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1. Setting the Stage

Wﬁy “Postmodern” Fermi Licluicfs?



__30-Second Big Picture (What this Work C
Fermions Bosons saaled R
/ condensate kF\ !
. Particle-hole excitations in one dimension
K
_(‘/:,__I_(i,_,.__‘,_.;u
b \\T/

R k - Particle-hole excitations in two dimensions.

* One-Line Goal: Effective Theory from Phase-Space Symmetry

« Key Objects: Canonical Transformations, Coadjoint Orbits

« Roadmap: Algebra — Hamiltonian — Action — Symmetries — Gauging

RCREREYT 4 ¢°
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__Motivation: Why “Postmodern™?

Bottleneck: Lack of a Systematic EFT for Fermi Liquids

Need: Classify Irrelevant Corrections with Definite Scaling

Claim: Hidden Geometric Structure Rigidly Constrains EFT

Bonus: Symmetry Implementation and Gauge Coupling Become Systematic

Outlook: Stepping Stone toward Perturbative NFLs

mﬂr»? u@y 5 ‘0
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2. From Landau to RG
The Standard Q—”ermi-llicluic{ Toolkit



overlap

>

__Landau Starting Point (For Context)

» Ground State Occupation  f(p) = 6(er — €(p))

Electron energy

- Fermi level

metal semiconductor insulator

Fermi Surface e(p) = er = |p| = pr(6)

E
Unoccupied A
st

Landau Kinetic Equation (Nonlinear in Interacting Case)

d f B . . remener -Cj-@-@)—mowed

_ — =0 (X =Vpe(p), P=Fext)
Equation dt " o0
O:f + Vpe(P) - Vxf+ Fext - Vpf =0 - [|©000

Interacting Theory = Quasiparticle 000

f(taxa p) — fO(P) +5f(t7x7 p) ‘p’ — pr < PF QQQ\
Recoil energy— OOO ':Blocked




__Landau Starting Point (For Context)

d, ./

(C;S —F (p,p)df (x,p’)

 Dispersion of Quasiparticles eqp(x,p)ze(p)+/

« Assumption: Any interaction between Quasiparticles is Short-Ranged = Interaction

KF+A

Term in the Quasiparticle Energy is Local in Space

« Collisionless Boltzmann Equation / Landau Kinetic Equation
Orf +Vpe(P) - Vxf + Fext - Vpf =0 X =Vpe(P) P =Fexi
4
Otf + Vpeaplfl - Vxf — (Vxegp[f] — Fext) - Vpf =0 X = Vpegplf] P=Fex — Vxegplf]

 Landau Parameters Expansion F@®,6)~ > FP%6,6)
l




__Limitations of Landau’s Theory

* No Microscopic Derivation: Landau Theory Introduced Phenomenological Parameters
* No RG or Quantum Corrections: Essentially a Classical (Mean-Field) Framework
* Insensitive to Subleading Corrections: Focuses on Near-Fermi-Surface, Omits Higher Derivatives

« Limited Validity: Cannot Easily Handle Critical Fluctuations or NFL Regimes

« Lacks Gauge Fields Coupling: Difficult to Incorporate Electromagnetic or Long-Range Forces

Degrees of freedom?

particle quasiparticle

hole quasi-hole

. information retrieval? 3 ‘
(a) Fermi liquid (b) Landau Fermi-liquid ‘
Q &
S University of Chinese Academy of Sciences




__Modern RG Approach (Shankar—Polchinski)

Y1 (p) :creates a quasiparticle with momentum p

° LOW-Energy Focus 1 (p) :creates a hole at the point —p (in the Fermi sea)
* Linearize Dispersion around Fermi Surface, Integrate out High-Energy Modes

« Free Action So= ap (p)|i0: — (¢(P) —€r) |¥(—P)  €(p) —er =
“ ey

 Linearize p=prt+k dp=d*ppdk
1
o €(p) =e(Pr+k) > e(pr) + Vpe(P)l,, - k+ 5 kT (VpVpe(p)) |, K+
e(p) ~er +k-vr(pr) + 0(’“2)7 vr(Pr) = fo(P)|pF-

I
e(p) — er = k| |vr(pr)| + O(K).
* A(pp) = |:§Epg| ki=k-h kj=k—k,n
k2 N(A)
L SA = k| SVemA~ VERR W) R D vikw)
1=1
» Scaling Dimension D)=, [ =-—=




__Modern RG Approach (Shankar—Polchinski)

« Patch Decomposition

« Divide Fermi Surface into Patches for RG Analysis

* 4-Fermion Interactions

Sint = /dt/ddwlddwzddmddmv (x1,%X2,%3,%X4)%" (x1)9 (x2)0 (%3)9 (x4)

P(x) = / e PY(p)  P(x) = / e~ =y (p)

V(x1,X2,X3,X4) = / V(PF1, Pra, Pr3, Pry)e’ PrXtPrXetPeXatPeXa) () 4 py 4 pa + py)
P1P2P3P4

I
Sint = // V(Pr1, Pr2, Pr3, Pra) ¥ (P1)¥(P2)¥! (P3)Y(pa) 6(P1 + P2 + P3 + Pa)
t J p1P2P3P4

d(p1+ P2+ PpP3+ps1) = ((pFl + ki) + (pr2 + ko) + (Prs + k3) + (Pra + k4)) = d(pr + k)

Pr =Pr1 +Pr2 +PF3 + Prs4 k=k; +ko+ks+ky




__Modern RG Approach (Shankar—Polchinski)

 4-Fermion Interactions
pr=0: §(pr+k)=060+k) = §(sk)=s (k) = [0] = —d
pr#0: 6(pr+k)=dpr) |Prl>kl = [0]=0

« Scaling Dimension of Delta Function

« Classify into Marginal (e.g. Forward Scattering) vs Relevant / Irrelevant

P
@ P1 A~ ®
Op, @ p el <!
)
Pz("
o P4
Ps 5
t : Particle-Hole Channel u : Exchange/Crossed Particle Hole s : BCS/Cooper
(a) Forward scattering (b) BCS channel Channel (Particle-Particle) Channel

 Form Factor
F(pri,Pr3) =V (Pr1, —PF1,PF3, —PF3) g(Pr1,Pr2) =V (PF1,PF2, —PF1, —PF2)

12“



__Modern RG Approach (Shankar—Polchinski)

* Marginal Part/ F(pm,pm)[WWW]ph(pl,p3)+/ 9 (pr1, Pr2) (V1Y) 4 g (P1,P2)

P1P3 P1P2

* Flow of Couplings

« Landau Parameters Emerge as Fixed-Point Values of Running Couplings

« Systematic

» Derives Fermi Liquid as a Stable Fixed Point (under RG) with Controlled Corrections

~ UV Equivalence class




__Limitations of RG Approach

* Artificial Momentum Cutoffs: Patching Scheme
Introduces an Arbitrary Scale

* Incomplete for Currents: Difficulty Handling Finite J"\/\/\;%"\a

Momentum g Interactions, Coupling to A,

« Scaling Issues: Unclear Treatment of Certain Marginal

Operators (e.g. BCS Channel needs Special Handling)

« Gauge Fields: Integrating out can Miss Singular

Effects (e.g. Landau Damping of Gauge Bosons) v
« Complex for Higher Corrections: Hard to Include
Higher-Derivative Terms beyond Leading Order

R Yt e Ry

University of Chinese Academy of Sciences




__Patch Bosonization (Contemporary Approach)

Multidimensional Bosonization: Treat Fermi Surface as Many 1D Slices (Patches)
Patch Fermions: y; (patch) Represented by Bosonic Density Waves ¢;
Chiral Boson Modes: Map Particle-Hole Excitations to Bosonic Fields on each Patch

Captures Collective Modes: Zero Sound and Particle-Hole Continuum via Bosons

Examples: 2D Fermi Surface Bosonization (Haldane’s approach), “Fermi Surface Hydrodynamics’

- -~ (0) .
ik ( \
— Yo'y &/\j
3 \ At
\ U(?) = exp[—¢ ()] \
.—f‘ ¢) § /
sl
{ 4

3

!/
n(6’) Ut + Ab) = exp[—d(t + Af) ]

<

5o}

.
AR -




__Patch Bosonization (Contemporary Approach)

@ vty

Multidimensional Bosonization: Treat Fermi Surface as Many 1D Slices (Patches)
Patch Fermions: y; (patch) Represented by Bosonic Density Waves ¢;

Chiral Boson Modes: Map Particle-Hole Excitations to Bosonic Fields on each Patch
Captures Collective Modes: Zero Sound and Particle-Hole Continuum via Bosons

Examples: 2D Fermi Surface Bosonization (Haldane’s approach), “F?rmi Surface Hydrodynamics’

[}
SU(N) Fermions \




__Issues with Patch Bosonization

Fermion—Boson Mismatch: Requires Klein Factors to
Enforce Anticommutation (ad hoc Fix)

Non-Abelian Internal Symmetry: Spinful Fermions need
Extra WZW Terms (not in Patch Schemes)

Patch Overlaps: Ensuring Consistency between
Patches is Non-Trivial (Gauge of Patch Choice)
Limited Systematics: Lacks a Clear Power-Counting;
Difficult to Go beyond RPA-Type Approximations
Partial Success: Describes some Low-Energy Physics,

but not a Complete Effective Theory for Fermi Liquids

17“



3. Postmodern Fermi
Licluic&: The Big Picture



__Postmodern Fermi Liquid Formalism — Concept

New Framework: Exploit an Infinite-Dimensional Symmetry underlying Fermi Liquids

Canonical Transformations Group: All Volume-Preserving Phase-Space Maps as Symmetry
Lie Algebraic Structure: Build Theory from Algebra of Fermion Bilinears (Density Operators)
Nonlinear Bosonization: Construct an Action for Fermi Surface Fluctuations (Bosonic Fields)

Recover Landau Theory: with Quantum/Systematic Corrections

evolution
curve ~ equal

volumes




__Conceptual Shift: From “Quasiparticles” To “Group Geometry”

Start from Microscopic Fermions (=)

