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Self-interacting Dark Matter e
Lambda CDM well explain I .,;i’::"’;

- large scale structure of the Universe
- Galactic rotation curves
+ Galaxy cluster collision
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Velocity-dependent self-interaction

Different scale indicates different size of self interaction
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light-mediator + (sub-)GeV DM provides velocity dependent self-interaction

requires treatment beyond Born approximation

nucleon - pion system

np—np elastic scattering
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Coincidence of scattering and annihilation
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Remaining candidate for SIDM

- p-wave or higher partial-waves (v-dependent)
- asymmetric dark matter (no/less annihilation pair)
- etc.




Gravothermal Collapse

Cored Cusp
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Gravitational contraction
and cored halo again

self-gravitating + self-interacting system

The presence of dissipative (cooling) process
IS a key to determine the collapse timescale
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- Compton scattering with mediator particles

- Bremsstrahlung of mediator particles
- and so on




Beyond Born Approximation

2-body DM system is suffered from re-scattering process due to low velocity

To account for the process, solve Schrodinger equation for 2-body DM

1 e~ relative energy: E = 12(—2
[—sz + V;((”)] W (x) = Eyp(x) V() = - » mﬂ

reduced mass: u = >

Scattering state (Energy-eigenstate) at large r
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partial-wave decomposition
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Scattering phase shift: o, Normalization

0, = 0 at high k: potential term negligible
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a=v/2a, b= amx/md,
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Watson's theorem

In- and out-states

Energy-eigenstates for interacting system
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Watson's theorem and Omnes solution

Assuming that the amplitude is real ( f(x™) = [f(x)]* ): (time-inversion invariance)
l“f(k2 + i) = ez"éb”l“f(k2 — i€e) = 62i5f1“f(k2 + ie)*

Formal solution is given by Omnes solution
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Bound states 00 Sk

positions of bound states = poles of F,(k?) ~1000 A
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Comparison of two different methods
Kamada, TK, Patel (2023)
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Near zero-energy resonance
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Mediator Emission

Bremsstrahlung Process relative momentum of DMs: p to p’

Vector emission from two-DM system emission mediator: k

(y; and y, with charge ¢, and ¢,: e.g. DM-DM or DM-DM)

One of key processes to release DM energy in DM halo (e.g. gravothermal process)

Differential cross section
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Amplitude square Kamada, TK, Schmidt, in prep
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Sbrems / ™ A’Obrems:0

Energy weighted cross section Kamada, TK, Schmidt, in prep
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A key ingredient for gravothermal collapse: energy-loss via emitting mediator particles

energy-weighted cross section

b= 1.6798078
¢ summed
101 --— (summed (undistorted)
£ summed (undistorted, partial-wave sum)
0
% 10 3
E ]
z
S
-1
%:10 ’
g I
~ "
z -2 |
210 |
z I
pay
s 1
1073 5
107 5
10 10t 102
a = p/(am,)

Sbrems/ ™ A'Obrems:0

CS)brems —

b = 9.0819589605

1073_

10—4_

pp———
-
-

¢ summed

—-—— ( summed (undistorted)

¢ summed (undistorted, partial-wave sum)

10°

da)k a)k

Y
a=p/(am,)

ddbrems

Wy,

16a°
Oprems:0 — §Q%Q§(Ql — QZ)Z

enhanced cross section nearly at kinematical threshold: |k| > 0 i.e. a > (ab)™'?

amplitude square

102



i Summary

Dark-sector models for (sub-)GeV DM

v self-interaction (small-scale problems) and annihilation into light mediator particle
(indirect detection)

v strong correlation of resonant enhancement

Beyond Born approximation is sometimes required to evaluate physical processes
>~ velocity dependent self-scattering cross section (small-scale structure)
>~ annihilation, Sommerfeld enhancement (indirect signals)

>~ mediator emission, e.g. Bremsstrahlung (gravothermal collapse)

A theoretical relation between o and S : Watson's theorem and Omnes function

> astrophysical observations of self-scattering cross section in different velocity
scales -> Sommerfeld enhancement factor
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More on Scattering

Effective Range Theory

Bethe (1949), Blatt, Jackson (1949) 1000 e
o 500
invented for nucleon-nucleon scattering Eo 0- F% ———
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zero-energy states/shallow states b= am,/my

scattering amplitude may have poles at k = ik, Jok) = .
kcoto, — ik
- zero-energy resonance (|a,| — o and k, — 0)

- bound state (x, > 0): normalizable state ™"

- virtual levels (x, < 0): non-normalizable state ™" 18
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a, > 0: bound state y,(x) —

a, < 0: virtual level (non-normalizable bound state)

scattering cross section
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Partial-wave scattering
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Levinson's theorem Levinson (1949) Weinberg, Lectures on QM (2015)

Connection b/w the behavior of phase shift and the number of bound states

5,k = 0) — 5,(c0) = <nf + %N) 7

N = 1. On s-wave zero-energy resonance

N = 0: other case
 a portion of scattering states has negative energy in the presence of potential

- total number of states unchanged
* negative energy states converted into bound states

hear zero-energy first resonance

N b=1.682 s-wave b =9.082 p-wave
Ty =9.083 [
S . b= 1.680 5
2 T
0 b=1.678 b =9.081 J
10°% 10 102 10 107 1074 1072 10° 10°
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Phase Shift and Effective Range Theory

at sufficiently large r = a
kajy(ka) — B, j(ka) _ )
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The asymptotic behavior of Spherical Bessel for ka <« 1
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At low energy, the phase shift behaves as
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Levinson's theorem Levinson (1949)
1
Ok =0) — dp(c0) = (”f + 5N> 4

Rough sketch

_ _ _ Weinberg, Lectures on QM (2015)
Consider a system enclosed in a sphere (radius R)

T
k. R — EY + 6,(k,) =nr wave-function vanishes at r = R

discretized momentum k,

1 1
— [6(k) = 8(ky)] +— (k= k)R = No(k,)

number of scattering states with k, <k <k,

number of scattering states in the absence of potential

The variation of #(scattering state) due to the potential term

1
AN (k) = — |6,(k,) — ,(0)]

Total Hilbert space unchanged:
the scattering state with negative energy in the presence of potential convert into

the bound state.

1
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More on Emission
O
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Dipole emission is characteristic: both # and ¢ + 1 10701

leads to complicated structure in resonant regime

Scalar emission: no change of partial waves
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Cross section
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