations. We have taken

a single di↵erential cross section in observable F as an example for a process with m(m+ 1)

finale state particles at LO (in real corrections). One can imagine F being the transverse

momentum of either colorless particles or a clustered jet produced. The measure function F̂

for the observable applies on either the Born kinematics and flavors {pm; fm}, or those in real

corrections {pm+1; fm+1}, and in real subtractions {p̃m; f̃m}. For local subtraction schemes,

for instance, in CS dipole subtraction [50, 51] or FKS subtraction [52, 53], contributions

from the second line of Eq. (2.1) can be evaluated immediately in four dimensions due to

cancellations of both infrared and collinear singularities. Note that in the infrared or collinear

limits the measure function of IRC safe observable equals for configurations {pm+1; fm+1} and

{p̃m; f̃m}. Both the virtual corrections and integrated subtraction terms carry poles in ✏ which

again cancel among each other which renders the first line of Eq. (2.1) being finite in four

dimensions.

For fragmentation processes, the complications are due to uncancelled collinear singular-

ities from splitting of final state partons and thus observables are not collinear safe. However,

those singularities are universal and can be absorbed into definitions of bare fragmentation

functions similar to the mass factorization in scattering with initial hadrons. Considering

the transverse momentum distribution of a tagged hadron, a typical observable in parton

fragmentations, one can attempt to use the same formalism as for IRC safe observable and

calculate
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|Ĩ|
2
m =

Z
PS1|I|

2
m+1 (2.3)

are the integrated subtraction terms over the phase space of real radiations. We have taken

a single di↵erential cross section in observable F as an example for a process with m(m+ 1)

finale state particles at LO (in real corrections). One can imagine F being the transverse

momentum of either colorless particles or a clustered jet produced. The measure function F̂

for the observable applies on either the Born kinematics and flavors {pm; fm}, or those in real

corrections {pm+1; fm+1}, and in real subtractions {p̃m; f̃m}. For local subtraction schemes,

for instance, in CS dipole subtraction [50, 51] or FKS subtraction [52, 53], contributions

from the second line of Eq. (2.2) can be evaluated immediately in four dimensions due to

cancellations of both infrared and collinear singularities. Note that in the infrared or collinear

limits the measure function of IRC safe observable equals for configurations {pm+1; fm+1} and

{p̃m; f̃m}. Both the virtual corrections and integrated subtraction terms carry poles in ✏ which

again cancel among each other which renders the first line of Eq. (2.2) being finite in four

dimensions.

For fragmentation processes, the complications are due to uncancelled collinear singular-

ities from splitting of final state partons and thus observables are not collinear safe. However,

those singularities are universal and can be absorbed into definitions of bare fragmentation

functions similar to the mass factorization in scattering with initial hadrons. Considering

the transverse momentum distribution of a tagged hadron, a typical observable in parton

fragmentations, one can attempt to use the same formalism as for IRC safe observable and

calculate

d�

dpT,h
=

Z
dx

Z
dPSm

h
|M |

2
B,m + |M |

2
V,m + |Ĩ|
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local subtraction

phase-space slicing

P

P

QCD radiations

❖ FKS subtraction (jet), [Frixione, Kunszt, Signer], as 
implemented in Madgraph5


❖ Dipole subtraction (jet & hadron), [Catani, 
Seymour], as implemented in MCFM


❖ Two-cutoff slicing (jet & hadron), [Harris, Owens]


❖ Antenna subtraction (jet & hadron), [2406.09925]; 
alternative subtraction [2403.14574]; semi-
analytical calculations, [1903.01529, BigkT]  


❖ STRIPPER (jet & hadron at NNLO), [2503.11489]

public tools and automation on the hadron 
production cross sections are very much limited!