Focus on Closed Subalgebra: Charge-0 Fermion Bilinears

Generator (Schematic): T(z,y) ~ ! (z)y(y)

Use Coadjoint Orbit Method as Organizing Principle

Physical Payoff: Systematic Corrections + Symmetry + Gauging

D) TN smXy

Universi ity of Chinese Academy of Scienc
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__Lie Algebra of Fermion Bilinears " IREIBRATE Moyal 155 THO1RHL

(E% woo/Woo —|:|$’])
* Generators: Fermion bilinear operators 7(x,y) form a basis

+ Weyl-Wigner correspondence (Operator — Symbol Correspondence )
« Linear Conbination Or = / dzd'y F(x,y) T(x,y) ~ i / d'z d'y F(x,y) ¢! (x)¢(y)
« Wigner Transform T(x,p) = /ddy T(x+ 5 X E)e y
» Elements of the Lie Algebra Expressed in x, p

OF = /ddwl ddwz F(X]_,Xz) T(Xl,Xg)

0(x1,%2) y y y y y y
_ d d ) J _J J _ — v —
_/dxdy 9%, y) F(x—|—2,x 2)T(x—|—2,x 2) X1 x—|—2 X9 =X 5
_ d.. 4 ¥y ¥ ¥y Y d 49 d’p ipy d’q —iqy
_/da:dyF(x—i—z X 2)T(x—|—2 X 2)—/dwd (/(2) F(x,p)e (27T)dT(x,q)e
d d d d
/dd /dpd F(x,p) xq/ddyepqy_/dd /dpd T(x,q) (2m)%6 (p - q)

- /ddx/ (ZZ—)d F(x,p)T(x,p).

21 “



Lie Algebra of Fermion Bilinears

« Weyl-Wigner correspondence (Operator — Symbol Correspondence )

« Commutator Yields Moyal Bracket (Quantum Phase-Space)
= =

-
[Or,0¢] = Oyray  {{F,G}}(x,p) = 2F(x,p)sin ( Ve Vo ; Ve Vs ) G(x,p)

« Commutation Relation
(1 (x1)9(x2), ! (x3)v(x4)] = 9T (x1){1b(x2), T (x3) }p(xa) — T (33) {¥0(x4), %' (x1) }o(x2)

= (1 (e)¥(oca) 85 — x2) — 1 (0 ) (s ) (2 xa) ) — (91 (xa)ebloce) O(3cs — 3xa) — 9 o0 ) o o oo ) ) )
= 9" (1) (x4) 8(x3 — %2) — ' (x3)9h(%2) 6(%1 — x4)

[OF, Og] = /dd.’L‘l dda’,‘g ddil‘:3 dd$4 F(Xl, X2) G(Xg, X4) [T(Xl, Xg), T(X3, X4)] ~ /ddazl dd.’Bg ddiL’g ddcc4 F(Xl, Xg) G(Xg, X4) ['QDT (Xl)'(/)(XQ), d)T (X3)¢(X4):|
= [ dtan dias iy dtes P, xa) Glxs,x) [416x)bx03(xs — x2) — 1 (xa)bx2)dxs — x0)] = [ dar dzady [Flxi,3)6(5,x2) ~ Gl )Py, xa)| 4/ (xa)w(xa)
= [Op,O¢g] ~ /ddazl dizy (FoG — G o F)(x1,x%3) ¥ (x1)¥(x2) ~ Oy

H(x1,%3) = (Fo G —GoF)(x1,x2)  (FoG)(x1,%3) = /ddy F(x1,y)G(y;x2)

22 “



__Lie Algebra of Fermion Bilinears

« Weyl-Wigner correspondence (Operator — Symbol Correspondence )

« Commutator Yields Moyal Bracket (Quantum Phase-Space)
= =

-
[Or,0¢] = Oyray  {{F,G}}(x,p) = 2F(x,p)sin ( Ve Vo ; Ve Vs ) G(x,p)

« Wigner Transform & Inverse Transform

. de? .
Tw(x,p) = /ddyT(x+ %,x— %)e"p'y — T(x—|— Z,x— Z) = / (27:))d Tw(x,p)e PV

« Convolution

(FOG)W(X,p) Z/ddyeip-y (FoG)(x+ %,x_ %) Z/ddyeip’y/dsz(x—i— %,Z)G(z,x— %)

, d%p X+z Yy e Y dp XxX+z Yy i gt ¥
_ d, _ipy d 1 F J —ip1-(x—z+3) | | 2 A ipy(z—x+%)
/d ye /d z (/ (2m)1 W( 5 T 4,p1>6 ) (/ (27) Gw| —5 P2 e

dyd? zdp, de X +2 x + 2 - ' h
:/ o szw( +1,p1)Gw( —Z,m)exp(_z(pl_pz)'("_""‘)“(p‘pl >)-y)

(2rr)2d 2 4 2 4 2
23 “




__Lie Algebra of Fermion Bilinears

« Weyl-Wigner correspondence (Operator — Symbol Correspondence )

« Commutator Yields Moyal Bracket (Quantum Phase-Space)
= =

—
[OFa OG] - O{{F,G}} {{Fa G}}(X, p) = ZF(X, p) sin ( V! vp ; vp AL ) G(X, p)

« To Integrate out y, z, we need an ldentity

dda: eiq-x ex-A — (27T)de—iA-Vq 5(CI)

—

— /ddac eiq-x ex-A _ (27r)dz (_Z




__Lie Algebra of Fermion Bilinears

« Weyl-Wigner correspondence (Operator — Symbol Correspondence )

« Commutator Yields Moyal Bracket (Quantum Phase-Space)
= =

—
[OFa OG] - O{{F,G}} {{Fa G}}(X, p) = ZF(X, p) sin ( V! vp ; vp AL ) G(X, p)

* Insert into the Convolution

(e —
(FoGwix,p) = [ a'pid'p: Fixp) {exp 5 (T59E) Vo oo - Pz)}

(=, =
.{exp [—%(vf—v,§> -vp_mszlé(p— Pl —;m)}GW(X,Pz)

| +
- Replace Variable ai=pi—p2 2= 2 5 P2 o pi—av %, P2 =q> — %

. qi qi 1
« Chain Rule Pil=Qx+— P2=qQ2—— = Vg ==(Vp, —Vp) Vg =V, +V,,

2 2 2

25 “



__Lie Algebra of Fermion Bilinears

« Weyl-Wigner correspondence (Operator — Symbol Correspondence )

« Commutator Yields Moyal Bracket (Quantum Phase-Space)
_>

-
0r,06) = Ory {{F,G}}(x,p)—2F<x,p>sm(V" Yo Ve Vs )c:(x,p)

« Simplified Convolution
[
(Fo Glw(x.p) = Fw(x.p) exp | 3 (7x-
\

HW(xap) /ddy’]-[(x_|_1 X — %)elpy_ (FOG Go F)W Fyw x Gw — Gw * Fyy
1

= Fw(x,p) [eXp( )—exp(
A

<l

|
4t
Lol
§¢

~—

Q
=
S
i)

|
=
>*
)
=

A)]GW x,p) = i Fw(x, p) 28111(;1\) Gw(x,p)

XV VV

26 “



__Lie Algebra of Fermion Bilinears

* Infinite Algebra: All functions on Single-Particle Phase space can
Serve as Parameters F(x, p)  gmoya = {Fx,p)1{{-}})

 Lie Group: Exponentiating U = exp(OF)
« Canonical Transformations in Phase Space

« Formal Action Exactly Describing Fermi Surfaces
U@ = exp[¢(t)]/ h’\j \At

¢
o |

Ut + At) = exp[— ¢t + Ar)]

e .




__Lie Algebra of Fermion Bilinears

« Leading Order(Moyal Algebra = Poisson Algebra)
{{F,G} ={F,G}+0O(Vy,Vp)? {F,G} =V,F-V,G-V,F-V,G g={F(xp)}{,.})

OMoyal = ({F(%,P)}5{{-}}) = OPoissen = ({F(x,P)};{-;})

 Canonical Pairs
oF

&Ei = {F, LB,L} = VXF . pri — VpF . wai = — 8 - = _(va)i
ok = {F,k} anZ x'=x—V,F p =p+ ViF
6pi - {F7pi} — VXF : vppi - va : vxpi - O — (VXF)Z

gy Lo OF 0P\ o [ OF\ [OF |\ [OF OF
wiapj - ) 3pi’p3 8:1:J - zapj 19 6wj apiapj 3pz’8m]

(wpy =6, Ao QEV_ 0 (OFN _ O°F [OF \ _ 0 (OF\ O°F
J/'Z?p,? - Yy Li, 833] - 8p2 83:] - 8pl 8$] 8pl ’p] - axj 8pl - 8;13] 8p2

OF OF
(o} =OF) {ahp} =85+ OF") {aha} =OF")  {pl.pi} = O(F)
i J

28 “



__Lie Algebra of Fermion Bilinears

« Leading Order(Moyal Algebra = Poisson Algebra)
{{F,G} ={F,G}+0O(Vy,Vp)? {F,G} =V,F-V,G-V,F-V,G g={F(xp)}{,.})

 \ector Fields
Xp=ViF-V,-V,F-V,,={F,}
Xr, Xc]- K(x,p) = X(pc) - K(x,p) VK(x,p)

« Subalgebra x  Truncation of the Lie Bracket v

« Deformation Quantization(Deformation of the Associative Algebra) Ap ® Ap, LN Ap
Ay = C(M) — A, = C™(M)]] a®crl la
po(f,9) = fg — m(f,9) = fxg=fg+nCi(f,g) +h°Ca(f,g) + - Ag ® Ay RSN Ag

29 “



__Moyal Algebra to Poisson Algebra (Semi-Classical Limit)

Weyl Quantization

« Moyal Algebra = Quantum Deformation of Phase-Space Algebra (Star-Product)

Truncation: Take h — 0 = Poisson Bracket Emerges as Leading Term

Consistent Truncation: Poisson Bracket is the only Truncation Preserving

the Jacobi Identity (Lie Algebra Structure Stays Intact)

