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Motivation

Schradinger / Lippmann-Schwinger equations are widely
used to discuss the hadronic molecules.

Usually, the potential in these equations is

(1) fitted from experimental data (cross section...).

(2) matched to the scattering amplitude in QFT

(3) reduded from the relativistic BS equation

4) ...

usually (2,3) give similar results. Our question is

What is the difference between the BS and Sch egs
when the same interaction is used.
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Two aspects

1. small mass exchange and weak coupling limit:

In atomic physics, the coupling is weak and the mass of the
exchanged gauge boson is zero. The non-relativistic (NR)
approximation works well. What will happen for other type
interactions and how weak is good enough?

2. physical scale/coupling with FF:

What will happen for NR approximation when the physical meson
scale is considered.

We take an equal-mass fermion-antifermion system in
O~ and 1~ channels within ladder BS as example to
discuss these two properties.




BS equation in relativistic QFT

BS wave function and BS vertex.
x(k, P) = /d4xeik'w(0|¢(m)@z(0)|f>,..> = S(ko)T(k, P) S(—kp)

BS equation for the BS vertex

0 P) = [ 3L Kns (k) [S(0)T . P)S(—a0)

ka

S: propagator of fermion

Kgs: interaction kernel. )
kp

In the rest frame: P = (M, 0), relative momenta k, g

P P P P
9 ? qa_2 q, Qb—z q,



BS kernel in ladder approximation

In the weak coupling limit, thepoint-like interaction:
Lint = gsVos¥ + igpUys0p ¥ + gy UHV, W

the vertices and propagators

7

S
in _ v
I8 = —9ps, br)= oz e
P
e _ vipy = il = (L= e
g, D= @90 my)

0?2 — m%/ + 7€
the interaction kernels
Kjg(k,q)[A] =T AT$ Ds(k — q),
Kis(k,q)[A] = TB*ATS Dp(k — q),
Kys(k,q)[A] =Ty AT DY (k — q)

uv

For vector particle, we take ¢ = 1 as an approximation.



BS kernel in ladder approximation

strong-coupling case: dressed vertices by monopole
FF

P TR EC(B), X {5,V

with

2 2
Fx(8) = 2 — A2 + e




Express BS vertex by scalar functions

For O-*/1— states, we can write the BS vertices as
C(k, P) =) _ fu(ko,|k|)By(k, P)
b
where

BY =~f, By =ypkr—kp, By =+7l, By
BY =kh., B = khkr, BY = kP, Bf

When C is fixed, the scalar functions have definite odd/even parity. So

in the BS equation, O—-/1+ are also possible.




Express BS equation by scalar functions.

One can project the BS equation on some special Dirac
matrix to get the equations for f. Finally, one have

4
ZNab (ko, k) fo(ko, [K|) = ZZ/ 4 G(ao, lal; M) K, (k. q, P) f5(g0, lal)

where

Nab(ko, |k[) = Pa[Bs(k, P)]

1

P.lA] = o

/ 492, Tr[B, (k, P)A]
Ky, (k,q. P) = Pa[Kds(k, q) [Q+(a: P)Bo(q, P)Q—(g; P)]]

1 1
(M/2 4 q0)* — [q|°—m? +ic (M/2 = q0)* — [q|*—m? + ic

G(qo, lql; M) =

Q+(; P)=gotm,  Q_(¢;P)=dp—m ’



Wick rotation

Direct numerical solution in Minkowski space is a little
difficult. For a bound state, the Wick rotation of the
BS equation does not change the binding energy.

