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Motivation
Schrödinger / Lippmann–Schwinger equations are widely 
used to discuss the hadronic molecules. 
Usually, the potential in these equations is
(1) fitted from experimental data (cross section…).
(2) matched to the scattering amplitude in QFT
(3) reduded from the relativistic BS equation
(4) ………

usually (2,3) give similar results. Our question is

What is the difference between the BS and Sch eqs 
when the same interaction is used.
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Two aspects
1. small mass exchange and weak coupling limit:
In atomic physics, the coupling is weak and the mass of the 
exchanged gauge boson is zero. The non-relativistic (NR) 
approximation works well. What will happen for other type 
interactions and how weak is good enough?

2. physical scale/coupling with FF:
What will happen for NR approximation when the physical meson 
scale is considered. 

We take an equal-mass fermion–antifermion system in 
0⁻⁺ and 1⁻⁻ channels within ladder BS as example to 
discuss these two properties.
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BS equation in relativistic QFT

S:   propagator of fermion
KBS: interaction kernel.

In the rest frame: P = (M, 0), relative momenta k, q

BS wave function and BS vertex.

BS equation for the BS vertex
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BS kernel in ladder approximation
In the weak coupling limit, thepoint-like interaction:

the  vertices and propagators

the interaction kernels

For vector particle, we take = 1 as an approximation. 6



BS kernel in ladder approximation
strong-coupling case: dressed vertices by monopole 
FF

with
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Express BS vertex by scalar functions

For 0-+/1–– states, we can write the BS vertices as

where 

When C is fixed, the scalar functions have definite odd/even parity. So 

in the BS equation, 0--/1-+ are also possible.
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Express BS equation by scalar functions.
One can project the BS equation on some special Dirac 
matrix to get the equations for f. Finally, one have

where 
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Wick rotation
Direct numerical solution in Minkowski space is a little 
difficult. For a bound state, the Wick rotation of the 
BS equation does not change the binding energy.
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From BS eq to Schrödinger eq
To reduce the BS equation to the Schrödinger form, 
we apply the following two approximations

(1): 3D reduction

(2): static approximation
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From BS eq to Schrödinger eq
Finally, we can get a Schrödinger-like equation

where 

12



BS equation vs. Schrödinger equation

Short summary
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Numerical method

1. We discretize directly on the Euclidean relative 
energy   and the magnitude   .The integrations 
are evaluated by Gauss--Legendre quadrature 
after a mapping.

2. for mX=0, the analytical expression for a small 
region integral is applied.

3. Rewrite the equation as aneigenvalue problem 
in λ:  physical bound state λ(Eb) = 1
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Results in small mass, weak coupling limit

1: spin splitting in BS spectrum

The spin splitting in BS spectrum is very small.
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Results in small mass, weak coupling limit

2: absolute values of BS spectrum and Yukawa
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Results in small mass, weak coupling limit
3.BS/Sch

The difference between the BS spectrum and NR 
spectrum is as large as      .
In hydrogen, the relativistic correction is at order     . 
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Results in small mass, weak coupling limit
1: why is it so different from hydrogen case?
QED is a gauge theory. For a bound state, Coulomb 
gauge is a natural choice, where at leading order, the 
instantaneous approximation is exact. 

Feynman gauge vs. Coulomb gauge
crossed-ladder diagrams are important in Feynman 

gauge.

2: for massless scalar-exchange, there is no gauge 
freedom, the BS-Sch difference still exists.
How the crossed-ladder corrections change the results 
is an open question.
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Results with larger masses and form factors

m = 1.00 GeV,  Λ = 2.00 GeV (monopole)
mS = 0.50 GeV,  mP = 0.14 GeV,  mV = 0.77 GeV

19



Results with larger masses and form factors
Numerical ratios EBS/ESch

In the Wick–Cutkosky model, crossed-ladder contributions reduce 

the difference.

Whether crossed-ladder contributions can reduce the large BS-

Yukawa difference found here remains an open question.
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Summary
1. light mass exchange, weak coupling:

the BS-Sch difference is at order      especially 
for scalar exchange.

2. physical masses and couplings with FF: 
scalar exchange: nearly degenerate
vector exchange: favors 0⁻⁺ with a large splitting
pseudoscalar exchange: prefers 1⁻⁻

3. crossed-ladder contribution may be is important.
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Thanks!
Any comments and discussions are welcome.
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