Interpretation: Poisson Algebra = Lie Algebra of Infinitesimal Canonical

Transformations (Classical Phase-Space Diffeomorphisms)

e W’ﬂ%&(‘? 30 ‘0



__Moyal Algebra to Poisson Algebra (Semi-Classical Limit)

* Moyal Bracket is Extremely Tedious
« Truncation {{F,G}}={F,G}+0O(V«,Vp)® {F,G}=ViF -V,G—VyF V.G

« Good Approximation for A

o (X, Long Distance or IR Scale
o ene O\q.e
* (y, p) Short Distance or UV Scale /
* Truncation Suppress Higher Derivatives < >
Vx
pl~pr  |d| <pr = Vx-Vp~ Vs <1
bFr




__Space of States — Dual to Algebra

- States via Density Matrix: Quantum Many-Body State ¢ — (O) = Tr(p0O)
« “States” in Phase Space / Statistical Mechanics instead of States in Quantum Mechanics
« Equivalent Class: Identical Expectation Values of all Fermion Bilinears
={p'es | T{p0r) = To(p' OF), VF}
« W(x, p) : Dual Basis of T (x, p)
Tr (W (x,p")T(x,p)) = § (x — x')(2m)*é (p — P')

« Dual Space g*: Space of Linear Functionals on the Algebra g (Represented by

Phase-Space Distributions f (x, p))

dd dd dd ldd ! L, L
OF:/ (;)dp F(x,p) T(x,p) pf:/ (’;T)dp f&,p)W(x',p')

\ f( x4 4’/‘? ‘bx./éj 32 “
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__Space of States — Dual to Algebra

« Dual Space g*: Space of Linear Functionals on the Algebra g (Represented

by Phase-Space Distributions f (x, p))

d%x d? dix' d'p’ 1o 1ot
OF:/ (%)dp F(x,p)T(x,p) pf:/ (%)dp f,p")W(x',p’)

* Representatives of the Equivalence Class of States can be Expanded in this Dual

Basis with the ‘Coefficients’ Given by a Function of x, p

dx' d%p’ dix d¢
Tr(psOF) = Tr [/ (};ﬂ-)dp f,p)W(x',p) / (;{ﬂ.)dp

d%x d’p d?x’ d?p’
') Pl p) THW (') T, ) = [ EX BT

d?x d?
- / (27T)dp f(xa p) F(x’ p)'

F(x,p)T(x,p)

B / dx ddp d%x’ ddp/

(27)2d fx',p') F(x,p) (27T)d 5@ (x — x') 5@ (p—p)

d%zd%p

(2m)¢

o = {f(x,p)}  fIF|={f,F)= / £(x,p)F(x, p)

33 “



__Space of States — Dual to Algebra

« Phase-Space Distribution f (x, p) Plays Role of Expectation Value of n(x,p) = ¢!y
« Zero-Temperature Fermi Sea: Reference Distribution fo(p) = @(pr — |PI)
 Particle-Hole Excitations is Described by Small Deviations 6 f (x, p) in the

Dual Space (Fluctuations of Fermi Surface Shape)

&R Tat7RX7 34 ‘0



__Coadjoint Orbits — Fermi Surface as an Orbit

« Coadjoint Orbit: Set of States Obtained by Group Action on a Reference State in g*

« Reference State f: Spherical Fermi Sea (Uniform, Isotropic Fermi Surface)

« Group Action: Apply Canonical Transform U € G on fo: New State f = Ad};fo

« General Fermi Surface: fr(x, p) = O(pr(x,0) —|p|) Deformed Boundary — pr(x, 0)

» State Space Restricted: Physical Fermi Liquid States = Orbits of f (0/1 Distributions Separated

by a Closed Fermi Surface) Lelgwup

*
9=T.G 9 d‘a\,@ coadjoint orbit
(Symp|ec’cic manifold)

B YoHsmXs

University of Chinese Academy of Sciences
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4. Operator ﬂ@eﬁm to
Lie—Poisson CDynamics



__Detailed Algebra of Fermion Bilinears

 Generators in Center of Mass and Relative Coordinates
T(x,y) ~ il (x)9(y)  [vx),¥'¥)], =dx—y)
y

1) = 560 (e )0 3) ol D (4 3)] T = 7te 9

 Bilinears in Momentum Space

. dk ) v ~—9
T(x,p) = / d'y T(x,y)e®Y ¢(xiz) = / TX emikexd) (i 2
2 (2m)4
k — k'

2 2 2
T(q,p) = / d'x T(x,p) "4 = / d*x d’y T(x,y) e'¥™e™PY
= [ty 1o (e 3)ole3) - ols- o3
= L au0e) - vy 0] = £ (p+ L) (~p+ L) —p(-p+ L)l (p+ L))




__Detailed Algebra of Fermion Bilinears

o Useful Identities
{$1(k),p(k)} = / d'x d'x' {P1(x), p(x')} e HxTH — / d'x e — (2m) 519 (k — K')
(%! (k)p(k), v (@)v(d)] = 2m)* 6D (K — q) ¢! (k)y(d) — (2m)? 69D (k — ') ¥ (q)y (k)

e Various Fourier Transform




Detailed Algebra of Fermion Bilinears

 Anti-Hermitian
ric) = 5[0/ (es 3ol 3) -olx- )i
(x

Ty = [ (e 3)elx 3) -u(xe )

T(x,p) = /ddy T(x,y)e®Y

Ti(x,p) = [y Tl y) (7) = [dly Ty e ®? = [aly [T —y)] e ®Y =~ [ d'y Tix,y) e = ~Tx,p)

« Commutator of Generators
[T(a,y),T (d',y')] = 2sin (ql.y o q'y,>T(q+q’,y+y’)
[T(x, p),T (x',p’)] — 2sin ( Vx -V ; V- Vo ) [5 (x — x')6 (p — p')T(x, p)]
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__Detailed Algebra of Fermion Bilinears

e Commutator of Generators

* Proof

« Useful Substitution Form iv'(w)w(v) = T< 4 ; Y ou- v) — % S(u—v)

Tey) = g [ (x+ F)o(x-F) - v(x-5)0! (x+ )]
=3[ (e ol 3) ol 3w (e )b v T)ulx- 3]

- i¢*(x+ %)¢(x— Z) + L 5(y)




Detailed Algebra of Fermion Bilinears

e Commutator of Generators
* Proof




__Detailed Algebra of Fermion Bilinears

e Commutator of Generators

* Proof
T u—l—V
Y (a)y(v) =T g U=V — —0(u—v)
U
B x+x'  y -y y+y' 1 , y+y ), Yty
T(x,y), T(x',y')] = T( 5 Y + 5 —§6x—x—|— 5 Ilx—x + 5
x+x'  y -y y+y' 1 , Yty , Y4y
T< 5 T X + 5 —55 X —Xx + 5 ol x—x — 5
/ / !/
X




__Detailed Algebra of Fermion Bilinears

e Commutator of Generators

* Proof

* Fourier Transform to Derive other Commutators in Momentum Space

T(a,y),T(d,¥)] = / dx d'x' [T(x,y), T(x',y')] €4

=T(a+d,y+y') (e i@y-ay)/2 _ gmildy-ay')/ 2) (—i)

' xr — 4.~
= 2sin(q > 5 17 )T(q+q’,y+3")
T(x,p) = / d'qd’y T(q,y)e "4*ePY
4
[T(X, p), T(X,, pl)] — /ddq ddy ddql ddyl [T(q, y), T(q,, y/)] e_iq.xeip,ye_iql,x/eip/,y/

q"y_Q‘y, ; ; P N R
- [Fadtyataaty zen( TEGEL ) Tia sy y)e e s
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__Detailed Algebra of Fermion Bilinears

e Commutator of Generators

* Proof

* Fourier Transform to Derive other Commutators in Momentum Space

—' . —' I. I y . ) I- I . —' . —' I- l y . y I- I —' . —' I- l y . y I- I . —' . —. l- I y . y I. I
Vpe 1q-X—1q X +1p-y+ip -y =1iye 1q-X—1q X +1p-y+ip -y vxe g X—1q X HpyHpy —iqe 1q-X—1q X +1p-y+ip -y
—' . —' I. I y . y I. l . —' . —' In I y . y I- I —' . —' Iu , y . y ,- I . —' . —‘ I. l y . y I. I
Vp/e g X—1q X HpyHipy zy'e 1q-X—1q X +Ip-y+Hipy foe Q' X—1q X HIpy+Hipy —zq'e 1q-X—1q X +1p-y+ip -y
V<V, — V-V
/ / . X P X |3 ! !
T(x,p),T(x',p’)] = 2sin 6(x —x')é(p—p')T(x,p)
[ 2

* “Structure Constants” of gnjoyal In Basis T'(x, p)

d-y—q-y
2

T(x,p), T (x',p')] = 2sin ( Vo Vo~ V' Vo ) 5 (x — )8 (p — p')T(x, p)

[T(qay)aT(Q’,y’)] = 2Sin( )T(q+q/,y+y/)
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__Detailed Algebra of Fermion Bilinears

« Orthogonality Relations
Tr [T(x,p)T (x',p')] =26 (x — x')(2m)% (p — p) Tr [T(aq,y)T (d',y")] = 2(2m)% (a+ d)d (y +y')

* Moyal Algebra
« Charge-0 Bosonic Operators Forms an Infinite Dimensional Lie Algebra

« Expansion in Generators

Hupiero = / e(p)¥' (p)y(—p) + / V (p1, P2, Ps, P)¥! (p1)% (p2)%! (P3)t (P4)6 (D1 + P2 + Ps + pa) + O3

p P1,P2,P3,P4

(O}, = Tel(p10r) = | F(x,p)f(x,p)

x,p

Hy ~ —i/ e(p)T(x,p) (Ha)p, —z'/ e(p) f(x,p) (+Contact Terms)
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__Detailed Algebra of Fermion Bilinears