5 N GHE (KD AGHE ) =323 [ daff [ diallal*Getaf lals )
b X b YT

X
< KCO(KE, 1K a2, \al, M) fo(i?, |q])

v X
KL (RE Il af' lal. M) = o5 [ g KGO (h.a. P
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From BS eq to Schrédinger eq

To reduce the BS equation to the Schrédinger form,
we apply the following two approximations

(1): 3D reduction

G(Q? P) ~ _iGNR(anb)é(QO)aGNR(qa Eb) =

T 1
2m? _Eb — q2/(2,u) + 20

(2): static approximation

Q+()TQ-(q) = —4m*P.I'P_

Ey=2m—-—M, p=m/2 11



From BS eq to Schrédinger eq

Finally, we can get a Schrddinger-like equation

d’q g9s(q]) L
k|) = T~ _~a2 VYcen k — y +,1
01(k) = [ 5% Veem (= a) =25 s T (0717

where
‘/Cent(g) = S V , (= ‘k — q|, Vp =0 at O(”UO)

_1?2—|—m% _EQ—I—m%

go—+([l) = £ (0, [K[) — £277 (0, |K]),
g1 (k) = f1 (0, k) — M f2 (0, |K])
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BS equation vs. Schrodinger equation

Short summary

2 Nan(ihf K G ) =323 | f dlq| laPGr(al lal; M)

Kéb V(KE, k] qE, |ql, M) fo(igE, |q|)

~~

s = [ 5 Vel @) =20 ety
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Numerical method

1. We discretize directly on the Euclidean relative
energyq) and the magnitude [9|. The integrations
are evaluated by Gauss--Legendre quadrature
after a mapping.

2. for my=0, the analytical expression for a small
region integral is applied.

3. Rewrite the equation as aneigenvalue problem
in A: physical bound state © A(E,) =1




Results in small mass, weak coupling limit

1: spin splitting in BS spectrum
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The spin splitting in BS spectrum is very small.
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Results in small mass, weak coupling limit

2: absolute values of BS spectrum and Yukawa
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Results in small mass, weak coupling limit
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The difference between the BS spectrum and NR
spectrum is as large as O(«)
In hydrogen, the relativistic correction is at order 0(.2)
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Results in small mass, weak coupling limit

1: why is it so different from hydrogen case?

QED is a gauge theory. For a bound state, Coulomb
gauge is a natural choice, where at leading order, the
instantaneous approximation is exact.

Feynman gauge vs. Coulomb gauge

crossed-ladder diagrams are important in Feynman
gauge.

2: for massless scalar-exchange, there is no gauge
freedom, the BS-Sch difference still exists.

How the crossed-ladder corrections change the results
IS an open question.
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Results with larger masses and form factors
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EyS(07F, V) > By (V) > EJS (177, V),
By (S) > ByS(07T,8) ~ Ep°(177,9),
EJS(177,P) > ES(07T,P),  EJU(P) ~0

m=1.00 6eV, A = 2.00 6eV (monopole)
mg = 0.50 GeV, m, = 0.14 GeV, m, = 0.77 GeV
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Results with larger masses and form factors

Numerical ratios EBS/ES¢h

Exchange ax EBS(0—T) EPS(177) Epuk RX . RE
V,my =0.77 GeV 3.0 0.016582 0.000879 0.007045 2.354 0.125
V, my = 0.77 GeV 4.0 0.074666 0.018627 0.048661 1.534 0.383
S, mg = 0.50 GeV 2.0 0.009595 0.009491 0.037669 0.255 0.252
S, mgs = 0.50 GeV 3.0 0.044998 0.044494 0.152545 0.295 0.292
P, mp =0.14 GeV 10.0 - 0.001246 - - -
P, mp =0.14 GeV 17.0 0.003500 0.250349 - - -

In the Wick-Cutkosky model, crossed-ladder contributions reduce
the difference.
Whether crossed-ladder contributions can reduce the large BS-

Yukawa difference found here remains an open question.

20



Summary

1. light mass exchange, weak coupling:

the BS-Sch difference is at order ©(@) especially
for scalar exchange.

2. physical masses and couplings with FF:
scalar exchange: nearly degenerate
vector exchange: favors O~ with a large splitting
pseudoscalar exchange: prefers 1—

3. crossed-ladder contribution may be is important.
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Thanks!

Any comments and discussions are welcome.
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