* Moyal Algebra

« Expansion in Generators

T(q, ==

T(x,p) = [ T@p)e ™ T(0,p) = [ T(xp)

|¥(5+e)e (——p) (——v)w*( )
7(0,p) =+ [¢/(P)é(—p) ~ (P (®)]  Y(-P)¥ () = {¥(~p) %! (P)} — ¥ (p)¥(~P)
T(0,p) = iw/ (B)(—P) ~ £{0(-P) ¥ (P)} W (BN(-P) = ~iT(0,p) + 3 {¥(~P) ¥/ ()}

/p( / /(){w p), ¥ (>}_—7:/pe<p>T<o,p>=—z'/x,pe<p>T<x,p>
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__Detailed Algebra of Fermion Bilinears

* Moyal Algebra

« Expansion in Generators

Hr(rilizzro = / V(P1, P2, P3; Pa) ¥ (P1)¥(P2)¥! (P3)Y(P4a) 3(P1 + P2 + P3 + Pa)
P1,P2,P3,P4

/ /

q q q q
P1=75 TP P2= 5 —P p3=7+p’ p4=7—p' P1+pP2=9d Pps+ps=d
q q q’ q
S(p1+P2+PpPs+ps) =d0q+q) V(q,p;q’,p’)EV(Eer,2 p,7+p’,7—p>
4 q q
Hr(n):/ V(a,p;d,p" )¢ = ) (——p)tﬁ*( +p)¢(— )5(q+q’)
q,p;q’,p’ 2 2

( P
riap) =9/($ +0)o(L p) - H{u(E ) (3 7))
(S R(E ) riam (3 o2 )

A= [ Viapidp) Tl p)T(@,p) da + o)
qa,p;q’,p’




__Constructing the Hamiltonian Formalism

d?zd%p

(2m)¢

0" = {f(x,p)} fIF|=(f,F)= / £(x,p)F(x, p)

« Adjoint and Coadjoint Representations

* Adjoint Representation
- Adjoint Action of a Lie Algebra adrp:g—g  adrG={F,G}
« Corresponding Lie Group

1
AdU:g—>g AdU:eXpFGEUGU_lEeadFG:G—F{F,G}—FE{F,{F,G}}—F...

« Coadjoint Representation
adp, Ady; : g" — ¢°

adp f={F,f}  Adj_ourf=UU = f=f+{F,f}+ %{F, {F, 1+
« Define Coadjoint Action of Lie Algebra and Group as
<ad;’ .f7 G> - = <f7 adp G> <Ad(*J.f7 G> - <f7 AdU‘1G>




__Constructing the Hamiltonian Formalism

diL‘ d
0" = {(fx,p)} fIFI=(f,F)= / T2AD ¢(x,p)F(x, p)

» Adjoint and Coadjoint Representations (2m)
e Hadamard Lemma Adegr) = *F

« Connect Coadjoint Representations with Adjoint Representations

« We have Known (adr f,G) = —(f,adr G) (Ady f,G) = (f,Ady- G)

e We need to Prove Adegpr) = e*¥*

Conduct Taylor expansion on both sides of (Ady f, G) = (f, Ady-1G)
o~ (=1)" n (1)
RHS:;::O n <fa (adF) G> - <f7 G+(_1)1{F7G}+T{Fv{FaG}}+°°'>
>, 1 1

We prove ((ad%z)"f, G) = (—1)"(f, (adr)"G) by induction.




__Constructing the Hamiltonian Formalism
d?zd%p

¢ = fGp) F = (1 F) = [ GEE o p)F(ep)

« Adjoint and Coadjoint Representations

« Hadamard Lemma
k=0: ((ad})’f, G) = (f, G) trivial

k=1: (adpf, G) =—(f, adrG) = —(f, {F,G})
Assume k=n: ((adp)"f, G) = (-1)"(f, (adp)"G)
Fork=n+1:
((adp)""'f, G) = ((adR)"f, adrG) = ((adp)"f, {F,G})
= (=1)"(f, (adp)"{F,G}) = (-1)™(f, {(adp)"G, F}) = (-1)""{f, (adF)""'G)
« We have Used an Identity (Still Proved by Induction) (adr)"{G, F} = {(adr)"G, F}
k=0: {F,{G,F}}+{G,{F,F}}+{F,{F,G}} =0
= adp{G,F}+0+{adrG,F} =0 = adr{G, F} = {adrG, F}

Assume k=n: (adp)"{G,F}={(adr)"G, F}

Forn+1: (adp)""{G,F}={F, (adp)"{G,F}} = {F, {(adr)"G, F}}

— {{F, (ads)"G}, F} = {(adp)""'G, F} 50 ‘0



__Constructing the Hamiltonian Formalism

« Adjoint and Coadjoint Representations

- Hadamard Lemma Adegr) =
* Physical Implication: Expectation Value won’t Change in Heisenberg or Schrodinger Picture
Tx (ps (U OcUF)) = Tx (ps (e 90%%)) = Tx (0 1)
)
Tx (UrpsU5) Oc) = Tr ((€49¢7) 06) = Tt (p(aOc)
 Intuitively: I.B.P. of the Lie Bracket Version (First Order)
(adp f,G) = — (f,adr G) < ({F,f},G)=—(f,{F,G})

& YN 7RIS
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__Lie-Poisson Stucture and Hamiltonian

« Poisson Manifold
 LFLT from a Geometrized Systematic EFT View
» Lie Algebra

g={F(xp)} 9*={f(xap)!<f,->=9—>R,FH<f,F>=/ f(x,p) F(x,p)}

G xg —) R

(pf,OF)'—*(faF)J Az Jx,p F(xsP) F'(x,p)

g°xg




__Lie-Poisson Stucture and Hamiltonian

Poisson Manifold

* Vector Fields Give Dynamics
rty: M — M Dy g, (v(20)) =(2)
d

: : 6= 8uam
8, (1) = X(21mr, (1(10)) - R
dt o0 f T e
Y(to) = (o, Po) Po=1id ~(t) = ®1—¢,(7(t0)) = (=, p) ®) = 2u(q,v2)

« Pullback (Eulerian Specification)
f(t7 w7p) — q)i(t_to)f(t()’ wap) — f(t07 (I)—(t—tg) (w7p))
)

.f(t()a w07p0) — q):—tof(ta w07p0) — f(ta @t—to(w07p0))

Tangent Space T, M

v° I) Tﬁ v = pﬂ
Cotangent Space T,y M

0= 2 H(EA0) = 0 (6AW) + (1) - (VHEAD) =0S + X() = 8ftap) + X5 (f(t,2,p)) = 0
~—~
=X(v(?))

6R) YT RRT 53 ¢°*
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__Lie-Poisson Stucture and Hamiltonian

Poisson Manifold

* Vector Fields Give Dynamics
rty: M — M Dy g, (v(20)) =(2)
d

| : g (&) = (g v1)
=B, (4(t0)) = X (@04, (1(10))) | | |
NPT Y L L 8 !
Y(to) = (o, Po) Po=1id ~(t) = ®1—¢,(7(t0)) = (=, p) +(0) = #y(a,02)

« Pullback (Lagrangian Specification)
f(t7 w7p) - (Pi(t—to)f(th wap) = f(t07 q)—(t—to) (wap))
)

f(t()’ CBO,pO) - (b;fk—tof(ta wOaPO) — f(t’ @t—to(w07p0)>

Tangent Space T, M

v° I) Tﬁ v = pﬂ
Cotangent Space T,y M

Xz (f(t7 mvP))

60 PO TRRY 54 ¢
o University of Chinese Academy of Sciences




__Lie-Poisson Stucture and Hamiltonian

 Poisson Manifold

« Hamiltonian Vector Fields are Tangent Vectors Generated by Coadjoint Action Naturally

tr:Tjg =g —Trg" =g Xy(f)Elif(dﬂf:W ):—adéﬂ\f
f
adrlflf(') g =g ad>(k-) frg—9 R} tangent bundle
« Tangent Spaces and Bundles @ \\ \\

* d * * * | \("’// .-—‘“—¥ (——-_O

Tyg ={5f(x,p)\5f=d—(f+8h) ,heg}%g x g \ AN
) e=0 : 55,”" "7“‘ > — @ i ?"
Ve \ / <« <

* * * * |~ % * y'4 \\ / i

Tg* = | | Tyg ={(f(x,p),5f)|5f€ng,f69}:9 X g .
feg* comciguraﬁon manifold

Tig* = (Tyg*)" = {F(x, p) | (F):Trg" =R, 6f = (0f,F) = /xpc?f(x, p) F(x, p)} >~ g* x g*

g—I_leg—{ ,F)IFeT}"g*,feg*}%g*xg**
feg*
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__Lie-Poisson Stucture and Hamiltonian

T;O; (Tangent Space)

w(f) = —adsy f

|
o-—f:f")
f (Current State)>

Poisson Manifold

Gradient of Casimirs

Orbit Oy
(Determined by Casimir C)

* One-Form / Cotangent Vector (T r g* — R)

. . 0F
6f €Tyg" Zlfleg dy‘f:Tf
i

ETJZ‘g*

— g* (Dual Space)

d7|(0f) = <5f " 5F ‘ >E /x,p o) 6f((5fp)

« Commutative Diagram

LO
- Ly v ! ~ —ad(,, f (Action)
g xgt «— Tg" « : > Trg* — > g
ﬁT ﬁT 7 Tﬁf
(f.F) = [, [(xp) F(x,p) o~ (via (-, )) SHIf]

IR

R < - g xgT o TMg ———— Ijo O > 93 55




__Lie-Poisson Stucture and Hamiltonian

Poisson Manifold

« Evolution over Certain Parameter (Eulerian)

f=Xg(f) = —adiyf < Zf(0)] = dP|s(f) = dZ]; (~adi f)

Lie group action
p: G — Diff (M)
dp : g — vect(M)

915(00) = (35, 57 > 71,0 = sy 1. 55 ‘ )

09| 6F 5%
<_ ad] (% f, 5f ‘ > < { , 5f }Poisson> B <f, { f f f}Poisson>

) % 9 B
= 7)) + <f, 55 }> = S ) + {7, Fhp =0
* Lie-Poisson Bracket

of f
5 } >
f f7 Poisson

Unit Disk as Symplectic Manifold

ASEETEEETTEEOG N D={reC/ld < 1)
(is \‘\( \\\

(el = <f’{

of |4
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__Lie-Poisson Stucture and Hamiltonian

Poisson Manifold

« Evolution over Certain Parameter (Lagrangian)

. o .
f=—Xo(f)=+adiaf 5 ZIfO)] = dP|,(f) = dF|; (+ad )

Lie group action
p: G — Diff (M)
dp : g — vect(M)

w90 = (35,57 ) aFlh = (+aay 1,57 )
07N [, (9] 7 [ 157 o
<+ad% f’ 5f f> - <f’{ 5f f7 5f f}Poisson> <f’{ 5f f, 5f f}POiSSOH>
0
o F7(t)] - <f{ 7,

5 )
i } >——ﬁ[ (t)] — {(F F}rp =0
Poisson
 Lie-Poisson Bracket

" Sf f F
5 } >
f f7 Poisson

Unit Disk as Symplectic Manifold

ST TN\ D={reC/l <)
\‘<s b \\\

(el = <f’{

of |4
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__Lie-Poisson Stucture and Hamiltonian

 Poisson Manifold

» Lie-Poisson Bracket is Still a Poisson Algebra
* Product Rule

{#9, 2 plf] = ZIfRY, H e f] + GfH{F, H}plf]

rnorrin= ({55880 ) - {()o () ),

= 9If] <f, {%, %}POESOJ + Z[f] <f, {%, %}Pmo) = (9{Z, HYp + F{Y, H}p)|f]
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__Lie-Poisson Stucture and Hamiltonian

 Poisson Manifold

Jacobi identity of Poisson brackets

4

Lie-Poisson Bracket is Still a Poisson Algebra Jacobi identity of LiePoisson brackets.

« Jacobi |dentity
{ZAY, ptiplf]l +{9,{, Z e tip f] + {0 {F, G ptrr[f] = 0

4]
5F |, ({g F}p| ])‘ } >
f7 Poisson
0F 4] o ﬁ % x' o
—/};’pf(xl)){&f ( 7p),5_f(/3;',p'f(X7p){5f7 5f }Poissonf( 7p))}
0F 09 0
- f(X,p){— (X,p), {_ (X7p)’ “cr (X,p)} }
/x,p of f of f of f Poisson J Poisson
N [8F| (85 o o
[ L e {57 w2 ({57 5 ), ) e}

09| oK
= {y {g %}LP}LP / f P { { 6f 7 5f f}Poisson}Poisson i

(F Y, e }ielf) = <f, {

Poisson
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. . — e £ E=Ey)
g > »
__Equation of Motion (/ = P
| (i%@“’\:
« Write down E.o.M. on g* (Eulerian Specification) ; { )
atf(t7xap)+{f7H}LP[f(t’x7p)] { =i . . Lagrangian

) o[ Sftxp) SHUFGXR) .
= 0:f(t,x,p) + /x’,pl flt,x',p ){ Sftxp) of(t,x.p) }POisson(t,x ,P)

dH|f(t,x,p)] .
5f(t7 X’, pl) }Poisson(t, *oP )

— 0uf(t,%,p) + / At ) {ale = x)o(p - ),

f(t,x,p) / f(¢,x',p") x')o(p — P)|Vp lag[é(ifpp))]] — Vx [55};[(];52,}; :,)))] ]fo[fS(x —x)d(p - p’)]]
otk S oo (R
— 8, f(t,x,p) + /x . 5(x —x")d(p — p’){ 55[{;(1,}{ ;)I,)))] , f(t, %, p')}Poisson
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. . — e £ E=Ey)
g > »
__Equation of Motion (/ = P
| ; (z IRl
« Write down E.o.M. on g* (Lagrangian Specification) { - Y
0uf(t,%,p) — {f, Hhwelf(t,,p)] f .- B

Sf(t,x,p) SHIFExD) . s
—8tft X, p / .f y X ’p){(Sf(t,x’,p’)’ (5f(t,x’,p’) }POiSSOH(t7X7p)

dH|f(t,x,p)] .
5f(t7 X’, pl) }Poisson(t, *oP )

— 0uf(t,x,p) - / At ) {ale = x)o(p - ),

fexm) - [ fien) <)oo )V | PP g, [ SR B g i i - p'>1]
S Sl e
~afttxe) - [ dx—x)pp—p){ TR fexe)}
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__Equation of Motion

 Construct Hamiltonian from EFT U(t)exw(m/ LJ \

At
* Fluctuations around the Reference State
o) =©(r —p))  6/(x,D) = f(x,p) — folp) e /
» General Hamiltonian k - - &J
I—I[f] :/ e(p)f(x, p) U(t + At) = exp[— (¢ + A1) ]
xp
+ % F®9 (p,p)éf(x,p)sf (x,p’) + F*Y (p,p’) - (Eﬁ(x, p))5f (x,p') + ...
xpp’ PF
+ % / F®O (p,p',p")éf(x,p)f (x,p')0f (x,p”) + ...
xppp'p’

+ ...

« F0mM-ndex m — Nonlinearity of the Action  Index n -> # of x-Derivatives in Coupling
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__Equation of Motion

* Quasiparticle Dispersion Relation : Variation of the Hamiltonian

0H
uftexm) +{ fexp) | =0
0H

eqp[f] = W = ¢(p) + /IF(2,O) (p,p')(sf (t, X, p') N
p

U
Otf + Vpealfl - Vxf — Vxegplf] - Vpf =0

- FE.0)(p, p) : Landau’s Interaction Function
* Infinite Series of Higher Order Corrections to Quasiparticle Energy

» Physics of FL is in the Dispersion Relation




5. Coao{]’oint Orbits and
fmergent fjj%ctive ‘Action




__Effective Action from the Coadjoint Orbit Method

 Phase Space Manifold I with Poisson Brackets
{F,G} =119, Fd,;G

!J : Poisson Bi-Vector

* wy :Inverse of n!J — Closed, Anti-Symmetric, Non-Degenerate Symplectic Form
w=TI"1 (.UIJHJK = 55-{
* Legendre Transformation : Hamiltonian to Lagrangian
1 1
/ dt / dsw (Opp, Osp) = / dt / dswr ;0,0 0,07
0 0
1 TN N\ e
S = / dt / dsw (8:¢, D) — / dtH|[¢] Gl ) T
; e

Invertibility is not Guaranteed by the Definition of the Poisson Bracket (Symplectic Leaves)

6B Tosmxs 66 ¢*

University of Chinese Academy of Sciences




__Effective Action from the Coadjoint Orbit Method

* Phase Space Manifold I" with Poisson Brackets w=m"  w,m’®=¢f

* Legendre Transformation : Proof
« 2-Form w is Exact Locally = 1-Form Symplectic Potential 6
w = db wry = 0705 — 0501
« Poincaré—Cartan Form Action S[¢] = / dt (91(¢)$I —H (¢))
« Variation over ¢ and |.B.P.
58 = / dt [(ajel)cswq'bf + 0,60 — 5IH5¢I}

/ dt616¢" = [6164"], — / dtf 64" = 0 — / dt [ (ajel)gﬁj} 5
I
58 = / dt [(a,ef){bf — (818,)¢7 — aJH} 567 = / dt [wﬂ{bf _ aJH] 567

& Tatrrary
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__Effective Action from the Coadjoint Orbit Method

 Phase Space Manifold I with Poisson Brackets w=10"  w,m* =6¥

« Legendre Transformation : Proof

 E.o.M. (Same as Hamiltonian Equation)
58 = / dt [(a,e[)g’bf — (818,)¢7 — aJH] 567 = / dt [wﬂ{bf _ aJH] 567

\
wJIquI = 3JH = ¢K = HKJaJH
» Action on the Phase Space

* w : Kirillov-Kostant-Souriau(KKS) Symplectic Form




__Fermi Surface States and Their Excitations
« KKS Form is Closed

« Independent of the Bulk Q
fo= L= o2

* Prove it’'s Closed )}/\,
« To Satisfy Jacobi Identity of the Poisson Bracket

{{F,G},H} = {11"0,F0,G,H} = 1"k (1Y 0,F0,G) 8, H
= HKLOKHIJ({?[FaJGaLH + it [6K (3IF8JGOLH) + 0]

{{F,G}, H} + {{G,H}, F} + {{H, F},G}
= (I*LoxI" + M¥ 917 + T* 01T ) 0, FO,GOL H
+ (I + o* Yt + M) 0k (0, F0,GOLH)




__Fermi Surface States and Their Excitations

4\
. n
« KKS Form is Closed
* Independent of the Bulk /Ew:/Edé':/me
* Prove it's Closed 02
0)
« Exterior Derivative T
W= Jdét A de? )/ y

2
1 1
dw = EGKwIqubK Adet Ade? = 5(8;«»” + Orwik + Oywkr)de™ A de' A dp’

« Mutually Inverse = Solve for d g wr
BL (5?) =0= 8[, (wL]HJK) = (3LwIJ)HJK + ijaLHJK = aLwIJHJKwKM -+ ijaLHJKwKM

MN (171 MN
= Orwry = —wi O (II7Y) = Okwiy = —windk T wyy

1
= dw = ? [—wIMaKHMNwNJ — wJMafl'IMNwNK — wKM(?JHMNwNI] d¢K N\ dqu N\ d¢J
1

= —EwIMaKHMNwN 7ddE A dpt A dg?

(dw) 17k = — (w0 TN wyy + WM N wyk + Wk TN wy ) = wrpw Qi rSTeR
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__Fermi Surface States and Their Excitations
« KKS Form is Closed

- Independent of the Bulk /Ew:/zdé’:/aze Q
02

* Prove it's Closed
» Exterior Derivative )}/0 T

SPOR = TP/ (duw) 17 = — (5§4HRK3KHMN5§ + 69 P oIV §E 4 6811970 JHMNaﬁ)

- (HRKaKHPQ + HPIaIHQR + ]._.[QJaJHRP)

« Set F,G, H = ¢ (No 2nd Variation)
{{F,G},H} + {{G,H},F} + {{H, F},G}
= (MEPoxITY + MM 917l + XY 95 TIH) 0;FO,;,GOL H + (IXFTTY 4 AP + TR TTM ) 0 (0, F0,GOL H)
Y
{{6%,67},6°} + {{6%, 6}, 0} + {{¢°, 6"}, 0"}

= (IXLoxI" + X9 TI7F + TR 0,1 676565 + 0

— HKCaKHAB 4+ HKAaKHBC 4+ HKBaKHCA — SPQR —0 ‘



__Fermi Surface States and Their Excitations

« KKS Form is Closed
* Independent of the Bulk /Ew=/2d0=/620

* Prove it's Closed

e Ilis Non-Degenerate (dw)IJK = wIpwJQwKRSPQR =0
« Q.E.D.

« Recap : Typical Representative of the Equivalent Classes of Density Matrices
Pf= Lpf(x’ p)W(X, p)
Tr [W(x,p)T (x',p')] =6 (x — x') (2m)46 (p—p')

(08}, =TrlpsOx) = | Flx,p)f(xp) = (£, )

x,p

@ tenvexs 2¢4*




__Fermi Surface States and Their Excitations

« Stratonovich-Weyl Kernel T (x, p)  f(x,p) = (T(x,p)),

« State of the Spherical Fermi Surface

FS)= [] ¢/0910)  fo(p) = (FSIT(x, P)IFS) = - sign (pr — [p])

|k|<PF

Fermion of Certain Momentum (FS |y (k)y(kK)|FS) = (27)%6(k — k')n(k)

. 27
Discrete Case ke 72!  {ase}=due  [FS)= [ o)
|k‘<PF

(i)Out of the Fermi Surface
K| >pr | FS) =0 = (FS|clew|FS) =0

(ii)In the Fermi Surface (Pauli Exclusion Principle: 1 Electron with Momentum k)

|k/| <pr (FS |CLCk’| FS) = 5k,k’ — (FS |01T<Ck’| FS) = 5k,k’n(k) n(k) = O(pr — k)

~ University of Chinese Academy of Sciences




__Fermi Surface States and Their Excitations

« Stratonovich-Weyl Kernel T'(x, p)  f(xp) = (T(x,p)),

« State of the Spherical Fermi Surface

FS)= I #1010} fo(p) = (FS|T(x,)IFS) = - sign (pr — [p)

k|<pr
e Continuum Limit

V—oo

(k) = VVer {(k),¥'(k)} = Vi — {(k),d'(k)} = (2m)%6(k — k')

4
(FS [ (k)3p(K')| FS) = Vi (k) S (FS [ (k)y(K) | FS) = (2m)45(k — K')n(k)
(FS [¢(k)p' (k') | FS) = (FS [{y(k), ' (k')} — 9" (K)9p(k)| FS) = (27)6(k — K')(1 — n(k))
* Recall : In Position Space

T(x,y) = 5 [¢'(x+ F)v(x - F) —v(x— )Pl x+ §)]




__Fermi Surface States and Their Excitations

« Stratonovich-Weyl Kernel T'(x, p)  f(xp) = (T(x,p)),

« State of the Spherical Fermi Surface
FS)= J[ ¢'09/0)  folp) = (FS|T(x, p)IFS) = - sign (pr — o))
k|<pr
« Expectation Value of the Bilinear under the State

d?%k  d%’ ..y e TV
FS i Fowix - 3FS) = [ 4 e ke DX [ () )| FS)

2m) (2m)’
_/d?;{ci;i(l;l ez’(x+ )k i(x—%) (27‘(‘)d5(k k')n(k) /(;erl){d eiy.kn(k)
d a1’
(FS [wix — 3wl 3 FS) = | (;l;)‘d é;d /03K e TR ES [y () (i) | FS)
d1e 71! L, d _
= [ S e R am e~ (1 - (i) = [ S S5e (1~ n(0)

i d
(FS [7x,3)| FS) = 5 (B8 16/ (x-+ L)otx — 2)|FS) - S wix — 2l )/F8)] = 3 [ 2 e * 201 - 1

2 2 2 ] (@n)d” 75 ‘




__Fermi Surface States and Their Excitations

« Stratonovich-Weyl Kernel T'(x, p)  f(xp) = (T(x,p)),

« State of the Spherical Fermi Surface

FS)= I #1010} fo(p) = (FS|T(x,)IFS) = - sign (pr — [p)
k|<pr
« Expectation Value of the Bilinear under the State
dok
(2m)4

fol) = (FS [T, p)| FS) = [ dy(FS T(x,y)| FS)e »7 = £ [

/ ddye'®P)Y [2n(k) — 1]

i d g
- / (Zwl)‘d (27)%6(p — k) 2n(k) — 1] = ~[2n(p) — 1

2n(p) — 1 =20(pr — |p|) — 1 = sign(pr — |P|]) = fo(p) = %Sign(pp — |p|)




__Fermi Surface States and Their Excitations

e Excitations around the Fermi Surface: Particle-Hole Pairs |ki;kz) = ¢ (k1)v (—k2)|FS)

* Local Basis v.s. Global Basis (More Hydrodynamic / Coarse Graining)

x;p) = T(x,p)[FS) — |F(x,p)) = el "PI(P) Rg)

 Distribution Function in the Coherent State
fr(xp) = fol®) + {{F, o} + o {{ P (P o3 )+
* Proof
 Recall Tr(p;Or) = d?;gddp f(x,p)F(x,p) = (f, F)

e Pure Coherent State pr = |F(x,p))(F(x,p)|

Comparison of Physical Picture: Ordinary State vs Coherent State

Ordinary State Coherent State
Local Single Particle-Hole Pair Global Macroscopic Deformation of Fermi Surface
Ix; p) = T(x, D)IFS) F) = e "7 |FS)




__Fermi Surface States and Their Excitations

* Distribution Function in the Coherent State
fr(x,p) = fo(p) + {{F, fo}} + %{{F (P, fo}}}} Fo

* Proof

* Choose Operator 04 = / §(x' —x)(2m)%(p’ — p)T(x',p') = T(x, p)
 Distribution Function o
fr(x,p) = (T'(x,p)), = Tr[prOc¢]
—Tr |G (PGP [ 30 = x0(2m) '~ T )
= (F(x,p)|T(x,p)|F(x,p)) = (FS|U;'T(x, p)Ur|FS)

Comparison of Physical Picture: Ordinary State vs Coherent State

Ordinary State
Local Single Particle-Hole Pair
[x; p) = T(x, p)|FS)




__Fermi Surface States and Their Excitations

* Distribution Function in the Coherent State
fr(xp) = fol@) + UE o1} + o {{F LR 1)} )} +

* Proof

« Use BCH Formula (Operators = Commutators as Lie Brackets)

(=1)
2!

fr(x,p) = (FS|UL'T(x, p)Ur|FS) = (FS|O¢ + (~1)'[OF, O] +

(%) FS|O 0, (_1)20 FS
= (FS|O¢ + (— ) {F.GH T {{F,{{F,G}}}}—i_"'{ )

G, p) + (-1 ({F. P p) + (P gm e ) e +

Gl p) + (<) P, EH e + S (P ar e ) + .

(4.22) Z (— 1)11 (Fo. (3d5)"G)

[OF, OF, OG]] +...|FS)

(FS|T(x', p")[FS)

:/x/p
/ fo(x',p)

fo(x',p') = (FS|T(x', p')[F'S)

79 “



__Fermi Surface States and Their Excitations

* Distribution Function in the Coherent State ( J i
fr(xp) = fol®) + {OF, ) + o {{F m 3} b+ / - \ |
« Proof & | \)
. “LB.P.” of the Moyal Bracket —<f,{{F,G}}>:<{{F,f}},G> D i

4.24)

i ol f07 (adp)” :i% ((adp)" fo, G)
_ /x ) [fo(x',p') +{{F, fo}}(x',p') + %{{F UF fl e p) + . ] 5(x' — x)(21)%5(0' — p)
= fo(x, ) + {{F, fo}} o p) + 5 { {7, (0F, fo}} } o) 4

« Semi-Classical Limit

fr = Adyyp fo = fo + {F, fo} + 5 {F AR, fo} b +

80 “



__Fermi Surface States and Their Excitations

« Coadjoint Orbits and the Kirillov-Kostant-Souriau Form

 All Possible Canonical Transformation on f; = Coadjoint Orbit of f
Orbits of stabilizer G, C’onstmineil riurface
O ={f=Ad; focg"|UeG}

 Stablizer Subgroup of f
H={VeG|Adyfo=fo} ={V =expa|acg,adg fo =0}
Derive the Same State Orbits of G

Adjy fo=UVFHUV) " =U (VV HU ™ = Adj; fo /5\

Each State f in the Coadjoint Orbit is Represented by a Left Coset U H

Coadjoint Orbit Expressed in Coset Oy, = G/H

No Dissipation & States Evolve in the Same Coadjoint Orbit

F(t+8t) = f(t) + {8tH, (1)} 6H|, c g f(t) = Adw £(0)

6B YN TR/ 51 “

l,/ University of Chinese Academy of Sciences




__Fermi Surface States and Their Excitations

« Coadjoint Orbits and the Kirillov-Kostant-Souriau Form

 Poisson Bracket as Lie Bracket (on Poisson I\/Ianlfold) [Marsden, et al. (2007) Hamiltonian Reduction by Stages.]

wh,(f) (ady £,ad} f) = F(£, (G, K))

U
wkks(9, k) = (f,{G, K}Poisson) adgf=g adyxf=Ek

« Verify it's indeed a Symplectic Form
Well-Defined (Independent of Representatives)
adip, f=adly f=g9g = ad\of=0 AG=G-G'
Aw = (f,{G, K}poisson) — (f,{G", K}poisson) = (f, {AG, K }poisson)

:<f’a’dAGK>:_<a’d*AGf,K>
AGeEH = adjpgf=0 = Aw=0

R Tasmxy

University of Chinese Academy of Sciences

Lie group
G
*
9=T.G 9 d‘-buh coadjoint orbit
(symplectic manifold)
e
a
[
momentum map
(ngplectomorphism)
space of motions of
lementary particl




__Fermi Surface States and Their Excitations

« Coadjoint Orbits and the Kirillov-Kostant-Souriau Form

« Verify it's indeed a Symplectic Form
* Closed
Lie Algebra Cohomology (Chevalley-Eilenberg Cohomology Differential Formula on the Lie Algebra)

(dw)(wla AL xn+1) = Zi(_l)i+1wi ’ (.U(lel, ) C%i, ) wn+1) + Zi<j(_1)i+jw([wi7 CI?j], L1y 75?72’7 cee ?jzja T CUn—i—l)

= (dw)(g,k,1) = g- (w(k, 1)) — k- (w(g,1)) +1- (w(g, k) — w([g, k], 1) + w(lg,1], k) — w([k,1],9g)

- g - w(k,1): directional derivative of w(k, [) along vector field g
« [g, k|: the commutator of vector fields g, k

d
g- (w(k7 l)) - E o <Ad:tG f7 {K7 L}Poisson> — <adz;' f7 {K7 L}Poisson> - _<f7 a’dG{Ka L}Poisson> - _<f7 {G7 {K7 L}}>

83 “



__Fermi Surface States and Their Excitations

« Coadjoint Orbits and the Kirillov-Kostant-Souriau Form

« Verify it's indeed a Symplectic Form
» Closed (Cancelled out by Jacobi Identity)
9, k] = [adg, adk]f = adg ky,,... f = (g, kD) = (f,{{G, K}, L})
= (dw)(g, k,1) = —(f,{G,{K, L}}) + (f,{K,{G, L}}) — {f,{L,{G, K}})
-G K} LY) + (f,{{G, L}, K}) — (f,{{K,L},G}) =0
* Non-Degenerate

gc TfOfo 9=0 wKKS(g7 k) - <f> {G7K}Poisson> =0, Vk € TfOfo

" — "": Obvious " «— " Assume wkks(g, k) = (f, {G, K}poisson) =0, VK € g
wkrs(g, k) = —(adi f,K) =0 adif=0 — GeH — g=adi f=0¢eT;Oy,.




__Wess-Zumino-Witten Term and Effective Action

« Coadjoint Orbits and the Kirillov-Kostant-Souriau Form

« Wess-Zumino-Witten Term in the KKS Form
Sewlf] = Swzwlf] — / dtH[f] Swawlf / dat / dswicics (3:f, B, f)
ft,s=1)=f(t)  flt,s=
« Parametrize the Elements of Coadjomt Orbits
Folx,B) = Adb i fo = fo+ {6, fo} + o { — 6, (-6, o} } ... = © (or —IBI) + (o Vu)5 (1B —pr) + ...
{9, fo} Vxé(x,p) - Vpfo(P) — Vpo(x,P) - Vxfo(P) = Vxo(x,p) - VpO(pr — |P|)
= Vx¢(x,p) - ( IPI) |—|@(pF —|pl) = Vxé(x,p) 09 (~d(pr — [P])) = —(mg- Vx¢) 8(Ip| —pr) mo=-—
« Stablizer of f§ (Corresponding Canonical Transformation Leaves f g Invariant)
ad, fo={a, fo} =0 = (ng-Vxa)|,_,, =0 a(x,p)ebCyg
— Ad:_ . fo=efo = fo

exp «




__Wess-Zumino-Witten Term and Effective Action

« Coadjoint Orbits and the Kirillov-Kostant-Souriau Form

« Real Physics = Modulo Stablizer (Gauge Redundancy of Radial Momentum)

U~UV (Ueg,

« BCH Formula: 1og (eXe¥) =

Orbits of stabilizer G,

Orbits of (G

Constrained surface
p(x) = m

X+Y+[X, Y]+—[X X, Y]}

VeH) Ofogg/H fUEUfQU_1€OfO

1 1 1

L]«

12

— ay(x,P) = é(x,p) — ¢(x,0) Ipl=prF

{ag, fo} = Vxag - Vi fo(p) — 0= —(ng - Vyiay) (|p| — pr)

=n5- Vx(6(x,0)] ,_,, — #(x,p)) &(Ip| ~pr) = 0

86 “



__Maurer-Cartan (MC) Form & EFT

« Why the Maurer-Cartan Form Keeps Appearing
« Central Observation: both Goldstone EFT (CCWZ) and Coadjoint Orbit Quantization Rely
on the Same Geometric Object — the MC Form on a Lie group §

« Root Cause: both Contexts Involve Homogeneous Spaces G/#, where the MC form is

the Universal Differential-Geometric Tool

 Roadmap of the Part: General Framework — EFT (Brief Review) — Coadjoint Orbits —

WZW / Legendre Transform Term — Comparison

6B Yaf 7Ry 87 ¢*

University of Chinese Academy of Sciences



__Maurer-Cartan (MC) Form & EFT

* Maurer-Cartan Form on a Lie Group
- Definition: 8 = g~1dg € Q' (C, g), the Unique Left-Invariant g-valued 1-form on C
« Structural Equation (MC Equation)
9+ 1[6,6)=0
« Geometric Meaning: 0 Trivializes the Tangent Bundle T G by left translation; it Converts

any Tangent Vector back to the Lie Algebra

AT

N

i

68 TEMTRRT

University of Chinese Academy of Sciences




__Maurer-Cartan (MC) Form & EFT

 Universality: Every Flat g-Connection Comes from 6

« Theorem (Universal Property): if M is simply connected and w € Q1 (M, g) satisfies

dw +%[oo, w] = 0, then there Exists f: M — G such that w = f*0, Unique up to left
Multiplication by a Constant

* Meaning: the MC Form is the "Mother of All Flat g-Valued 1-Forms" — every such Form
is a Pullback of 6

 This is why MC form is Inevitable whenever one Does Differential Geometry on G or G/

6B Yaf 7Ry 89 ¢°*

University of Chinese Academy of Sciences



__Maurer-Cartan (MC) Form & EFT

 Principal Bundle Structure of G - ¢/#
« For a Closed Subgroup as a Principal #-Bundle H < G = G/H
* - Reductive Decomposition: g=hom
« - MC Form Splits Accordingly: =g 'dg= 6y + 6
* 0y: Vertical Part — Connection on the Bundle
* 0, Horizontal Part — Vielbein (Soldering Form) on G/H
« A Section 0: §/H — (G Pulls back the MC Formto G/# :

o ldoc=V+e Vehecm

FANTRRT

University of Chinese Academy of Sciences




__Maurer-Cartan (MC) Form & EFT

« MC Form in Symmetry Breaking EFT (Review)
» Physical setup: ¢ Spontaneously Broken to #; Goldstone Fields Live on G/H
« CCWZ Procedure: Lift Goldstone Field U (x) € ¢/H via Section & (x) = 0(U(x)), then
Decompose £10.6=V,+ey,
* e, is the Covariant "Velocity" of the Goldstone Field
« V, is the H#-Connection (Gauges the Residual Symmetry)
« Leading-Order EFT Lagrangian: £= f;tr (ene”) +---
« Key Point: the Metric (Riemannian) Structure on §/# is Used; the Lagrangian is Built

from the Symmetric 2-Tensor tr(e,e")

6B YatremX7 91 ¢*
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__Maurer-Cartan (MC) Form & EFT

« Coadjoint Orbits as Homogeneous Spaces
» Coadjoint action: Ad}: g* — g*
» Coadjoint Orbit through 1 € g*: 0, = {Adu|gec G}
 Orbit-Stabilizer Theorem 0,2=6/6, G,={gcG|Ad,u=p}
» So 0, is a Homogeneous Space

« The Same Mathematical Setting as CCWZ
* GIH =Gy

« Crucial Extra Structure: Coadjoint Orbits Carry a Natural Symplectic Form

* Not just a Metric

6B YatremX7 92 ¢*
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__Maurer-Cartan (MC) Form & EFT

« MC Form on Coadjoint Orbits: Symplectic Potential
« Choose a Section o: §/H — C and Pull back the MC Form o7 'do € 9'(6/G,., 9)
» Pair with the Base Point 1 € g* to Define the Symplectic Potential (1-Form on 0 ,)
a={u,o 'do)
« Compare with CCWZ: in EFT we Project 0 ~'do onto m to get the Vielbein; here we

Pair it with u to Get a Scalar-Valued 1-Form

 Information Used
« EFT: h@m Splitting
» Coadjoint Orbits: Element u € g* (which lItself Determines ¢, and hence the Splitting)

6B Yaf 7Ry 93 ¢°*
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__Maurer-Cartan (MC) Form & EFT

 Kirillov-Kostant-Souriau Symplectic Form

« Take Exterior Derivative of the Symplectic Potential, Using the MC Structural Equation

w=da = —%<u, [a_lda, 0_1d0]>

 Intrinsic expression at a point v = Ad;‘} .

wu(&@, 77(9) = <V7 [57 77]>
« Key Properties: Closed (dw = 0), Non-degenerate, G-Invariant
« Compare with EFT

« EFT Kinetic Term tr(e/\ * e) is a Symmetric Bilinear in ey

KKS Form is Antisymmetric Bilinear

- Reflects the Difference between Riemannian and Symplectic Geometry on §/#

PRy PR Y ¢*

University of Chinese Academy of Sciences




__Maurer-Cartan (MC) Form & EFT

« Symplectic Symplectic Potential as WZW Term and Legendre Transform

 In the path integral on coadjoint orbits (a la Alekseev-Faddeev-Shatashvili), the action
contains S= /dt (1:9719) — /dtH(g)
* First Term: (w.97'9)
« Pullback of the Symplectic Potential a to the Worldline (WZW-Type Topological Term)
« Plays the Role of pg in the Phase-Space Path Integral (Legendre Transform)
* No Metric is Needed for this Term — Purely Symplectic/Topological, Determined Entirely by
u and MC Form
« Connection to Berry Phase: in the Adiabatic Limit, this Term Becomes the Geometric (Berry)
Phase Associated with the Coadjoint Orbit

) PafpFmXy 95 ¢*
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__Maurer-Cartan (MC) Form & EFT

« Comparison: EFT vs. Coadjoint Orbits

Symmetry Breaking EFT

Coadjoint Orbit

Space

Vacuum manifold G /H

0,2 G/G,

MC form usage

Project onto m - vielbein e,

Pair with 1z - symplectic potential o

Geometry used

Riemannian (metric on G/ H)

Symplectic (KKS form)

Physical output

Kinetic Lagrangian tr(e,e*)

Phase-space action (i1, g~1g)

Role of the term

Dynamics (equations of motion)

Kinematics (symplectic structure / Berry phase)

Derivative counting

2-derivative leading order

1-derivative (first order in time)

06 “
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__Nonlinear Bosonized Action

« From Hamiltonian to Action: Perform Legendre transform to get action $S$ on the coadjoint orbit

 Field Parametrization: Introduce bosonic field $\phi(t,x,p)$ such that $f = \mathrm{Ad}** {\exp(-
\phi)} f 0% (generates a phase-space diffeomorphism)

« Action Structure: $S[\phi] = \int dt, \langle f, \dot{\phi}\rangle - H[f]$ plus possible WZW integral
(from symplectic form)

« WZW Term: Arises from phase-space Berry phase (ensures correct Poisson brackets and
quantization)

« Bosonic Effective Action: Nonlinear in $\phi$; reproduces Landau’s theory at tree level, and upon

quantization yields an EFT expansion for Fermi liquids

6B Yaf 7Ry 98 ¢*
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__Symmetry and Gauging

Huge Symmetry Group: Invariant under canonical transformations (volume-preserving
diffeomorphisms in phase space)

Conventional Symmetries: Contains global $U(1)$ (particle number conservation) and momentum-
space rotations, etc.

Phase-Space Gauge Fields: Can couple to background $A \mu(x)$; gauge symmetry in phase
space becomes noncommutative $U(1)_*$ (Moyal brackets in gauge algebra)

Ward ldentities: Generalized continuity equation in phase space (conservation law modified by ${J,
A}$ terms) governs response to external fields

Emergent Invariants: Though not a simple global charge, the canonical transform symmetry

organizes infinite conservation laws (e.g. for free Fermi gas, each momentum mode density

9 ¢*

University of Chinese Academy of Sciences



__Spinful Extension of Formalism

 Internal $SU(2)$ Symmetry: Incorporate spin-$\frac{1}{2}$ degrees by extending the algebra with
spin indices

« Extended Algebra: $g_{\text{spin-Moyal}} ;\cong; (\mathbb{C},\oplus, su(2)) ;\otimes;
g_{\text{Moyal}}$ (include spin operator basis)

« Generators: Density operators now carry spin index ($\psi*\dagger \sigma”a \psi$) splitting into
charge (singlet) and spin (triplet) sectors

« Spin-Poisson Algebra: Poisson brackets act on spatial and spin variables (spin rotations + phase-
space shifts unified)

« Coadjoint Orbit Action: Yields coupled charge and spin dynamics — new terms (spin WZ\W-like term)
cause spin fluctuations to scale differently, hinting at spin—charge separation phenomena (to be

10Qg®

University of Chinese Academy of Sciences




__BCS (Superconductivity) Extension

« Charged Bilinears: Extend operator set to include pairing operators (Cooper pairs $\psi\psi$,
charge $2e9%)

« Off-Diagonal Long-Range Order: Allows describing superconducting order parameter within the
group formalism

« Broken $U(1)$ Handling: Enlarged group accommodates gauge symmetry breaking (superfluid
phase invariants)

« BCS Channel in EFT: Pairing interactions can be treated on equal footing with Landau forward-
scattering terms

 Toward SC Phases: This paves a path to incorporate superconducting and magnetic phases into
the geometric Fermi liquid framework (ongoing work)

6B YatremX7 109*
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__Two-Point Correlation Function

Density—Density Correlator: Calculated using the bosonized quadratic action (Gaussian
approximation)

Result: Recovers known Fermi liquid response (e.g. compressibility, plasmons) in each spatial
dimension $d$

Dimensional Dependence: 2D vs 3D show expected behavior (agreement with Landau—Silin theory
and RPA results)

Minimal Action Suffices: The free (Gaussian) part of the action already captures the two-point
function exactly

Validation: Confirms that the formalism reproduces standard results for linear response of Fermi

liquids (serves as a consistency check)

6R) YT RRT 10%9*

University of Chinese Academy of Sciences



__Three-Point and Higher Correlators

« Three-Point Function: Computed including interaction vertices (using cubic terms in action)

« Diagrammatic Contributions: Different Feynman-like diagrams (loop corrections) evaluated within
orbit action framework

« Interactions Enter: Landau parameter $F(p,p')$ appears in three-point vertex, affecting collective
mode coupling

« General $n%-Point Structure: Derived scaling forms for arbitrary $n$-point density correlations
(systematic power counting of Landau parameters and momenta)

 Insight: Formalism makes higher-order correlation scaling more transparent, organizing vertex

corrections by symmetry and algebraic structure

) Pa#eRXRs 1039*

University of Chinese Academy of Sciences




__Non-Fermi-Liquid Example — Critical Boson Coupling

« Case Study: Fermi liquid coupled to a gapless bosonic mode (e.g. gauge field or critical order
parameter)

« Bosonized Action Extension: Add boson field $\Phi$ interacting with Fermi surface fluctuations
(Gaussian FL action + $\Phi$ coupling)

 RG Analysis: Examine scaling of the coupled system (similar to quantum critical metal scenarios)

« Specific Heat Scaling: Finds $c_V \propto T*{2/3}$, a non-Fermi-liquid temperature dependence

« Consistency: The $T*{2/3}$ law matches results from other methods (e.g. Hertz—Millis or
holographic models), demonstrating the EFT’s capability to handle NFL behavior (at least at

Gaussian level)

6R) YOt e Ry 1049 *
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__Advantages of Geometric Formalism

« Systematic Expansion: Organizes low-energy physics in a controlled expansion (powers of
momenta $/ p_F9)

« Transparent Power Counting: Easy to track relevance of nonlinear interactions and gradients
(symmetry-imposed structure)

« Simplified Calculations: Bosonized variables turn fermionic loops into tree-level diagrams, easing
perturbative computations

« Emergent Symmetries: Geometric view reveals hidden conservation laws and symmetry principles
(e.g. momentum-space conservation, analogies to fluid dynamics)

+ Unified Effective Theory: Places Fermi liquid theory into the symmetry-based EFT paradigm (akin
to how rotational symmetry governs magnons, etc.), bridging condensed matter and high-energy

1059*

University of Chinese Academy of Sciences




__Limitations and Challenges

« Semi-Classical Truncation: Poisson approximation required for tractability — neglects some
$\hbar$-dependent (quantum) corrections of Moyal bracket

* UV/IR Mixing: High-momentum (UV) contributions entangled with low-energy (IR) behavior,
leading to unusual divergences (needs careful regularization)

« Validity Regime: Assumes well-defined Fermi surface and quasiparticles — if Landau paradigm fails
(strong NFL), foundation of formalism is strained

« Complexity: Infinite-dimensional Lie algebra is mathematically rich but challenging for explicit
calculations beyond leading order

« Open Technical Issues: E.g., how to systematically resum the Moyal expansion, handle a preferred

cutoff (pallette of allowed deformations) and extend to lattice or discrete systems

6R) YOt e Ry 10Gg*®
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__Classical vs. Modern vs. Postmodern — Comparison

« Landau Fermi Liquid (Classical): Phenomenological quasiparticle picture; introduces Landau
parameters by hand; no inherent RG or systematic expansion

 RG-Based Theory (Modern): Perturbative renormalization around Fermi surface; identifies
marginal interactions; requires patching or momentum cutoffs (artificial scales)

« Patch Bosonization (Contemporary): Divides Fermi surface into 1D-like segments; bosonizes
density fluctuations; captures some collective modes but needs ad hoc fixes (Klein factors, etc.)

« Orbit Formalism (Postmodern): Symmetry-driven approach using Lie algebra of densities; derives
an action from first principles (coadjoint orbit); no patching needed and naturally includes higher-
order corrections

« Evolution: Progression from phenomenological models to RG improvements to a fully geometric,

symmetry-governed EFT signifies a unification of Fermi liquid theory with broader theoretical
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__Future Directions

« Non-Fermi-Liquid Regimes: Extend the formalism to handle cases with no well-defined
quasiparticles (e.g. strange metals, critical Fermi surfaces)

* Non-Perturbative Effects: Develop methods to include the full Moyal bracket (quantum corrections)
or resum beyond leading order (perhaps via numerical or analytic resummation)

« UVI/IR Issue Resolution: Investigate regularization schemes to deal with UV/IR mixing and remove
dependence on ad hoc cutoffs (ensure predictive power for physical observables)

* Incorporate More Symmetries: Adapt the approach to systems with lattice symmetry, disorder, or
reduced dimensions (explore how diffeomorphism-based EFT works in those contexts)

« Broader Applications: Utilize infinite-dimension group techniques in other many-body problems (e.g.
Bose liquids, fractional quantum Hall, spin systems) to uncover new emergent symmetries and

conservation laws
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__Conclusion and Outlook

« Conceptual Shift: Fermi liquid theory is reinterpreted as a symmetry-based effective field theory
governed by an infinite-dimensional group (canonical phase-space diffeomorphisms)

« Unified Framework: The postmodern formalism provides a geometric EFT with a rigid structure
fixed by Fermi surface geometry and symmetry (no need for ad hoc patching or parameters)

* Recovers & Extends Landau: Reproduces Landau’s kinetic theory in the appropriate limit, while
systematically incorporating higher-order corrections and quantum effects

« Benefits: Reveals emergent conservation laws, clarifies scaling and power-counting, and simplifies
calculations by bosonizing Fermi surface dynamics

« Looking Forward: Bridges condensed matter and high-energy viewpoints — opens new avenues by
leveraging group theory (coadjoint orbits, diffeomorphisms) to tackle long-standing problems in

many-body physics
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Thanks for Your Listening

Reporter: Zi-Hao Liu
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